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MATHIAMSC 673 LECTURE 7 09/22/20

Hmwk 1 : Due this FRIDAY by 12noon
2-

REVIEW : Green 's function Glx ,y )
- Du=f in U

Glx ,y ) helps express solution ucx) of problem :{ u=g on gu
①

in terms of fig .

g. corrector
field

"

⑤
✓

DIE .
Glx ,y)i= ( y - x ) - 9×4 ) ; Xi EU

, xty ou

fund?
'
blows up L DOH ) =O in U

Sohn at y=x ! { qxcy , = G.× ) on zu
(fixed XEU )

THI tf u C- CLO ) solves ①
,
then

next = fu Glx ,y ) fly ) dy - §, gcy ) 0¥ Cx,y ) dis ly )
,
XEU

.

- - -

In principle ,
it is difficult to construct G- Cx ,y ) explicitly .

÷:i÷÷i÷::÷.int:1#:::ii:ii:.::::..::....QFor fixed x
,
Glx,y ) satisfies - D

,
Glx,y ) -- fly ) in U

{ G -- o on OU .

THM1_ ( symmetry ) Glx
,y ) - Gly,x ) Fx,yEU

, Xty .

- Proof : See pp . 35,36 of Evans ~

(geometries If
can be given in terms of OT

In what cases is Glx ,y )
" easily

" constructed explicitly ?

Ci ) Half space ; Cii ) Ball
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Ci)Halfspace

Consider the set IRI = { x -- Hi , - - - in ) EIR" l "
yn!} ,µq

,

DEEL Green 's function for IRI is xz

"" "" """ -
"

in:
"

×
.

fsigeuer.ae
< 9×9 )

where 5= ( x
, ,

- - -

, xny ,
- xn ) is the reflection in plane 01127

of point X = (Xi , . . .

,
Xu- i , xn ).

omit-HM14onp.37ofEV.ir# Poisson's formula for hglpface

Cii)Baee
Without loss of generality , let's consider the unit ball

1310,1 )
.

DEEL Green's function for the unit ball is

Glay ) : = fly - x ) - 011×14 - 5L
?

) tf x.ye 1310,1 ) , xty,

where I is the point "dual " to x with respect to 01310,13

* =
,

Ho ÷
.
.

- End of DEF
.
2-

Remarry : The mapping x tsx defines inversion through the

unit sphere .

if

y;;g ; I
,
¥1,7

,
Re%d¥u7?
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omy-HEOREMISMP-4tofEV.ms
-

Poisson, formula
for ball

.

Energy Methods
-

Useful methodology for a wide class of PDEs
.

\
It provides an indirect way for uniqueness of solutions

via regularity assumptions .

Example1_ Consider the boundary value problem LBVP )

-Du = f in U

① { u=g on ou ,
UEC

- lol
,
f- ECCO )

, geccdu ) .

Note : Recall that we proved uniqueness of u by Maximin principles.

Now we are going to use an

"

energy method .

"

TtM_2 There exists atmos one solution u of ①
,

UECYO )
.

Root : Suppose both u
,
i satisfy ①

.
Consider w= U- ri

.

- DW -

- O in U Suppose Wto.

OU

⇒ { w=o on ou

'

0=17,?÷igx=fDw - Dwdx is

⇒ o = { Dwi dx 30 ⇒ Dw=O in U

⇒ w=O in U (w=0 on OU
,
WECHT)

I
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Ex ( Modified Helmholtz eq . ) -Dut k're = f in U ( K
'
> O )

② { u=g on OU
'

neth)

Show uniqueness of solution
.

Proof : Let w :
-

- u-ri where Uni satisfy ② .

- Dwt K'w=o in U( Then { w = o on OU

O =) - w Dwtkw ' dx = { IDI't k£2 dx 30
✓

⇒ { Dw -=O and w=0 }
a

Prob
.
4
,
Hmwk I

-Dutka -

- o in U
e-

: { ut =o on OU

Hint : Start w/ an integral that has Off inside the integral .
suitable

E = fu'zlDwRtEk2w
- dx *& w EF dis

'

; constant c
must be
found

- n
-

-Du -- f in U
① CUETO ))Go back to Poisson problem : {

u=g
on OU

DEr The energy functional for ① is

( w does NOT have

ICW ] '

-
= § Iz Dwp - Wf dx

to obey PDE in ①)

where WEA : = { we CIO ) i w=g on OU } .
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THIS (Dirichlet Principle ) The function UE CCO ) solves ①

IF and ONLY IF
Icu ] ⇐ nwseinailw ] .

Proof ca ) tf ut CYO ) obeys
-

Dhutgfoinhhf }① THEN Icu] EICW )

for every WEA .

(b) If Icu ) -_ mwiey
Icw ] THEN u obeys ① .

Pa¥t
. parbitrary

wet - { we CYO ) : w -- g on ou }

O = f-Du- f ) ( u-w ) dx E

u
Tew { DI4u-wldx - f flu-wldx(

where are the bdry

⇒ f Daf- fu dx = f Du - Dw - f- w d× * ,
terms ?

-

U U Ls Emi't 'zpw1
' of ly-wides

'

Cauchy - Schwartz inequality : Du -Dw s Dul IDw/
t k

-

Cauchy n : L s 11¥ + DWI
2

Thus
,

④ : Ju Duk - fu dx E 'z§DuTdx t § '

z Dwp - f- w dx

-
c-

⇒ { '

z Dut- fu dx E § I lDwl
'
- fw dx V-WEA

- -
Icu] Icw]

-Du=f in U

(b) Show that if Icu ] -_ min Icw] THEN { u=g on ou
WEA


