


CLASSIFICATION OF WEIL-PETERSSON ISOMETRIES

By GEORGI0S DASKALOPOULOS and RICHARD WENTWORTH

Abstract. This paper contains two main results. The first is the existence of an equivariant Weil-
Petersson geodesic in Teichmiiller space for any choice of pseudo-Anosov mapping class. As a
consequence one obtains a classification of the elements of the mapping class group as Weil-
Petersson isometries which is parallel to the Thurston classification. The second result concerns
the asymptotic behavior of these geodesics. It is shown that geodesics that are equivariant with
respect to independent pseudo-Anosov’s diverge. It follows that subgroups of the mapping class
group which contain independent pseudo-Anosov’s act in a reductive manner with respect to the
Weil-Petersson geometry. This implies an existence theorem for equivariant harmonic maps to the
metric completion.

1. Introduction. The Thurston classification of surface diffeomorphisms
has strong analogies with the classification of isometries of complete nonposi-
tively curved manifolds. If one regards mapping classes as isometries with respect
to the Teichmiiller metric then this point of view is made precise by Bers’ theo-
rem on the existence of Teichmiiller geodesics that are equivariant with respect to
irreducible, nonperiodic diffeomorphisms [B]. However, the Teichmiiller metric
is known not to have nonpositive curvature [M1], so the analogy is not quite
germane.

The Weil-Petersson metric does have negative curvature, but it is not com-
plete. Nevertheless, Wolpert showed that any two points can be joined by a
Weil-Petersson geodesic [W4], and it then follows on general principles that the
metric completion of Teichmiiller space is a nonpositively curved length space in
the sense of Alexandrov (an NPC or CAT(0) space). It is therefore natural and
desirable to recover the classification of mapping classes from the perspective of
Weil-Petersson isometries, and that is the first goal of this paper. Note that by a
recent result of Masur and Wolf, the mapping class group essentially accounts
for all Weil-Petersson isometries [MW].

Let I, , denote the mapping class group of a closed, compact, oriented surface
%, of genus g with n marked points. Let T, denote the Teichmiiller space of X,
with its marked points, and equip T, , with the Weil-Petersson metric. Then T,
acts isometrically and properly discontinuously on T, , with quotient My ,, the
Riemann moduli space of curves. We will denote the metric completion of T, , by
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T, The extended action of I'y,, on T, has quotient M, ,,, the Deligne-Mumford
compactification of My ,. The first main result of this paper is the following:

THEOREM 1.1. If v € Ty, is pseudo-Anosov there is a unique y-equivariant
complete Weil-Petersson geodesic in Tg .

By analogy with hyperbolic geometry, we will refer to this geodesic as the
axis of v, and we will denote it by A,. The projection of A, to Mg, is then
a closed geodesic representative of the class of «y in the (orbifold) fundamental
group of M.

Let us briefly outline the proof of Theorem 1.1: the first step is a preliminary
statement about geodesics in Tg,. More precisely, we prove in Proposition 3.5
that a y-equivariant geodesic in T,, must actually lie in T,,, provided v is an
irreducible mapping class. This result is a combination of two ideas. The first,
Theorem 3.6, is that any geodesic from a point in Ty, to the boundary OT,,
intersects the boundary only at its endpoint. The second, Theorem 3.7, is that the
different strata of the boundary intersect transversely. For example, a geodesic
between different components of the top dimensional boundary stratum of T,
must pass through the interior T, , (see also Remark 3.8). The details are given
in Section 3.

We then consider a length minimizing sequence of equivariant paths u;: R —
T, with uniform modulus of continuity, and let 2; denote the quotients maps to
M, ,. After passing to a subsequence, the ¢; converge to a limiting path v.: R —
M, .. This follows from the compactness of My,. It is an important fact that the
space T, is not even locally compact near points on the boundary 9T,,, so
extracting a convergent subsequence directly in T,, (or T,,) is difficult. The
second important step in the proof is to show that v, is the quotient of an
equivariant path 7ix, to T,,. This is rather technical, and the proof occupies all
of Section 4. The idea is to inductively lift v, from the lower dimensional strata
e-close to the path u;. The parameter € is chosen sufficiently small with respect
to the injectivity radius in a compact piece of the lower dimensional stratum so
that continuity of the lift from stratum to stratum is preserved. The argument
also shows that the lift is equivariant. The initial sequence can be taken to be
piecewise geodesic, and the geodesic convexity of T, is used repeatedly.

Theorem 1.1 leads to the desired classification via the translation length
Lwp (7) of a mapping class v € I'g,, regarded as an isometry of Ty, with
respect to the Weil-Petersson metric (see (3.7)). We refer to [BGS] for a dis-
cussion of how this works for general NPC manifolds and to [Ab] for the case
of the Teichmiiller metric. As in those cases, semisimple isometries, i.e., those
for which the translation length is attained at some point, play an important role.
The four possibilities—semisimple or not, £wp equal to zero or not—fit in conve-
niently with the Thurston classification of surface diffeomorphisms. According to
Thurston, a mapping class is either periodic, reducible, or pseudo-Anosov (see
Section 2 below). Those reducible diffeomorphisms that are periodic on the com-
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Table 1. Classification of Weil-Petersson isometries.

semisimple not semisimple

Lwp=0 periodic strictly pseudoperiodic
Lwp #0 | pseudo-Anosov | reducible but not pseudoperiodic

ponent pieces are called pseudoperiodic. With this terminology, the classification
may be summarized as in Table 1 (see Theorem 5.1 for the proof).

The second goal of this paper is to continue the study, initiated in [DKW] of
harmonic maps to Teichmiiller space. The equivariant harmonic map problem to
complete nonpositively curved manifolds (and metric spaces) has been analyzed
in great detail (cf. [DO, D1, C, La, JY, KS2]). Unlike the Dirichlet problem, or
the problem of minimizing in a given homotopy class of maps between compact
manifolds, some condition is generally required of an isometric action on the
target manifold in order to guarantee the existence of energy minimizing equiv-
ariant maps. There are somewhat different notions in various papers; in the case
of a symmetric space target, for example, the action should be reductive.

When it comes to Teichmiiller space, the salient competing properties of the
Weil-Petersson metric are its negative curvature and its noncompleteness. Taken
together, these two facts are a reflection of important subtleties in the structure
of the mapping class group. Nevertheless, in light of Theorem 1.1, and more
generally, of the action of I'g,, on the space of measured foliations, the condition
that the action contain two independent pseudo-Anosovs (i.e., the image subgroup
is sufficiently large, see Definition 2.1) emerges as a natural candidate for the
analogue of the reductive hypothesis just mentioned (cf. [DKW]).

The argument justifying this point of view depends on an understanding of
the asymptotic geometry of Weil-Petersson geodesics. More precisely, one needs
to show that the axes for independent pseudo-Anosov’s diverge, in an appropri-
ate sense, with respect to the Weil-Petersson distance (see Theorem 6.2). This
involves Thurston’s compactification of T, by projective measured foliations in
a crucial way.

To state the second main result, we recall a key notion in the theory of
equivariant harmonic maps (cf. [KS2, §2]): A finitely generated subgroup of I, ,
is called proper if there is a set of generators 7i,. .., of the subgroup such
that the sublevel sets of the displacement function

6(0) = max{dwp (0,v,0) : i=1,...,k}
are bounded (see Definition 6.5). We apply the same notion to homomorphisms
of groups into I'g, according to the image subgroup. In Section 6 we prove:

THEOREM 1.2. For finitely generated subgroups of I'g ,, sufficiently large =
proper.

This result is important for the harmonic map problem. In the context of the
metric completion, the Sobolev theory of finite energy maps from Riemannian
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domains to Ty, has been developed by Korevaar and Schoen [KS1] (see also
Jost [J]). The important result here is that energy minimizing (harmonic) maps
for both the Dirichlet and equivariant problems are Lipschitz continuous. The
following is an immediate consequence of Theorem 1.2 and [KS2, Theorem 2.1.3
and Remark 2.1.5]:

COROLLARY 1.3. Let M be a finite volume complete Riemannian manifold with
universal cover M and p: m(M) — I, a homomorphism. Assume that w((M) is
finitely generated and that there exists a p-equivariant map M — Ty, with finite
energy (i.e. as a map M — My, ). Then if p is sufficiently large there exists a finite
energy p-equivariant harmonic map u: M — Tg,n.

The sufficiently large condition is flexible enough to provide a wide range
of examples so that harmonic maps may be a useful tool in the study of ho-
momorphisms into mapping class groups. For instance, by [McP, Theorem 4.6]
any irreducible subgroup of I',, that is not sufficiently large is either finite or
virtually cyclic. It then follows from Corollary 1.3 that if M is a compact Rie-
mannian manifold and p: 7 (M) — Iy, is any homomorphism, there exists a
p/-equivariant harmonic map M — T,,., where p' is the restriction of p to some
finite index subgroup of 7;(M). Possible applications along these lines are proofs
of certain rigidity results for homomorphisms of lattices in Lie groups to mapping
class groups and existence results for harmonic representatives of the classifying
maps associated to symplectic Lefschetz pencils. In order to carry out this pro-
gram, a regularity result for harmonic maps to T, is required. This issue will
be considered in a future paper.

Acknowledgements. Theorems 1.1 and 1.2 were first stated by Sumio Ya-
mada in [Y1, Y2]. We have been strongly influenced by his point of view, but
the proof in [Y1] is incomplete, and we have been unable to carry through his
approach. The methods used in this paper are therefore different and independent
from those of Yamada. We are grateful to Scott Wolpert for many helpful sug-
gestions and for comments on earlier drafts of this paper, and to the referee for a
careful reading of the manuscript. (After this paper was submitted for publication,
we received the preprint [W6] which provides an alternative discussion of these
results.)

2. Mapping class groups and measured foliations. In this section, we
review some basic facts about measured foliations and mapping class groups that
will be required throughout the paper. A good reference for much of this material
is [FLP]. As in the Introduction, X, denotes a closed, compact, oriented surface
of genus g. We will denote a choice of distinct points {p1,...,p,} C X by
X, - The mapping class group I’y , is the group of isotopy classes of orientation
preserving homeomorphisms of X,, that permute the points {pi,...,p,}. The
equivalence is through isotopies fixing the points. We will usually assume that
3g—3+n>0.
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Let C(Z,,,) denote the set of isotopy classes of simple closed essential nonpe-
ripheral curves on X, ,. In addition, for each integer k > 1, we let Cy(Xg,,) denote
the set of collections ¢y = {ci,...,cx} of k distinct isotopy classes of simple
closed curves in X, , that are each essential and nonperipheral and which have
representatives that are mutually disjoint. Given ¢ and ¢’ in C(Zg ), let i(c, )
denote the geometric intersection number between them, and for ¢ € C(Z, ,) and
o € Tg,, let £.(0) denote the length of a geodesic representative of ¢ with respect
to the complete hyperbolic metric on X, ,, in the class o.

Let MF denote the space of measured foliations on X, , modulo isotopy
and Whitehead equivalence. By an abuse of notation, we shall typically denote a
measured foliation and its underlying foliation by the same letter, e.g. F € MF,
assuming that the transverse measure on F is understood. We do not consider
the “zero measure” to be an element of MJF. We can scale the measure on a
foliation F' by a real number r > 0 to obtain a new measured foliation, which
we denote by rF. We say that F and F’ are projectively equivalent if F' = rF
for some r. The projective equivalence class of a measured foliation F will be
denoted by [F], and the set of all projective equivalence classes will be denoted
by PMF.

For F € MF and c € C(Xg,), we have an intersection number i(F, ¢), which
by definition is the infimum of the total measures of representatives of c¢ that
are quasi-transverse to F. Unbounded sequences o; € T, have subsequences
converging in PMF in the following sense: there are positive numbers 7; — 0
and FF € MF such that for each ¢ € C(Zg,), rilc(c;)) — i(F,c). Any other
sequence rj’- for which (;Ec(q,) converges on all ¢ (and not identically to zero)
gives rise to a measured foliation that is projectively equivalent to F. We shall
refer to this convergence as the Thurston topology and denote it by o; — [F].
When we want to emphasize convergence in MF, we write rjo; — F.

For any ¢ € C(Z,,) and r > 0, there is an associated rc € MJF such
that i(rc,c’) = ri(c,c’) for all ¢ € C(Z,,). An important fact is that the in-
tersection number for curves and between curves and measured foliations ex-
tends continuously to a nonnegative function i(-,-) on MF x MUF such that
i(rF,r'F') = r//i(F,F"). By analogy with curves, a pair F,F’' € MJF is called
transverse if i(F, F') # 0. A measured foliation F is called minimal if i(F,c) > 0
for every ¢ € C(Zg,). Let Fiyin C MF denote the subset of minimal foliations.
Since the condition is independent of the projective factor, we also obtain a subset
P Finin € PMF of projective minimal foliations. For any [F] € PMF, we let

(2.1) Top[F] = {[G] € PMF :i(F,G) =0}
(2.2) Gr[F] = {[Gl € PMF :i(G,c) =0 <= i(F,c)=0forall c € C(Z,,)}
Note that these definitions are independent of the choice of representatives of the

classes [F] and [G]. The sets Gr[F] give a countable partition of P MF\P Fpin,
while for [F] € P Fnin, the condition defining Top[F] is an equivalence relation.
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Indeed, the set Top[F] consists precisely of the projective equivalence classes of
those measured foliations whose underlying foliations are topologically equivalent
to that of F, but whose measures may be different.

Thurston’s classification of surface diffeomorphisms may be described in
terms of the natural action of I'g,, on MF and PMF: An element v € I'y,, is
called reducible if ~ fixes some collection ¢y) € Ci(Z, ). It is called pseudo-
Anosov if there is r > 1 and transverse measured foliations F,, F_ on X, ,
such that vF, ~ rF,, and vF_ ~ r~1F_. F, and F_ are called the stable and
unstable foliations of v, respectively. The classification states that any v € I'g, is
either periodic (i.e. finite order), infinite order and reducible, or pseudo-Anosov.
Moreover, these are mutually exclusive possibilities.

The stable and unstable foliations of a pseudo-Anosov are both minimal and
carry a unique transverse measure, up to projective equivalence. We will need
the following facts:

(2.3) ~ pseudo-Anosov and [F] & PFnin = [VF] & Gr[F].
(2.4) ~ pseudo-Anosov and [F] € PFmin\ {[F+], [F-1} = [yF] & Top[F].

Finally, a pseudo-Anosov element fixes precisely two points in P M F; namely
the points [F,] and [F_] represented by the stable and unstable foliations. We
say that pseudo-Anosov’s are independent if their fixed point sets in PMF do
not coincide.

With this background we are now prepared to make the following important

Definition 2.1. ([McP, p. 142]) A subgroup of I'y, is sufficiently large if it
contains two independent pseudo-Anosov’s.

3. The Weil-Petersson metric. Let Ty, denote the Teichmiiller space of
gn, and Mg, = T, , /Ty, the Riemann moduli space of curves. The important
metric on Ty, for this paper is the Weil-Petersson metric, which we denote by
dwp. We will also have occasion to use the Teichmiiller metric, which we denote
by dr. This is a complete Finsler metric with respect to which I'g ), also acts by
isometries.

Let us briefly recall the definitions: the cotangent space 7, T, , is identified
with the space of meromorphic quadratic differentials on (Z,,, o) that have at
most simple poles at the marked points {p,...,p,}. Here we abuse notation
slightly, and regard the point o € T, as giving a conformal structure on X, , with
its marked points. The complete hyperbolic metric on (Z, ,, o) can be expressed in
local conformal coordinates as ds*> = p(z)|dz|*. Similarly, a quadratic differential
has a local expression @ = ¢(z)dz>. Then for ® € T;T,,, the Weil-Petersson
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cometric is given by

G.1) 0l = [ le@Po) ! drdy.

The Teichmiiller cometric is given by

(3.2) @l = [ @] dsdy
For a point o € Ty, and a subset A C T, ,, we set
distwp (0, A) = inf{dwp (0,0") : 0’ € A}.

We record the following important facts:

ProposiTiON 3.1. (cf. [Ah, W1, W3, W4, Chu, R, Tr])

(1) The Weil-Petersson metric is a noncomplete Kdihler metric with negative
sectional curvature.

(2) Any two points in T, , may be joined by a unique Weil-Petersson geodesic
inTg,.

(3) Any length function £ is strictly convex.

(4) There is a strictly convex exhaustion function on T, .

Let Ty, denote the metric completion of Ty, with respect to the Weil-
Petersson metric. Further notation: let 9T, , = Tg,\ T, and OM,, = Mg ,\M, ..
The completion has the following local description (cf. [M2]): 0T, , is a disjoint
union of smooth connected strata D(c()). These are described by choosing a col-
lection ¢y = {c1,...,cx} of disjoint simple closed essential and nonperipheral
curves on X, , and forming a nodal surface by collapsing each of the ¢; to points.
Associated to a nodal surface is another Teichmiiller space which is by definition
the set of equivalence classes of conformal structures on the normalized (possi-
bly disconnected) surface, with the preimages of the nodes as additional marked
points. It is therefore naturally isomorphic to a product of lower dimensional
Teichmiiller spaces. The statement is that the stratum D(c)) with its induced
metric is isometric to this product of lower dimensional Teichmiiller spaces with
the product Weil-Petersson metric.

To describe this in more detail we define an incomplete metric space

(3.3) H={06,8ecR*: >0},  dsy=4de* +£5d0* .

Let H denote the metric completion of H, obtained by adding a single point OH
corresponding to the entire real axis & = 0, and denote the distance function on
H by dg. The completion is then an NPC space which is, however, not locally
compact. We note the following simple:
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LEmMA 3.2. The geodesic w: [0, 1] — H from OH to any point (01, &) € H is
given by w(x) = (01, x&;).

The importance of H is that it is a model for the normal space to the boundary
strata. More precisely, let o € D(cq)). Then the curves in ¢y divide X, into
a disjoint union of surfaces X, ,,, ..., Xy .ny» Where the boundary components
corresponding to the curves are collapsed to additional marked points. Set

(3.4) T=Tgn x - X Té’Nv”N .

Then o corresponds to a point in T, which we will also denote by o. There is an
open neighborhood U of ¢ in Ty, that is homeomorphic to an open neighborhood
in the product H x T, where o is mapped to the point (9H, . .., 9H, o). We will
call such a U a model neighborhood of o.

Next, we describe the asymptotic behavior of the Weil-Petersson metric near
the boundary using a model neighborhood U. We choose complex coordinates

Tk+1s - - - » T3g—3+n fOr T near o. Let (0;,;), i =1, ...,k denote the coordinates for
each factor of H in the model neighborhood. With respect to these coordinates,
U N D(c)) is given by the equations §; =--- =& =0. As £ =(&1,...,&%) — 0,

the Weil-Petersson metric has an expansion:
3.5) dsyp = > (Gi]-+ > o (53)) dr; ® dj
¢

+ 30(g) x ldn @ dg or dr = dg

" Z 0 (5j.6> X [d7; ® db; or dT; @ db]
+ Z (Bi+20 (&?)) 4d€i2
l

+>°0(8¢) ds @ dg
i#

o X (5 So(e))

+ ) 0(E2¢0) db; @ db;,
i#

where G;; denotes the Weil-Petersson metric on T, and the coefficients B; #0 are
continuous functions of 7y4q,..., 73,34+, defined in a neighborhood (which we
assume is the model neighborhood) of o C T.In particular, the induced metrics on
the factors H are asymptotic to metrics that are uniformly quasi-isometric to the
model (3.3). This expansion is due to Yamada [Y1]. For the sake of completeness,
we provide a brief justification in the Appendix below.
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Remark 3.3. As noted in [MW, Remarks in §1.3], Ty, is a complete non-
positively curved length space in the sense of Alexandrov, i.e. T,, is an NPC
(or equivalently, a CAT(0)) space with an isometric action of I'y,, extending the
action on T, (cf. [BH, Corollary 3.11]). Moreover, the strata D(cx)) C 0Ty,
are totally geodesically embedded.

Remark 3.4. Since T, , is a length space, between any two points oy, o we
can find a rectifiable path u: [0,1] — Tg’n with

) {u(O) = 09

u(l) = oy

whose length L(u) coincides with the distance dwp (09, 01). We will often regard u
as an energy minimizing path (in the sense of [KS1]) with respect to the boundary
conditions (x). We will denote the energy of such a path by E(u).

Before proceeding, let us introduce some convenient notation regarding T ,:
For a fixed k > 1, let Ay denote the union of strata D(c(y) for all possible
collections cx) € Ci(Zg,), and let A; denote its closure in the completion Tg,n.
Then we have

(3.6) OMen= | A Ac=20\A-

Here, kpax = 3¢ — 3 +n is the maximal number of disjoint simple closed essential
and nonperipheral curves on X, ,. Note that with this notation, 0T, = Ay. It will
also be useful to set Ay = Tg.

To state the main result of this section, we clarify some terminology that we
have already used in the statement of Theorem 1.1: Let v € I’y , and u: R — T ,.
We will say that u is equivariant with respect to v if u(x+L) = vu(x) for all x € R
and some fixed L > 0. By convention, the length of u will then be taken to mean
the length of u restricted to [0, L]. Unless otherwise stated, we will parametrize so
that L = 1. Also, for v € I'g,, we define the Weil-Petersson translation length
of v by

(3.7) Lwp (7) = inf{dwp (0,70) : 0 € Ty, }.
The following characterization of Weil-Petersson geodesics in terms of the
completion will be used in the next section:

PROPOSITION 3.5. Suppose v € Ty, is irreducible. Let u: R — T, be a rec-
tifiable ~y-equivariant path, and suppose that L(u) < L£wp (7). Then u is a Weil-
Petersson geodesic and has image in Tg .

The remainder of this section is devoted to the proof of this result. It will follow
from two properties of the geometry of the Weil-Petersson completion, Theo-
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rems 3.6 and 3.7, that were first stated by Yamada [Y1]. The Harnack type
estimate in [Y1] does not, however, appear to hold in the generality needed. The
proofs given below will proceed along a different line of reasoning. Specifically,
we use a rescaling argument. The main result is the statement that geodesics in
T, between points in different boundary components must pass through the inte-
rior Ty ,,. We formulate this in Theorem 3.7 below. First we show that geodesics
from points in Teichmiiller space to the boundary touch the boundary only at
their endpoints.

THEOREM 3.6. Let u: [0,1]1 — T,, be a geodesic with u(0) = o9 € 9T,
and u(1) = o1 € Tg,. Then u((0,1]) C Tg,. Similarly, if o9 € OD(cw)) and
o1 € D(C(k)), then u((0,1]) C D(C(k)).

Proof. First consider the case where oy € 9Ty, and 01 € Tg,. Let £ =
sup{x : u(x) € 0T,,}. We wish to prove that £ = 0. Suppose not, and set
o¢ = u(X). Then there is a collection ¢y € Ci(Z,,) such that oz € D(cy)). By
changing the endpoints we may assume that the image of u is contained in a
model neighborhood of 5. O

Claim 1. u([0,£]) C D(cu)).

Proof. Let ¢ € ¢, and suppose that .u(x) # 0 for some 0 < x < £. We may
find v € C(Z,,,) such that i(y,c) # 0, but i(y,¢) = 0 for any ¢’ € ¢, ¢ # c.
Let @i;: [x,1] — Tg, be a sequence of geodesics converging in T, to ”|[x,1]-
By Proposition 3.1 (3), f; = £4ii; is a sequence of convex functions on [x, 1], and
since u(1) € T,, and f.u(x) # 0, fj(1) and f(x) are uniformly bounded. Hence,
fj(®) is also uniformly bounded. But this contradicts the fact that £.i;(£) — 0 and
i(y,¢) #0. O

By definition, u((£, 1]) C Ty ,. Thus, after reparametrizing, we have the fol-

. L =k A L . .
lowing situation: u: [ —1,1] — H x T is energy minimizing with respect to its
boundary conditions. Furthermore,

(3.8) u([ —1,0]) € (OHY* x T, and u((0,1]) c H* x T.

We shall derive a contradiction to the existence of a geodesic satisfying (3.8).
The strategy is to use a rescaling argument to compare Weil-Petersson geodesics
to geodesics in ' x T — where we take the product of the model metric on
[' and the Weil-Petersson metric on T — and thus derive a contradiction to
Lemma 3.2. Without loss of generality, we assume that B;(cz) =1,i=1,...,k,
in the asymptotic expression (3.5).

Let «’ denote the projection of u onto the first factor H". We also choose a
sequence of rescalings ¢; | 0, and set u;j(x) = u(e;x), uj’-(x) =u (gjx). Note that
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each u] satisfies:
(3.9) j(x) = (OH)*  forall x € [ — 1,0].

Let w; denote the map [ — 1,1] — ﬁk with boundary conditions
(3.10) wi( — D=uj(— =0,  wi(=ul)ecH,

which is harmonic with respect to the model metric (see (3.3) and Lemma 3.2).
Note that since w; is a nonconstant energy minimizer, 0 # Eﬁk(wj) < Eﬁk(uj’-) for

all j. Here, Eﬁk (u) denotes the energy of a path in A" with respect to the product

of the model metrics ds%l.

Claim 2. There is a constant C independent of j such that

/ k 1/2,
max di (0, OH)) < CELGr),

and

) ky _ _ k 1/2
(Jnax dzt (W (x), (OH)") = dg (wy (1), (OH)") < € Eﬁk

(1).

Proof. From the estimate (3.5) the Weil-Petersson metric on ﬁk x T is quasi-
isometric to the product of the model metric on A" and the Weil-Petersson metric
on a lower dimensional Teichmiiller space. Let B = (OH)* x T. Then the quasi-
isometry implies that there is a constant C such that for all j and all x € [ — 1, 1],

G Cldwe (), B) < di (i), (OH)) < C dwe (17(x), B

Since B is convex, u; is a geodesic, and Tg,n is NPC, x — dwp (4j(x),B) is a
convex function. Hence,

3.12) malxl] dwp (4j(x), B) = dwp (u;(1), B).

x€[—

Combining (3.11) with (3.12), we have

k k 1/2
max d (), (OE)) < Cdy (1), () < CLG6) < CE

(),

which is the first inequality in the claim. (Here we followed the standard practice
of using C to denote a generic constant whose value may vary from line to line.)
The second inequality in the claim is immediate from the fact that w; is a geodesic
and Eﬁk(Wj) < Eﬁk(u;). O
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Claim 3. There are sequences y; and 7; such that p; — 1 and 7; Eﬁk] (uj’~) —0

as j — oo, and

0 # Ezi(w)) < Eﬁk(uj{) < W B (W) + 175

Proof. Let uj’-’ denote the projection of u; onto the T factor of the product

M x T. The Weil-Petersson energy may be bounded

(3.13) Ep@)+ 8" E_u(u) — EGij,u)) < Ew)

IN

Ep(u}') + & Ei(u) + E(uj, ),

where E(uj’-,uj’»’ ) > 0 is a cross term reflecting the error of the Weil-Petersson
metric from the product metric, and Ep(u;) denotes the energy of ;" with respect
to the metric on B = (8H)k x T induced from the Weil-Petersson metric by the
inclusion in Tg,n. Such an estimate follows from (3.5). The constants §; > 1
arise because the induced metric on H' is only quasi-isometric to the product
of (3.3). Because the functions B; in (3.5) corresponding to the curves cy, ..., cx
are continuous, and we have assumed B;(03) = 1, we conclude that §; — 1
as j — oo. Consider the map #4; with coordinates (wj,uj’-’ ). This has the same
boundary conditions as u;. Using (3.13) applied to iI;, we have

(3.14) E(iy) < Ep(uj)) + 6 Eqic(w)) + E(wj, uf).
The left-hand side of (3.13) is:
(3.15) Ep(u) + 8" Equ(u)) — Euj uf') < E(u)).

On the other hand, since u; is energy minimizing, E(u;) < E(il;). Using this fact
and equations (3.14) and (3.15), we have:

(3.16) B (u)) < 1 Eze (i) + 8;(E(wj, ) + EQuj, u)),

where p; = 61-2 — 1.

By the estimate (3.5) the cross terms in the expansion of the Weil-Petersson
metric near JT,, depend on terms involving (uj)zi, i=1,...,k. Moreover, the
uniform Lipschitz bound on u implies that |(d /dx)(u;)§i| and (u})2i|(d / dx)(u;)9i|
are bounded. Similarly, the norm of (d/ dx)uj’-’ with respect to the induced metric
is also uniformly bounded. We then have an estimate:

3
Euj,uf) < C<xen[n—affl]dﬁk(ufl'(x)’ (8]1—]1)")) ’

3
B < € max, destu. ) )
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for some constant C independent of j. Applying Claim 2 we have:

3/2
E(u]’-, u') + E(wj, uJ'-’) < CEE" (uj'-).

Plugging this into (3.16) proves the claim. O

. —k - . . j
We now rescale the metric on H™ by Eﬁk1 / 2(u]’~) to obtain metrics dﬁﬁ?. We

shall denote the energies with respect to these new metrics by E%z Note that by
definition of this rescaling and Claim 3, we have:

(3.17) E%fg(u;) =1 forallj,
(3.18) Jim E%ﬁ(wj) = 1.

Claim 4. lim d](}_;Z(u;(x), wi(x)) = 0, uniformly for x € [ — 1, 1].
Jj—o0

Proof. Let w;(x) be the midpoint along the geodesic from uj’-(x) to wj(x) in ﬁk
(with the metric d?ﬁ{,:). By [KS1, proof of Theorem 2.2] it follows that the map

x — Wj(x) is an admissible competitor to w; with the same boundary conditions.
Moreover, we have [KS1, eq. (2.2iv)]:

2

: : . 1 Y ld ..
2ED () < EL ) + ELw) — 5 / 1 '5 R (). ()| ds.

By (3.17) and the fact that w; is a minimizer:

) () o ) L hd 2
2Eﬁk(wj) < 2Eﬁk(wj) < 1+Eﬁk(wf')* 3 [ 1 gdﬁk(uj(s),wj(s)) ds
1 r11d ) 2 »
5 [1 ‘% dHT]'I]k(uJ/-(S), wi(s))| ds < 1 — Eﬁk(wj)-

By (3.18), it follows that

2

A Gy
lim 1’ds dﬁk(uj(s),wj(s)) ds =0.

Jj—00

By (3.10) we have for any x € [ — 1, 1],

. X\ d
d%ﬁ(u}(x), wj(x)) < L 1 ‘dsd](}_g(u]{(s), wi(s))| ds
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Vg .
<2 { /_ 1 ’%d%,z(u]’-(sx w;(s))

) 1/2
ds} .

The claim now follows. O

We continue with the proof of Theorem 3.6. First, note that since the w; are

constant speed geodesics, we may assume that the pull-back distance functions
wj-‘d(_J,z converge to a nonzero multiple of the euclidean distance on [— 1,1]. In
H

particular, there is a ¢ # 0 such that for any x € [— 1, 1],
dg(wj(x), wi( — 1)) — clx+1].
By Claim 4 it follows that

B

d]i_{fz(uj’.(x),wj( —1)) — clx+1

for all x. But by (3.9) and (3.10),
A o). wi( = 1) = d- 2 (wi(x). (OH)) =0,

for all x € [— 1,0] and all j. This contradiction rules out the existence of a
geodesic satisfying (3.8), and therefore completes the proof of the Theorem for
the first case. Since D(ck)) — Tg,,, is totally geodesic, the proof for the case
where o¢ € OD(c()) and o1 € D(c)) is identical. O

Next we show that the different strata of the boundary intersect transversely:

THEOREM 3.7. Let u: [0,1] — Ty, be a geodesic. Suppose u is contained in
some Ay, but is not completely contained in Ap.1. Then u is contained in the closure
of a single connected component of Ay.

Remark 3.8. To clarify the statement of this result, let us give an example.
Consider disjoint nonisotopic simple closed essential curves {ci,c;} on a closed
compact surface X,. Let oy denote a point in the boundary component D(c;) of
T, corresponding to pinching ¢;. Similarly, let o, denote a point in the boundary
component D(c;) of T, corresponding to pinching c,. Since ¢ and ¢, are disjoint,
the intersection of the closures D(c) N D(c;) is nonempty, and in fact contains
D(c1, ¢2). In particular, there is a path in T, from o to 07, lying completely in the
boundary, which corresponds to first pinching ¢, and then “opening up” cy. The-
orem 3.7 states that this path has a “corner” at its intersection with D(cy, ¢2), and
is therefore not length minimizing. In fact, the geodesic from o to o, intersects
the boundary of T, only in its endpoints.
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Proof of Theorem 3.7. The proof of this result may be modelled on that of
Theorem 3.6 above. We outline the approach here. Assume, with the intent of
arriving at a contradiction, that u: [0, 1] — A is a geodesic with u(0) € D(c)),
u(l) € D(czk,)), cgk,) € Cu(Zgn), with u(1) & D(cq)), and k' > k. By changing
endpoints, we may assume u is contained in E(C(k)) U 5(c£k/)). It then follows
from Theorem 3.6 that there is some & € (0, 1) such that

u([0,£)) C D(ey), u((£,1]) C D(egry), u®) € D(ew)) C D(egy) N D(eyn).
After renumbering, and by the assumption that u(1) & D(c)), we may write
C(k) = {C], e ,Ckl,Ck1+], e ,Ck}
Cury = {C1e e aClys Chts - Cir

for some 0 < k; < k, and ¢; # cj’- for any i,j > k; + 1. Then by the exact same
argument as was used in Claim 1 above, it follows that

/ /
Cw) = {Cl,...,Ckl,CkH_l,...,Ck,Ck|+1,...,Ck/}.

Thus, after reparametrization and forgetting about the first k; factors, we have
produced a geodesic

w[—1,11 — ™ 38 < F

satisfying:

(3.19) u( — 1,0) C (OH} 5 x T~k « T
u((0,1]) € HF5 x (9O 5 x T
u©) € (OHk x (9HY 5 x T

Using a rescaling argument as in the proof of Theorem 3.6, we compare this
geodesic to one in the model metric:

wi[— 11l H T g™

w(— 1) € (OHY X x HF k| w(1) € HEF x (OH)K 5
Any such geodesic with length bounded away from zero will keep w(0) bounded
away from (OH)*51 % (GH)"/_'“. As in the proof of Theorem 3.6, this leads to
a contradiction to (3.19). O

We are now prepared to complete the following:
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Proof of Proposition 3.5. Since T, is a length space, u is a geodesic. If u
has a point in T, ,, then by Proposition 3.1 (2), u is entirely contained in T .
Suppose u is entirely contained in OT,,. Then there is some k > 1 such that
u is contained in Ay but not Ag.y. Therefore, u(x) € D(cy)) for some x and
some ¢ € Ci(Zg,). By equivariance, it follows that u(x + 1) = yu(x) € Ay as
well. By Theorem 3.7, we must have that yu(x) € D(c)). But then v fixes ¢,
contradicting the assumption of irreducibility. O

4. Proof of Theorem 1.1. Since y is pseudo-Anosov it follows that Lywp ()
> 0. For if not we could find a sequence o; € Tg, such that dwp (0;,v0;) — 0.
By compactness we may assume that the corresponding sequence [o;] € Mg,
converges to [o] in Mg,n. If [c] € Mg, then by proper discontinuity of the
action of I'y,, 7 is periodic, which is a contradiction. If [0] € OMg,, then for
i large, v fixes the collection of short geodesics on o;. This implies that vy is
reducible, which is again a contradiction.

Note that it suffices to prove the result for some power 7* of the pseudo-
Anosov: If Ak is the unique ~*-equivariant geodesic, then since YAk is also
a geodesic left invariant by +*, we must have YAk = Ak, so that this is also
a ~y-equivariant geodesic. With this understood, we may assume without loss of
generality that ~y is in some finite index subgroup F’g’n C I'gn. We will choose F’g’n
to consist of pure elements (cf. [Iv, p. 3 and Corollary 1.8]): these are mapping
classes that are either pseudo-Anosov or reducible. Furthermore, the reducible
pure mapping classes have representatives that fix a collection of simple closed
curves pointwise, leave invariant the components of the complement, and on each
component they are isotopic to either the identity or a pseudo-Anosov. This turns
out to be a very useful construction, mainly for the following reason:

LemmA 4.1. Let F;,’n be a finite index subgroup of pure mapping classes. Let

L\ (. Mlg’n, and [D(cu))" denote the quotients of Ty, Tgn, and D(c) by Ty,
Then M;,’n is compact, p': Ty, — M’g’n is a covering space, and for each stratum

P’ D(cgy) C 0Ty, the map D(cqy) — [D(cw)] is also a covering.

Proof. Compactness of M/gﬂ follows from the fact that M, is compact and
F(Ig,n has finite index. Moreover, ng,n acts properly discontinuously on T, since
I'y » does. The isotropy subgroups in l"g,’n are trivial since l"g,’n contains no periodic
elements. Hence, T,, — Mg,,n is a covering space. The argument for the strata
of JT, , is similar. O

Choose a length minimizing sequence u;: R — T, of smooth ~y-equivariant
paths with uniform modulus of continuity. By convexity we have that L(u;) —
Lwp (7). Let vj = p’ o u; denote the quotient map [0, 1] — M/g,n' By Ascoli’s

theorem and the compactness of M;,’n,

subsequence the ¢; converge uniformly to a Lipschitz map vy: [0,1] — M;’n.

we may assume that after passing to a
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We again point out that there is no a priori reason for the existence of a convergent
subsequence in Tg,. For the sake of clarity, we will start by considering the case
where v, does not lie entirely in the boundary. Hence, there is a point xy such
that v50(xp) € M;,’n. Without loss of generality, we reparametrize so that xp = 0.

We now modify the sequence by replacing each u; on [0, 1] by the geodesic
from u;(0) to u;(1) = yu;(0). We then extend this modified sequence equivariantly
to IR. We shall continue to denote it by #; and its projection to M(’g’n by #;. Note that
since the replacement decreases length, u; is still a length minimizing sequence
and still has a uniform modulus of continuity. We may assume, after again passing
to a subsequence, that 2; converges uniformly to a Lipschitz map, again denoted
by v5: [0,1] — M;,’n with v50(0) = [og]’ € M{’g,n. By lower semicontinuity of
lengths (cf. [BH, Proposition 1.20]), L(v) < Lwp (7).

By Proposition 3.5, it then suffices to show that v, is the projection of a
v-equivariant path 7,: R — T,,. To do this, set S = Ugol(OM;,,n). Since by
Lemma 4.1, Ty, — M;,’n is a covering map, if S is empty the desired lift can
be found. So the closed set S C (0, 1) is the only possible obstruction to lifting,
and we therefore assume it is nonempty. A posteriori, of course, the conclusion
of Proposition 3.5 implies that this possibility does not, in fact, occur.

For simplicity, we will first also assume that the image of S is contained in
the top dimensional stratum of 8M(’g,n, ie. Us[0,1] C M;,’n UI[A], where [A]
denotes the quotient of A; C 9T, by I,

Associated to the compact set 15o(S) C [A] we may choose x > 0 such
that:

(*) The injectivity radius in [A;]’ on each component of v5(S) is > k;

(xx) Let m denote the preimage of v(S) in T, ,. For any two nonisotopic
simple closed curves c,c’ € C(Z, ), the distance in Tg,n between m N D(c)
and m ND(c) is > k.

Both statements follow from the compactness of 5o (S).

Recall that [D(c)]” denotes the quotient of D(c) C JoT,, by l“;,,n. In particular,
[A;] is the union of connected components [D(c)]’ over isotopy classes of curves
¢ € C(Zyp). Given § > 0, we define a neighborhood U.s of [D(c)]’ by the
following condition: [¢]" € U, s if £.(c) < é for some representative o of [o]'.
Also, let Us = U{U.s : ¢ € C(Z,,)}. We will also need the following:

LEMMA 4.2. Given any € > 0 there is a 6 > 0 such that if [0]' € U.gs, then
(o) is within € of [D(c)]". Moreover, there is a constant €| > 0, depending only on
the choice of k, with the following significance: if < is sufficiently small compared
10 K, if [0] € U, s is within £ of v-0(S) N [D(c)], and if o1, 0 are any two lifts of
[o] to Tg,n, then either dwp (01, 02) > K, or dwp (01, 02) < 2¢.

Proof. The first statement follows from continuity of the length function with
respect to the Weil-Petersson metric. Since I'; , acts continuously and consists of
pure mapping classes, we may choose ¢ sufficiently small so that if o is within
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ey of mﬂD(c), and v € F’g’n satisfies YB,(0)NB(c) # (), then + acts trivially
on D(c).

With this choice of e, let [o] satisfy the conditions of the lemma. Then
by the first statement there is some [8] € [D(c)]’ such that dwp ([¢]’, [6]) < e.
Given any lift o7 of [o], then since ¢ < k, (*) guarantees that [6]’ has a unique
lift 4 in a k-neighborhood of o; moreover, dwp (01, 5) < €. As discussed above,
if o5 is another lift of [¢]’ in this neighborhood, i.e. o = yo; for some v € T”

g
then ~y acts trivially on D(c). In particular, v6 = &. Hence, dwp (02,5) < € as
well. The result follows. O

Claim 1. Let O = [0, 1]\S. Then O is a finite union of relatively open intervals
Is.

Proof. 1If this were not the case, there would be a connected component

I3 = (xg,yp) of O with vy (Ig) arbitrarily short. This follows from the uniform
modulus of continuity. We may assume that the length of v (I3) is so small
that v5(I3) is contained in a neighborhood of radius x/2 of v5(S) N [D()]
for some c. For j large, it follows that ;(I3) is contained in a x-neighborhood
of 1U5(S) N [D(c)]'. By (xx) it follows that there exist simple closed curves ¢,
related to ¢ by elements of I“;,’n, such that chuj(xg) and Ecjuj(yg) both tend to
zero as j — 00. Since u; is a geodesic on I, it follows by Proposition 3.1 (3) that
chuj(z) — 0 for any z € Ig. But then v5,(Ig) C 8M;,’n, which is a contradiction.
O

Claim 2. For 6 > 0 sufficiently small and every 3, where Ig = (xg,yg), there
are curves ¢y, and ¢y, and points xg < wg < z3 < yg such that:

(1) vno ([xg,wgsl) C U%,&,

(2) vso ([25.8]) C Uey, 6

(3) o (s, 28]) C M; ,\Us.
If 15 is of the form [0, yg) (resp. (xg, 1]), then we have:

(4) v ([28,¥8]) C Ucyﬁ,é’ (resp. vso ([x3,wsl) C chﬁ,a),

(5) v50([0,23]) C M;,’n\U(s (resp. Uso([wg, 11) C M;,’n\U(s.

Proof. Since v5,(Ig) C Mg,’n, we may find a ¢ satisfying (3) by compactness.
By choosing 6 even smaller, and using the uniform modulus of continuity of v,
we may assume that v, (x3, wg) and v5(z3,y3) have very small length compared
to x and that v,(wg) and v (z3) are on the boundary of Us. Thus, by the same
argument as in the proof of Claim I, there exist ¢;, related to some c,, by elements
of T, such that Le;ui(xg) — 0, and Lo ui(wg) — & as j — oo. By convexity,

8.n’
it follows that for any point z € (xg,wp), limsup {cu;j(z) < 6. It follows that
Jj—00

Uso(2) € chg’g. The other parts follow similarly. O

Claim 3. For e, > 0 sufficiently small and j sufficiently large there is a lift
Uso,3 Of o On each Ig such that sup, ., 5 dwp (Us,5(x), uj(x)) < 2e5. Moreover, if
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6 > 0 and xg,yg are the endpoints of /3, we can arrange that v;(xg) and 7;(yg)
are in Us.

Proof. Fix e, small relative to x and ;. Choose 6 small relative to £, so that
the conclusion of Lemma 4.2 (with &, as ) holds. We may choose 6 possibly
smaller so that the conclusion of Claim 2 holds. On the complement of Us there
is a uniform lower bound on the injectivity radius of Mg’n. Choose € < e small
compared to this. For j sufficiently large v is within € of v, uniformly on [0, 1].
Thus, for such a j, v lifts on I to a path 7, g that is within € of u; at some
point, and hence every point in (wg, z3). Now by Lemma 4.2, any two lifts of v
on (xg,wg) are either uniformly within 2e, of each other, or they are separated
by a distance at least k. Since we assume € < e, < K, we see that the distance
between the lift 7, 3 and u; on (xg, wg) is at most 2¢;. The same reasoning applies
to (zg,yp). Finally, since by Claim 1 there are only finitely many intervals I3, we
may choose j uniformly. In particular, we can guarantee the second statement. O

Recall that O is the finite union of intervals /3. For any > > 0 sufficiently
small we have defined a lift 7, 0: O — T, , of v such that sup,, 5 dwp (Tso,5(%),
uj(x)) < 2g;, where j is chosen large according to ;. We first point out that:

Claim 4. U5, 0(1) = 7050,0(0).

Proof. The two points are both lifts of [o¢]’ € M(’g,n, which lies in the com-
plement of Us. By the equivariance of u; and the construction in Claim 3, they
are also within 2¢ of each other. Since € has been chosen much smaller than the

injectivity radius of Mg,’n on the complement of Uy, the points must agree. O

By the uniform modulus of continuity, 7, 0 extends to a map 7 &: O —
T,,, which is still a lift of vs.

Claim 5. U, 18 continuous.

Proof. Consider intervals Ig = (xg,yg) (or [0,y3)) and Iy = (xg,yg) (or
(xg, 1]) with yg = xg. Then 1700,5()’/3) and pooﬁ(xﬁ’) are two lifts of v5(yp).
Moreover, since both points are within 2e> of u;(yg), it follows that they are
within 4¢, of each other. On the other hand, they are lifts of points in v5(S), and
since ¢, is small compared to «, they must coincide by (x). O

Now for each interval J = (a,b) C [0, 1]\@, we have v(J) C [D(c)]’ for
some c. Since D(c) — [D(c)]’ is a covering, there is a unique lift 7i» ; of v, On
J such that lim, |, 7 s(x) = 500’5(61).

Claim 6. sup,c; dwp (00,7 (x), uj(x)) < 2¢5.

Proof. By (*%), the fact that ¢; is uniformly within ¢ < s of v, and the
second statement in Claim 3, it follows that there is some representative ¢; of ¢
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such that ﬁcjuj(a) and chuj(b) are both less than §. By convexity, this holds on

the entire interval J. Hence, u; is within £, of m N D(cj). As in the proof of
Lemma 4.2, a lift 2. s is either uniformly within €; of u; or uniformly a distance
at least k away. Since the latter case does not hold at the initial point a, the result
follows. O

Given Claim 6, it follows exactly as in Claim 5 that limyj, 00 7(x) = 1700,5(19).
Continuing this construction for each connected component J of [0, 1]\O, we
finally end up with a lift 7., of v on [0, 1]. By Claim 4, we can extend 7
to a continuous equivariant path 7,: R — Tg,. By Claim 1 it follows that
L(7s0) = (V) < Lwp (7). By Proposition 3.5, 7, is a y-equivariant geodesic
in T, ,, and this completes the existence part of the proof of Theorem 1.1 in the
case where v,([0,1]) C M, U [A].

The general case will follow from an inductive argument. First, note that
the case where 050([0,1]) C [A] U [As1], s > 1, follows exactly as above.
We also point out that in the argument given above we may assume without
loss of generality that v,,(0) lies in [A,]. This is because the argument may be
easily adapted to a minimizing sequence of once-broken geodesics rather than
geodesics. Suppose now that

Vo ([0, 11) C [A U A1 U --- U AT,

where 0 < s < k. We induct on k — s. More precisely, we prove the following
statement:

(x % %) Given a path vsx, = limv; with v; = p’ o u;: [0,1] — M;,’n, where

uj: [0,1] — Tg,n are geodesics with uniform modulus of continuity such that
Uoo([(), 1]) - [As]/ U [As+1]/ u---u [Ak]/, Uoo(o) € [As]/,
then for € > 0 sufficiently small there is a lift Uso Of Uso such that

max dwp (#;(x), Tso(x)) < €.
x€[0,1]

Furthermore, if the sequence satisfies uj(1) = yu;(0) for some v € 'y, then the
Do can be chosen so that D5,(1) = 05 (0).

The statement (x = *) has already be proven in the case kK — s = 1. Inductively
assume the statement to be true for all integers < k—s, and let v, be as in ().
Let S = v '[Ai]. If S = () the statement holds by the inductive hypothesis. Thus
we may assume that S is a nonempty closed subset of (0, 1). Next, associated to
the compact set v5,(S) C [Ar]’ we can choose x > 0 such that:

(*g) The injectivity radius in [Ax]’ on each component of v5(S) is > K;
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(xx;) Let m denote the preimage of v5(S) in Tg,,,. For any two non-
isotopic c(k),cék) € Ci(Zg,n), the distance in Tg,,, between v5(S) N D(¢k)) and

Uso(S) N D(czk)) is > k.
As before, both statements can be satisfied by the compactness of v5o(S).

Given a collection ¢y = {c1,...,cx} € Ci(Z,,) we define a neighborhood
Uey.6 C [As]" of [D(c))]’ by the following condition: [o]" € Ueyo6 if Ley(0) <0,
i=1,...,k, for some representative o of [o]. Also, let Us = U{Uc(k),g D ek €

Ck(Zg,n)}. Then a version of Lemma 4.2 holds in this situation as well, mutatis
mutandi. Also, if we set O = [0,1]\S, then O is a finite union of intervals
as in Claim 1. The proof of Claim 2 also goes through with no change. For
convenience, we state the appropriate version:

Claim 2 (k). For 6 > 0 sufficiently small and every 3, where Ig = (x3,y3),
there are curves ¢ x5 and Clhyy, and points xg < wg < zg < yg such that:

(1) vo([xg,wg]) C Uc(k)xﬁ,a
(2) vso(lzp,y8D C U°<k>y[,’5
(3) too(wg, z8]) C [A) UAg ' U -+ U [A—1]'\Us

If 15 is of the form [0,yg) (resp. (xg, 1]), then we have
4) vso([z8,¥8]) C U%yﬂ,a (resp. vso([xg, wgl) C Uc(k)xg,é)

' (5) v0([0,25]) C M, \Us (resp. vso(lwg,11) C Al U [Ag] U -+ U
[Ac—11\Us

Claim 3 (k). For e, > 0 sufficiently small and j sufficiently large there is a lift
Uso,3 Of s on each Ig such that sup,; 5 dwp (Us0,5(x), uj(x)) < 2e5. Moreover, if
6 > 0 and xg,yg are the endpoints of /3, we can arrange that v;(x3) and 7;(yg)
are in Us.

Proof. Again choose ¢, and ¢ as in Claim 3. Then choose € < &5 less than the
injectivity radius of the strata Ay \Us, s < k' < k. By the inductive hypothesis,
if j is sufficiently large there is a lift i, g of 1 On Iy that is within € of u; at
every point in (wg, zg). Now by the analogue of Lemma 4.2, any two lifts of v,
on (xg,wg) or (z3,yg) are either uniformly within 2¢; of each other, or they are
separated by a distance at least . Since we assume ¢ < ¢y < K, we see that
the distance between the lift 7., 3 and u; on (xg, wg) is at most 2¢;. As before,
since there are only finitely many intervals I3, we may choose j uniformly, and
the second statement follows. O

In this way we have constructed a lift 7o 0: O — Tg,. Note that because
of the choice of ¢ in Claim 3 (k), the exact same statement Claim 4 applies to
70,0 as well. Now the remaining parts of the argument, namely, Claims 5 and
6, follow exactly as before to give the desired lift 7. This proves (x * *) for
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k — s, which by induction then holds in general. By Proposition 3.5, 7 is a
~v-equivariant geodesic in T, ,, and this completes the existence part of the proof
of Theorem 1.1. Uniqueness follows from the geodesic convexity and negative
curvature of T, .

5. Classification of Weil-Petersson isometries. The existence of equivari-
ant geodesics for pseudo-Anosov mapping classes allows for the precise classi-
fication of Weil-Petersson isometries in terms of translation length (3.7) that we
have given in Table 1. First, let us clarify the terminology used there: v € I'g,
is pseudoperiodic if it is either periodic, or it is reducible and periodic on the
reduced components; it is strictly pseudoperiodic if it is pseudoperiodic but not
periodic. Furthermore, we say that ~y is semisimple if there is o € Ty, such that
Lwp (7) = dwp (0,70).

THEOREM 5.1. An infinite order mapping class is semisimple if and only if it is
irreducible. More precisely, any vy € 'y, belongs to exactly one of the four classes
characterized in Table 1.

A slightly different picture emerges if one considers the action of I'y, on the
completion Ty, of T, ,. There, every v € I, is semisimple, although the action
of Ty, on Ty, is, of course, no longer properly discontinuous (indeed, according
to [KL] it cannot be). It is worth mentioning that while we have defined pseudo-
Anosov’s in the usual way in terms of measured foliations, the only property
that we use in the proofs of Theorems 1.1 and 5.1 is that these mapping classes
have infinite order and are irreducible. In particular, the description given in
Table 1 is independent of Thurston’s classification provided we replace the entry
“pseudo-Anosov” by “infinite irreducible.”

To begin the proof, note that the following is a consequence of the proper
discontinuity of the action of the mapping class group that we have already
implicitly used in the proof of Lemma 4.2:

LEMMA 5.2. Let o € T, ,. Then there is a neighborhood U of o such that if
7y € Dy is such that YU N U # 0, then ~y is pseudoperiodic.

LEMMA 5.3. Let~y € I'g,. Then £wp () = 0 if and only if vy is pseudoperiodic.

Proof. Clearly, we need only show that £wp () = 0 implies pseudoperiodic,
the other direction following from the fact that a pseudoperiodic element has a
fixed point in T,,. Let 0; € T,, be a sequence such that dwp (0}, v0;) — 0. We
may assume that [o;] converges to some [o] € Mg,n. Hence, we can find ; € T'g,
such that h;jo; converges to some lift o € Tg,n of [c]. Let U be a neighborhood of
o as in Lemma 5.2. For j large, h;jo; and hjyo; are in U. Then by the conclusion
of the lemma, hj'yh;l is pseudoperiodic; hence, so is 7. O

LEMMA 5.4. If there is a complete, nonconstant Weil-Petersson geodesic in
T, that is equivariant with respect to a mapping class v € Iy, then vy is pseudo-
Anosov.
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Proof. By geodesic convexity and negative curvature,  cannot be periodic.
We claim that - cannot be reducible either. To prove the claim, let ¢ € C(Z, ). By
Wolpert’s result Proposition 3.1 (3), if u: R — T, is a Weil-Petersson geodesic,
then f(x) = £.(u(x)) is a strictly convex function. On the other hand, if v(c) = ¢
up to isotopy, and if u is equivariant with respect to -y, then f(x) would also be
periodic, which is absurd. O

Proof of Theorem 5.1. The first row of Table 1 follows from Lemma 5.3
and the fact that « has a fixed point in Ty, if and only if «y is periodic. If ~y
is pseudo-Anosov, then as a consequence of Theorem 1.1, Lwp () is attained
along an equivariant geodesic, so pseudo-Anosov’s are semisimple. Conversely,
suppose the infimum is attained at o € T, ,, but yo # 0. Then we argue as in
Bers [B] (see also, [BGS, p. 81]): by Proposition 3.1 (2) there is a Weil-Petersson
geodesic u from o and ~o. Similarly, there is a geodesic 3 from o to v?c. We
claim that 8 = u U ~u. For if not, and if o’ denotes the point on u half the
distance from o to ~yo, then the distance from ¢’ to o’ would be strictly less
than dwp (o, y0) = Lwp (), which is a contradiction. In this way, we see that u
may be extended to a complete y-equivariant geodesic. Lemma 5.4 then implies
that v is pseudo-Anosov. A process of elimination fills in the remaining item of
the table. O

6. Proof of Theorem 1.2. We begin this section by studying the asymptotic
behavior of Weil-Petersson geodesics. The guiding idea is that the ideal boundary
of T, , with respect to the Weil-Petersson metric should not be too different from
the Thurston boundary of projective measured foliations. While we shall not
attempt a full description here, the result we obtain in this direction nevertheless
indicates a significant link between the Weil-Petersson geometry of the action of
I'g,, on T, , on the one hand, and the purely topological action of I'g,, on PMF
on the other.

Definition 6.1. Let a,a’: R — T, be paths parametrized by arc length. We
say that o and o’ diverge if the function (7, s) — dwp (a(?), &/ (s)) is proper.
Our goal is to prove the following:

THEOREM 6.2. Let A and A/ be the axes for independent pseudo-Anosov map-
ping classes vy and ~'. Then A, and A diverge.

As a first step, we have:

LEMMA 6.3. Let A, be the axis of a pseudo-Anosov mapping class y, and let
{F.,F_} denote the stable and unstable foliations of ~y. If A,(t;) — [F] in the
Thurston topology for some sequence tj — oo, then [F] € {[F.],[F_1}.

Proof. By definition, there is a fixed length L = £wp () such that dwp (A, (7)),
YA, (%)) = L for all j. By equivariance and the parametrization by arc length,
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YA~ (tj)) = A,(t; + L). Since the projection of A, to M, , is a closed curve, it lives
in a fixed compact subset. Hence, along the path A,(r) the Weil-Petersson and
Teichmiiller metrics are uniformly quasi-isometric. Thus, for some constant K,
dr (A,(#)),vA (%)) < K for all j. For any simple closed curve ¢ on X, ,, it follows
from [W2, Lemma 3.1] that

(6.1) e K0(AL 1) < LA (1) < Kl (AL (1))

for all j. The result now follows easily: recall from Section 2 the notion of a
minimal foliation and the associated definitions (2.1) and (2.2). If [F] € Fuin,
then it is easily deduced from (6.1) that i(F,c) = 0 <= i(vF,c) = 0. Hence,
[vF] € Gr[F], contradicting (2.3). On the other hand, if [F] € Fpin, then choose a
sequence ¢; € C(Z, ) such that Ecj (A (1)) is uniformly bounded for all j. We may
assume there are numbers r; < 1 and G € MF so that rjc; — G in the Thurston
topology. It then follows as in [DKW, Lemma 2.1] that i(F, G) = 0. By (6.1), we
also have that fcj(yAy(tj)) is uniformly bounded, so that by the same argument
i(vF, G) = 0. Since we assume F' is minimal, this implies [vF] € Top[F]. Hence,
by (2.4), [F] € {[F.].[F_1}. O

LEMMA 6.4. Let o, O'J{ converge in the Thurston topology to projective measured
foliations [F| and [F'], respectively. Assume that F is minimal and that [oj] and
[UJ{] lie in a fixed compact subset of My ,. Also, we suppose that there is a fixed
D > 0 such that dwp (0, q;) < D for all j. Then [F'] € Top[F].

Proof. Let u; denote the Weil-Petersson geodesic in T, from o; to o7}, and let
¢y denote its projection to My ,. As in Section 4, we may assume (after passing to
a subsequence) that the ¢; converge to a piecewise geodesic vo: [0, 1] — M.
More precisely, there are values 0 = xp < x; < xp < -+ <y < ay =1
with the following properties: (1) UOO|(xi,x,~+]) is either a geodesic in M, , or is
entirely contained in OM, ,; and (2) if yOO’[x,-,xm] C OMy,, then for j sufficiently

large there is a sequence cj(.i) of simple closed curves on X, ,, whose lengths with
respect to both u;(x;) and u;(x;11) converge to zero as j — oo. We now proceed
inductively: For any x € [0,x;) and any sequence such that u;j(x) — [F] in
the Thurston topology, we claim that F, is minimal and i(F, ) = 0. For since
Usoljgy 18 contained in a compact subset of My ,, on which the Weil-Petersson and
Teichmuller metrics are therefore uniformly quasi-isometric, the claim follows
exactly as in the proof of Lemma 6.3 above. Now choose x < x; and x, <y
sufficiently close so that the lengths of cj(l) with respect to both u;(x) and u;(y)
are bounded. If we choose r; < 1 such that rjc; — G, then as in the proof of
Lemma 6.3 above, i(F, G) = 0. Similarly, if u;(y) — [F,], then i(G, F,) = 0, and
so Fy € Top[F]. Continuing in this way, we see that F’ " € Top[F]. O

Proof of Theorem 6.2. Suppose A, and A,/ do not diverge. Then there is a
constant D > 0 and an unbounded sequence (#;, s;) such that dwp (A (7)), Ay (s))) <
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D. Necessarily, t; and s; are both unbounded, so we may assume that #;,s; — oo.
Let {F,,F_} and {F',F"} denote the stable and unstable foliations of ~ and
/', respectively. Since v and «' are independent, all four of these foliations are
mutually topologically distinct (cf. [McP, Corollary 2.6]). After perhaps passing
to a subsequence, we may assume that there are measured foliations F and F’ such
that A, () — [F] and A./(s;) — [F '] in the Thurston topology. By Lemma 6.3,
[F] € {[F:].[F-1} and [F'] € {[F,],[F_1}. Let 0; = A,(tj) and o*]{ = Ayi(s)).
Then since dwp (aj,a]{) < D, and [oj], [O'J{] lie on the closed geodesics [A,] and
[A+/], and the stable and unstable foliations of a pseudo-Anosov are minimal,
the hypotheses of Lemma 6.4 are satisfied. Thus, F and F’ are topologically
equivalent, which is a contradiction. This completes the proof. O

Let H C T’y be a finitely generated subgroup. To each set of generators G
we associate a function on T, ,:

(6.2) 6n,g (0) = max{dwp (0,v0) : v € G}.

Definition 6.5. (cf. [KS2, §2]) A finitely generated subgroup H C T, is
proper (or acts properly on T, ,) if there exists a generating set G of H with
the property that for every M > 0, the set {o € T, : éy,g (¢) < M} is bounded.

Clearly, the condition in the definition of a proper subgroup is independent of
the choice of generating set. For complete manifolds of nonpositive curvature, the
existence of two hyperbolic isometries with nonasymptotic axes is sufficient to
prove that a subgroup of isometries is proper. Theorem 1.2 shows that this works
for mapping class groups as well, where hyperbolic is replaced with pseudo-
Anosov. The approach taken below to prove this result uses the relationship,
demonstrated above, between the axes of pseudo-Anosov’s and their correspond-
ing stable and unstable foliations. We first need one more:

LEMMA 6.6. Let A, be the axis of a pseudo-Anosov v and o; € Ty, any se-
quence. Then as i — oo,

distyp (Ji,A,y) — +00 = dwp (i, 70;) — +00.

Proof. Choose o € A, and let 0y € A, such that distwp (0,A,) = dwp (0, 00).
Let o be the geodesic from oy to o, parametrized by arc length. Now f(f) =
dwp ((2), ya(r)) is strictly convex with f/(0) = 0, since f(0) = Lwp () is the
minimum of f. Moreover, since A, projects to a closed curve in M, ,, there is
a neighborhood of A, on which the curvature is bounded above by a strictly
negative constant. Therefore, for 7, > 0 sufficiently small depending only A,
there is ¢, > 0, depending only on f, and A,, such that f'(z,) > e,. So if
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L = dwp (0, 09p), then

(6.3) dwp (0,70) =f(L) = e4(L — 1) = £4(dwp (0, 00) — 1)

Applying this to the sequence o; completes the proof. O

Proof of Theorem 1.2. Let H C T, be sufficiently large. Then by definition
H contains two independent pseudo-Anosov’s v and ~'. Since the condition of
being proper does not depend on the choice of generating set, we may include
the elements ~,~’ in G. If H is not proper then there is a number M > 0 and an
unbounded sequence o; € Ty, such that dy g (0;) < M. In particular, dwp (0, Y0;)
and dwp (0;,7/0;) are both bounded by M for all i. By Lemma 6.6, it follows
that both distwp (0i,A~) and distwp (0, A,/) are bounded. Since o; is unbounded
in T, this implies that dwp (A+(#;),A+/(s;)) is bounded along some unbounded
sequence (t;, s;). But this contradicts Theorem 6.2. O

7. Further results. This section is independent of the rest of the paper. In
it we discuss the convergence of the heat equation as a method for finding equiv-
ariant geodesics. The result, Theorem 7.4, relies on the existence Theorem 1.1.
It would be useful to have a direct proof of convergence that would circumvent
the detailed discussion in Section 4, though at present it is not clear how to do
this. At the end of this section we also point out additional consequences of the
existence of equivariant geodesics.

Let v € Iy, and u: R — T, ,, equivariant with respect to ~y. The length of u
is, by our convention,

(7.1) Lu)=L (“V[o,l]) _ /01 ]| dx,

where || - || denotes the Weil-Petersson norm on tangent vectors to T, ,. We use
a similar convention for the energy E(u):

(7.2) Ew)=E (”ho,l]) _ /01 a2 dx.

In particular, L(u) < E 1/ 2(u).

We define the heat flow of u as follows (cf. [ES, Ham]). The flow is a time
dependent family of y-equivariant paths u(z, -): R — T, ,, where for t > 0, u(t, x)
satisfies the heat equation:

(7.3) = Au, u(0,x) = u(x).

Here, u denotes the ¢ derivative of u(t,x), and A is the induced Laplacian from
the Levi-Civita connection of the Weil-Petersson metric on T, ,. The following
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is standard:

LeEmmMmaA 7.1. For any initial condition, there is T > 0 such that the solution
u(t, x) of (7.3) exists and is unique for all0 <t < T.

To obtain existence for all time, we need to guarantee that the solution does
not run off to the boundary 9T, , in finite time. By convexity, it suffices to require
this at a single point, as the following lemma demonstrates:

LEMMA 7.2. Let u(t,x) be a y-equivariant solution to the heat equation for
0 <t < T. Suppose there is xo € R and a compact set K C T, such that
u(t,xo) € K forallt < T. Then there is € > 0 such that u(t, x) may be extended to
a solution for0 <t < T +¢.

Proof. Let f be the convex exhaustion function on T, from Proposition 3.1
(4). Then by a straightforward calculation using the negative curvature of T,
g(t,x) = f(u(t,x)) is a subsolution to the heat equation. By equivariance of the
path we conclude that for each N € Z there is a compact set Ky C T,, such
that u(t, xo + N) and u(t,xy — N) are contained in Ky for all ¢t < T. In particular,
g(t,xo+N) and g(t,x9 — N) are uniformly bounded in ¢. On the other hand, since
g(t,x) is a subsolution, an interior maximum on [xg — N, xo + N] decreases in ¢.
Hence, for each fixed N, g(¢,x) is uniformly bounded for all 0 < ¢ < T and for
all x € [xo — N,xg+ N]. So for x in a compact set in R, u(z,x) lies in a compact
set in T, ,. It follows that as t — T, u(f,x) converges to a y-equivariant path
ur: R — T,,. Using ur as initial conditions in Lemma 7.1, we may find an
extension to some T + €. O

We also have the following criterion for convergence of the flow at infinite
time:

LeEmMMA 7.3. Let u(t,x) be a y-equivariant solution to the heat equation. Sup-
pose there is xo € R, T > 0, and a compact set K C T, , such that u(t, xo) € K for
allt > T. Then u(t,x) converges to a complete y-equivariant geodesic in Ty ;.

Proof. The proof follows that of Lemma 7.2 verbatim. One obtains conver-
gence of u(t,x) along a subsequence #; — oo by standard methods. Convergence
for all ¢ follows from Hartman’s lemma [Har]. O

Finally, given the existence Theorem 1.1, we can state a general result for
convergence of the heat flow:

THEOREM 7.4. Let v € Iy, be pseudo-Anosov. There is a constant c(y) > 0
with the following significance: If u: R — T, is a y-equivariant smooth map
satisfying EY/ 2(u) < Lwp () + c(y), and u(t,x) denotes the heat flow (7.3) with
initial condition u(x), then u(t, x) exists for all t > 0 and converges as t — o0 to
the unique ~y-equivariant complete geodesic in'T, .
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Proof. Let A,: R — Ty, denote the complete y-equivariant geodesic from
Theorem 1.1. By (6.3) it follows that if the length of a y-equivariant map u is near
to Lwp (), then u must be uniformly close to A,. We can now apply Hartman’s
distance decreasing property [Har] to conclude that along the flow,

dwp (u(t, ), Ay(x)) < sup dwp (u(x'), Ay (x))

for all x and all ¢ in the domain of definition. In particular, if the right-hand side
in the above expression is sufficiently small compared to the distance of A, to

0Ty, then the inequality guarantees that u(z,x) stays in a compact set in T ,.
The result then follows from Lemmas 7.2 and 7.3. O

To conclude, it is worth pointing out two additional consequences of the
results in this paper. First, we immediately obtain the following well-known fact
concerning mapping class groups (cf. [Mc]):

COROLLARY 7.5. Let vy € T’y , be pseudo-Anosov and let (vy) denote the cyclic
group generated by . Then the centralizer and normalizer of (y) in T’y , are both
virtually cyclic.

Proof. It clearly suffices to prove the statement for the normalizer, which
we denote by N(v). Recall from Section 4 that there is a finite index subgroup
I » C Ty, which contains no periodic mapping classes. Let N'(y) = N(v) NI,
and let A, the axis of . Then for g € N'(y), we have 7"gA7 C gA,, for some k.
But A, is also the unique ~*-equivariant geodesic, so gA, =A,. In this way, we
have a homomorphism N’(y) — Iso (Ay) ~ Iso(RR), which, by the assumption
of no periodic mapping classes, must be injective. The result follows, since by
proper discontinuity of the action of T, ,,, the image of N'(-y) in Iso(A,) is also
discrete. O

Second, the proof of Theorem 5.1 shows that, just like for the Teichmiiller
metric, there is a shortest length for a closed Weil-Petersson geodesic in the
moduli space of curves.

THEOREM 7.6. There exists a constant 6(g,n) > 0 depending only on (g,n)
such that if v € Ty, satisfies Swp () # 0, then Lwp (77) > 0(g, n).

Proof. The proof proceeds by induction on 3g —3+n. Reducible elements fall
into the inductive hypothesis. Hence, we may assume that v is pseudo-Anosov.
Let A, be the axis of v as above. We claim that there is some 6; > 0 depending
only on (g,n) such that either £wp () > 61 or there is some point ¢ € A, such
that distwp (0, 0Tg,) > 61. This follows from Lemma 5.2 and the compactness of
Mg,n. Next, on the set of points a distance > 6; /2 from JT, ,,, the Weil-Petersson
and Teichmiiller metrics are uniformly quasi-isometric. If Lwp (7) < 6;/2 is very
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small, then the translation length of ~ with respect to the Teichmiiller metric
would also be very small. On the other hand, the latter has a uniform lower
bound depending only on (g, n) (cf. [Pe]). This completes the proof. O

8. Appendix. The purpose of this appendix is to prove the asymptotic es-
timate for the Weil-Petersson metric asserted in (3.5). The idea, due to Yamada
[Y1], is to combine the original construction of Masur [M2] with the precise
estimates for the hyperbolic metric due to Wolpert [W5]. This requires some
background notation which we shall sketch rather quickly. A more detailed dis-
cussion may be found in the references cited.

Consider a point o € T = Ty X -+ X Ty n, obtained by collapsing
curves ci,...,cx. Then o corresponds to a nodal surface: that is, a collection of
Riemann surface Xg, .. .., 2, ny With identifications that are holomorphically
the coordinate lines in C> made in a neighborhood of certain of the marked
points. More precisely, each curve ¢, gives rise to a pair of points py, gy that are
identified with marked points in the disjoint union of X, ,.. Let z¢, w, indicate
local conformal coordinates at py, gy. Then the (connected) nodal surface X is
formed via the identification zpw, = 0. We construct a degenerating family of
Riemann surfaces %;, t = (¢1, . . ., t;), by replacing the nodal neighborhoods with
annuli Ay, given by the equations zywy = f,. We also may deform the conformal
structure on the initial nodal surface Xy in regions compactly supported away
from the nodes. In the notation of (3.5), this gives rise to deformations %, , of
the family X, corresponding to the coordinates 7i1,. .., T3g—34,. Passing to the
infinite abelian covering with coordinates (6y, |t¢]), these degenerating families
parametrize a neighborhood of ¢ in the model neighborhood. For brevity we will
omit the 7 parameters from the notation. Since the uniformizing coordinates may
be chosen to vary continuously with respect to the 7 parameters, this is no loss
of generality.

We will denote by X* the surface with boundary which is the complement of
a neighborhood of the nodes of Xy. The gluing of £* with the annuli A,, takes
place on pairs of annuli By, also supported away from the nodes (see [W5]).
The nodal surface X, carries a complete hyperbolic metric ds(z) = po(z)|dz|* which
induces a hyperbolic metric on the surface X* with boundary. We assume that
the conformal coordinates used in the gluing have been chosen so that in a
neighborhood of each node, po(z¢) = (|z¢| log |z¢|)~2. Furthermore, each annulus
Ay, carries a hyperbolic metric:

8.1 d 2= d. 2g—n s
( ) S5»|t| sz’o(sin @g’m)z

where

_ lduf - 1.7
zelP(loglze)? ~ M Tlog |t

dS%O
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2

Following Wolpert, we construct a “grafted” metric ds; ., on %; as follows:
2

dsigraft agrees with the hyperbolic metrics ds%" ; on each annulus Ay, ds; g5 1 @
smooth family of hyperbolic metrics with boundary on £* converging as t — 0

to the one induced by ds3, and in the regions By, dstz’graft interpolates between

these hyperbolic metrics. The actual hyperbolic metric ds? on X, will be related

to dstz’graft by a conformal factor:

p1(2) 2
(2)|dz|? = ds? = ds .
Pt | | t Pt graft (Z) t,graft

Then we have the following uniform estimate on %, (cf. [W5, Expansion 4.2]):

p1(2)

8.2 —
8:2) Pt graft (2)

k
1‘ =Y O((log |te)~?).
/=1

We also note that in each Ay, the interpolation satisfies:

po(ze)

(8.3) _potze)
Pt.graft (Zﬁ)

1’ = 0(07 )

(cf. [W5, §3.4.MQG]).

Next, we review Masur’s estimate of the Weil-Petersson metric. According
to [M2], we can find a family of quadratic differentials (;(z, f), meromorphic on
% with at most simple poles at the n marked points, parametrizing the cotangent
bundle of Ty, at the point represented by Z;. Then for i > k+ 1, the ¢; converge
as t — 0 to quadratic differentials with at most simple poles at the marked points
(which now include the nodes). For i < k, the ¢; represent normal directions to
the boundary stratum.

In terms of the local coordinate z, for the annular region A,, we have the
following uniform bounds (cf. [M2], 5.4, 5.5, and note the remark on p. 633
before “Proof of Theorem 1”). Here, C denotes a constant that is independent
of 1.

(84) Fori,j > k+1, |pi(ze. D@20, D) < C/lze]®
(8.5) Fori,j <k,

©i(ze, P24, D)

Cilte]*/|zel* + Clte?/|ze]? i=j=1¢ C, #0
Cleillt]/|ze]? i=/{,j#{ or vice versa
Claill1/1zel? i#0,j#L

Cltil/|ze i=¢
Cltil/|ze|* i #¢

(8.7) Fori,j > k+1, |pize, )3(zes 1) — ilze, 0)3i(ze, 0)| < Cltel/|ze|*.

IN

(8.6) Fori <k, j>k+1, |pi(ze,NPj(ze, )| < {



CLASSIFICATION OF WEIL-PETERSSON ISOMETRIES 971

Let G(2) denote the components of the Weil-Petersson metric tensor with

respect to this choice of (dual) basis. With this understood, we now state the
following:

LeEmmMaA 8.1. (i) There is a nonzero constant C independent of t such that for
i <k

k
G| = Clt;|7*(— log |t;) > (1 +YO0((—log |fz|)_2)> :
/=1
(i) Fori,j <k, i ;éj,
1G5O| = 06| 55|~ (= log [ (— log |1) ).

(iii) Fori <k, j > k+1,

G(0)| = 0| =" (— log 1)) 7).

(v) Fori,j > k+1,

k
G5(t) — G(0)] = O((— log |te[) ).
/=1

Let us first point out that the estimate (3.5) follows from Lemma 8.1 by making
the substitution: (6;, |t;|) — (0:,&;), where & = ( — log ]ti\)*l/z. The rest of this
section is therefore devoted to the following:

Proof of Lemma 8.1. As in [M2], the result will follow by first estimating the
cometric. Let (p;(t), ¢j()) denote the Weil-Petersson pairing. We will show that:
(') There is a nonzero constant C such that for i < k,

k
[{pi(D), i0))| = Clu>(— log 1;])’ (1 +>0((—log Itzl)_2)> :

=1

(ii") For i.j < k, i #]. |{i0). ¢;0))| = Ot l)).
(iii") For i <k, j > k+1, [{i0), 9(0)| = O(t]).
(iv') Fori,j > k+ 1,

k
[{pi(D)., 5(1)) = (i(0), ()| = > _ O~ logre)) ™).

=1

Given these estimates, Lemma 8.1 then follows via the cofactor expansion for
the inverse as in [M2].
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To begin, notice that (ii’) and (iii’) are precisely the statements (iv) and (vi),
respectively, of [M2, p. 634]. To prove (i), we note that for i < k, |p;(1)|* is
O(|t;|*) uniformly on compact sets away from the pinching region. We therefore
need to estimate:

. 2

Using (8.2) we observe that (8.8) is bounded by

loize, D12, [ |pize D)) ( p0(ze) ) )
8.9 =2 |d —1)|d
(89) /A PAEA +/A 0o \pize) dzel

< /A (piCze D226l (log |z¢)?|dze
ot

oraft(2¢)
+ € [ it PlarPClog fe? (pg— - 1) dzef?
Aé.f pt(ZZ’t)

(ze)
+ /A iz, D[ [z¢e[*(log |ze])? (po—z - 1) |dzo|*
Lt

Pt,graft (ZE 1 )

< [ leitaenPledPClog fel Pl
£t

k
+ >0 ((toglyh2) [ leitar 0P zeClog el Pz

j=1 Lt

+ / lpi(ze, )|*|ze|*(log |z¢])* (pO(ZD - 1) |dzg|%.

Agy pt,graft(zﬁe 1)

Using (8.5) we see that the right hand side of (8.9) is O(|t;|?) if i # I. If i = 1, then
again by (8.5) the first term on the right hand side of (8.9) is O(|t;|*( — log |t:])?),
and this contribution is in fact nonzero. The second term is similarly bounded.
Finally, the third term is bounded in the same way, after applying (8.3). This
proves (i').

To prove (iv’), first note that by (8.2) we have an estimate

dz|”

P 0%z 0, 0 [ iz 052 0)
/K e /K e

k
= O((log |te) )
l=1

where K is a compact set supported away from the pinching region. Note also
that since ;(z,0) have at most simple poles,

|dz|?| = O(|te]).

/ ©i(z¢, 0)Pj(z¢, 0)
Jze|<|tel po(ze)
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Hence, we need only estimate

(2o, ) Di(zp, t (20, 0)Di(z4,0
(8.10) @i(ze, DPj(ze )\dZelz— @i(ze, 0)pj(ze )|dzé|2
Aus pr(ze) Ay po(ze)
S/ lpi(ze, NPj(ze: D] | polze) 1‘ 12,2
Aes po(ze) pi(ze, 1)
_ _ dze?
+/ |<Pi(ZZat)<Pj(Zéat)_Spi(ZZ’O)SOj(ZE,O)" |
Agt po(ze)
<c lpilze, DPj(ze, )| | prgraii(ze) 1’ 22
Apy pO(ZZ) pl‘(Zfat)
(20, )Di(zy, t
+ / "Pl(zé, )‘PJ(ZZ’ )‘ PO(ZZ) 1 ‘dZdz
Avs po(ze) Prgraft(Ze, 1)
_ _ dzy|?
+/’%@ﬁ%@ﬁ—%mﬂwﬂwm‘d-
Agy po(z¢)

By (8.2) and (8.4), the first term on the right-hand side of (8.10) is bounded
by

k

k
> 0((log [t,))™).
1

p=

Otog i) [ (log ze Pzl =
1 2.t

p=

By (8.3), the second term is O ((log |t,[)~2). Using (8.7), the third term on the
right-hand side of (8.10) is bounded by a constant times

t
/A %kﬁ(log [ze)?|dzel® = O(|te|( — log |te])™).
£t

Hence, the desired estimate holds on each annular region A;, as well. This proves
(iv") and completes the proof of the lemma. O
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