
- I -

MATH IAMSC 673 LECTURE 8 09/24/2020

Itmwk 1 is DUE by 12:00 noon this FRIDAY

Reading : Evans 2.3

REVIEW : Energy methods
- Du -_ f in U

Consider the boundary value problem CBVP) { u=g on ou
' ①

DEI. The energy functional for ① is

Icw]=§ I IDWP -wf dx where WE A :={ we CIO ) : w=g on OU } .

THI (Dirichlet Principle ) UEC
' CO ) solves ① IFF Icu]=mwiffICwJ .

Proof : Ci ) If u solves ① THEN Icu] E Icw] FWEA V

Ci ) If Ifn ] -- min Icw] THEN UE (40) solves ① .

WEA

Suppose Icu] -- min Icw ] ; A={ WE (40 ) : w=g on OU }
WEA

We want to consider a small " change " of u : W -

-
Ut TV

,
THR

-
ire CU) ( vi. '' test function" )

[ of compact support
Notice that w-

-

utter EA
.

Consider ylt ) : = I [ utter ] j g : IR → IR CIE IR )

By hypothesis
, 4k ) must have a min at 1=0

DD
-

-

-

4th = § I /DutzDv/
'

- Cuxtvtfdx

quadratic function
= ft (Dutt -5117442T Du - Dv) - Cuttvlfdx of e

u integration by parts
-

Must have : 0=440) =/ Du - Dv - of dx = { (- Du - f) vdx Ave u )

U ⇒ -Du=f in U II
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HeatordiffusionEg.NL
- Du EO in UNO,oo ) or Ut - Du = f in 0×10,00 ) ; u-iucx.tl,

where u : 0*10,00 ) → IR
,
f : Ux ( 0,00 ) → IR

.

First
,

we will explore " classical solutions " for ucx.tl
. .

In particular, consider the initial value problem IIVP)

Ut - Du =O in Ux ( 0,00 )

{ u=g on 0×4=0 }
.

1-Consider U -- IR
"-1

Let us consider the " fundamental solution " (for U -- HT )
.

Ut - Du
-

- O in IR" x (0,00 ) ②

DEAL ( Invariance of solution under dilation scaling ?

Define the dilation scaling ur> 7duHBx , ht ) ,
ft > 0

, a. DEIR .

Suppose that uh , t ) obeys PDE ②
.

Then
,
U is called

invariant under dilation scaling iff
"

Seff - similar solution "

UH
,
t ) = haul ,lBx

,
It ) tf 120

;
( x.TIE 112710,001

.

- . - (End of DEF. I )

set f- E
'

: ucx.tl = t
-

duct'Bx
,
I ) = : t

-

tuff ) ; y ftp.

Eyal : what can 2,13 and rly ) be Cy -- Ip ) so that this ucx.tl

satisfies the heat egn . ② in Knx (0,001 ? Cut - Du -- o)

• ut =
- Lt

'd- truly ) - Bx t
- d - P! Duly ) = - at

'd- '

vcy ) - Pt
"- '

y . Duly )

• Die = t
- d- 213

Dyvcy )

Ut
-

- Dµ ⇐ - at
- d- '

Wy ) - Bt
- "

y - Duly ) = t
- d -20¥

Dyvcy ) ④
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It would be necessary to end up with an eqn in y only I

can we pick a or B so that the factors of t
' " cancel out ?

Pick 213=1 ⇒ LB/

④ gives : Lucy ) t
'

z y - Dut Dv = O ( eqn in y only ! )

Look for radial solutions : UH ) = :w¥n ) ; y
-

- IT, = ¥ .

Dv = W' 'Cr ) t my wir ) ( Exercise ) (Do = II. Vyi ,;)
Equation for V becomes :

(PDE ⇒ODE )
twtr ) t

'

z r w
'
Cr ) t W''Cri

"
w
' Cr) = 0

Multiply both sides by r
"

:

"

Ern- lwlr ) t Iz rn w
'
Cr) + rn

-' W' ' Irl + X - 1) rn
- 2W '

Cr) - O

--

Pick z/ :#
Hmm

" crawl
.

Thus
,
we solve : Fr f '

z
Mw t r

"'
w
' } = O

⇒ { rnwcrl + r't' w
'

Cr) = C = const .

\

Impose : Twirl
,
river ) → O as r-soo .

Thus C. = O
-

Hence
,
solve : tzrnwcr ) t rn

- ' W' ( r ) =0

⇐ W'Cr ) t Iz wir ) -

- O ⇐ Wlr) -- B e
-"4

r -
- M -- LIBI .

Finally : UH
,
t ) = t

-

tuff ) = t
- d

w/
'II ) ; a -- E ,

B -- I

⇒ ulx.tl = CE
" "
e-
""4T

,
too ( x firm ?

(Define the
"

fundamental solution
"

accordingly !
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DIF The fundamental solution for the heat eqn in IR" is

SINGULAR

fix ,t , = {
HIM e-

" "" t

,
too

,
xeirn ⇐ at

(x
,
t 7=10,0)

O ,
t=O .

Note : c was chosen to be ¥,mz . Why ?

LEMMA 1 : With the above choice of the const . prefactor c
,

-

we have ( " normalization

§µ$lx,t ) dx = I
,
htt > 0

.

to unity " )

- . -

Proof : Integrate directly by using §pE×idx , = FT .

a
-

. -

what is the role of this Flat ) in IR" ?

We want to use Qlxit ) in order to construct solutions of

Ut - Du = O in IR" x ( 0,00 )the initial value problem { u=g on Knx {to }spatial

Define thetionuolution

ulx.tk ⑤ * g
= f OTH-y , t) gly ) dy , too

.

③

IR"

THM_1 Consider JE CCIR
" ) n LOOCIRM and u defined by ③ .

THEN :

Ci ) at ( IR" xlo.io ) ) ;

(ii ) ut - Du = O in 1124×10,001 ;

Ciii ) lim UH .tl#gCx0lV-xoElR?
Ht ) -31×90 )
XEIRY t> O
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Prod ( i ) Because ( x- y
,
t ) is Coo in IR

"
x [ fool , 8>0 ,

with uniformly bounded derivatives
,
then reel ( 1124×0,00 ) ) .

Cii ) ut - Du = §, { tot - D×9}Cx-y.tl g dy ft > o)
-

O by construction of Tool

⇒ Ut-Du -- O for t > O.

Ciii ) Show that ucx.tl = TO * g satisfies the initial condition
.

( To be continued in LECTURE 98 )


