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SINGULARITIES IN THE PLANAR TWO-CENTER-TWO-BODY PROBLEM 3

1. INTRODUCTION

1.1. Statement of the main result. We study a two-center two-body problem.
Consider two fixed centers Q1 and Q2 of masses mq = mgy = 1 located at distance
x from each other and two small particles @3 and Q4 of masses m3 =my = pu < 1.
Q;s interact with each other via Newtonian potential. If we choose coordinates so
that Q2 is at (0,0) and @ is at (—y, 0) then the Hamiltonian of this system can be

written as
P 2 P 2 2
(1_1)H:!3|+|4I_M_ f Bk 0 o
2 2p Q3] Q3 —(=x,0)] [Q4] [Qs—(=x,0)] [Q3— Q4

We assume that the total energy of the system is zero.

We want to study singular solutions of this system, that is, the solutions which can
not be continued for all positive times. We will exhibit a rich variety of singular
solutions. Fix g9 < x. Let w = {w;}32; be a sequence of 3s and 4s.

Definition 1.1. We say that (Q3(t), Q4(t)) is a singular solution with symbolic
sequence w if there exists a positive increasing sequence {tj}?io such that

* |Qs(tj) — Q2| < €0, |Qa(tj) — Q2| < eo.

o Ifwj =4 then fort € [tj—1,t;], |Q3(t) — Qa| < 0 and {Qu(t) hiejt; , 15 winds
around Q)1 exactly once.
Ifw; = 3 then fort € [tj—1,t;], |Qa(t) — Q2| < eo and {Q3(?) biet;_, ¢, winds
around Q1 exactly once.

e [Qi(t)] = o0 ast — t*.

During the time interval [t; 1,t;] we refer to Q; as the traveling particle and to
(7-w; as the captured particle. Thus w; prescribes which particle is the traveler
during the j trip.

We denote by X, the set of initial conditions of singular orbits with symbolic se-
quence w. Note that if w contains only finitely many 3s then there is a collision of
Q3 and Q)2 at time t*. If w contains only finitely many 4s then there is a collision
of Q4 and @2 at time t*. Otherwise at we have a collisionless singularity at ¢*.

Theorem 1. There exists p < 1 such that for pu < ps the set Xy, # 0.
Moreover there is an open set U on the zero energy level and a foliation of U by

two-dimensional surfaces such that for any leaf S of our foliation ¥,NS is a Cantor
set.

Remark 1.1. By rescaling space and time variables we can assume that x > 1. In
the proof we shall make this assumption and set eg = 2.

Remark 1.2. It follows from the proof that the Cantor set described in Theorem 1
can be chosen to depend continuously on S. In other words X, contains a set which
s local a product of a five dimensional disc and a Cantor set. The fact that on
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each surface we have a Cantor set follows from the fact that we have a freedom of
choosing how many rotations the captured particle makes during j-th trip.

Remark 1.3. The construction presented in this paper also works for small nonzero
energies. Namely, it is sufficient that the total energy is much smaller than the
kinetic energies of the individual particles. The assumption that the total energy is
zero is made to simplify notation since then the energies of Q3 and Q4 have the
same absolute values.

Remark 1.4. One can ask if Theorem 1 holds for other choices of masses. The
fact that the masses of the fized centers Q1 and Q)2 are the same is not essential
and is made only for convenience. The assumption that Q3 and Q4 are light is
important since it allows us to treat their interaction as a perturbation except during
the close encounters of Q3 and Q4. The fact that the masses of Q3 and Q4 are equal
allows us to use an explicit periodic solution of a certain limiting map (Gerver map )
which is found in [G2]. It seems likely that the conclusion of Theorem 1 is valid if
ms = p,myg = cp where ¢ is a fized constant close to 1 and p is sufficiently small
but we do not have a proof of that.

1.2. Motivations.

1.2.1. Non-collision singularity in N-body problem. Our work is motivated by the
following fundamental problem in celestial mechanics. Describe the set of initial
conditions of the Newtonian N-body problem leading to global solutions. The com-
pliment to this set splits into the initial conditions leading to the collision and
non-collision singularities.

It is clear that the set of initial conditions leading to collisions is non-empty for all
N > 1 and it is shown in [Sal] that it has zero measure. Much less is known about
the non-collision singularities. The main motivation for our work is provided by
following basic problems.

Conjecture 1. The set of non-collision singularities is non-empty for all N > 3.

Conjecture 2. The set of non-collision singularities has zero measure for all N > 3.

Conjecture 1 probably goes back to Poincaré who was motivated by King Oscar 11
prize problem about analytic representation of collisionless solutions of the N-body
problem. It was explicitly mentioned in Painlevé’s lectures [Pa] where the author
proved that for N = 3 there are no non-collision singularities. Soon after Painlevé,
von Zeipel showed that if the system of N bodies has a non-collision singularity then
some particle should fly off to infinity in finite time. Thus non-collision singularities
seem quite counterintuitive. However in [MM] Mather and McGehee constructed a
system of four bodies on the line where the particles go to infinity in finite time after
an infinite number of binary collisions (it was known since the work of Sundman
[Su] that binary collisions can be regularized so that the solutions can be extended
beyond the collisions). Since Mather-McGehee example had collisions it did not
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solve Conjecture 1 but it made it plausible. Conjecture 1 was proved independently
by Xia [X] for the spacial five-body problem and by Gerver [G1] for a planar 3N
body problem where N is sufficiently large. The problem still remained open for
N = 4 and for small N in the planar case. However in [G2] (see also [G3]) Gerver
sketched a scenario which may lead to a non-collision singularity in the planar four-
body problem. Gerver has not published the details of his construction due to a
large amount of computations involved (it suffices to mention that even technically
simpler large N case took 68 pages in [G1]). The goal of this paper is to realize
Gerver’s scenario in the simplified setting of two-center-two-body problem. Some
of the estimates obtained here are used in the companion paper [Xu| which proves
Conjecture 1 for the planar four body problem.

Conjecture 2 is mentioned by several authors, see e.g. [Sim, Sa3, K]|. It is known
that the set of initial conditions leading to the collisions has zero measure [Sal] and
that the same is true for non-collisions singularities if N = 4. To obtain the complete
solution of this conjecture one needs to understand better of the structure of the
non-collision singularities and our paper is one step in this direction.

1.2.2. Well-posedness in other systems. Recently the question of global well-posedness
in PDE attracted a lot of attention motivated in part by the Clay Prize problem
about well-posedness of the Navier-Stokes equation. One approach to constructing
a blowup solutions for PDEs is to find a fixed point of a suitable renormalization
scheme and to prove the convergence towards this fixed point (see e.g. [LS]). The
same scheme is also used to analyze two-center-two-body problem and so we hope
that the techniques developed in this paper can be useful in constructing singular
solutions in more complicated systems.

1.2.3. Poincaré’s second species solution. In his book [Po], Poincaré claimed the
existence of the so-called second species solution in three-body problem, which are
periodic orbits converging to collision chains as y — 0. The concept of second species
solution was generalized to the non-periodic case. In recent years significant progress
was made in understanding second species solutions in both restricted [BM, FNS]
and full [BN] three-body problem. However the understanding of general second
species solutions generated by infinite aperiodic collision chains is still incomplete.
Our result can be considered as a generalized version of second species solution. All
masses are positive and there are infinitely many close encounters. Therefore the
techniques developed in this paper can be useful in the study of the second species
solutions.

1.3. Extension to the 4-body problem. Consider the same setting as in our
main result but suppose that @1 and Q9 are also free (not fixed). Then we can
expect that during each encounter light particle transfers a fixed proportion of their
energy and momentum to the heavy particle. The exponential growth of energy
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and momentum would cause ()1 and ()2 to go to infinity in finite time leading to a
non-collision singularity.

Unfortunately a proof of this involves a significant amount of additional compu-
tations due to higher dimensionality of the full four-body problem. A good news
is that similarly to the problem at hand, the Poincaré map of the full four-body
problem will have only two strongly expanding directions whose origin could be un-
derstood by looking at our two-center-two-body problem. The other directions will
be dominated by the most expanding ones. This allows our strategy to extend to the
full four-body problem leading to the complete solution of the Painlevé conjecture.
However, due to the length of the arguments, the details are presented in a separate
paper [Xu].

1.4. Plan of the paper. The paper is organized as follows. Section 2 and 3 consti-
tute the framework of the proof. In Section 2 we give a proof of the main Theorem 1
based on a careful study of the hyperbolicity of the properties of the Poincaré map.
In Section 3, we summarize all later calculations and we prove the hyperbolicity
results of Section 3. All the later sections provide calculations needed in Section 3.
We define the local map to study the local interaction between @3 and (4 and
global map to cover the time interval when ()4 is traveling between ()1 and Q.
Sections 4, 6, 7 and 8 are devoted to the global map, while Sections 9,10, and 12
study local map. Relatively short Sections 5 and 11 contain some technical results
pertaining to both local and global maps. Finally, we have two appendices. In
Appendix A, we include an introduction to the Delaunay coordinates for Kepler
motion, which is used extensively in our calculation. In Appendix B, we summarize
the information about Gerver’s model in [G2].

2. PROOF OF THE MAIN THEOREM

2.1. Idea of the proof. The proof of the Theorem 1 is based on studying the
hyperbolicity of the Poincaré map. Our system has four degrees of freedom. We pick
the zero energy surface and then consider a Poincaré section. The resulting Poincaré
map is six dimensional. In turns out that for orbits of interest (that is, the orbits
where the captured particle rotates around Qo and the traveler moves back and
forth between @)1 and @2) there is an invariant cone family which consists of vectors
close to a certain two dimensional subspace such that all vectors in the cone are
strongly expanding. This expansion comes from the combination of shearing (there
are long stretches when the motion of the light particles is well approximated by
the Kepler motion and so the derivatives are almost upper triangular) and twisting
caused by the close encounters between (4 and Q3 and between Q4 and Q1. We
restrict our attention to a two dimensional surface whose tangent space belong to
the invariant cone and construct on such a surface a Cantor set of singular orbits
as follows. The two parameters coming from the two dimensionality of the surface
will be used to control the phase of the close encounter between the particles and
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their relative distance. The strong expansion will be used to ensure that the choices
made at the next step will have a little effect on the parameters at the previous steps.
This Cantor set construction based on the instability of near colliding orbits is also
among the key ingredients of the singular orbit constructions in [MM] and [X].

2.2. Main ingredients. In this section we present the main steps in proving The-
orem 1. In Subsection 2.3 we describe a simplified model for constructing singular
solutions given by Gerver [G2]. This model is based on the following simplifying
assumptions:

e 1 =0, x = oo so that @Qs(resp. @4) moves on a standard ellipse (resp.
hyperbola).

e The particles @3, Q4 do not interact except during a close encounter.

e Velocity exchange during close encounters can be modeled by an elastic
collision.

e The action of 1 on light particles can be ignored except that during the
close encounters of the traveler particle with ; the angular momentum of
the traveler with respect to Q2 can be changed arbitrarily.

The main conclusion of [G2] is that the energy of the captured particle can be
increased by a fixed factor while keeping the shape of its orbit unchanged. Gerver
designs a procedure with two steps of collisions having the following properties:

e The incoming and outgoing asymptotes of the traveler are horizontal.

e The major axis of the captured particle remains vertical.

e After two steps of collisions, the elliptic orbit of the captured particle has
the same eccentricity but smaller semimajor axis compared with the elliptic
orbit before the first collision (see Fig 1 and 2).

For quantitative information, see Appendix B.

Since the shape is unchanged after the two trips described above the procedure can
be repeated. Then the kinetic energies of the particles grow exponentially and so
the time needed for j-th trip is exponentially small. Thus the particles can make
infinitely many trips in finite time leading to a singularity. Our goal therefore is to
get rid of the above mentioned simplifying assumptions.

In Subsection 2.4 we study near collision of the light particles. This assumption that
velocity exchange can be modeled by elastic collision is not very restrictive since
both energy and momentum are conserved during the exchange and any change
of velocities conserving energy and momentum amounts to rotating the relative
velocity by some angle and so it can be effected by an elastic collision. In Subsection
2.5 we state a result saying that away from the close encounters we can disregard
interaction between the light particles and the action of @)1 to the particle which is
captured by Q2 can indeed be disregarded. In Subsection 2.6 we study the Poincaré
map corresponding to one trip of one light particle around @1. After some technical
preparations we present the main result of that section Lemma 2.7 which says that
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FIGURE 1. Angular momentum transfer

FIGURE 2. Energy transfer

after this trip the angular momentum of the traveler particle indeed can change
in an arbitrary way. Finally in Subsection 2.7 we show how to combine the above
ingredients to construct a Cantor set of singular orbits.
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2.3. Gerver map. Following [G2|, we discuss in this section the limit case y =
0,x = co. We assume that Q3 has elliptic motion and ()4 has hyperbolic motion
with respect to the focus Q3. Since u = 0, Q3 and @4 do not interact unless they
have exact collision. Since we assume that Q4 just comes from the interaction from
Q1 located at (—o00,0) and the new traveler particle is going to interact with Q1
in the future, the slope of incoming asymptote ; of ()4 and that of the outgoing
asymptote 0T of the traveler particle should satisfy §~ =0, 6T = .

The Kepler motions of 3 and Q4 has three first integrals F;, G; and g; where E;
denotes the energy, GG; denotes the angular momentum and g; denotes the argument
of periapsis. Since the total energy of the system is zero we have Fy = —Fs3. It turns

out convenient to use eccentricities e; = 4/1 + QG?Ei instead of GG; since the proof of

Theorem 1 involves a renormalization transformation and e; are scaling invariant.
The Gerver map describes the parameters of the elliptic orbit change during the
interaction of (Y3 and (4. The orbits of Q3 and (4 intersect in two points. We pick
one of them. We use a discrete parameter j € {1,2} to describe the first or the
second collision in Gerver’s construction.

Since Q3 and @4 only interact when they are at the same point the only effect of the
interaction is to change their velocities. Any such change which satisfies energy and
momentum conservation can be described by an elastic collision. That is, velocities
before and after the collision are related by

vy + Uy
2

U3 — Yy
2

vg + Uy B
2

Us — Yy
2

n(a), v = n(a),

(2.1) vy =

where n(«) is a unit vector making angle a with vy — vy .

With this in mind we proceed to define the Gerver map Ge, ;. (E3, €3, g3). This map
depends on two discrete parameters j € {1,2} and w € {3,4}. The role of j has
been explained above, and w will tell us which particle will be the traveler after the
collision.

To define G we assume that Q4 moves along the hyperbolic orbit with parameters
(—FEs3,e4,94) where gy is fixed by requiring that the incoming asymptote of Q4 is
horizontal. We assume that (3 and @4 arrive to the j-th intersection point of their
orbit simultaneously. At this point their velocities are changed by (2.1). After
that the particle proceed to move independently. Thus ()3 moves on an orbit with
parameters (E3, €3, 73), and Q4 moves on an orbit with parameters (Ey, &4, g4).

If w = 4, we choose a so that after the exchange ()4 moves on hyperbolic orbit and
91 =7 and let

Ge, ja(Es,es,93) = (Es,€3,73).

If w =3 we choose « so that after the exchange Q3 moves on hyperbolic orbit and
05 = 7 and let

Ge,.j3(Es,€3,93) = (B, €4,71).
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In the following, to fix our notation, we always call the captured particle Q3 and the
traveler Q4.

We will denote the ideal orbit parameters in Gerver’s paper [G2] of Q3 and Q4
before the first (respectively second) collision with * (respectively **). Thus, for
example, G}* will denote the angular momentum of ()4 before the second collision.
Moreover, the actual values after the first (respectively, after the second) collisions
are denoted with a bar or double bar.

Note G has a skew product form

3 = fe(es, g3, €1), gz = fq(es,gs,ea), Es = Esfgp(es,gs,eq).

This skew product structure will be crucial in the proof of Theorem 1 since it will
allow us to iterate G so that E3 grows exponentially while e3 and g3 remains almost
unchanged.

The following fact plays a key role in constructing singular solutions.

Lemma 2.1 ([G2]). There exist (€3, g3), such that for sufficiently small 6 > 0 given
W' Ww" € {3,4}, there exist \o > 1 and functions €)(es, g3), €j(e3,g3), defined in a
small (depending on 0) neighborhood of (e}, g3), such that

(a) for ¢, " given by ¢y(c3. g3) = ¢j and ¢j(e3, g3) = €f, we have
*k

(637 g3, E3>** - Gez,l,w’ (637 93, E3)* ) (637 —g3, )‘OE3)* == GeZ*,Q,w” (637 g3, E3) )
(b) If (es, g3) lie in a & neighborhood of (€3, g3), we have

(é3a g3, E3) = Geé(egv,,gg),l,m’ (83, 93, E3) s (537 _537 ES) = Geﬁ{(e3,g3),2,w” (é3a g3, EB) )
and

€3 = e§, 53 = g§, Eg = /\(63,g3)E3, where A\g — d< A< Ao + J.

Part (a) is the main result of the above lemma. It allows us to increase energy after
two collisions without changing the shape of the orbit in the limit case u = 0, x = oc.
Part (b) is of a more technical nature. It allows us to fight the perturbation coming
from the fact that u > 0 and y < oo.

Lemma 2.1 is a slight restatement of the main result of [G2]. Namely part (a) is
proven in Sections 3 and 4 of [G2] and part (b) is stated in Section 5 of [G2] (see
equations (5-10)—(5-13)). The proof of part (b) proceeds by a routine numerical
computation. For the reader’s convenience we review the proof of Lemma 2.1 in
Appendix B explaining how the numerics is done.

Remark 2.1. In fact Gerver produces a one parameter family of the periodic solu-
V2

tion. Namely one can take e3 to be any number (0,%%) and g3 = 0. In the course
of the proof of Theorem 1 we need to check several non-degeneracy conditions. This

will be done numerically for e3 = X



SINGULARITIES IN THE PLANAR TWO-CENTER-TWO-BODY PROBLEM 11

Remark 2.2. We try to minimize the use of numerics in our work. The use of
numerics is always preceded by mathematical derivations. Readers can see that the
numerics in this paper can also be done without using computer. We prefer to use
the computer since computers are more reliable than humans when doing routine
computations.

2.4. Asymptotic analysis, local map. We assume that the two centers are at
distance x > 1 and that (3, Q)4 have positive masses 0 < u < 1. We also assume
that Q3 and @4 have initial orbit parameters (E3, £3, €3, g3, €4, 94) € R* x T? in the
section {z4(0) = —2, #4(0) > 0} (the choice of this section in justified by Lemma
2.3 below). Here /3 stands for the mean anomaly of @3, see Appendix A. We let
particles move until one of the particles reach the surface {z4 = —2, @4 < 0} moving
on hyperbolic orbit. We measure the final orbit parameters (E3, I3, €3, g3, €4, §4). We
call the mapping moving initial positions of the particles to their final positions the
local map L. In Fig. 3 of Section 3.2 the local map is to the right of the section

{z = -2}
Lemma 2.2. Suppose that the initial orbit parameters (Es, {3, €3, g3, €4, g4) are such

that the traveler particle(s) satisfy 0~ = O(u) and 0 = 7+ O(p) then the following
asymptotics holds uniformly

(Es3,e3,73) = Gey(E3,€3,93) +o(1), as u— 0,x — oo.

The lemma tells us Gerver map is a good approximation of the local map L for the
real case 0 < p < 1 < x < oo for the orbits of interest. Lemma 2.2 will be proven
in Section 10 where we also present some additional information about the local
map (see Lemma 10.2).

We also need the following fact. Fix a small number 6.

Lemma 2.3. Suppose the initial orbit parameters (Es, {3, €3, gs, €4, g4) for the local
1

map are such that E3 = —3 + O(u), and the incoming and outgoing asymptotes of

Qu satisfy 6~ = O(p) and |07 — x| < 0 < 1. Then for p sufficiently small and x
sufficiently large we have |Q3| < 2 — § where § > 0 is a constant independent of
and x.

The proof of this lemma is also given in to Section 10.

2.5. Asymptotic analysis, global map. As before we assume that the two cen-
ters are at distance x > 1. We assume that initially Q3 moves on an elliptic orbit, Q4
moves on hyperbolic orbit and {z4(0) = —2, #4(0) < 0}. We assume that |y4(0)| < C
and after moving around @ it hits the surface {z4 = —2, @4 > 0} so that |ys4| < C.
We call the mapping moving initial positions of the particles to their final positions
the (pre) global map G. In Section 2.6 we will slightly modify the definition of
the global map but it will not change the essential features discussed here. In Fig
3 from Section 3.2, the global map is to the left of the section {z = —2}. We
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let (Es, 03, €3,93,€4,04) denote the initial orbit parameters measured in the section
{x4 = -2, &4 <0} and (E3,l3, €3, g3, €4, ga) denote the final orbit parameters mea-
sured in the section {x4 = —2, 44 > 0}. Fix a large constant C.

Lemma 2.4. Assume that |ys| < C holds both at initial and final moments. Then
uniformly in x, p we have the following estimates

(a) B3 — B3 =0(n), G3—G3=0(n), gs—gs=0(p).

(b) 65 =7+ O0(n), 6 =O(p).
The proof of this lemma is given in Section 4.

2.6. Admissible surfaces. Given a sequence w we need to construct orbits having
singularity with symbolic sequence w.

We will study the Poincaré map P = G o L to the surface {x4 = —2, 24 > 0}. It is
a composition of the local and global maps defined in the previous sections.

Given § consider open sets in the phase space defined by

wo-{a- ()

Us(8) = {1Bs — B3|, les — e5"], los — 571, 1051 <6, lea—ei'| < V3 ).

We will also need the renormalization map R defined as follows. Partition our
section {x4 = —2, 24 > 0} into cubes of size 1/,/X and on each cube we rescale the
space and time so that

,wseawggﬁwu<&|mﬂ<w§,

1
e in the center of the cube Q3 has elliptic orbit with energy —3
e the potential of the fixed centers is still 1/|Q; — Q;|, i = 1,2, j = 3,4.

In addition we reflect the coordinates with respect to x axis. We define A = |E3| > 1
as the dilation rate where Fs is the energy of )3 at the center of each cube. We
push forward each cube to the section {x4 = —2/\, 24 > 0}. We include the piece
of orbits from the section {x4 = =2, 24 > 0} to {x4 = —2/X, ¥4 > 0} to the global
map and apply the R to the section {xgy = —2/\, 24 > 0}. So the locally constant
map R amounts to zooming in the configuration by multiplying by A and slowing
down the velocity by dividing v/X. This is then followed by a reflection. We have
R({l‘4 = —2/)\, Ty > O}) = {l‘4 = —2, 24> 0}, and

R(Es,l3,e3,93,e4,91) = (E3/\ U3, e3,—gs3, €4, —ga).

Note that the rescaling changes (for the orbits of interest, increases) the distance
between the fixed centers by sending x to Ay. Observe that at each step we have the
freedom of choosing the centers of the cubes. We describe how this choice is made
in the next section. In the following we give a proof of the main theorem based on
the three lemmas, whose proofs are in the next section.
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Lemma 2.5. There are cone families K1 on Ty, (R x T?) and Ko on Ty, (R* x T?),
each of which contains a two dimensional plane and a constant ¢ such that for all
x € Uy(9) satisfying P(x) € Usz(9), and for all x € Us(0) satisfying RoP(x) € Ui(0),
(a) dP(K1) C Ka, d(RoP)(K2) C K.
(b) If v € Ky, then ||dP(v)|| > ex|v]|-
If v € Kq, then ||d(R o P)(v)|| > ex|v].

We call a C! surface Sy C Uy (6) (respectively Sy C Uz(8)) admissible if T'S; C Ky
(respectively T'Sy C Ks).

0
Lemma 2.6. (a) The vector w = ETA is in IC;.
3

(b) Any plane I1 in K; the map projection map e, o, = (deq,dls) : II — R? is
one-to-one. In other words (e4,¥3) can be used as coordinates on admissible
surfaces.

We call an admissible surface essential if 7, ¢, is an I x T! for some interval I. In
other words given e4 € I we can prescribe /3 arbitrarily.

Lemma 2.7. (a) Given an essential admissible surface S1 € Uyi(d) and é4 €
I(Sy) there exists (3 such that P((é4,03)) € Ua(K6). Moreover if dist(éy, dI) >
1/x then there is a neighborhood V (é4) of (€4, 03) such that T, g5 © P maps
V' surjectively to

{les — €| < K6} x T
(b) Given an essential admissible surface So C Ua(0) and é4 € I1(S2) there exists
U3 such that R o P((é4,03)) € U(K0d). Moreover if dist(é4,dI) > 1/x then
there is a neighborhood V (é4) of (é4,03) such that e, 45 © R o P maps V
surjectively to
{les — e*| < K6} x T,
(c) For points in V(é4) from parts (a) and (b), the particles avoid collisions
before the next return and the minimal distance between the particles satisfies
ud < d< %.

Note that by Lemma 2.5 the diameter of V'(é4) is O(d/x).

2.7. Construction of the singular orbit. Fix a number £ which is small but is
much larger than both p and 1/y. Let Sy be an admissible surface such that the
diameter of Sy is much larger than 1/x and such that on Sy we have

les —é3[ <e, g3 — 33| <e.
where (€3, 3) is close to (e, g5). For example, we can pick a point & € U;(d) and

3}
let @ be a vector in K (x) such that 87(113) = 0. Then let
3

SO = {(E37£37 €3, 93, 64,94)(.’13) + aw + (07 b7 07 07 07 O)}aés/f(
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where K is a large constant.

We wish to construct a singular orbit in Sy. We define S; inductively so that S; is
component of P(S;_1) N Uz(d) if j is odd and S; is component of (R o P)(S;—1) N
Ui(9) if j is even (we shall show below that such components exist). Let & =
lim;_, o (RP?)77S5;. We claim that x has singular orbit. Indeed by Lemma 2.1 the
unscaled energy of Q4 satisfies E(j) > (Ag—0)7/2 where § — 0 as § — 0. Accordingly
the velocity of Q4 during the trip j is bounded from below by ¢\/E(j) > ¢(Ag—8)7/4.
Therefore ¢4 —t; = O((A\g — §) /%) and so t, = lim;_,o, t; < 00 as needed.

It remains to show that we can find a component of P(Sy;) inside Us(6) and a
component of (R o P(S2j+1)) inside Uy(). Note that Lemma 2.7 allows to choose
such components inside larger sets Uz(K0) and U; (K9).

First note that by Lemma 2.4 on P(Ss;) (" U1(K§) and on (R o P?)(Ss;) N U2(K9)
we have 6, = O(u). Also by Lemma 2.7 e4 can be prescribed arbitrarily. In other
words we have a good control on the orbit of Q4.

In order to control the orbit of @3 note that by Lemma 2.5(b) the preimage of
Sa; has size O(1/x) and so by Lemmas 2.2, 2.4 and 2.6 given € we have that e3
and g3 have oscillation less than € on Sy; if p is small enough. Namely part (b) of
Lemma 2.6 shows that e3 and g3 have oscillation O(1/x) on the preimage of Sy;
while Lemmas 2.2 and 2.4 show that the oscillations do not increase much after
application of local and global map. Thus there exist (€3, g3) such that on Sy; we
have

les —é3] <e, |g3— 33| <e.

Also due to rescaling defined in Section 2.6 and Lemma 2.4, we have
1 1
e ()-o(n)
= ()o (5
Set

(2.2) Soji1=PV(e(es5,93)), Sajra=(RoP)V(e"(é3,33))
Then on §2j+1 we shall have
les —e3"| < Ke, |93 —9¢357| < Ke and |Es — E3*| < Ke

while on 5’2]-+2 we shall have
1
les — e3] < K25, 93 — 93] < K?¢ and ’E3+ 2' < K(1/y/X + ).

Denote
Sajr1 = Sajr1N{les—€"(e5,05)] < VY, Sajra = Sajran{les—€(eh, g3)| < V).
Taking € so small that K2e < § we get that Saj+1 € Ua(8), Soj42 € Ui(6) as needed.
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Finally we use the freedom to choose the appropriate partition in the definition of R
to ensure that R is continuous on the preimage of V(¢/(és, g3)) so that V(€/(és, g3))
is a smooth surface.

Remark 2.3. In fact we do not need to use exactly €'(és, g3) and €”(és, g3) in (2.2).
Namely any V(e]l) and V(ei) would do provided that

et —ell(es,3)| <e.

ej; - 62(%@3)‘ <g,

Different choices of ejl and ei allow us obtain different orbits. Since such freedom
exists at each step of our construction we have a Cantor set of singular orbits with
a given symbolic sequence w.

3. HYPERBOLICITY OF THE POINCARE MAP

3.1. Construction of invariant cones. Here we derive Lemma 2.5, 2.6 and 2.7
from the asymptotics of the derivative of local and global maps.

Lemma 3.1. There exist continuous functions u;(x), 1;(x) and Bj(x) such that if
x € Uj(8), j=1,2 is such that L(x) satisfies 0] = O(p),|0] — 7| <0 < 1 where 0
1s independent of u, x, then we have

0L (x) = ;uj«c) @ 1;(x) + Bj(x) + of1).

Moreover there exist a linear functional ij and a vector 0; such that
l; = ij +o(1), uwj=1w;+0(1), Bj=B;+o(l), asé, p, 1/x — 0.
This lemma is proven in Section 12.

Lemma 3.2. Let x and y = G(x) € Us—;(9), be such that |y(z)| < C, |y(y)| <

C Then there exist linear functionals 1;(xz) and l;(x) and vectorfields u;(y) and
u;(y), j=1,2, such that

dG(z) = x*1;(y) ® Li(z) + xT;(y) @ Li(x) + O(2x).

Moreover there exist vector w; and linear functionals ijjj such that if 6, u,% — 0
then

1>
1>

[—

L) =1, Liz) >

[a—
.

and
span(u;(y), u;(y)) — span(w;, w).

. 0
where W = 8763

This lemma is proven in Section 3.2.

Lemma 3.3. The following non degeneracy conditions are satisfied.
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span(y, By (@0)dRwy — 1y (dRws)®)) is transversal to Ker(il) N Ker(i).
de4(span(dRws, dRwW)) # 0.

span(ttg, B(ly(0)w;) — ly(wy)w)) is transversal to Ker(ig) N Ker(i).

This lemma is proven in Section 3.3.

Definition 3.1. We now take K1 to be the set of vectors which make an angle less
than a small constant n with span(dRws,ws), and Ko to be the set of vectors which
make an angle less than a small constant n with span(wi,w).

Proof of Lemma 2.5. Consider for example the case where x € Uz(d). We claim that
if §, u are small enough then dL(span(wy,w)) is transversal to Kerly N Kerly. Indeed
take I' such that I(I') = 0. If I' = aw; + aw then aly(w:) + aly(w) = 0. It follows
that the direction of I is close to the direction of I' = Iy (w)w; — Iy (w1)w. Next take

= bw + b where bly(w;) 4 bly(w) # 0. Then the direction of dLI is close to 1y

and the direction of dIL(T') is close to B(T') so our claim follows.

Thus for any plane IT close to span(wi, @) we have that dL(II) is transversal to
Kerly N Kerly. Take any Y € KCo. Then either Y and w; are linearly independent
or Y and w are linearly independent. Hence dL(span(Y,w;)) or dL(span(Y,w)) is
transversal to Kerly N Kerly. Accordingly either lo(dL(Y)) # 0 or lo(dL(Y)) # 0. If
Io(dIL(Y)) # 0 then the direction of d(G oL)(Y) is close to . If 13(dL(Y)) = 0 then
the direction of d(G o L)(Y) is close to u. In either case d(RGoL)(Y) € Ky and
|d(G o L)(Y)|| > ex||Y]]. This completes the proof in the case € Us(d). The case
where x € U;(6) is similar. O

Proof of Lemma 2.6. Part (a) follows from the definition of ;. Also by part (b)
of Lemma 3.3 the map 7 : span(w,w) — R? given by 7(I') = (d¢3(I'), des(I)) is
invertible. Namely if I' = aw + aw then

des(T)
dey(w)’ “ 3(I') — adts(w)
Accordingly 7 is invertible on planes close to span(w, @) proving our claim. ]

To prove Lemma 2.7 we need two auxiliary results.

Sublemma 3.4. Given &, there exists l3 such that P(é4,03) € Uz(0).

The proof of this sublemma is postponed to Section 11.2.

Sublemma 3.5. Let F be a map on R? which fizes the origin and such that if
|F(2)| < R then ||dF(X)| > x||X||. Then for each a such that |a| < R there ezists
z such that |z| < R/x and F(z) =
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Proof. Without the loss of generality we may assume that a = (r,0). Let V(z)
be the direction field defined by the condition that the direction of dF(V(z)) is
parallel to (1,0). Let «(¢) be the integral curve of V' passing through the origin and
parameterized by the arclength. Then F(v(¢)) has form (o(t),0) where o(0) = 0
and |6(t)] > x as long as |o] < R. Now the statement follows easily. O

Proof of Lemma 2.7. (a) We claim that it suffices to show that for each (&g, /3)
such that |&4 — ef*| < v/0 there exist (é4,¢3) such that

(3.1) P(éa, ) = (€4, 03).

Indeed in that case Sublemma 4.9 from Section 4.3 says that the outgoing asymp-
tote is almost horizontal. Therefore by Lemma 2.2 our orbit has (Fjs,es, g3) close
to Ge, 2,4(E3(éq, fg), 63(é4,@3), 93(é4, fg)) Next Lemma 2.4 shows that after the ap-
plication of G, (E3,es,g3) change little and 6, becomes O(y) so that P(é4,03) €
Us(K§).

We will now prove (3.1). Our coordinates allow us to treat P as amap RxT — RxT.
Due to Lemma 2.5 we can apply Sublemma 3.5 to the covering map P : R2 — R2
with y¥ = ¢x obtaining (3.1). Part (b) of the lemma is similarly proven.

Part (c) follows from Lemma 10.2 proven in Section 10. O

3.2. Expanding directions of the global map. Estimating the derivative of the
global map is the longest part of the paper. It occupies Sections 5-8.

It will be convenient to use the Delaunay coordinates (Ls, /3, G3,g3) for Q3 and
(G4,94) for Q4. Delaunay coordinates are action-angle coordinates for the Kepler
problem. We collect some facts about the Delaunay coordinates in Appendix A.

We divide the plane into several pieces by lines x4 = —2 and x4 = —g. Those lines
cut the orbit of Q)4 into 4 pieces:

o {zy=-2, 24 <0} — {954 = —57 Ta < 0}. We call this piece (I).

) {:U4 = —g, Ty < 0} — {.m = —%, T4 > 0} turning around Q1. We call it
(II1).

. {:1:4 - —g, Gy > 0} — {og = —2, @4 > 0}. We call it (V)

o {xy=-2, &4>0} > {zg = -2, 4 < 0} turning around Qs.
We composition of the first three pieces constitutes the global map. The last piece
defines the local map. See Fig 3. Notice that when we define R in Section 2.6,
after the second collision in Gerver’s construction, the global map sends {z4 =
-2, &4 < 0} to {zy = —2/A, @4 > 0}. Then R sends {z4 = —2/A, &4 > 0} to
{zy = =2, &4 > 0} before applying local map. So without leading to confusion,

when we are talking about sections after the second collision, we always talk about
R o G so that the section {x4 = —2,%4 < 0} is sent to {xgy = —2,44 > 0}.
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FI1GURE 3. Poincaré sections

The line x4 = _X is convenient because if (4 is moving to the right of the line

T4 = —K, its motion can be treated as a hyperbolic motion focused at ()2 with

perturbation caused by @)1 and Q3. If Q4 is moving to the left of this line, its
motion can be treated as a hyperbolic motion focused at Q1 perturbed by Qs and
Q3.

Since we use different guiding centers to the left and right of the line of x4 = —g we
will need to change variables when (4 hits this line. This will give rise to two more
matrices for the derivative of the global map: (1) will correspond to the change of
coordinates from right to left and (IV) will correspond for the change of coordinates
from left to right. Thus dG = (V)(IV)(I1I)(II)(I). In turn, each of the matrices
(II) and (IV) will be products of three matrices corresponding to changing one
variable at a time. Thus we will have (IT) = [(4i%)(4i)](i) and (IV') = (4d")[(4i")(¢")].
The asymptotics of the above mentioned matrices is presented in the two proposi-
tions below.

To refer to a certain subblock of a matrix (), we use the following convention:

| (B)33 ] (B)34
® = [ (B)az | (8)aa } '

Thus (f)33 is a 4 x 4 matrix and (#)44 is a 2 x 2 matrix. To refer to the (i,7) — th
entry of a matrix (f) (in the Delaunay coordinates mentioned above) we use (£) (4, 7).
For example, (I)(1,3) means the derivative of Ls with respect to G3 when the orbit

moves between sections {4 = —2} and {x4 = —%} .

Proposition 3.6. Under the assumptions of Lemma 3.2 the matrices introduced
above satisfy the following estimates.

1+0() O(p)  O(p) O(p) | O(p)  O(p)
O(x) O(ux) O(pux)  O(px) |O(ux) O(ux)
(1) = O(p)  O() 140w O | O(w) O(u)
Ow) O O 140 | Ok O |’
o)  O(p)  O(w) O(p) | O(1) 0O1)
| O(1)  O(p) (1) O(p) | O(1) 0O1) |
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1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(1) = 0 0 0 1 0 0
0 0 0 0 1 0
—EHIE+0() O0GE) O(R) OGH) | giern tORQ) —mm +OR)
1 0 0 0 0 0
0 1 0 0 0 0
Ge=| o o o 1 X 0
O(1/x) O(1/x’) O(1/x*) O(1/x?) 1 —X
| O(1/x) O(/x*) O(/x*) O(/x*) | —# +0(1/x) £ +0(1) |
[1+0(1/x) O(1/x) O(/x) O(1/x) |O(u/x) Ou/x) ]
O(x) O(1) o(1) O(1) o)  0(1)
ain= | OWx) O/x) 1+0(1/x)  OQ/x) | Ou/x) Ou/x)
O(1/x) O@/x) O@1/x) 14+001/x)|OWw/x) Ow/x)
O(1/x)  O(u/x)  O(u/x) O(u/x) | o) 0Q)
O(1/x)  Ou/x)  O(u/x) O(u/x) | o) o@) |
[(id")(i")] =
! 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
o) o0/x*) o0/x*) ou/x*)| & +00) —£+0)
O(1/x) 0(/x*) O(/x*) O(1/x’) | 4z +0(/x) —7-+0(1/x)
(iii') =
i 1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
) 0 0 0 0 ) 1 0
G 03 OGh) OGh) OGh) |~ +0(3) kaLs+0(3)
O(p*x)  O(w) O(n) O(u) | O() O() |
O(x) 1+0(u) O O(u) | O(1) O(1)
W)= | Qwx) 0w 140G Ow) O O
O(’x) O Ow) 1+0m|O0W) O |-
O(’x)  O(w) O(n) O(n) | 0O(1) o)
O(p’x)  O(w) O(n) O(p) |0(1) 0(1) |
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where kr = 1 + p, L3, Gy are the initial values of G of Ls, G4 and ﬁg,@4 are the
wniatial values of G of L3, G4. Moreover, the matriz of the renormalization map R
has the form diag{v/\, 1, —v/X, =1, =V, =1}, where the constant \ is the dilation
rate defined in Section 2.6 and the “—7 appears due to the reflection.

Proposition 3.7. The O(1) blocks in Proposition 3.6 can be written as a continuous
function of © and y plus an error which vanishes in the limit y — 0,x — oo.
Moreover the O(1) blocks have the following limits for orbits of interest.

1y _La 1 L
2(L3 + G 2 2 2
([)aa = (I:%—i_ 1) 2 ;o (I)as = ?; 2
I S 4 P >
2(L2 + G2)?2 2(L2 + G2) 2Ly 2
P
1- L12/2L52 —1/2L,4
(V)aa = 151 2
1/2L3 1/2L2
(L +G3)? L3+ G5
In addition for map (I) we have

r_ [ é4£4 _ é4f’421 !
((1)(5,1),(1)(6,1)) —( 2L+ G3) 2(EZ+GZ)2>

where tilde, hat have the same meaning as the previous Proposition.

Here and below the phrase after the first collision means that the initial orbit has
1
parameters (5, es*, g3%)+o(1) for Qs, Gy satisfies G4+ G5 = G5+ G +0(1) and that
at the final moment the angular momentum of ()4 is close to G1*. The phrase after
1
the second collision means that the initial orbit has parameters (i,eg, g3) + o(1)

for @3, G4 satisfies G4 + G5 = G5* + G* + o(1) and that at the final moment the
angular momentum of Q)4 is close to G7.

The estimates of (I),([1I),(V) from Proposition 3.6 are proven in Sections 4-7.
The estimates of (IT),(IV) are given in Section 8. Proposition 3.7 is proven in
Section 6.2. Now we prove Lemma 3.2 based on the Proposition 3.7.

Proof of Lemma 3.2. dG is a product of several matrices. We will divide the product
into three groups. The following estimates are obtained from Proposition 3.6 by
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O(x)
O(1/x)
O(1/x)

) 0(1/x) |

)
)

1

1

—_ D — —

O

O(1/x)
0(1)
O(1/x)
1+0(1/x)

~ N N N

S CO

NN N

T 2 I 3

~— N ~—

Q0

O(1/x)
0(1)
1+0(1/x)
O(1/x)

O(1/x)
o(1)
O(1/x)
o(1/x)

O(x)
O(1/x)
O(1/x)

[eslienilanip |

o O H O

S — O O

— o OO
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[ 14+ 0(1/%)

M = [(id') (")) (I11)[(ii) (i7)]

We decompose (i)(I) and (V')(iii") as

direct computation.

(3.2)
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1 0 0 0 |O(n) O
0 1 0 0 |0(1) O(1)
0 0 1 0 |Ow) O
WIED=1"0 0 0 1 low ow|*
O(1) O(y®) O(u) O(m)|O(1) O(1)
| O(1) O(k?) O(n) O(w) | O(1) O(1) |
O(1*x)  O(u) O(n) O(p) |0 0
O(x) 140 On) O(p) 10 0
O(MZX) O(p) 1+ O(n) O(p) 0 0 = [d][d]
O(’x)  O(w) O(w) 1+0E|0 0
0 0 0 0 10
0 0 0 0 0 1|

Note that [d] and [a] are bounded so they do not change the order of magnitude of
the derivative growth. On the other hand, denoting D = [c]M[b] we obtain

O(ux) O(*x) O(*x) O(*x) | O(n) O(ux)

O(x) O(ux) O(wx) O(wx) | O(1) Ox)

D— | Owx) O(2x) O(u?x) Ou’x) | O(n) O(ux)
O(ux) O(*x) O@*x) O(*x) | O(1) O(px)
O(ux) O(?x) O(r*x) O(*x) [O(x) O
L O(p)  O@?*) O O |o1) Ok |

Note that Dy = M 44. In particular

D(5,6
2

It follows that if y is large and g is small then is uniformly bounded from

above and below. Hence D can be represented as
D =" el + i ©l +0(x),
where

W = (00:/20.0(1/0.001/). 0/, 1. 00N, T = (0.0.0.0, DL 1),

@ = (0(1),1,0(1),0(1), 0(1),0)", T = (1,0(),0(n), O(),0,0)
1
and we have used the fact that D(5,5) =0 | — ]. In the limit g — 0, x — o0, we
D(5,6) X

have

o’ =(0,0,0,0,1,0)", T =(0,0,0,0,0,1),
@ =(0,1,0,0,0,0)7, 1 =(1,0,0,0,0,0).
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This allows us to compute the limiting values of 1 and L. Since dG is obtained from
D by multiplying from the right and the left by bounded matrices we get

dG = X2ﬁ®1+xﬁ®i+0(,u2x),

where
=/

' 1=T[a), 1=1]a).

=1l

=14

[«

u = [d|t,

Similarly Proposition 3.7 shows that as x — oo, u — 0 u — (0,1,0,0,0,0)” and
it allows us to compute the limiting components of u except that we do not have
the exact expression for d¢s(u). However we do not need to know this component
because we only interested in the span of u and u and d¢s(@) can be suppressed by
subtracting a suitable multiple of 4. It turns out that 1 has the same asymptotics
as T,, and 1w the same as 0. The functional 1 is the limit of the sixth row of [a],
which is also the sixth row of (¢)(I). The vector u is the fifth column of [d], which
is also the fifth column of (V)(i4i’). Thus the asymptotic parameters of dG can be
summarized as follows:

s G4/L 1 1 2
1= —%,o,o,o,ﬁ,—f , 1=(1,0,0,0,0,0),
2y é2 2462 Ly
(3.3) A .
L4 -~ T
w=1[0,0,0,0,1,————] , @=(0,1,0,0,0,0).
L? +G?

O

3.3. Checking transversality. We study the local map numerically. The O(1/pu)
part of dIL in Lemma 3.1 is

Lemma 3.8. The vectors L, u in the O(1/u) part of the matriz dIL satisfy the fol-
lowing:

(a) As p— 0, we have
ij-'lf};éo, ij-w3_j7é0, Tj-ﬁj#o,

j = 1,2 meaning the first or the second collision.
(b) If Q3 and Q4 switch roles after the collisions, the vectors Gy and Gy get a
({_ » SZg’}’L.

1 1
The computation is done using the choice of B3 = —3 and e3 = 5 at Gerver’s

collision points.

To check the nondegeneracy condition, it is enough to know the following.
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Lemma 3.9. Let x € U;(6) where 6 is small enough. If we take the directional
derivative at x of the local map along a direction I' € span{us_;,us—_;}, such that

L (dLT) =0, j=1,2

then
E-‘r
3 # 0
pn—0,x—00

where E; is the energy of Qs after the close encounter with Q4. These derivatives
are computed in Gerver’s case starting with E5 = —1/2,e5 = 1/2 and evaluated at
Gerver’s collision points. See the Appendix B.2 for concrete values.

The proofs of the two lemmas are postponed to Section 12.

Now we can check the nondegeneracy condition.

Proof of Lemma 3.3. We prove (bl) and (b2). The proofs of (al) and (a2) are
similar and are left to the reader.

To check (b2), dey we differentiate eq = /1 + (G4/L4)? to get

1 (G G3
dey = — < 4dG4—L3dL4>

G
Thus (3.3) gives deqw = L—; # 0 as claimed.
4
Next we check (b1l) which is equivalent to the following condition

i5) lo(Bol”
2(82) To(BaT")) ) 20
(G2)  la(BaI")

where I = ly(®)w; — ly(w )w. The vector I # 0 due to part (a) of Lemma 3.8.

e | >

Tt ||
S}

(3.4) det (

Let T be a vector satisfying ig (dLT') = 0 chosen as follows. dLI is a vector in
span{u,, BT '}, so it can be represented as dILI'; = bug + b/ Bgl“’ Thus we can take

b= —1- BQF and b = 12 U9 to ensure that dLI'; € Kerlg Note that we have
b’ # 0 by part (a) of Lemma 3.8. Hence

Lo(BoT” Iy(fg) ly(dLT
det( ( 2) 52( A2 ) ) 7det < 92(1}2) 92( ) ) =
12(112) IQ(BQP,) b 12(112) lg(dLF)
where the last equality holds since iQ(dLF) = 0. By Lemma 3.8 i = (1,0,0,0,0,0).

2 OES
Therefore 1p(dLI'") = —3- and so (b2) follows from Lemma 3.9. O

or

Remark 3.1. Let us describe the physical and geometrical meanings of the vectors

e
|
e | >

1>

2(dLT")

11,4, 1,1, u and the results in this section.
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The structure of dlL shows that a significant change of the behavior of the
outgoing orbit parameters occurs when we vary the orbit parameters in the
direction of 1, which is actually varying the closest distance (called impact
parameter) between Q3 and Q4 (see Section 12, especially Corollary 12.1).
The vector w in dG means that after the global map, the variable G4 gets
significant change as asserted by Lemma 2.7. So 1 ws_; %0 in Lemma 3.8
means that by changing G4 after the global map, we can change the impact
parameter and hence change the outgoing orbit parameters after the local
map significantly. Similarly we see LW % 0 means the same outcome by
varying U3 instead of Gy.

The result 1; - 0; # 0 in Lemma 3.8 means that by changing the outgoing
orbit parameter of the local map in 0 direction, which is in turn changed sig-
nificantly by changing the impact parameter in the local map, we can change
the final orQit parameter of the global map in the u direction significantly.

The wvector 1 has clear physical+meanmg. If we differentiate the outgoing
asymptote 94+ = gzr — arctan ii, where + means after close encounter of

4
Qs and Qu, we get df} = LIT.
Lemma 8.9 means that if we vary the incoming orbit parameter of the local
map in the direction I' such that there is no significant change of the outgo-
ing parameters of the local map in certain direction, then the energy (and,
hence, semimagjor axis) of the ellipse after Qs, Q4 interaction will change ac-
cordingly. One may think this as varying the incoming orbit parameter while
holding the outgoing asymptotes unchanged. The change of energy means the
change of periods of the ellipses according to Kepler’s law. FEllipses with dif-
ferent periods will accumulate huge phase difference during one return time
O(x) of Q4. This is the mechanism that we use to fine tune the phase of
Q3 such that Q3 comes to the correct phase to interact with Q4. Since the
phase is defined up to 21, we get a Cantor set as initial condition of singular
orbits.

4. CY ESTIMATES FOR GLOBAL MAP

4.1. Equations of motion in Delaunay coordinates. We use Delaunay vari-
ables to describe the motion of @3 and Q4 (for reader’s convenience we collect the
basic properties of Delaunay variables in Appendix A). We have eight variables
(Ls, l3,G3,g3) and (Lg, L4, Gy, gs). We eliminate Ly using the energy conservation
and ¢4 will play the role of independent variable.

After setting v3 4 = P53 4/p and dividing (1.1) by p the Hamiltonian takes the form

vi o ovi 11 1 B 1 o
2 2 Qs [Qd] 1@ (=x0)] [Qi—(—x,0)] |@—Q4l
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When @4 is moving to the left of the section {x4 = —x/2}, we consider the motion
of QY3 as elliptic motion with focus at @2, and Q4 as hyperbolic motion with focus
at 1, perturbed by other interactions. We can write the Hamiltonian in terms of
Delaunay variables as

1 1 1 1 M

Hy=—5+ 5575 - - .
203 2L7 Q4] Q3= (=x,0)] Qs — Q4

When Q4 is moving to the right of the section {x4 = —x/2}, we consider the mo-
tion of Q3 as an elliptic motion with focus at ()2, and that of ()4 as a hyperbolic
motion with focus at @J2 attracted by the pair Q2, @3 which has mass 1 + p plus a
perturbation. For |Q4] > 2 we have the following Taylor expansion

1 o Qe Qs ( 0 >
= + +0(——).
Q3 — Q4] Q4] |Q4l Qa3

Hence the Hamiltonian takes form

2 v 1 1 1 1 -
govyvi 1 1+p B _HQs 3Q4+0( “3).

2 2 Q3] [Q4 Q3 —(—x,0) [Qs—(—x,0)] [Q4 Q4]
In terms of the Delaunay variables we have
(4.2)

1 (+p? 1 1 pQy - Q3 ( 7 )
Hp = — + - — - +0 .
2L3 2L3 Q3+ (x;0)] Qa4+ (x,0)] Qa3 Q4

1
We shall use the following notation. The coefficients of 312 in the Hamiltonian will
4
be called k;, =1 and kg = 1 4+ p. The terms in the Hamiltonian containing ()4 will
be denoted by

1 %

(4.3) Ve = 104 1G5 —0al

1 MQ4‘Q3+O< 1

R 1@413> and Vi =

Here subscripts L and R mean that the corresponding expressions are used when Q4
is to the left (respectively to the right) of the line Q = —g. Likewise for the terms

containing (3 we define
(4.4)

1 Qs - Q3 Iz 1 p
Up = — — O Up = — — .
& @3+ (x,0)] |Qal? " (\Q4!3> ot Q3 — (=X, 0)]  |Q3— Q4]
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The use of subscripts R, L here is the same as above. Let us write down the full
Hamiltonian equations with the subscripts R and L suppressed.

(4.5)

\

[

G3=—

Li=—

Gy=—

0Qs oU 1  0Qs
dls 9Qs" 0 L3 OLg
Qs OU  _0Qy U
dgs 0Qs T 0G; 0Qs’
Qs oV K 0Qs
oty 9Q4 *T I3 9L,
Qi OV . 0Qy OV
dg1 0Q. 1T 8G, 0Qu

ou

505"

oV
0Q4’

Next we use the energy conservation to eliminate L;. We have

We use ¢, as the independent variable.

L3

4 3 2
=kpls-(1—-3L
K2, < 3<|Q3+(X7

Q4 - Q3
Q4P

= kL3 <1 — 3L

+

L
K

D=k L3+ Wy

eliminate L4 we obtain

(4.7)

(dLs

dly
dls

dly

e

dly
dgs
dl,

el

dly
dga

dly

= (kL3 + W)—=
—(kL3 + W)(
= (kL3 + W)=
—(kLE + W) ==
= (kL3 + W)=
—(kL§+ W)=

+O<Q 13“/X>

We shall use the following notation: X =

4.2. A priori bounds.

ro(a

1

1

2

|Qal?

1

0l T 101+ (60
> - 0(1/x2)>> = kpL3 + Wg,

1 /%

0Q3
0ls
1

aQ3
dgs3
0Q3
0G5
0Q4
094
0Q4
0G4

3<\Q3+

9Qu

G0 Qi

(L37 637 G37g3)7

<1 + (kL3 + W)

Q4 — Qs "

0Ly

Q4

Y = (G4794)-

‘;)%”le 4:9 (U/.CL +W)g%f (,?%224
3T oL, 90; )<1+(kL Rk
S%U<1 + (/-cLL+ W)ZZ‘; 4 %‘)
83@3(1( :k:(; :;Vv)va)gf4 88‘/625
R Po0. "B

)

ov

Q4

0/)))

Dividing (4.5) by ¢; and using (4.6) to

)
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4.2.1. Estimates of positions. We have the following estimates for the positions.
Lemma 4.1. Given C and § there exists C' such that if

(4.8) Qsl <25, |Qul<C

then

(a) we have

9Qs

(4.9) 5%

<

(b) when Qg4 is moving to the right of the section {x4y = —x/2} we have

>2, if |6 < |ty <C

4.10 L '
(4.10) | Q4 GLAmem,ﬁwza

where 0} is the value of {4 restricted on x4 = —2;
when Q4 is moving to the left of the section {xy = —x/2}, we have

(4.11) Qs — Q1| < 2L3(€5)|a] + C

for some constant C' where £y is one of the Delaunay variables in the left
and 0} is its value on the section {x4 = —x/2}.

The intuition behind this lemma is the following. Since the total energy of the
system is zero and (Y3 and ()4 interact only weakly with each other, then both
particles have energies close to W in absolute value. Since (4 spends most of
1\t
the time away from )1, @2 and Q3 most of its energy is kinetic energy so it moves
with approximately constant speed. Since it makes a little progress in y direction
its velocity is almost horizontal most of the time. This explains (4.10),(4.11). To
give the complete proof we have to use the Hamiltonian equations. See Section 4.3.

Lemma 4.2. If inequalities (4.8), (4.10), (4.11) are valid and in addition
(4.12) 1/C < |Ls|,|Ls] < C, |G3],|G4| < C,

then we have

0Q4 0Q4 0Q4 0Q4
664 O( ), 8(L4,G4,g4) O(€4), 694 Q4 0 and 8G4 Q4 0(54)

ast — 0o.

Proof. This follows directly from Lemma A.2 in Appendix A.4. O
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4.2.2. Estimates of potentials.

Lemma 4.3. Under the assumptions of Lemma 4.2 we have the following estimates

for the potentials U, V, W :
(a) When Q4 is moving to the right of the section {x4 = —x/2}, we have

1 1%
Vi, Ur, Wr=0|[ — .
Ry Ur, WR <X+&21+1>

(b) When Q4 is moving to the left of the section {x4 = —x/2}, we have

1
Vi, Uy, W, =0 (X> .

Proof. This follows directly from equations (4.3), (4.4) and (4.6) and (4.10) in

Lemma 4.1. Our choice of the section {x4y = —2} excludes the collision between

Q3 and Q4. So we put ﬁ to stress the fact that the denominator is bounded
4

away from zero. We do the same thing in the following proofs without mentioning

it any more. ]

4.2.3. Estimates of gradients of potentials. To take partial derivatives w.r.t. Delau-
nay variables, we use the formulas

9 Qs 0 9 0Qs 9
09X~ 0X 0Qs dY  9Y 0Qs

Lemma 4.4. Under the assumptions of Lemma 4.2 we have the following estimates
for the gradients of the potentials U,V

GUR 6@4 8VR —0 <1 1% ) 8VR -0 (1 + M)
9Q3 " 9(Gy, g1) OQu 241 Q4 X2 P+ 1

8UL_O<1) aw_0<1> 0Q1 Vi o<1>
0Q3 x2) 0Qa x2)’ 0(Gy,91) 0Qs X2

Proof. The estimates for the

(4.13)

0
terms are straightforward. Indeed, we only need
Q3.4
1

d77| |k together with the estimates in Lemma 4.1.
T |x

0Q4 OVR

) 0 .
The estimates of all ———— terms are similar. We consider for instance —— ——.

0(Gy4, ga) 0G4 0Q4
We have

).

to use the fact

= |z]F

(4.14) 0Q4OVr _ 0Qs Qat(x.0) . ( ‘8Q4

0G4 0Qs 0G4 |Qs+ (x,0)3
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The second term here is O(u/(£3 4 1)) due to (4.10) and Lemma A.2(a). To handle

0
the first term let % (a,b), Q4 = (x,y). Note that equations (A.3), (A.4), (4.8),

(4.10), and (4.12) show that z, ¢4 are all comparable in the sense that the ratios
between any two of these qualities are bounded from above and below. On the
other hand Lemma A.2(a) tells us that ax + by = O(¢4). Since by = O(b) = O({4)
we conclude that az = O(¢4) and thus a = O(1). Thus the first term in (4.14) is

Q4

a0 @t GX.

Qs+ (x, 0)?
The numerator here is O(x) while the denominator is at least (y/2)3. This completes
the estimate of ggiggj Other derivatives are similar. O

Plugging the above estimates into (4.7) we obtain the following.

Lemma 4.5. Under the assumptions of Lemma 4.2 we have the following estimates

on the RHS of (4.7).

(a) When 7% < x4 < —2 we have
dLz dGs dgs dG4 d 1 a¢
37 3 ag3 4 494 - 2# acs = 0(1).
dby’ dly’ dey’ dly’ dly l5+1
(b) When Q4 is moving to the left of the section {x4 = —x/2}, we have

dLg ng d93 dG4 dg4 O( 1) dfg

— =0(1).
dby’ dly’ dby’ dly’ dly dly oQ)

%
In Section 6 we will need the following bounds on the second derivatives.

Lemma 4.6. Under the assumptions of Lemma 4.2 we have the following estimates
for the second derivatives.

0?Ugr 1 " 0*Vg 1 o
VR _ o oY
003 <X3+53+1>’ 0Q3 <X3+53+1>’

0*(Ur,Vr) < j >
(4.15) 0Q30Q4 =0 (a3 +1)7

82UL_O<1> 32VL_O<1> 32(UL,VL)_O<1>
0Q3 X*) " 003 X3) 7 0Q30Q4 X3)

We omit the proof since it is again a direct computation.
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4.3. Proof of Lemma 4.1.
Proof of Lemma 4.1. Let 7 be the maximal time interval such that
(416) SILs(E] < 1Ll < SILs(ED], SIGHED)] < [Gu(t)] < SIGHE], i = 3,4,

on [0,7] where ¢} is the value ¢4 restricted on {z4 = —2}. (4.16) implies that
es = \/1+ G2/L? is bounded. We always have we have |Q4] > 2 since Qy is to
the left of the section {z4 = —2}. Therefore (4.6) implies that Ly = L3 + O(p)
in the right case and Ly = L3 4+ O(1/x) in the left case. Now formula (A.3) and

Lemma A.1 allow us replace sinh u, coshu by (1 + 0(1))—4 as [ly] — oc.
€4

|Q4| = L4\/L?1(coshu — e4)2 + G sinh? u

= L4\/(LZ +GH(1+ 0(1))2% = Li(1+ o(1))[4].
€4

This proves estimate (4.10) for ¢ < min(7, 7) where 7 is the first time then x4 reaches

—%. Thus for ¢ < min(7,7) the assumptions of Lemma 4.5 are satisfied and hence

dLs dG4 dG3 1 W
= =0 5t s

dly’ dly’ dly X Q41— Qs

(note that to prove the estimates in Lemma 4.5 in the right case we do not need the
assumption (4.11)). If we integrate (4.17) w.r.t. ¢4 on the interval of size O(x) we

find that the oscillations of Ls, G4, G3 are O(u). Therefore 7 < 7 and we obtain the
estimates of (4.10) up to the time 7.

(4.17)

The analysis of the cases when @4 is to the left of the section {x4 = —x/2} and
then it travels back from {x4 = —x/2} to {x4 = —2} is similar once we establish
the bounds on the angular momentum at the beginning of the corresponding pieces
of the orbit. Let us show, for example, that at the moment then the orbit hits

{z4 = —g} for the first time, the angular momentum of Q4 w.r.t. @ is O(1).
Indeed we have already established that Gy = —% — yvae = O(1). Also (4.16)

shows that v = O(1) and so (4.8) implies that yvs; = O(1). Accordingly
X1y = —G4r — yvyy = O(1)
and hence Gur, = Gap + xv4y = O(1) as claimed. The argument for the second time

the orbit hits {z4 = —%} is the same. This completes the proof of part (b).

0
To show part (a), we notice % depends on /3, g3 periodically according to equation

(A.1). So part (a) follows since we have already obtained bounds on L3 and G3. O
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The next lemma gives more information about the ()4 part of the orbit than Lemma 4.1.
It justifies the assumptions of Lemma A.2.
Lemma 4.7. Under the hypothesis of Lemma 4.2, we have:
(a) when Q4 is moving to the right of the section {x = —x/2}, we have

) G
tan gy = 51gn(u)Lf;L +0 <M4|ﬂ+ -

(b) when Q4 is moving to the left of the section {x = —x/2}, then

1
+—), as|ly],x = 0.
X

Ga,91 = O(1/x), as x — oo.

Proof. We prove part (b) first. From equation (A.5) we see that if /4 is of order x
and y = O(1) then G4 cos g4 + sign(u)Lysin gy = O(1/x). Integrating the estimates
of Lemma 4.5(b) we see that during the time x4 < —x/2 we have

(4.18) Gi=G"+0(1/x), La=L"4+0(1/x), ga=g"+0(1/x)

where (L*, G*, g*) are the orbit parameters of )4 then it first hits {x4 = —x/2}. It
follows that both

G*cosg"+ L*sing* = 0O(1/x), and G*cosg® — L*sing* = O(1/x).

Since L* is not too small this is only possible if G* = O(1/x), ¢* = O(1/x). Now
part (b) follows from (4.18).

The proof of part (a) is similar. Consider for example the case when ()4 moves to
the right. Now (4.18) has to be replaced by

4.19 Gy, L =(G*, L O —

( ) ( 4, 4794) ( ) 7g)+ <|€4\+1+X)’

(since we use part (a) of Lemma 4.5 rather than part (b)). As before we have
G*cosg" + L*sing" = O(1/x).

Since cos ¢g* can not be too small (since otherwise G* cos g* — L*sing* ~ L*sing
would not be small) we can divide the last equation by L* cosg to get

* 1
tang*:i*—{—0<x>.

Now part (a) follows from (4.19). O

4.4. Proof of Lemma 2.4. We begin by demonstrating that the orbits satisfying
the conditions of Lemma 2.4 satisfy the assumptions of Lemma 4.5.

Lemma 4.8. (a) Given 0,C there exist constants é,uo such that for p < po
the following holds. Consider a time interval [0,T] and an orbit satisfying
the following conditions

(i) z4(t) € (=x — 1, =2) for t € (0,T), 24(0) = =2, z4(T) = —x-
(i) 44(0) < C, yu(T) < C.
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(iii) At time 0, Q3 moves on an elliptic orbit which is completely contained
in {xs > —(2-9)}.
Then |y4(t)| < C for all t € [0,T).
(b) The result of part (a) remains valid if (1) is replaced by
(1) z4(t) < =2 for t € (0,T), 24(0) = 24(T) = —2.

Proof. To prove part (a) we first establish a preliminary estimate showing that Q4
travels roughly in the direction of ().

Sublemma 4.9. Given 6 > 0 there exists po, xo such that the following holds for
w < po, X > xo- If the outgoing asymptote satisfies
(4.20) |m — 65 (0) > 6

then Q4 escapes from the two center system.

Proof. We consider the case 6 (0) < 7 — 6, the other case is similar. If we disregard
the influence of ()1 and ()3 then ()4 would move on a hyperbolic orbit and its velocity
would approach (1/2E4(0) cos 8 (0),1/2E4(0)sin 6, (0)). Accordingly given R we
can find £, yg such that uniformly over all orbits satisfying (i)-(iii) and 65 (0) < 7 —6
we have for pu < ug

ya(f) > R, way(t) > 0.84/F4(0)sinb.

Let £ = inf{t > : vy < ¥ E;(O) sinf}. We shall show that £ = oo which implies the

sublemma since for ¢ € [t,¢] we have

VEy
2

(4.21) ya(t) > R+ (t - 1) sin 6.

To see that ¢ = oo note that (4.21) implies that
1

(R+(f—f)‘/2Eisin9~)2

’7.)411’ <

and so

o ()~ < [T — 2 ’
Vay () — vy < — = —.
! ! 0o (R+ S—QE‘1 sinf)?2  RyEysind
- VE ~
Hence if R is sufficiently large we have v, (t) > 5 1 $in @ which is only possible if

t = oo. O

We now consider the case |m — 9;{| < 4. Arguing as above we see that given R, we
can find for p small enough a time ¢ such that

24(t) < =R, v4.(t) < —0.8\/E4(0) cosf.
Let # be the first time after £ such that 24 = —(x — R). Arguing as in Sublemma 4.9

we see that for t € [£, ] we have |vgy,| > Y E;(O) cos . Hence the force from Q3 and Q3
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is O(1/t?) and the force from Q1 is O(1/(f—t)?). Accordingly v4 remains O(1) so the
energy of Q4 remains bounded. Next if |y4(£)| > R then the argument of Sublemma
4.9 shows that y4(T") > R/2 giving a contradiction if R > 2C. Accordingly we have
for t € [t,T] that Ey = O(1), y4 = O(1) and G4z = O(1). It remains to show that

lya(t)| < C for ¢ € [t,1]. To this end let t* be the first time when x4 = —%. We

first get E4 = O(1) for t € [t*,#] since by arguing as in the Sublemma we get the
oscillation of v4 is bounded. Next, we have that G4r,(t*) = O(1) since G4r,(f) = O(1)

and for t € [t*,{] we have Gy = O(1/x),(this estimate of G47, = 94 X x4 does not
need any assumption on Gyy,.) Likewise G4r = O(1). Therefore

XV1y(t") = Gap — G4, = O(1)
and so vy (t*) = O(1/x). Since Gur,(t*) = (%my - yv4w> (t*) we have y(t*) = O(1).
Next for ¢ € [t*,1] we have
t u
ya() = ya(t) + vay (¢ — £°) + / / iia(s)dsdu.
xS
Note that

m@—0<@ﬁkwﬂ‘0<@—iuw>'

Combining the last two estimates we get
toru dsdu 1 1

t)| < Cqy+ Cysu s //AgC—I—C(—i—)su s)|.

o) < Gt Cosmllyto) [ [ £t 1) sl

We choose R large enough to get that |y| is bounded on [t*,#]. The argument for
HYa
|Qal?

[t,t*] is the same except that the force from Q3 is O . This completes the

proof of part (a).

To prove part (b) we note that if |y4(£)| > R? then Q4 escapes by the argument of
Sublemma 4.9. Hence |y4(f)| < R%. This implies (via already established part (a)
of the lemma) that y is uniformly bounded on [0,#]. The argument for [¢, 7] is the
same with the roles of ;1 and @5 interchanged. ]

Proof of Lemma 2.4. Initially we have 1/C < |Ls| < C, |Gs|,|G4] < C for some
constant C' > 1. We assume (4.16) from time 0 to some time 7. Due to the previous
lemma, we can use Lemma 4.5 to get the estimates on the time interval [0, 7]

dLg ng dgg dG4 dg4 _O( 1 1% >

A, Aoy dey dry e C\@ T B

We integrate the equations to get O(u) oscillations of L3, G3, G4 so that 7 can be
extended to as large as y. For part (a) of Lemma 2.4, we integrate the equations
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dby’ dby’ dly’
comes back. Therefore we get

ofof [t ) -0

estimate for the change of L3, G3 and g3 proving part (a).
Part (b) of Lemma 2.4 follows from Lemma 4.7. O

over time of order y as @4 first moves away from ()2 and then

5. DERIVATIVES OF THE POINCARE MAP

In computing C' asymptotics of both local and global maps we will need formulas
for the derivatives of Poincaré maps between two sections. Here we give the formulas
for such derivatives for the later reference.

Recall our use of notations. X denotes Q3 part of our system and Y denotes Q4
part. Thus

X = (L37€3aG3ag3)a Y = (G4vg4)'
(X,Y)? will denote the orbit parameters at the initial section and (X, Y')f will denote
the orbit parameters at the final section. Likewise we denote by ¢} the initial “time”

when )4 crosses some section, and by &{ final “time” when Q)4 arrives at the next.
We abbreviate the RHS of (4.7)) as

X' =U, Y =V.

Here ' is the derivative w.r.t. £4,. We also denote Z = (X,Y) and W = (U, V) to
simplify the notations further.
Suppose that we want to compute the derivative of the Poincaré map between the
sections S? and S/. Assume that on S? we have £y = ¢i(Z%) and on S/ we have
by = ZZ{(Z 7). We want to compute the derivative D of the Poincaré map along the
orbit starting from (Z,¢}) and ending at (Zf,a:). We have D = dF3dFydF; where
F} is the Poincaré map between S* and {¢4 = (.}, F, is the flow map between the
times Ei and 61,' and F3 is the Poincaré map between {¢4, = ﬁf} and SY. We have
Fy = ®(Z", 04(Z"), (%) where ®(Z, a,b) denotes the flow map starting from Z at time
a and ending at time b. Since

od . . 0P

a—Z(Z*,é*,é*) = 1d, B0 = -W

. Df . .
we have dF; =1d — W(?)) ® D7 Inverting the time we get

-1
DUt
dFy = (1d—W(£{)® DZ4f> .
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DZ(¢])
DZ(#)
between the times ¢ and ¢]. Thus we get

Finally dF, =

is just the fundamental solution of the variational equation

I\ ; | i
Gn - P= <Id -wE e 113);?) Eii; (Id —W(ty) @ g%) .
f

Z(ly)
DZ(#)
consider @3 and @4 individually. The variational equation takes form

Next, we study the fundamental solution of the variational equation. We

OX \'_ou ox  ou oy OX \'_od 9X U oY
OX(0i)) 90X oX(¢) oY oxX(¢) \oY(¢i)) OXO9Y (L) oY Y (¢L)’
o \'_ov oy 9V 9X o \'_ov gy oV oX
oX(0i)) oY 9X(¢L) 90X oX(¢) \oY(¢i)) oY aY (L) oX oY (L)
Using the Duhamel principle we see that the solution of the variational equation

should satisfy
(5.2)

f Z{ Zf
OX(E) _ et oty + [ vt ey S e, o= [ e ST
Ei Zi

OX (fi) Y 0X (0%) v ay (e 4

Y &4 a 9X Y oV 00X
= G f f _— _—
vy~ b / Vs ) ox oy ™ axqn = P ax ax
. , ou , 15)%
where U and V denote the fundamental solutions of U’ = 8—XU and V' = OYV

respectively.

6. VARIATIONAL EQUATION

The next step in the proof is the C! analysis of the global map. It occupies sections
6-8. We shall work under the assumptions of Lemma 3.2. In particular we will use
the estimates of Section 4 and Appendix A.

The plan of the proof of Proposition 3.6 is the following. Matrices (I), (III) and
(V) are treated in Sections 6 and 7. Namely, in Sections 6 we study the variational
equation while in Section 7 we describe the contribution of the boundary terms.
Finally in Section 8 we compute matrices (II) and (IV) which describe the change

of variables between the Delaunay coordinates with different centers which are used

to the left and to the right of the line z = _X

2

6.1. Estimates of the coefficients.
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Lemma 6.1. We have the following estimates for the RHS of the variational equa-
tion.

(a) When Q4 is moving to the right of the section {x = —x/2}, we have

E N
A
S W W W B S .
Y OY YN Y |vo(dn)
O W U W I
x XX X X3l x x
In addition we have
¢L*sign(aiy) ¢L?
w_ 1| @+i-9  (1-9 p
v T X e —ertsignea) | O\ TiQuR)
(G2 +L2)2(1-¢&)3 (G*+L*H(1-¢)3
W__1<_§G4Lisign(dc4) §G4Lj1l >T+O(’u—|— L )
Ly x \(L3+ G —&)3 (L2 +G3)2(1—¢)3 X 1Qa?)’
where £ = Q4 = |Q4_Q2’.

X X
(b) When Q4 is moving to the left of the section x = —x/2, we have

L L L5 L4 4
K W TS TS U I T
IR T T W A
2 ¢ ¥ ¥lx x
In addition we have
¢L?sign(iy) %
o _ 1 (1-¢)3 (1-¢)? P
v X ¢l —eLsign(zy) | TO\L)
(1-¢)3 (1-¢)3
where £ = 7|Q4 _ Q1|
X

Proof. (a) We estimate the four blocks of the derivative matrix separately.

U
e We begin with 87)? part. We consider first the partial derivatives of ¢5 since it is

the largest component of U. Opening the brackets in the second line of (4.7) we get
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(6.1)

d€3 1 36Q3 oUu 30Q4 oV 3Q4 194% <1 1% >
— = ke —WHEL3 22— k2L +2kW 22— 40 | = +

dly L3 39Ls 005 3OLy 8Q4 L, 0Q, Q43

Note that by (4.6)

_ 5 1 1 MQ4'Q3> < @ >
Wn kR3L3<|@3+<x,o>r+1Q4+<x,o>\+ P ) O\

_ofli_H
O< |Q4|2>

Observe that the RHS of (6.1) depends on Ls in three ways. First, in contains
several terms of the form Lf5'. Second, @3 depends on Ls via (A.2). Third, Q4
depends on L4 via (A.5) and Ly depends on L3 via (4.6). In particular we need to

(6.2)

consider the contribution to ———= coming from

OLs dly
OLy & 0L 0Q4 0
OL3 0L, 0Lz OLi 0Q4

By Lemma A.2 and equation (4.10) we have (3624 = O(]|Q4]). Therefore the main
4

o ) 1 1 ) OWR 0Q4 0Ly

contribution to (2,1) entry is O [ — + —— | and it comes from —_—

@1) Y ( |Q4\2) 0Q4 0Ly OL3

w2 0 1 d8L4 0 <k 30Q4 8V>'

0Ly L3 ™ 0Lz 0Ly \" P oL, 00,
For the (2,2),(2,3),(2,4) entries, the computations are similar. We need to act

90 93G5 005 on (6.1). (4.6) and (6.2) show that the contribution coming from

0Ly : < 1 J > . . I .
——— s 0| — + . It remains to consider the contribution comin
8(63,G37g3) X2 |Q4|2 &

3 .
. Now the bound for (2,2),(2,3) and (2,4) entries follows
O(0, G, 93) 0Qs (2,2),(2,3) end (2,4)
directly from Lemmas 4.1, 4.3, 4.4, and 4.6.

Next, consider (1,1) entry. We need to estimate

from

0 8@3 oU 0Qs OV
kLi + W 1+ (kL3 4+ W — ).
oL, <( ) ot; 905 ( L+ W)L 50,
Using the Leibniz rule we see that the leading term comes from 823 (k L3 %?33 gg})
and it is of order O 1 H The estimates for other entries of the OL art
TiQal) ox P

are similar to the (1, 1) entry. This completes the analysis of 8)?
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OVr
Next id .
* Next, we consider —.-
Using the Leibniz rule again we see that the main contribution to the derivatives of
30Q4 OV
o
V comes from differentiating %94 agv
33G4 Q4

Consider the (5,5) entry. The main contribution to this entry comes from

9 (L38Q4_ av> _L3< Qi OV 0Qs OV 8Q4>
0Gy \'? 0gs  0Qu 0G40gs 0Qs 994 0Q3 0G4)’

1 1
By Lemmas 4.4 and 4.6 the first term is |Q4] - O ( + QM|3> =0 < + |Q'u]2)
4

1 1%
and the second term is |Q4]? - O < +—1=0 > . This gives the
X* o 1Qal* QP

desired upper bound of the (5,5) entry. Notice that O(1/x) term comes from
30 <6Q4 ov 1

. ————— . Thus we need to find the asymp-
30Gi \ 91 0Qu Qi+ (6, 0)] '

totics of

) where V = —

(6.3) 0 <%Q (Qa+ (x,0)) > |

309G, Qs+ (X, 0)]2
Q4

Let —— = (a,b). Arguing in the same way as in the estimation of (4.14) we see

094
that @ = O(1). Accordingly the numerator in (6.3) is O(y) so if we differentiate the
denominator of (6.3) the resulting fraction will be of order O(x)O(x ) = O(x2).
Hence O(1/x) term comes from

L5 (52 - (Qu+ (x.0))
s |Q4 + (X’ 0)‘3
The numerator here equals to
0 (0Qq 9?Q4
— | — -(x,0).
9G4 <8g4 Q4) 9Crogs Y

The first term is O(x) due to Lemma A.2(a) so the main contribution comes from
the second term. Using Lemma A.3 we see that (5,5) entry equals to

L3L? X sinh u —I—O< 1 >

VIZ+ G2 Q4+ (x.0) Qa2

Recall that L3 = L4(1 4 o(1)) (due to (4.6)) and sinhu = sign(u)

[€4] Ly

—_— due
VIA+ G (

o (A.4)). Since Lemma 4.1 implies that |Q4| = |[€4]/L3(1 + o(1)) we obtain that
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O(1/x)-term in (5,5) is asymptotic to

Iisign(u)  x|Qul
P+ @ (x— Q)

Since u and &4 have opposite signs we obtain the asymptotics of O(1/x)-term

claimed in part (a) of the Lemma 6.1. The analysis of other entries of is

oYy

similar.

e Next, consider the R term.

The analysis of (2,5) entry is similar to the analysis of (2,2) entry except that

0 57 30Q4 8V , 9’Q4 OV
— L3—== h 2r3 hich is of 1
9a, (k 9L, 00, contains the term k 39L.0G, 90, which is of order O(1/x)

due to Lemmas 4.6 and A.3 and this term provides the leading contribution for large
t. The analysis of (2,6) is similar to (2,5).

U
® s similar to the analysis of (1,1)

oy

The estimate of the remaining entries of
entry.

oV
e Thus to complete the proof of (a) it remains to consider X We begin with (5, 1)
0Ly 0

0
entry. We need to act by 9L +
3

OLs 0L "
00, OV < 20,4 av>
k‘L + W 1+ kL + W — .
( Vo9 00, L T )

The leading term for the estimate of (5,1) comes from
0 n 0Ly 0 0Qs OV
8L3 8L3 3L4 894 8@4
0Ly O (8@4 8V) (1 i ) (1 1 )
= : +0|(—+ =0 —+ :
OL3 OL4 \ Ogs  0Qu X2 [Qaf? X |Q4?

0 <8Q4 ov
OL4 \ 091 0Qq4
alyzed in the same way as (5,5) term. The analysis of (6,1) is the same as of
(5,1).

The (5,2) entry is equal to (8 + Ly 9 > [(8Q4 . ov ) F} where

Observe that O(1/x) term here comes from

> which can be an-

853 863 8L4 894 8Q4
0Q4 0OV 0Qys 0OV 0Qs 0OV
I =kL3 276 + 2 L3 — . — 27 27
T (oYt L P o L T o)

Now the estimate of the (5,2) entry follows from the following estimates

0 ov 1
ceon (55)-0 (oo d)

0gs  0Q4
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<8+6L4 9 > (a@l' av> _0Qi 9 0V 0L 0 <0Q4 6V)
Otz O3 OLy) \ Ogs 0Q4 Ogs O0l30Q4  Olz Ly \ 0gs 0Qq

(o (erme) Gree) 0o am)
(w+ 2 1) \X Tiair FCRRTONE

and
0 0Ly 0 \. (1 u
(aeg "ot 8L4) =0 < |Q4\2>

oV
The remaining entries of X are similar to the (5,2) entry. This completes the

proof of part (a).
ovr, our,

(b)e The estimate of 87Y and ax e the same as in part (a) however, now |Q4] is

of order x so O(p/|Q4]?) is dominated by other terms. In addition to compute the
leading part we need to use part (¢) Lemma A.3 rather than part (b). Moreover, in
order to be able to use the formulas of that Lemma we need to shift the origin to
@1. Therefore the coordinates of Q2 become (x,0). Then we have

82Q4 . (_Xao) 82Q4 ) (_Xao)
Wi _ 5| 9Gog 1Qa- OGO 02 1Qi— (LO)P p
(6.4) S = L3 a2czg4 ' wo) 50, (o | oY)

9G? Qi — (. OF  9Gdg [Qi—(x,0P
Now the asymptotic expression of ?;L follows directly from Lemma A.3(c). We

ov
point out that the “—” sign in front of the matrices of — and —— comes from
Y 0L3

i 1
the fact that the new time ¢4 that we are using satisfies — =

7 _fi +o(1) as

w—0,x — oo.

ou
e Next, we consider the =L term.

oY
First consider (1,5). We need to find G4 derivative of

0Qs oU 0Qs OV

Differentiating the first factor we get using Lemma 4.6

0 (6@36(])_8@3 82U 3@4_0<,u>

6.5 = = Ll
(65) o, ot "9Qs) ~ ot 90:00, 00, ~ O\

When we differentiate the product of the remaining factors then the main contribu-
tion comes from

0 (6@4 8V)_ 2’Qqs OV 0Qs 0O <8V>

(6.6) 0G4 \ 0Ly 0Q,)  0L,0G, 0Qs 0L, 0G4 \0Q4
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To bound the last expression we use Lemma A.3. Namely, the second derivative

9*Q4 oy . Qs — Q3) s
0G40L4 0Qs  |Qu?  1Qs— Q33

2
1
8?}4%2 - g(; = The main contribution to

1
the second summand in (6.6) comes from 9 <V <>) . Using Lemma A.2, we

= O(1) + £4(0,1), is almost vertical and

almost horizontal. This shows that

0G4 Q4
get
0Qq4 0 ( ( >> < —Id | ,Q4® Q4) 1
Ted 9 (£4(1,0)+0 +3 04(0,1)+0(1)) = —.
0Ly 0G4 al (1) Qa3 Q4 (£4(0,1) (1) 2
Since —— 0Qs  oU O(1/x?) we get the required estimate for (1,5) entry.
Ol 0Qs

. ou o .
The estimates of other ——= terms are similar to the estimate of (1,5) entry, except

oy

e
for (2,5) and (2,6) entries which are different because d73 is larger than the other
4
coordinates of U.

Now consider (2,5) entry. We need to compute

(6.7)
0 1 an oU 0Qs OV
3G4 ((kL + W)( 8L3 aQB) <1 + (kL + W) L, 3@4))
0 30Q3 U 27 30Q4 OV Qs oV 1
= 6G4 ("“ TV RS a0, TF Bar, a0, TPV arn, aas T

M 1 11 <1>
x2 x2ox2 ¢ X3 X2

where the analysis of the leading terms is similar to (6.5), (6.6).

oV
e Finally, we consider L We begin with (5,1) entry. We need to compute

0X
8+8L48 8@4.8‘/ r
(‘3L3 aLg 8L4 894 aQ4
where
0Q4 0OV 0Qs 0OV 0Qs 0OV
[ =kL3 2rs8 + 2kLAW =22 . 2R
kL3 +W +k 36L4 8Q4 k W8L4 8Q4+W 9L, 90,
The main contribution to [ 8?3 + géi 0?4] <86§j . gg;;) comes from

OLy 0 (0Qq OV \ 0Ly 02Qy4 oV n 0Ly 0Q4 0%V 0Qy
OL3 0Ly \ 894 0Qs) 0OL30L1dgs 0Qs 0Lz Ogs 0Q3 Ly’
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The two summands above can be estimated by O(1/x?) by the argument used to
bound (6.6). Next a direct calculation shows that

0 +6L4 0
OL3  O0L3 0Ly

I =0(1), [ }r:ou)

0 ov

while (865%1 : 8@) = O(1/x?) by Lemma 4.4 This gives the required bound for
4 4

the (5,1) entry. The bound for the (6,1) entry is similar.

Next, consider (5,2). It equals to

0 0Ly 0 0Q1 OV \
853 8f3 0Ly 894 8Q4
The main contribution to [ + 9Ly 0 ] <8Q4 . ov

8£3 863 6L4 694 8Q4

0 (0Qq ( 1 )) L ( 0 )
— -V and it is of order O [ — ] . On the other hand the
0l3 < 094 Q4 — Q3] X2

1
main contribution to [% + 36;81/4] I" comes from Z?; and it is of order O <X2) .

Combining this with C° bounds mentioned used in the analysis of (5,1) we obtain

) comes from

the required estimate on the (5,2) entry. The remaining entries of a—; are similar
to (5,2). O

6.2. Estimates of the solutions. We integrate the variational equations to get
e QXD
(X, Y)(4})

in equation (5.1).

Recall that map (I) describes the transition between sections {z = —2} and {x = —%} ,

3

map (IIT) describes the transition between sections {x =-3 T < 0} and

{:1: = —g, T > 0} and map (V) describes the transition between sections {:L‘ =—
and {z = —2}.

Do |

Lemma 6.2. The following estimates are valid

(a) For maps (I) and (V),

(6.8)
1+0(u)  O(p) O(p) O(p) | O(n) O(p)

; O(1)  1+0()  Ou) O(p) | 0@1) 0O(1)
OX,Y)(l3) | O(n) O(p)  1+0(n) O(u) |0k Ou)
A(X,Y)(4) O(n) O(p) O(p)  1+0() | O) O(u)

o(1) O(n) O(n) O(p) | O(1) O(1)
. o) O(n) O(n) O(w) |0O(1) 0Q1) |
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(b) For map (III),

(6.9)
[ 1+0(%) ()(i)1 0(? O(%) 0(? O(%) |
o) 1+0(y) 0O() O(%) O(y) O(3)
AXY)(E) _ | O 0() 1401 0 0(5) O()
o(X, V) (1) o) od) ol) 1+0d)]od) o
OG) oty oY) o) [0() o)
L ody o) o) ol |ow o) |
8}/(&2{) has the following limits as p — 0,x — 0o
(£3)
L 1L
Map (I L2 + Gg) Qp CMap (1IN | 3 2 |,
4 2z
L2 + G2 AL+ CR) 2Ly 2
13 Ly
Map (V) : 2([1%—% G 2?1
2(L% + G3)? (L3+G3)
y GiLs aiy )
In addition for map (I) we have oLs — (—2@3 n éi),—Q(ii n éi)2>

Parts (a) and (b) of this lemma claim that we can integrate the estimates of Lemma

6.1 over £4-interval of size O(x).

Proof. (a) We divide the proof into several steps.
Step 1. Keeping in mind the integrals

@) nd h dar
1 _H
(1), a /0 KZ +1 1

= O(p)

we conclude using the Gronwall inequality that if (§X,Y)(¢}) = O(1) then

(6X,6Y) (L) = O(1) for all £4 € [¢4,£1].

Step 2. Plugging the estimate of step 1 back into the variational equation we

see that (0Ls3,0G3,dg3)(fs) —
bound for (§Ls, dGs, dgs).

Step 3. Steps 1 and 2 imply that

vy () = 2

S ()0 (02) + ?’(@)MSM) +0 <

4+1

(8L3,8Gs,8g3)(¢}) = O(u). This proves the required

)



SINGULARITIES IN THE PLANAR TWO-CENTER-TWO-BODY PROBLEM 45

We treat this as a nonhomogeneous linear equation for §Y. Thus

(6.10)
£y

Ly
BY (€4) = V(£ )3V (6 + ( [, et )ds> oalt)+ [0 (vl L ) as

where V(s, ¢4) denotes the fundamental solution of the corresponding homogeneous
equation. (6.10) immediately implies the required bound for JY.

Step 4. Plugging the estimates of steps 2 and 3 into the equation for §¢5 we see
that if (5[/3, 0G3, (Sgg)(al) = 0 and hence (6L3, 0Gs, 593)(64) = O(,u) for all £4 then
(643) =0 <M2> proving the required bound for /3.

1444
(b) We use the same steps as in part (a). On step 1 we show that (6.X,0Y)(¢4) =
O(1) for all £4. On step 2 we conclude that (§L3, 6G3,8g3)(€s)— (6 L3, G3,093)(¢}) =
O(1/x). On step 3 we prove the result of part (b) for dY. On step 4 we use the
results of step 3 to show that if X (¢,) = 0 then (6L3,5G3,d93)(¢s) = O(u/x) and
643(€s) = O(1/X).
To prove (c) we need to find the asymptotics of V. Consider map (I) first. V satisfies

%
V= ayv

By already established part (a) V = O(1) so the above equation can be rewritten as

;7 §L2 M
\% _7)((1—6) AV+O(£2+1+X>.

2
e AN )
where A = @ L"},L ) 12
T (GP+L2)? (GP+L?)

. Now Gronwall Lemma gives V ~ V where V is

§ 2
x(1=¢)°
——>___AV. Note that £(¢%) = o(1), 5(51) = l—k o(1). Making a

2
further time change dr = £ds 3
B (1-¢)
dVv

5= —AV. Observe that Tr(A) =det(A) = 0 and so A2 = 0. Therefore
-

(6.11) V(o,7) =1d — (1 — 0)A.

52
2(1 —€)? 2
the claimed asymptotics for map (I). The analysis of map (V) is similar. To analyze
map (III) we split

the fundamental solution of V/ =

we get —— ¢
¢~ (1-¢)?

—T___AV. Using £ as the independent variable

we obtain the constant coefficient linear equation

1
Since 7 = we have 7(0) =0, 7 =5 Plugging this into (6.11) we get

Y (¢]) Ay () avy (e
Y (6) — Y (&) oY (£L)
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i f
where 0" = 2] —12_64 . Using the argument presented above we obtain
3 _L 7 L L
8Y(€2”) _ 2 2 oY (¢y) _ 2 2
oY (£}) Lo |oove Lo

Multiplying the above matrices we obtain the required asymptotics for map (III).

Y (4 Y
Next using the same argument as in analysis of 8YE E;i; we obtain oLs ~ W where
T
£L? GL GL?
W= ——— | AW .
xa—op |7 T\ r ) 12+ oo
In terms of the new time this equation reads
AW GL arr \"
— =— | AW+ ) .
dr (L2 +G?)’ (L? + G?)?
Solving this equation using (6.11) and initial condition (0,0)7, we obtain the asymp-
Y
totics of —. O
otics of - I

7. BOUNDARY CONTRIBUTIONS AND THE PROOF OF PROPOSITION 3.6

According to (5.1) we need to work out the boundary contributions in order to
complete the proof of Proposition 3.6.

7.1. Dependence of ¢, on variables (X,Y’). To use the formula (5.1) we need to
' ovd

work out (U, V)(¢}) ® L and (U, V)(d) @ (X, V)

(X, Y)
of Q4 (see equation (A.5)).

. Consider x4 component

T4 = COS g4(Li sinh Ugq4 — 64) — sin g4(L4G4 cosh U4).

For fixed x4 = —x/2 or —2, we can solve for ¢4 as a function of Ly, G4, gs4. From the
calculations in the Appendix A.2, Lemma A.2, and the implicit function theorem,
we get

for the section x4 = —x/2, < 0ly Oy 8€4>

= (0(x),0(1),0(1)),

0Ly 0G4 Ogs ) lwam—x/2
. 0ly 00y 0Ol
for th =92 (= —= = = 1 1 1)).
or the section x4 , <8L4’ 9G, 8g4> e (0(1),0(1),0(1))
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Using equation (4.6) which relates Ly to L3, we obtain for the section {z4 = —x/2},

tol4
S v = (000,0(1/x),0(1/x), 0(1/x). 0(1), O(1)),
(71) 8(X,Y) Ta=—x/2
UV __ = 00/x),001),00/x*),001/x*),001/x*),00/x*)"
For the section {z4 = —2},
ol
oL, = (0(1),0(1).0(u), 0(),0(1),0(1)),
(72) 6L3 Ta=—2
@.v)| = (0(n),001),0(1), O(n), O), O(1))"
The matrix (U,V) ® 5 (()9(&)/) p has rank 1 and the only nonzero eigenvalue
Y ) lwg=—x
is O(1/x), and (U,V) ® 5 (?(QY) ., has rank 1 and the only nonzero eigenvalue

is O(p). So the inversion appearing in (5.1) is valid.

7.2. Asymptotics of matrices (1), (I1]),(V) from the Proposition 3.6. Here
we complete the computations of matrices (I), (III) and (V).

The boundary contribution to (I). In this case, ¢} stands for the section
{z4 = —2} and Ef stands for the section {x4 = —x/2}. So we use equation (7.2) to

form (U, V)(0}) ® 8()8(6}/) in equation (5.1) and equation (7.1) to form (U, V)(Ef)
o]

—. h

AX, YV We have

% -1 o i k
(Id—(u,V)(Ef;)@a()a(%/)i) =1d+ ) <(U,V)(££)®a(§&§,)i>
) k 1 b

(73)  —1d+ ((u V() @ % )i (a W U, V)(ff))k
=0

—1a+ (v e a(;‘zgy)) (1+00/x) =

1+0(1/x)  O(1/x%) O(1/x?) O(1/x?) O(1/x?) O(1/x?)
O(x)  1+0(1/x)  O(1/x) O(1/x) o(1) o(1)

O(1/x) O(1/x*)  1+0(1/x*)  0(1/x?) O(1/x?) O(1/x?)
O(1/x) O(1/x*) O(1/x*)  1+4+0(1/x*) | 0@1/x* O(1/x?)
O(1/x) O(1/x?) O(1/x%) O(1/x* [1+0(1/x*) 0@1/x%
O(1/x) O(1/x?) O(1/x?) O(1/x?) O(1/x*) 1+0(1/x?

Now we use equation (5.1) and Lemma 6.2 to obtain the asymptotics of the matrix
(I) stated in Proposition 3.6.
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The boundary contribution to (/1)
ol

This time we use equation (7.1) to form both (U, V)(£}) ® XYY and (U, V)(ff;) ®
ol .
W m equatlon (51)
o]\
; _ f 4
The matrix (Id U, V)(ly) ® X, Y)f> has the same form as (7.3). Now we

use equation (5.1) and Lemma 6.2 to obtain the asymptotics of the matrix (I17)
stated in Proposition 3.6.
The boundary contribution to (V')

» or
This time we use equation (7.1) to form (U, V)(¢}) ® 8(X7§/)" and equation (7.2)
vl

to form (U, V) (&{) X m

in equation (5.1).

—1
: ! oty
The matrix | Id — (U, V)(ly) ® a(x, Y)f> has the form

1+0(n)  OW?) O O(u?) O(u) O(n)
o) 1+0()  O(w O(p) O(1) O(1)
O(p)  O?) 1+0@*) O O(u) O(n)
Op)  O@?) O 1+0*)| O O(p)
O(w) O’ O O?) [1+0(u)  O(n)
O(w)  Ow?) O O(u?) O(p)  1+0(n) |

Now we use equation (5.1) and Lemma 6.2 to obtain the asymptotics of the matrix
(V) stated in Proposition 3.6.

8. SWITCHING FOCI

Recall that we treat the motion of ()4 as a Kepler motion focused at ()2 when it
is moving to the right of the section {x = —x/2} and treat it as a Kepler motion
focused at @)1 when it is moving to the left of the section {z = —x/2}. Therefore,
we need to make a change of coordinates when Q4 crosses the section {x4 = —x/2}.
These are described by the matrices (1) and (IV'). Under this coordinate change
the Q3 part of the Delaunay variables does not change. The change of G4 is given
by the difference of angular momentums w.r.t. different reference points (Q1 or Q2).
To handle it we introduce an auxiliary variable v4,-the y component of the velocity
of Q4. Relating g4 with respect to the different reference points to v4, we complete
the computation.
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8.1. From the right to the left. We have

0(Ls3, (3,G3,93,Gar, 9ar.) — (i) (i) (1)
0(Ls3,(3,G3, 93, G4R, g4R)

where matrices (i), (i) and (i) correspond to the following coordinate changes
restricted to the section {z4 = —x/2}.

(I1) =

Ta=—x/2

(G,9)ar SON (G, vy)ar ), (G, vy)ar Sl (G,9)ar-

Computation of matrices (i) and (ii)(ii) in Proposition 3.6. (i) is given by the re-
lation

L sinh UAR sin g4R — ggR COS g4R cosh U4AR WR

Lar 4R
' <0, Lyp=krls— —.
1 — eqp coshuyp 8 R3 3L§

Vay =
where last relation follows from (4.6). Recall that by Lemma 4.7

G

gar = arctan —= + O(1/x).

Lar
In addition (8.1) below and the fact that G4g and G4z, are O(1) implies vyqy = O(i)
dv4y
dLs

. The second

Now the asymptotics of (i) is obtained by a direct computation. We compute

dvyy B dvgy OL4R

the other derivatives are similar but easier. We have =
dLs dLsp OL3

term is kg + O(1/x). On the other hand

0 1 : : _ Gur
dvy,  OLin (—Lm sinh ugp sin g4r 2, c0s g4r cosh ugp

dL4 N 1-— AR cosh UAR

Oesr
oL coshuyp Ovar Olsp

1 —eqpcoshusp Ol OLap’

+ V4R
The main contribution comes from the first term which equals

Gur
— +0(1 .
Lin(L3p + Gy T 00X

The second term is O(1/x) since var = O(1/x). Next rewriting

_1 ; _ Gar
Tin tanh ugp sin g4r = COS 4R

Yy = (1/coshusr) — esr
we see that 5 or
V4y 4R 2 o
00en 0Ln O(1/x7) x O(x) = O(1/x)

. Olp
= 1).
since OLum O(x) by (7.1)
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(i) is given by

(8.1) G =GR — Xvay,

which comes from the simple relation vy X Q4 = v4 X (Q4 — Q1) + v4 X Q1. Here
G4r and vy, are independent variables so the computation of the derivative of (ii)
is straightforward.

To compute the derivative of (iii) we use the relation

A sinhuyy, sin g4, — %
4L

Tao €0s g41, cosh uyy,
1— €41, cosh U4y,

U4y =

where uy, < 0. Arguing the same way as for (i) and using the fact that by Lemma

14
4.7, Gp,g9;, = O(1/x), —sinhuy, coshuy, ~ AL e obtain

er
0Gsr, | 0gaL
Ovay = 1575 HOT
o kRL3 - krL3 +
Hence
oG 6Gar/k 5
6gap = — 4L +kRL35U4y+HOT:—( 4R/ R)"’X V4y L HOT

completing the proof of the lemma. ]

8.2. From the left to the right. At this step we need to compute
d(Ls, l3,Gs, g3, Gyg, NN

( 3 3 3 gd 4R g4R) — (ZZZI)(ZZ/)(ZI).
(L3, l3,G3, 93, Gar,s 9ar) lwa=—x/2

where the matrices (i), (i7") and (i') correspond to the following changes of vari-
ables restricted to the section {z4 = —x/2}.

(V) =

(G901 2 (Gron) 3 (Gova)n 2 (Gug)r
Computation of matrices (iii") and (i7')(i") in Proposition 3.6. (i') is given by
ﬁ sinh uqy, singq7, — % €Os g4, cosh uyy,
1 — ey, coshuyg,
Here uy, > 0 and Gar, g4z, = O(1/x).

(i7") is given by

< 0.

V4y =

Gr=Gp + XvayL.
Now the analysis is similar to Subsection 8.1. In particular the main contribution
to [(4")(i")]44 comes from

O(GaRr,vay)  O(G4gr,vay) O(Gar,vay) [ 1 x ]
0 1

O(Gar,g9az)  O(Gar,vay) O(Gar,gar)
The analysis of (43) part is similar.

1 0
5e0(2) o) ]
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(31") is given by

% sinh ugqp sin g4g — G;‘R cos g4r cosh uspr
4R Lir

Gr=G Vgy = < 0.
R R 4y 1 — esp coshugp

G
Here uyp < 0, and by Lemma 4.7, tan g4p = —Tm+0(1/x). To get the asymptotics
4R

of the derivative we first show that similarly to Subsection 8.1, we have

d < Gyur 0.0.0 1 1 )+ (1 1 1 1 1 1>
V4y = - s Uy Uy Uy 3 Ty T 9y o9y 9y sy
v Ls(k%L3 + G2) kL3 + Gip krLs XXX XX

and then take the inverse. O

9. APPROACHING CLOSE ENCOUNTER

In this paper we choose to separate local and global maps by section {z4 = —2}.
We could have used instead {z4 = —10}, or {z4 = —100}. Our first goal is to show
that the arbitrariness of this choice does not change the asymptotics of derivative of
the local map (we have already seen in Sections 6.2 and 7 that it does not in change
the asymptotics of the derivative of the global map).

We choose the section {|Q3 — Q4] = p"}, 1/3 < k < 1/2. Outside the section the
orbits are treated as perturbed Kepler motions and inside the section the orbits are
treated as two body scattering. We shall estimate the errors of this approximation.
We break the orbit into three pieces: from {z4 = —2,%4 > 0} to {|Q5 — Q, | = "},
from {1Q5 — Q3| = 4} to {|Qf — QF] = p} and from {1QF — Q] = 4} to
{x4 = —2,424 > 0}. Here and below, we use the following convention.
Convention: A variable with superscript — (reap. +) means its value measured on
the section |Qs — Q4| = u® before (resp. after) Qs, Qs coming to close encounter.
In this section we consider the two pieces of orbit outside the section {|Q3 — Q4] =
1"}, We use Hamiltonian (4.1). Then we convert the Cartesian coordinates to
Delaunay coordinates. The resulting Hamiltonian is

1 1 1 1 [

22 T Tt G0 (@t (G0 Qs — Qi

The difference with the Hamiltonian (4.2) is that we do not do the Taylor expansion

(9.1) H=

to the potential — ——.
Q3 — Q4]

The next lemma and the remark after it tell us that we can neglect those two pieces.

Lemma 9.1. Consider the orbits satisfying the conditions of Lemma 3.1. For the
pieces of orbit from x4 = —2,34 > 0 to |Q3 — Q| = u* and from |Q3 — Qf| = p~
to x4y = —2,24 > 0, the derivative matrices have the following form in Delaunay
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IX,Y)”  0(X,)Y)|z,=—2

coordinates 8(X,Y)|:c4:—2’ X, Y)+ -
(10 0 0[O0 0]
o 0w o ow 0w o)
o 0o 1 0|0 0 oy
0 0 0 1 0 0 +O<M +X3>.
o 0 0 0 oY
e B

Proof. The proof follows the plan in Section 5. We first consider the integration
of the variational equation. We treat the orbit as Kepler motions perturbed by Q1
and interaction between Q3 and Q4. Consider first the perturbation coming from
the interaction of Q3 and Q4. The contribution of this interaction to the variational

Kk
Q3 — Qa3
orbit such that |Q3 — Q4| goes from —2 to u”, then the contribution has the order

equation is of order If we integrate the variational equation along an

K

(9.2) 9, (/“ “dt) = O(u'2).

2 [t

Similar consideration shows that the perturbation from Q1 is O(1/x?).

On the other hand absence of perturbation, all Delaunay variables except ¢3 are
constants of motion. The (2, 1) entry is also o(1) following from the same estimate
as the (2,1) entry of the matrix in Lemma 6.1. After integrating over time O(1),
the solutions to the variational equations have the form

Id+ O(u' =2 + 1/x%).

Next we compute the boundary contributions. The analysis is the same as Section 7.

The derivative is given by formula (5.1). We need to work out (U, V)(¢}) ® 8()8(&1/)2'
and (U, V)(t5) ® 3761 In both cases we have
N T a(XL Y)Y

U, V) =(0,1,0,0,0,0) + O(ut=2%).

For the section {x4 = —2}, we use (7.2). For the section {|Q3 — Q4] = "}, we have

03 2 _ (‘9|Q3—Q4\>‘1 01Qs — Qu (@5 —Qu)- X33
. oX,Y) 9ty OXY) " (@ Qu 2@

We will prove in Lemma 10.2(c) below that the angle formed by Q3 — Q4 and v3 — vy
is O (u'~*) (the proof of Lemma 10.2 does not rely on section 9). Thus in (9.3) we
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can replace Q3 — Q4 by v3 — v4 making O (,ul_“) mistake. Hence

oty (v3—wa)- 46%%{?59)4) O
I(X,Y) (v3 — vy) - 534 ’

0
Note that 9Q4 is parallel to vy. Using the information about vs and vy from Ap-

0ly
pendix B.1 we see that (vs,v4) # (v4,v4). Therefore the denominator in (9.3) is
bounded away from zero and so

0l

a0x,y) ~ (01):0(1),001),0(1),0(1), 01)).

or
We also need to make sure the second component 8754 is not close to 1, so that
3
f

4
X, Y)f
ov
section. In fact, due to (4.7), =, Using formula (5.1), we get the asymptotics

ols
stated in the lemma. O

Id — (U,V)(Zf;) ® is invertible when |Q3 — Q4| = p” serves as the final

Remark 9.1. Using the explicit value of the vectors ig, ig, w, W in equations (3.3),
we find that in the limit p — 0, x — o0

(8(8(X, Y)~

span{w,w} = span{w, w
VL ) spantw. @} = spantw, 7}

and

This tells us that we can neglect the derivative matrices corresponding to the pieces
of orbit from x4 = —2,i4 > 0 to |Q3 — Q;| = u* and from |Q1 — QF| = p~ to
xy = —2,24 > 0. We thus can identify dlL with
8(L37 53) G3a g3, G47 g4)+
8(L37 63’ G37 93, G47 g4)_

where (L3, l3,G3, g3, G4, g1)T denote the Delaunay variables measured on the section

{lQy — Qi =pu"}.

+O(u' %)

10. CY ESTIMATE FOR THE LOCAL MAP

In Sections 10 and 12 we consider the piece of orbit from |Q5 — Q| = p* to
|Q3 — Qi | = p*. Because of Remark 9.1, we simply write dLL for the derivative for
this piece.
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10.1. Justifying Gerver’s asymptotics. It is convenient to use the coordinates
of relative motion and the motion of mass center. We define

+
(10.1) vy =vg vy, Q= w.
Here 7-” refers to the relative motion and ”+” refers to the center of mass motion.

To study the relative motion, we make the following rescaling:
(10.2) ¢— =Q_/p, 7:=1t/p and v_ remains unchanged.

In this way, we zoom in the picture of @3 and Q4 by a factor 1/pu.
Then we have the following lemma.

Lemma 10.1. Inside the sphere |Q—| = p*,1/3 < k < 1/2,

(a) the equation governing the motion of the center of mass is a Kepler motion
focused at Qo perturbed by O(u*~),
5 U+ 2Q+ 2%
(10.3) Qi =~ Uy =- +O(u™).
2 Q4+
(b) In the rescaled variables, the equation governing the relative motion is a
Kepler motion focused at the origin perturbed by O(u'2r),

dg— _v—  do 4q- 1+2
10.4 - o)
(10-4) dr 27 dr 2|q-|3 +O(n )

Proof. Note that (10.1) preserves the symplectic form.
dvs AdQ3 + dvg ANdQy = dv_ ANdQ_ + dvy ANdQ+,

The Hamiltonian becomes

A 1 1
10.5 H = — — —
(105) R T R I S s R o R oM
B 1 B 1
‘Q++Q—+(X70)’ ’Q+_Q—+(X7O>‘
2 2 2 2
_ ‘1}_‘ _ H + ‘U-i-‘ 2 + ’Q—| 3|Q+ i Q—‘ + O(,u?m) + O(l/x),

4 200 T 4 Q4] 2004 21Q4P

where the O(p?%) includes the |Q_|* and higher order terms. In the following, we
drop O(1/x) terms since 1/x < p. So the Hamiltonian equations for the motion of
the mass center part are

2Q+

: v+ : 2K
=" 0y =- + 0
Q—l— 2 + ‘Q-{—‘S (:u’ )

proving part (a) of the lemma.
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Next, we study the relative motion. From equation (10.5), we get the equations of
motion for the center of mass

. v_ . _ _ 3 - Q)

O =t o B9 Q- 3. Qe
2 210 1Q+] Q4]

as i — 0, where O(p?F) includes quadratic and higher order terms of |Q_|. After

making the rescaling according to (10.2) the equations for the relative motion part

become

dq_ _ du_ _ 2 3u? g
(106 %= _ v v q _I_MQ3_ plQ+ 615\Q+
Q4| Q4|

Lemma 10.1 implies the following C° estimate.

+ O,

+ O(/.L1+2K). ]

r 2 dr 2|g_|3

Lemma 10.2. (a) We have the following equations

1 1
vg = R(@)(vg —vp) + 5 (o5 +vp) + O(u\'=2R)/3 4 p3e=t),
1 1
(10.7) vy = —5R(a)(vy —vg) + vy +op) + O(p(1=2R)/3 4 yy3r=1y)

Q3 +Q1f = Q3 +Q; +0(ub),

Q3 — Qi =p" Q3 —Qf|=p",
cosa —sino

sinae  cosa |’

where R(a) = [

Gin 1 v% H
(10.8) o = 7+ 2arctan (Mﬁm> , and 2 T 1 a0
(b) We have Ly, = O(1). If «a is bounded away from 0 and 27 by an angle
independent of u then Gy, = O(u) and the closest distance between Q3 and
Q4 is bounded away from zero by du and from above by p/d for some 6 > 0
independent of L.
(c) Also if a is bounded away from w by an angle independent of u, then the
angle formed by Q_ and v_ is O(u'~*).
(d) The time interval during which the orbit stays in the sphere |Q_| = p" is

At = pAT = O(u").

Gm = 2v_ X Q_.

Remark 10.1. Part (d) is very intuitive. The radius of the sphere |Q_| = p™ is u*.
The relative velocity is O(1) and it gets larger when Q_ gets closer to the origin.
So the total time for the relative motion to stay inside the sphere is O(u").

Proof. In the proof, we omit the subscript in standing for the variables inside the
sphere |Q_| = " without leading to confusion.

The idea of the proof is to treat the relative motion as a perturbation of Kepler
motion and then approximate the relative velocities by their asymptotic values for
the Kepler motion.
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Fix a small number §;. Below we derive several estimates valid for the first §; units
of time the orbit spends in the set |Q_| < u*. We then show that At < §;. It will
be convenient to measure time from the orbit enters the set |Q_| < pF.

Using the formula in the Appendix A.1, we decompose the Hamiltonian (10.5) as
H = He + h(Q+,'l}+) where

2 2 2
[ [ i (R O 3

+ - +O(p"), as u— 0,

AL2 0 2(Q+F  2|Q4P (™)

and b depends only on Q4+ and vy.

Hrel =

. L
Note that H is preserved and h = O(1) which implies that — is O(1) and moreover
W

poovi oo

that ratio does not change much for ¢ € [0, §;]. Using the identity -1 20|

L
we see that initially — is uniformly bounded from below for the orbits from Lemma
1

2.2. Thus there is a constant d such that for ¢ € [0, 1] we have Jau < L(t) < 5ﬁ

2
Expressing the Cartesian variables via Delaunay variables (c.f. equation (A.3) in
Section A.2) we have up to a rotation by g

(10.9)
1 1
q1 = —L*(coshu —e), ¢ = —LGsinhu,
[ 7

L
o) =1Q-| = V]a|?> + |g|* = —\/Lz(coshgu — 2coshue + e2) + G?sinhu
I

L
= —\/LQ(coshQ u — 2ecoshu + e2) + (L?e? — L?)sinhu
W

L? L?
=2 \/1—2ecoshu+ e + e2sinhu = —(ecoshu — 1),
H H

where u — esinhu = ¢. This gives £ = O(u~~1).
Next

: OH 2 OH,q 0Q_ 2 . . 2 e
=22 - K 100 0O = — L+ o),

9L 2L3  9Q_ oL 2L3 213
3

)
Since the leading term here is at least 2—2 while £ = O(u"~1)

we obtain part (d) of the

lemma. In particular the estimates derived above are valid for the time the orbits
spend in |Q_| < p®. Next, without using any control on G (using the inequality

de| 1G/L 1
_— | = — < —
9G| =T ¢ =) wehave
. OH 0Q_ 2y %% _ OH 0Q- o1
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0H 0Q-

= O(u)O(u*") = O(u™ ).

G
Integrating over time At = O(u") we get the oscillation of g and arctanf are
O( ,U«gﬁ_l)-
We are now ready to derive the first two equations of (10.7). It is enough to show

G
vt = R(a)v=+0(p(1=2%)/3 4 135~ 1) where o = 2 arctan 7 is the angle formed by the
two asymptotes of the Kepler hyperbolic motion. We first have |v™| = |[v= |+ O(u")
using the total energy conservation. It remains to show the expression of a. Let

G 1/2) —
us denote till the end of the proof ¢ = arctan 7= (/;H Recall (see (A.3))

that for v_ = (p1,p2),
(10.12) p1 = P1Cosg+ Pasing, po = —pPpsing + po cos g where

. p sinhu . pG  coshu

Pr= 71 ccoshu’ P27 I21_ccoshu’

Consider two cases.

(I) G < pf*7. In this case on the boundary of the sphere |Q_| = u® we have
£ > 3pu~ "7 for some constant d3. Thus

po_ i coshucony t fsiwhusing _ _FEWNO o) gt ) + 060,
P1 —hFcoshusing + #sinhucosg  +1— F tang

where the plus sign is taken if v > 0 and the minus sign is taken if v < 0. Since
arctan is globally Lipschitz, this completes the proof in case (I) by choosing a = 2¢.

G
(I1) G > p*7. In this case 7 > 1 and so it suffices to show that b2 (or @) changes

little during the time the orbit is inside the sphere. Consider first the case where
7T . .
lg~| > 4 sosingis bounded from below. Then

bz _ cotg + O(ulf(’””))
P

T
proving the claim of part (a) in that case. The case |¢g7| < 1 is similar but we need

to consider L. This completes the proof in case (II).
D2

Combining equation (10.3) and Lemma 10.1(c) we obtain
(10.13) QL = Q5 +O(u").

We also have QT = Q~ +O(u*) due to to the definition of the sections {|Q%| = u*}.
This proves the last two equation in (10.7). Plugging (10.13) into (10.3) we see that

vl =0 + 0.
This completes the proof of part (a).
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The first claim of part (b) has already been established. The estimate of G follows
from the formula for . The estimate of the closest distance follows from the fact
that if « is bounded away from 0 and 27 then the @Q_ orbit of Q_(¢) is a small
perturbation of Kepler motion and for Kepler motion the closest distance is of order
G. We integrate the G equation (10.10) over time O(x") to get the total variation
AG is at most 3", which is much smaller than p. So G is bounded away from 0 by
a quantity of order O(pu).

Finally part (c) follows since we know G = p*|v_|sin L(v_,Q_) = O(pu). O

Proof of Lemma 2.2. Letting u = 0 in the first two equations of (10.7) we obtain
the equations of elastic collisions. Namely, both the kinetic energy conservation

o3 2+ i [P = Jog 2+ o 2
and momentum conservation
vi +vf =v3 +o]
laws hold. On the other hand, the Gerver’s map G in Lemma 2.2 is also defined
through elastic collisions. The assumption 67 = 7+ O(u) implies that « in (10.7) is
1 close to its value in Gerver’s case. As a result, Lemma 10.2 says actually the same

thing as Lemma 2.2 up to a change of variables going from Cartesian coordinates
to the set of variables F3, {3, Gs, g3, G4, 94. O

10.2. Proof of Lemma 2.3.

Proof. We follow the same argument as in the proof of Lemma 2.2 to get that the
orbit of Q3 is a small (of order O(6)) deformation of Gerver’s Q3 ellipse. So we only
need to prove this lemma in Gerver’s setting. Since the @3 ellipse has semimajor 1
in Gerver’s case, the distance from the apogee to the focus is strictly less than 2.
Therefore we can find some 6 > 0 such that |Q3| < 2 — 26 in the Gerver case. The

rest of the proof is similar to the proof of Lemma 4.1. O

11. CONSEQUENCES OF C° ESTIMATES

Here we obtain corollaries C° estimates for the local end global maps. Namely, in
subsection 11.1 we show that the orbits we construct are collision free. In subsec-
tion 11.2 we show that the angular momentum can be prescribed freely during the
consecutive iterations of the inductive scheme, that is, we prove Sublemma 3.4.

11.1. Avoiding collisions. Here we exclude the possibility of collisions. The pos-
sible collisions may occur for the pair ()3, Q4 and the pair Q)1,Q4. The fact that
there is no collision between (04 and 7 is a consequence of the following result.

Lemma 11.1. If an orbit salisfies the conditions of Lemma 4.1 and there is a
collision between Q4 and Q1 then we have G4y + G4 = O(u) where G4 denotes the
angular momentum of Q4 after the application of the global map.
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Proof. Since we are concerned with the orbit of (04 it is convenient to use L4 instead

of Ls. Ly satisfies the equation L) = _dt oV = O(1/x?), where “”” means the 4
d€4 864 d£4

derivative. We write the equations of motion as Y’ = V| where Y = (L4, G4, 94)
and V is the RHS of the Hamiltonian equations (4.5).

We run the orbit coming to a collision backward so that we can compare it to the
orbits exiting collision. We shall use the subscript in to refer to the orbit coming to
collision with time direction reversed the subscript out for the orbit exiting collision.

We have

oV 7
Yin_You ,:O<HH Yin_You > +O<>
( t) Y | t| ‘Q4 _Q3’2
7

where the last term comes from the W term in the potential V;. We integrate
4— (3

this estimate for ¢4 starting from the collision and ending when the outgoing orbit
hits the section {x4 = —x/2}. The initial condition is Y, — Yoyt = 0 since L4, G4, g4

oV 1
“l=0l=
Y X
(this is proven in Lemma 6.1(b) for the case when L4 is replaced by Ls, and the
proof in the present case is similar; the applicability of Lemma 6.1 as well as Lemma
4.1 used below follows from Lemma 4.8). Now the estimates

4 av of “
—dly = O(1), / O<>d€ =0
gi Y 4 ( ) Zfl |Q4 — Q3|2 4 (IU’/X)

assume the same values before and after the (Q4-Q; collision. Next,

and the Gronwall Lemma imply that

(1L.1) Yin(6]) = Your(£) = O(u/x)-
Next we estimate the angular momentum of Q4 w.r.t. Q2. We have
(11.2) Gap = Gur +v4 X (=X, 0) = Gur + vayX,

where vy, is the y component of the velocity of ()4 at the time the orbit hits the
section {z4 = —x/2}. Using the equation (A.5) in the Appendix A.2 and Lemma
4.7 we see that for the orbits of interest

k 1
Vay = —5 (Lgsings — G4 cos g +O<)
Now (11.1) shows that vay in — Vayour = O(1/x). Hence (11.2) implies that

Garin — Gar,out = O(1)

Finally the proof of Lemma 4.1 shows that the angular momentum of Q4 w.r.t. Qo
changes by O(u) during the time the orbits moves from the section {x4 = —x/2} to
the section {z4 = —2}. O
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Now we exclude the possibility of collisions between Q3 and 4. Note that Q3
and Q4 have two potential collision points corresponding to two intersections of the
ellipse of Q3 and the branch of the hyperbola utilized by Q4. See Fig 1 and 2 in
Section 2.3. Now it follows from Lemma 10.2(b) that @3 and @4 do not collide
near the intersection where they have the close encounter. We need also to rule
out the collision near the second intersection point. This was done by Gerver in
[G2]. Namely he shows that the time for Q3 and (4 to move from one crossing
point to the other are different. As a result, if Q3 and ()4 come to the correct
intersection points nearly simultaneously, they do not collide at the wrong points.
To see that the travel times are different recall that by second Kepler’s law the area
swiped by the moving body in unit time is a constant for the two-body problem. In

terms of Delaunay coordinates, this fact is given by the equation (= iﬁ where

— is for hyperbolic motion and + for elliptic. In our case, we have L3 ~ L4 when
< 1, x > 1. Therefore in order to collide 3 and Q)4 must swipe nearly the same
area within the unit time. We see from Fig 1 and Fig 2, the area swiped by Q4 is a
proper subset of that by (J3 between the two crossing points. Therefore the travel
time for ()4 is shorter.

11.2. Choosing angular momentum.

Proof of the Sublemma 3.4. The idea is to apply the strong expansion of the Poincaré
map in a neighborhood of the collisional orbit studied in Lemma 11.1. Notice De-
launay coordinates regularizes double collisions, so that our estimate of dG holds
also for collisional orbits.

Step 1. We first show that there is a collisional orbit as ¢35 varies. The proof of
Lemma 11.1 shows that ()4 nearly returns back to its initial position. Sublemma 4.9
shows that if after the application of the local map we have 9;{ 0)=m+ 6 then the
orbit hits the line x4 = —x so that its y4 coordinate is a large positive number and if
07 (0) = 7 — 6 then the orbit hits the line z4 = —x so that its y4 coordinate is a large
negative number. Therefore due to the Intermediate Value Theorem it suffices to

show that our surface S;, j = 1,2, contains points x1, 3 such that Hj(acl) =m—0,
+

~ G
05 (x2) = m+6. We have the expression 0 = g/ —arctan L—i. By direct calculation
4
we find d0 = L1 (see also item (2) of Remark 3.1). Since T'S; C K; and the cone
K; is centered at the plane span{us_;,uz—;}. At Gerver’s collision point 8% = 0.
It is enough to show that as we vary /3 close to Gerver’s collision point such that

_ 0
67 changes significantly. Note that ag_; — w = Y We get using Lemma 3.8
3

dg* - (dLas—;) = Lj1; - (i(ﬁj(ij@) +o(1)) + O(U) = cj(x)/u, cj(z;) # 0.
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We choose § < 1 but independent of u such that the assumption of Lemma 3.1 and
Sublemma 4.9 is satisfied.

Step 2. We show that there exists {3 such that e4(P(¢3,€4)) is close to e}*. We fix
€4 then P becomes a function of one variable £3. As we vary /3, the same calculation
as in Step 1 gives L; - (dLu3—;) = ¢;(x)/p, ¢j(x;) # 0 and that @i; contains nonzero
0/0e4 component. Therefore the projection of P = G o L to the e4 component, i.e.
€4(¢3,€4) as a function of /3 is strongly expanding with derivative bounded from

below by o provided that the assumptions of Lemma 4.1 are satisfied (for the
I

orbits of interest this will always be the case according to Lemma 4.8). Since the
map é4(f3,€4) is not injective, we study G4(¢3,é,) instead of e4(¢3,é&4) using the
relation e = /1 + 2(G/L)2. We have the same strong expansion for G4(¢3, &) since
our estimates of the dL, dG are done using G4 instead of e4. Thus it follows from the
strong expansion of the map G4(¢3,é4) that a R-neighborhood of G3* (corresponding

'u—neighborhood. Taking R large we can ensure

to eZ*) is covered if e4 varies in a — 5
X

that G4 changes from a large negative number to a large positive number. Then
we use the intermediate value theorem to find e4 such that |Gy — G3*| < /6, hence
les —ef*| < V.

Step 3. We show that for the orbit just constructed P(¢3,é4) € U2(d). Since ey
changes substantially Q4 must pass close to 1 and hence LL(éy, l~3) must have 0
small. Therefore by Lemma 2.2 (&4, 13) has (F3, e3, g3) close to

Gé472’4(E3 (54, l~3), 63(54, l~3), 93(54, l~3)) It follows that

|E3 — E3"| < K6, [e3—e3"| < K6, [g3—g37| <Ko

Next Lemma 2.4 shows that after the application of G, (E3, es, g3) change little and
8, becomes O(p). O

12. DERIVATIVE OF THE LOCAL MAP

12.1. Justifying the asymptotics. Here we give the proof of Lemma 3.1. Our goal
is to show that the main contribution to the derivative comes from differentiating
the main term in Lemma 10.2.

Proof of Lemma 3.1. Since the transformation from Delaunay to Cartesian variables
is symplectic and the norms of the transformation matrices are independent of p,
it is sufficient to prove the lemma in terms of Cartesian coordinates. To go to the
coordinates system used in Lemma 3.1, we only need to multiply the Cartesian
9(L3, l3,G3,93, Ga, g1) ™

0(Q3,v3,Q4,v4)"

derivative matrix by O(1) matrices, namely, by on the left
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0(Q3,v3, Qu,v4)~
9(L3, 3, G3, 93, Ga, 94) ™
dLL stated in Lemma 3.1.
As before we use the formula (5.1). We need to consider the integration of the
variational equations and also the boundary contribution. The proof is organized as
follows. The main part of the proof is the study of the relative motion part, while
controlling the motion of the mass center is easier.

and by on the right. This does not change the form of the

For the relative motion part, we use the Delaunay variables (L, ¢, G, g). Using ¢ as
the time variable we get from (10.5) that the equations for relative motion take the
following form (recall that the scale for ¢ is O(u"~1)):

oL oOH oH
— = —2u 23 (1 —2u 23— + ... | = O(p?t"
50 I 5 ( Iz oL + (1=r"),
oG OH oOH
12.1 — = 2u 23— (1 —2u 23—+ ... | = O(ptt?s
(12.1) 50 I 39 ( poL S (p'759),
dg OH OH
= =223 1—-2u2L3—— +... | = O(u"),
ac — 7t aa ( T > (™)
where ... denote the lower order terms. The estimates of the last two equations

follow from (10.10) and (10.11) while the estimate of the first equation is similar to
the last two.

Then we analyze the variational equations.

(12.2)
déL
dr plte s 142e SL e 0
d%G _ M1+n ILL2H M1+2f€ 5G —|—O Ml+2/€ 0 [66%+:|
c%ég P2l 2l 2 5g u2 0 +
dl

In the following, we first set 6@+ = 0 and work with the fundamental solution of
the homogeneous equation. Then we will prove that d@+ is negligible.

)
Introducing 0¥ = 379 we need the asymptotics of the fundamental solution of
L

K—2

doL

Al 'ul-i-n pitr oeel 5L
(12'3) d%lf — ’ulJrn 'u2n Mfmfl 5G

d%% len /Jllflﬁ M2Iﬁ: 5%

de

Integrating this equation over time "~ ! we see that the fundamental solution is

O(1). Now arguing the same way as in Section 6.2 we see that the fundamental
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solution takes form

MQH MQH M6n—2

(124) 1d 4 9] MQ,% M3/~c—1 M6/§—2
1 1 M?m—l

In the following it is convenient to use variables L = pL, G and g. In these variables
fundamental solution of the variational equation is

MQ,‘-@ H?n—l M?ﬁ
(12.5) Id+0O 3t sl se
M?)H—l M3n—2 M?m—l

Next, we compute the boundary contribution. In terms of the Delaunay variables
inside the sphere |Q_| = ", we have

ot 1Q-1\"" _alQ-| . i
12. _— = — = ® r .
120 e = () g = OG0 .0)
Indeed, due to (10.9) we have (9|§2g_| =0, 8‘22€_‘ = O(u), a’(‘)(iﬂ = O(p") and
a|8QG_| = O(p~~!). Combining this with (12.1) we get
2K 2k—1 0
L 9G g o oo H
(LY e oo e
(oL’ oF — K
ol ol o J(L,G,g) T R L
Using (5.1) we obtain the derivative matrix
2k 2k—1 -1
% p 0
(ﬁ g g) =|1d+0 M?m MBK 1 0 %
o( 9)” Manl M:’m 2
2/@ MQH—I Iu2n MQ.% uZn—l 0
(128) Id+ 0O MSR Iu3/-£—1 MSKZ d—0 N3I€ MSn—l 0
k—1 H3Fi—2 H3Fi—1 'u?m—l /1*3&_2 0
2K M?m—l H?m
=1d+0 ;ﬁﬁ pdet e =1d+ P.
u?m—l M3H—2 MSn—l

We are now ready to compute the relative motion part of the derivative of the
Poincaré map. For the space variables, we are only interested in the angle © :=

arctan <q2> since the length |(q1, g2)| is fixed when restricted on the sphere.
qn
We split the derivative matrix as follows:

2O_,v_)"  9(O_,v_)" IL,G,g9)t L, G,g9)”
0©0_,v )~ 9(L,G,g) " IL,G,g)~0(O_,v_ )"

(12.9)
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00_,v )" 0(L,Gg)”  0O_,v )" 0L G g)”
P =1+4+11.
(L, Ggt 9O v ) LGt aO_u)- T
Using equations (10.9) and (10.12) we obtain
I pto1
2O, v )" '
12.10 2o o1 opt 1
( ) a(ﬁv G?.g)Jr ( 1 ,U,il 1
Next, we consider the first term in (12.9).
(12.11)
I 8(6_,v_)+® oL~ +8(@_,v_)+® 0G~ +8(@_,v_)+® dg~
oLt 0(©_,v_)~ oG+ 0(©_,v_)~ dg* A(O_,v_)~"
Using the expressions
1 v? I .
ar: - 4 m, G=v-xQ-=lv| Q- [sind(v,Q-)
we see that
oL~ oG~ . .
(12.12) 30 v O(1), 36 o) (O("), 0(1")).
o(O_,v_ )"

Next, we have 99+ = (0O(1),0(1)) from equations (10.9) and (10.12). To

obtain the derivatives of g we use the fact that

sin g sinh u + -2 cos g cosh u tan g + -2
b2 sl = nt +e_2|“‘E(G/,u£,g,u),

p1 cosgsinhu$“%singcoshu_ 1:Fu%tang
. : ... OF

where F is a smooth function satisfying 90 = O(1) as £ — oco. Therefore we get
g

g = arctan (pQ — e_QuE(G/uﬁ,g)> F arctan & as { — o0.
D1 ul

We choose the + when considering the incoming orbit parameters. Thus

O arctan Z—f 0 arctan u% oL

dg ol

200 (1+0() = 90 vyt Tar ae v
darctan -&

+ (a i o<e—2'“/u>) a(@a(fv) +0(e2),

Hence

dg 1 0G
(12.13) 960 ¢ <u) 56 ) T oW
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G
0 arctan e
where the 1/41 comes from T’“ and all other terms are O(1) or even smaller.
Therefore
(12.14)
1 a© v )t Qarctan = 9O _,v )t ol oG-
I_u< e T e Gl e e
OO v )t oL 0O_ vt O arctan 2 . darctan ;7= 9L~
oL+ (O_,v_)" dgt 0(O_,v_) oL- 0(0_,v_)

+O(e‘2|“‘). Since the expression in parenthesis of the first term is O(1), I has the
rate of growth required in Lemma 3.1.

Now we study the second term in (12.9)

Lo A p AL, G, q)
II =0 1 Mfl 1 0 MSN M3/~c71 lu?m a((g? ag))
1 Mfl 1 Manl M3n72 M3n71 —,U_
3k—1 3k—2 3k—1
=0 53/{—1 535—2 ZSn—l 8(£? Ga g)i
i N L 9(O_,v_)~
(12.15) ,
1 K—1 or-
=0 3k—1 ®
Hoer ) 000 00)
3k—2 oG- quﬂ—l Py
+0 35—2 R =—— + 0 3k—1 ® L
53572 a(@_, ’U_)i Zgnil a(@_’ 'U_)i

3k—1 3k—2

where we use that % < and p2f 1 < p since k < 1/2. The first summand
in (12.15) is O(p®*~1).Therefore (12.13) implies that

3k—1
1 H oG~
12.16 II==0 -l Vo ——— 4O h).
( ) 1 ZSH—l 8(9—7 U—)_ (M )

Now we combine (12.14) and (12.16) to get
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(12.17)
-

oO_,v )t 1 ( a©_,0 )t Odarctan Z= 9@ _ v )t 31
26 v ) u(“ act M aa e G
- oG~ . I(O_,v_)t - oL~

0(0_,v_)~ oL+ 0(O_,v_)"

8(@ v )+ 0 arctan ]é O arctan CZ__ oL~
it A Pl_ + _M — |+ O(M3n—1)

agt J(O_,v_) oL J(O_,v_)

(12.17) has the structure stated in the lemma. In (12.17), we use the variable ©_

for the relative position @Q_ and we have 8(686:7))_ = O(u"). To get back to Q_,

. 0@, v )t : .

i.e. to obtain W, we use QQ— = p"(cosO®_,sin®_). So we have the esti-
0Q+ 00+

mate

— 0— o(r_,0_)"
transformation from polar coordinates to Cartesian, = ( ) ,

0Q- 0(r—,0_)" 0Q_

H—
= 0" =0 1. T - h
IL_,G_,g)* O )6(5_,G_,g_)+ O(p"™). To get 8Q_’We use the

where r_ = |Q_| = p*. Therefore we have

or_ — 1 0—

o, 22 L9 e csor).

Q- 0Q-  pFoe-

So we have the estimate 8G: = 0O(1), and 8L: = 857: = 0 since in the expression
Q- Q- 00C
1 02 1 9 arctan =

ok Z_ - m, the angle ©_ plays no role. Finally, we have T:pl =0.
So we get
o(Q_,v_)" 1 _
o = 2 (O )12 O(1)1x2) & Oz, O 1x2) + 0L + O ),

It remains to show that other entries of the derivative matrix are O(1).

Consider the following decomposition
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8(Q_,U_,Q+,'U+)+ a(Q 7”—7Q+7U+)+ a(ﬁ G 9, Q+7 +)+
8(@—7”—7@-"—7 -‘r) 8(‘6 G797Q+7v+)+ a(‘c G 9, Q+7U+)(€f)
8(£7G397Q+7 +)(£f) 8( aG g)Q+aU+)(£l) 6(‘6 G Q,Q+, +)
(12 18) 8(£,G,Q,Q+,U+)( z) a([’ G y 9, Q+7U+) a( U*7Q+av+)
' [M 0o][A ol[Cc DI[A o0][N O
0 Id B 1Id E F B' 1d 0 Id
. MACA'N + MADB'N MAD
(BC+E)AN+(BD+F)B'N BD+F

We have already computed M, A, C, A" and N (see (12.10), (12.7), (12.12), (12.13)),
where C'is (12.5) and ACA’ = 1d + P is given by (12.8). We still need to compute
B,B'.D.E,F.

1

2uL3
(12.1) and (12.2) by the following equations.

From the Hamiltonian (10.5), we have ¢ = — +O(u?*). We need to supplement

dQ (% K
= 2uL) (L4 0GP H)) = O(u)
(12.19) dvy 2Q+ 2 3 2k+1
— = +0 ”)25 1+ 0™ = O(p).
o = (555 + 0™ ) @ueh)(1 + 0+1) = 0
doQ)+ 5L
2Kk+2 2k+1 2k+2
(12.20) d ¢ = [ . ] [ °Q+ } [ M2/€+1 M2/€+2 ] oG
U4 w0 dvy b jz 5
e g
It follows from (12.6) and (12.19) that
(12.21) B,B' =0 < Z ) ®O0 (u* ', pu>72%,0).
Next, we obtain
2K 2K
H M K 3k—1 3K
(1222) D=0 M3H ,U/?m ; E=0 ( M/@ u3/@—1 u3l-€ ) )
3k—1  3k—1 e K
I 1
M3H NH
(12.23) F=1d+0 ( . e ) .
P

It is a straightforward computation that C' A’ dominates DB’, so ADB’ is provides
a small correction to the P in ACA’ =1d + P in (12.8). Therefore

MACA'N + MADB'N
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in (12.18) has the same structure as M ACA'N obtained in (12.14) and (12.15).
Next (12.21), (12.22), (12.23) give

5rk—1 K
BD+F:Id+O< Mu" M;ﬁ_l >

Accordingly

(12.24) (BC + E)A'N + (BD + F)B'N = ;[0(/12“)]“4 ® 5.0

Finally, we have MAD = [O(131)]3x2.

These estimates of the matrix (12.18) are enough to conclude the Lemma. To
summarize, we get the resulting derivative estimate as

(12.25)

1 . . . O(1 3k—1
(12.18) = ;O(Mlxza Lixa, u154)®0 (11><271u1><2701><4)+0 < ( (M),-;)4X4 Icﬁ our ) .

O

The above proof actually gives us more information. Below we use the Delaunay
variables (L3, £3,G3, g3, G4, 94)T as the orbit parameters outside the sphere |Q_| =
p* and add a subscript in to the Delaunay variables inside the sphere. We relate C°
estimates of Lemma 10.2 to the C! estimates obtained above. Namely consider the
following equation which is obtained by discarding the O(u**~1) and O(u") errors
in (10.7)

(12.26) QT =0, vf =R(a)vZ, QT =Q7, vi=r,

where « is given in (10.8). We have the following corollary saying that dL can be
obtained by taking derivative directly in (12.26).

Corollary 12.1. The derivative of the local map has the following form
1

(12.27) dL = (@ +O0(") @1+ B+ 00>,

where 0,1 and B are computed from (12.26). In particular,

(12.28)

q— O(L3, l3,Gs,93,Ga,94)T 0(Q3,v3,Q4,v4)" IQ—,v_,Qq,vy)" <'u da )
8(Q37U37Q47U4)+ 8(Q—7U—7Q+7U+)+ 8@ 8Gln ’

] = aG’Ln a(Q—v v—, Q+7 U+)_ a(Q?ﬂ U3, Q47 U4)_

8(@—7 v—, Q-‘r) U-‘r)_ a(Q37 U3, Q47 7)4)_ 8(-[/3)637 G37 gs, G47 94)_ ’
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. O(L3, l3,G3,93,Ga,99)" 0(Q3,v3,Qu,va)T
Proof. In (12.28), the derivatives in G
f ( ) a(Q37U37Q4,'l)4)+ a(Q—7U—7Q+7U+)+
a(Q_,U_,Q+,’U+)_ a(Q37U37Q477}4)_
9(Q3,v3, Qa,v4)~ (L3, l3,G3, 93, Ga,94)~
remaining part.
We have
(Q4,v4+)" Qe v4)" Qv )" 0 Qi ve)" G
NQ+,v4)” ANQ—,v-)~  IQ+,v4)” O INQ+,v4)”
from (12.26) and (10.8) for G;,, which agrees with the corresponding blocks in
o(Q_,v )"

(12.25) up to an o(1) error as g — 0. It remains to compare ————.
Qv )
It is easy to see from (12.17) that the expression for 1in (12.28) is true.

(Q_, v )" dv*
We take derivative directly in (12.26) to get Qv )" =10, U) . To get the

in 1 are obvious. We focus on the

and

= Tdy, =0

O Oa
expression of u in (12.28), it is enough to show the following compared with (12.17)

vt ( da gvt  Qarctan = vt

Actually we have using (10.9) and geometric consideration

v =R () v +0(e 2"y = R(B) (Jv=,0) + O(e721uh), eIl ~ 1% where

G G;
, B = g+arctan —ZE, g = arctan —Z—i—arctanpi—i—O(u%),v_ = (p1,p2)-

GA
a = 2arctan —=

i [ I p1
We take the Gy, derivative directly and neglect e 2%l term in the vT expression
above to get (12.29). The e2“l term is negligible as we did in the proof of Lemma
3.1. In (12.26), v also depends on v_ explicitly. When we take partial derivative
with respect to the explicit dependence, we get a O(1) matrix that goes into B. We
again compare with (12.17) to show the equivalence of B obtained in two different
ways. However, we will not need any information from B except its boundedness in
the paper. The proof is now complete.

O

Corollary 12.2. Let y(s) : (—¢,¢) — RS be a O curve such that T' = +/(0) = O(1)
oG,

and 5 n — O(u) then when taking derivative with respect to s in equations
S

o3 12+ [of 12 = [og [> + [og [> + o(1),
vi +uf =vs +uy +o(l),

Q3 +Qf = Q3 +Qy +o(1),

obtained from equation (10.7), the o(1) terms are small in the C sense.



70 JINXIN XUE AND DMITRY DOLGOPYAT

Proof. For the motion of the mass center, it follows from Corollary 12.1 that
AQ+,v4)" 10(Q4,vy)T
= = 1+ (0 Id 1). We already ob-
ANQ_,v_,Qi,vy)~  p Oa ® 1+ (04x4,Idsxs) + o(1). We already o

9 +
tained that Qs v4)" = O(u*) (see equation (12.24)). Due to Corollary 12.1 our
o
oG,
assumption that 5 " — O(p) implies that
s
(12.30) 1.T'=0O(p)

which suppresses the 1/ term. This proves the corollary for the last two identities.

To derive the first equation we use the fact that the Hamiltonian (10.5) is preserved.
Namely we use the fact that RHS (10.5) is the same in + and — variables. It is

+

d
enough to show d—(|v, |2—|v~|?) = o(1) since we already have the required estimate
s

for the velocity of the mass center. In (10.5), the terms involving only @4, vy are

)7
Q|

taking derivative since |Q_| = p” is constant. All the remaining terms have Q_

handled using the result of the previous paragraph. The term — vanishes when

0
to the power 2 or higher. We have @ = O(1) since I' = O(1). We also have

0s
Q* : o
B = O(1) due to (12.30). Therefore after taking the s derivative, any term
s

involving @)_ is of order O(u"). This completes the proof of the energy conservation
part. ]

12.2. Proof of the Lemma 3.8. In this section we work out the O(1/u) term in
the local map.

Proof. The proof is relies on a numerical computation.

mn

. According to Corollary 12.1 we can differentiate the
oGy dgy )

- 0 0 o 0Q4 o, 8&}) 1-2
_ _ _ _ . oO(u” K
(vs “4)X<6Gz’ag;>Q4 (vs ”4)X<ae;> <6Gz’agz FOUCH,

Before collision, 1 =

asymptotic expression of Lemma 10.2. We have (

where O(p") comes from (86(1)3 - v4)) x (Q3 — @Q4) and O(u!=2%) comes from
0Q4 0L,
oL, O0—
We need to eliminate ¢4 using the relation |Q3 — Q4| = u”.

(3&1_ 8@) _ (5’|Q3 - Q4\>1 <3\Q3 — Q4] 0|Q3 —Q4’>
oGy dgy oty oGy ' 9g;

where Ly is solved from the Hamiltonian (9.1) H = 0.
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Q3= Qu)- (282,9%) (o —up) - (22, 501)

4 694 11—k
= - = - — +O0(u ™).
@ Qn- 22 (5 —v7) - 2

Here we replaced ()5 — Q, by vy — v, using the fact that the two vectors form an
angle of order O(u!~*) (see Lemma 10.2(c)). Therefore

0Gin 0Gipn _ 0
> — = —(U3 — Uy ) Q4
oG, " g, aG; ag4

— — Q4 0Q4
L oq [ i) (B8 5% -
+(vg — vy ) X = —— 5 +O(p" +p =),
ol (v3—1}4)"3%

Similarly, we get

e 004 0, (w5 —vi)- G2 Ly
mo_ — — ] O(u” —2KY
ar, (v3 —vy) X or; + (v3 — vy ) X or; (UQ—UZ)'@ +O(p" + p )

ot

0Gin,
We use MATHEMATICA and the data in the Appendix B.2 to work out . The

o—
results are : for the first collision, 1, = [, —0.8, %, %, 3.42, —2.54], and for the second
collision: lp = [*, —0.35, %, *,3.44, —0.47]. We can check directly that 1; - ws_; # 0
and 1; - w # 0 for ¢ = 1,2 using (3.3).

o—
After collision, G1 = T In equation (10.7), we let 1 — 0. Applying the implicit
o
function theorem to (10.7) with p = 0 we obtain

<8( 3.03,Q1,v1) | 9(Q3,vy,Q1,v1) oty >‘3(X+7Y+)

ax+ty+t) et DX, V) o

. % (o,o,R@ +a) (v —v;),0,0,—R (g +a> (v —M))T
- % (o,o,R (g) (v —v{),0,0,—R (g) (vi — UI))T-

+
where R(7/2 + a) = dR;La) and 8(Xaf4Y+) is given by (9.3). Again we use

H—
MATHEMATICA to work out the ——. The results are: for the first collision 17 =
o
[—0.49, %, x, ¥, —0.20, —0.64] and for the second collision iz = [~1.00, *, *, *, 0.34, —0.50].
We can check directly that 1; - a; # 0 for i = 1,2 using (3.3).
To obtain a symbolic sequence with any order of symbols 3,4 as claimed in the main
theorem, we notice that the only difference is that the outgoing relative velocity

changes sign (v —v}) = —(v§ —vf). So we only need to send @ — —1. O




72 JINXIN XUE AND DMITRY DOLGOPYAT

12.3. Proof of the Lemma 3.9. In this section, we prove Lemma 3.9, which guar-
antees the non degeneracy condition Lemma 3.3 (see the proof of Lemma 3.3). Since
we have already obtained 1 and u in dL and 1,1, @, u in dG, one way to prove Lemma
3.3 is to work out the matrix B explicitly using Corollary 12.1 on computer. In that
case, the current section is not necessary. However, in this section, we use a dif-
ferent approach, which simplifies the computation and has several advantages. The
first advantage is that this treatment has clear physical and geometrical meaning.
Second, we use the same way to control the shape of the ellipse in Appendix B.3.
Third, this method gives us a way to deal with the singular limit dIL as y — 0.

Recall that Lemmas 3.1 and 3.2 give the following form for the derivatives of local
map and global maps

1 - _ =
dL = Pk L+ B+0W), dG=x*u;®l;+xu;®@1 +0(uy),
where 7 = 1,2 standing for the first or second collision. Moreover, in the limit
X — oo, . — 0,
span{ty, W} = spanfw;, @}, L =1, =1, =L, j=12
We first prove an abstract lemma that reduces the study of the local map of the

w1 > 0 case to u = 0 case. It shows that we can find a direction in span{u, u}, along
which the directional derivative of dIL is not singular.

Lemma 12.3. Suppose the vector T, € span{us_;,03—;} satisfies 1;(dLT,) = 0
and |T'yl|lc = 1. Then we have 1;(I'y) = O(pn) as p — 0 and the following limits
extst ~ ~

I's_; = ilLI%) 'y and EL% dLI'y, = Aj,

and the A; satisfies ij(Aj) =0.

Proof. Denote [, = Lj(az_j)us_; — 1j(u3_;)us—; € Kerl; and let v, be a vector in
span(u3—;, u3—;) such that v, — v as p — 0 and 1;(v,) = 1. Suppose that

fu = a,v, + buFL
then

(12.31) dL(T,) = %‘W“)uj +a,Bj(v,) + buBiT, + o(1).

So L;(dL(T',,)) = 0 implies that
B (BIT) + o(1)
L (va)1j(wg) + pl; Bji(vy)
The denominator is not zero since 1;(v,) = 1 and 1;(u;) using Lemma 3.8. Therefore

a, = O(p) and hence T'), = b, + O(p) and 1;(T,) = O(y). Now the remaining
statements of the lemma follow from equations (12.31) and (12.32). O

(12.32) ay, = —j




SINGULARITIES IN THE PLANAR TWO-CENTER-TWO-BODY PROBLEM 73

To compute the numerical values it is more convenient for us to work with polar
coordinates. We need the following quantities.

1
Definition 12.1. e : polar angle, related to u by tan% =\/7 te tang
—e
for ellipse. We choose the positive y axis as the azis ¥ = 0. E: energy;
e : eccentricity; G: angular momentum, g: argument of periapsis.
e The subscripts 3,4 stand for Q3 or Q4. The superscript + refers to before

or after collision. Recall that all quantities are evaluated on the sphere

Q3 — Qaf = p".
2
Recall the formula r = ﬁ for conic sections in which the perigee lies on the
— ecos
axis ¥ = . In our case we have
+12
L (G3)
T3 = = o)
(12.33) 1— e Slniwg +93)
Tj: _ (G4 ) + 0(1)
4 = x :

1 —ef sin(yf — gf)
o(1) terms are small when p — 0 (recall that we always assume that x > 1/u).

Lemma 12.4. Under the assumptions of Corollary 12.2 we have

drs dro AT T dps
9 — _ = 1 -3 — 4 1 3 — 4 1 3 — 4 1).
ds ds o(), ds ds o(1), ds ds o(1), ds ds +o(l)

Moreover in (12.33) the o(1) terms are also C' small when taking the s derivative.

Proof. To prove the statement about (12.33), we use the Hamiltonian (4.1). The 73 4
obey the Hamiltonian system (4.1). The estimate (9.2) shows the ﬁ gives
3— Q4

small perturbation to the variational equations. The two O(1/x) terms in (4.1) are
also small. This shows that the perturbations to Kepler motion is C! small.

. o 87”? 4
Next we consider the derivatives !

. We consider first the case of “—”. From the

s
condition |75 — 74| = p”, for the Poincaré section we get

Loy 4
(P53 — 7y) - £(r3 —7) =0.

d
This implies (73 — 7y) L df(f}s — 7).
s
We also know the angular momentum for the relative motion is

Gin = (%5 — 74) X (73 — 71) = O(n),
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which implies 73 — 7 is almost parallel to 3 — 7. The condition 3 N = O(p) reads

(i(?g, - 7'?4)) X (F5 — Fa) + (i — 771) X (js(Fs - F4)) = O(p).

Since the first term is O(u"™) due to our choice of the Poincare section we see that

(7y — 1) (jg(ﬁg —m) — (1),

Since d—(f’g —7) is almost perpendicular to (Fg —7.74) by the analysis presented above
s

d

we get d—(f’g —7y) = o(1). Taking the radial and angular part of this vector identity
s

and using that r4 = r3 + 0o(1), ¥4 = 13 + o(1) we get ”—" part of the lemma.

To repeat the above argument for “4” variables, we first need to establish n _

Os
O(p). Indeed, using equations (12.8) and (12.18) we get
8Gj;z _ 8Gj;1 a(£7Ginag7Q+)v+)_
81/} a([’7 Ginag7 Q+7U+)_ aw
= O(MSR’ 1, N3H’ M?i% M?Td) ’ 0(1’ py 1, Lo, 11><2) = O(H)
. d, . - . . s
It remains to show d—(rg —7) | = O(1) in the “+” case. Since we know it is
s
true in the “-” case, the “+” case follows, because the directional derivative of the
local map dILI" is bounded due to our choice of I'. O

We are now ready to describe the computation of Lemma 3.9. The reader may
notice that the computations in the proofs of Lemmas 3.9 and 2.1 are quite similar.
Note however that Lemma 3.9 describes the subleading term for the derivative of
the local map. By contrast the leading term can not be understood in terms of
the Gerver map since it comes from the possibility of varying the closest distance
between @3 and )4 and this distance is assumed to be zero in Gerver’s model.

We will use the following set of equations which follows from (12.26).

(12.34) Ef +Ef = E; +E],
(12.35) G +Gf =G5 + Gy,
egr o4 ei _ €3 .\, e -
(12.36) or cos(v3 +9g5 )+E cos(¢; —gy ) = o cos(¥3 +93 )+F cos(¢y —g; ),
3 4 3 4

1— e; sin(zb; +93) 1—egsin(y; +g5)
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(12.38) by =1y
(G3)? _ (G1)?

(12.39) = ef sin(0y +g7)  1—ef sim(v] — ;)
(G3)? (Gy)*

12.40 - ,
(12.40) = sin(0; +9;)  1—epsin(v; —g;)
(12.41) Yy =3
(12.42) of =9

In the above equations we have dropped o(1) terms for brevity. We would like to
emphasize that the above approximations hold not only in C? sense but also in C*
sense when we take the derivatives along the directions satisfying the conditions of
Corollary 12.2. (12.34) is the approximate conservation of the energy, (12.35) is the
approximate conservation of the angular momentum and (12.36) follows from the
approximate momentum conservation (see the derivation of (B.2) in Appendix B.3).
The possibility of differentiating these equations is justified in Corollary 12.2. The
remaining equations reflect the fact that Qgt and fo are all close to each other. The
possibility of differentiating these equations is justified by Lemma 12.4.

We set the total energy to be zero. So we get Ef = —E?jf. This eliminates Ef.
Then we also eliminate wjf by setting them to be equal 1/)?.

Proof of the Lemma 3.9. Lemma 12.3 and Corollary 12.1 show that the assumption
of Lemma 3.9 implies that the direction I' along which we take the directional

derivative satisfies —— = O(p). So we can directly take derivatives in equations

(12.34)-(12.34). Recall that we need to compute dEj (dLI') where I' € Kerl; N
span{ws_j, w}. (3.3) tells us that in in Delaunay coordinates we have

—L;
T2+ (G

(12.43) w = (0,1,0,0,0,0), w=1(0,0,0,0,1,a) where a =

v [1+e

The formula tan§ =\ tang which relates ¥ to ¢ through u shows that
—e

(12.43) also holds if we use (L3, s, Gs, g3, G4, g4) as coordinates. Hence I' has the
form (0,1,0,0,¢,ca). To find the constant ¢ we use (12.40).

Note that the expression dE3 (dLI') does not involve dib3 . Therefore we can elim-
inate 13 from consideration by setting 3 = 13 = ¢ (see (12.38)). Let L denote
the projection of our map to (L3, Gs, g3, G4, g4) variables. Thus we need to find
dE3 (dLT'). To this end write the remaining equations ((12.35), (12.36), (12.37),
and (12.39)) formally as F(Z+,Z7) = 0, where in Z* = (E,G7,94,GF,g)) and
7= = (B3, %,G3,05,G1,07)-




76 JINXIN XUE AND DMITRY DOLGOPYAT

We have 5 5
F F
——dLl'+ —1'=0.
07+ T az-
However, VA is not invertible since F involves only four equations of F while
Z7T has 5 variables. To resolve this problem we use that by definition of I' we have
1.92* 0, where 1 ( Gi/Li 0,0,0 -1 1>b (3.3). Thus
m o = U W = N0 . ANy Yy YUy T ST T 1T 9 . .
o0 Chr+ @ ahr @)
we get,
1 0
OF |dLT'=—| OF r
ozZ+ 07~
and so
1 17'1 o
dLT =—| OF OF rl
ozZ+ 07~

Jr
We use computer to complete the computation. We only need the entry 8—3 to

prove Lemma 3.9. It turns out this number is 1.855 for the first collision and —1.608
for the second collision. Both are nonzero as needed. [l

APPENDIX A. DELAUNAY COORDINATES

A.1. Elliptic motion. The material of this section could be found in [Al]. Consider
the two-body problem with Hamiltonian
PRk ;
HPQ)=———-—, (PQ)eR"
(PO =5 oy PQ

This system is integrable in the Liouville-Arnold sense when H < 0. So we can
introduce the action-angle variables (L, /¢, G, g) in which the Hamiltonian can be
written as

H(L,(,G, g) = TR 0GLg) € TT?
» 7g - 2L2 I » 7g .
The Hamiltonian equations are

. . ) . mk?

We introduce the following notation F-energy, M-angular momentum, e-eccentricity,
a-semimajor axis, b-semiminor axis. Then we have the following relations which ex-
plain the physical and geometrical meaning of the Delaunay coordinates.

L2 LG k G\?
¢ , b mk’ 2a’ G e (L)
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Moreover, g is the argument of periapsis and ¢ is called the mean anomaly, and /¢
can be related to the polar angle 1 through the equations

P 1+e U

tan — = tan —, w —esinu = /.
2 1—e 2
a3
We also have the Kepler’s law — = ———= which relates the semimajor axis a and
T (2m)

the period T of the ellipse.

Denoting particle’s position by (g1, ¢2) and its momentum (p1, p2) we have the fol-
lowing formulas in case g = 0.

1—ecosu’

o =aV/l=sinu, | g,V = e cosu

1 —ecosu

_ ~1/2 sinu
{ q1 = a(cosu — e), p1=—vmhka

where u and [ are related by u — esinu = /4.

Expressing e and a in terms of Delaunay coordinates we obtain the following

L2 ( G?) LG |
qu=—1\|cosu—\/1—— ], qa=—sinu.
mk m

L? k
(A1) _ mk sin mk G cosu
b1 f 5 y P2 ﬁ I
1-— 1—ﬁcosu 1-— 1—ﬁcosu

Here g does not enter because the argument of perihelion is chosen to be zero. In gen-

. . cosg —sing
eral case, we need to rotate the (g1, ¢2) and (p1, p2) using the matrix [ sing cosg ] i
Notice that the equation (A.1) describes an ellipse with one focus at the origin and
the other focus on the negative x-axis. We want to be consistent with [G2], i.e. we
want g = m/2 to correspond to the “vertical” ellipse with one focus at the origin
and the other focus on the positive y-axis (see Appendix B.2). Therefore we rotate
the picture clockwise. So we use the Delaunay coordinates which are related to the
Cartesian ones through the equation

1 G?
g =— | L?|cosu—1/1—— | cosg+ LGsinusing |,
mk L2

(A.2)
1 ) G*\ . :

g =—|—-L°|cosu—14/1— — |sing+ LGsinucosg | .
mk L2
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A.2. Hyperbolic motion. The above formulas can also be used to describe hy-
perbolic motion, where we need to replace “sin — sinh, cos — cosh”(c.f.[Al, F]).
Namely, we have

L? G2 LG
qQ = -y (coshu— 1+ L2> = %sinhu,

milc sinh u mk G coshu

pP1=— ) p2:_72 .
L 1—\/1+%§coshu L 1—\/1+%§coshu

where u and [ are related by

(A.3)

2
(A4) u—esinhu = ¢, where e = /14 (i) .

This hyperbola is symmetric w.r.t. the z-axis, opens to the right and the particle
moves clockwise on it when u increases (¢ decreases). When the particle moves to the

right of x = —g line we have a hyperbola opening to the left and the particle moves

anti-clockwise. To achieve this we first reflect (g1, g2) around the y-axis, then rotate
it by an angle g. If we restrict |g| < 7/2, then the particle moves anti-clockwise on
the hyperbola as u increases (¢ decreases) due to the reflection. Thus we have

1
n=-— (cos gL*(coshu — e) + sin gLG sinhu) ,
m
1
@ =— (—singL*(coshu — e) 4 cos gLG sinhu)
m

k 1 G
P :Jm (L sinh w cos g + 12 sin g cosh u,

G
—sinhusing — — cosgcoshu | .
L 92 )
If the incoming asymptote is horizontal, (see the arrows in Figure 1 for “incoming”
and “outgoing”), then the particle comes from the left, and as u tends to —oo,
the y-coordinate is bounded and z-coordinate is negative. In this case we have

tang = —%, g € (—m/2,0).

If the outgoing asymptote is horizontal, then the particle escapes to the left, and as
u tends to 400, the y-coordinate is bounded and z-coordinate is negative. In this

G
case we have tang = +7.9 € (0,7/2).

When the particle @4 is moving to the left of the section {x = —x/2}, we treat
the motion as hyperbolic motion focused at (J1. We move the origin to @J1. The
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hyperbola opens to the right. The orbit has the following parametrization

1
q =— (cos gL2 (coshu — e) — sin g LG sinh u) ,
(A.6) ﬂ}k‘
g2 = (sin gL?(coshu — €) + cos gLG sinh ).
m

A.3. Large ¢ asymptotics: auxiliary results. In the remaining part of Appen-
dix A we study the first and second order derivatives of Q w.r.t. the hyperbolic
Delaunay variables (L,¢,G,g). These computations are used in our proof. The
next lemma allows us to simplify the computations. Since the hyperbolic motion
approaches a linear motion, this lemma shows that, we can replace u by In(F£{/e)
when taking first and second order derivatives.

Lemma A.1. Let u be the function of £,G and L given by (A.4). Then we can
approximate u by In(FL/e) in the following sense.

u:Fln:F?g — O(nt)/0), ZZ — 11/040(1)2),

o 0 a 9\
—, +1 =0(1/|¢ —, = +1 =0(1/|¢
(57 56) @wEma =0, (7. 55) (uxme =0a/)
Here the first sign is taken if u > 0 and the second sign is taken then u < 0. The
estimates above are uniform as long as |G| < K, 1/K < L < K, { > {y and the
implied constants in O(-) depend only on K and {.

1
Proof. We see from formula (A.4) that sinhu ~ coshu = s + O(In|¢|) when u > 0

1
and sinhu ~ —coshu ~ —— 4+ O(In|¢|) when u < 0 and |u| large enough. This
e

proves C? estimate.

Now we consider the first order derivatives. We assume that v > 0 to fix the
notation. Differentiating (A.4) with respect to ¢ we get

ou ou ou 9
@—GCOShU@—l, @—1/8"‘0(1/5 )
Next, we differentiate (A.4) with respect to L to obtain
ou Oe .
ET a—Lsmhu — ecoshua—L =0.
Therefore,
ou sinhu  Oe 1 Oe

OL 1—ecoshudL e OL (e™™) oL In(e) + O(1/]¢]).

0
The same argument holds for —. This proves C! part of the Lemma.

oG
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2

Now we consider second order derivatives. We take 912 as example. Combining
Pu 0% | Ode Ou 0%u ) ou\?
8L2—Wsmhu—QcoshuaLaL—ecoshuw—es1nhu<aL> =0.

with C! estimate proven above we get

9%u 1 0% 20e Ou ou\ 2 1
— = — —— — }+ | — + O _
0L? edL? eOLOL oL 4

1 8% 1 8e\? 1 92 1
= a2 " (m:) 0 (e) =gz meto (z) '
This concludes the C? part of the lemma. g

In the estimate of the derivatives presented in the next two subsections we shall
often use the following facts. Let f = Ine. Then

G G?

A7 = - T

L - G? 2GL

A8 e -

A.4. First order derivatives. In the following computations, we assume for sim-

plicity that m = k = 1. To get the general case we only need to divide positions by
mk.

Lemma A.2. Under the same conditions as in Lemma A.1 we have the following
result for the first order derivatives

ol oQ _ 0Q
(a) | = O(1), 8(L7G79)‘ =0(0), 99 Q=0,
oQ

Eel Q = Oc2(1,¢,9)(€)-

(b) If in addition we have ‘g F arctan i‘ < C/t where — sign is taken for u > 0
and + sign is taken for w < 0 then we have the following bounds for (A.5)

Q. L? oQ . GL
—% = gsinh —_ 1), = = —sinhu | 2/ L2 2 — 1).
5¢ = Sib u(O7 L2+G2)+O( ), 5L sin u( + G2, L2+G2>—|—O()

(¢c) If in addition to the conditions of Lemma A.1 we have G,g = O(1/x) and
¢ = 0(x), then we have the following bounds for (A.6)

% = sinhu(0,1) + O(1), g—% = sinhu(2,0) + O(1).
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Remark A.1. The assumptions of the lemma and the next lemma hold in our
situation due to Lemma 4.7.

Proof. We consider only the case © > 0. We have
(A.9) Q = O(1) — sinhu(cos gL? + sin gLG, sin gL* — cos gLG), as £ — cc.

Now the first three estimates of part (a) follow easily. Next Z(QJ =

—(coshu)uly(cos gL? 4 sin LG, sin gL? — cos gLG) — sinh u(sin gL, — cos gL) + O(1).
Using Lemma A.1 we obtain
0Q 1, . / 2, B 2
Q- Erela i(smh 2u)ug|(cos gL* + sin gLG, sin gL° — cos gLG)|“+
(sinhu)?(sin gL, — cos gL) - (cos gL? + sin gLG, sin gL? — cos gLG) + O(¢)
1
= 5 (sinh2u)(~In e)n(LY 4+ L?G?) + L*G(sinhu)? + O(f) = O(¢)
where the last equality relies on (A.7).
We prove (b) in the + case, the - case being similar. Assume first that g is exactly
G
equal to arctan I Using (A.9) and (A.7) we obtain
Q 2 72
Ereln (coshu) fg(cos gL* + sin gLG, sin gL — cos gLG)
—sinhu(sin gL, —cosgL) + O(1)

—sinhu< ¢ <L3+LG2 0)—( GL — L >>+O(1)
a L2+ G2 \VIZ+GY VI2+G? I+ G?

2
—sinta (0, ) + O,

VL2 +G?
(A.10)
Q) 9 . . 2
T (coshu) fr.(cos gL* + sin gLG, sin gL° — cos gLG)

— sinh u(2 cos gL + sin gG, 2sin gL — cos gG) + O(1)

G?/L ([ L3+ LG? 2L% + G? GL
= —sinh 1
o U<L2+G2< L2+G2’0>+(\/L2+G2’\/L2+G2)>+O()

GL
= —sinhwu (| 2 L2+G2,>+Ol.
( VIL? 4+ G* W
. : G G c
This proves (b) under the assumption g = arctan T If |g — arctan 7 < m then

we get an additional O(1) error in the above computation which does not change
the final result.
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Part (c) follows from part (b) since both g and arctan% are O(1/¢). O

A.5. Second order derivatives. The following estimates of the second order deriva-
tives are used in integrating the variational equation.

Lemma A.3. We have the following information for the second order derivatives
of Q4 w.r.t. the Delaunay variables.

(a) Under the conditions of Lemma A.2(a) we have

’Q 0%Q |, 9Q 0o 0 21Q*\
o~ @ agec o <6Gag> < dg ) -0

0Q 02Q
s =00, S5 =0,

(b) Under the conditions of Lemma A.2(b) we have we have

0%Q .
8G2 s G2)3/2 (L coshu, —2G sinhu) + O(1),
LQSlIlhu
= 1
WG (- Tat0) + o,
sinh u
_ 2 2
8g8L <\/7G2’ L2+ @ coshu> +0(1),

8G8L (L2 + G2)3/2 ( LG cosh u, (L? + 3G?) sinh u) +0(1).

(¢) Under the conditions of Lemma A.2(c) we have

2 2
% = —coshu(1,0) + O(1), 889526’ = —Lsinhu(1,0) + O(1),
>Q . Q
900 Lsinhu(0,2) + O(1), 5COL coshu(0,1) + O(1).
. Q . . :
Proof. The estimate Frer ke O(¢) follows immediately from Lemma A.2. The esti-
2
mate % = O(¢) follows immediately from (A.5) (or (A.6)).

The estimates of the derivatives involving g are relatively easy since the dependence
2

0LOg’

of Q) on g is through a rotation. We consider for example, the other derivatives
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are similar. Differentiating (A.10) with respect to g and using (A.7) we get

0%Q
0Ldg

= coshuf(—L?sing + LG cos g, L? cos g + LG sin g)

—sinhu(—2Lsing + Gcosg,2Lcosg + GsinG) + O(1)
G? (LQG + L*G L+ LG? >
L(L2+GH) \ VI2+G? VI + G2
—2LG+ LG 2L*+G?
—sinhu( Gric +G > O(1)

= —sinhwu

VI2+ G VI +G?
2 2 2
= —sinhu (O, G) —sinhu < LG 2L+ G > +O(1)

VIZ+ &2 V21 G VPGP
LG
=sinhu | ————, -2V L2 + G2> + O(1).
(\/L2 + G? o
Next, we compute 82@ and 82@ We consider only the case v > 0 and take the
’ P 5Gar M aa2 Y

+ sign. The other cases are similar.

G
As in the proof of Lemma A.2 it suffices to consider the case g = arctan T Differ-

entiating the expression for oq and using Lemma A.1, (A.7) and (A.8) we obtain

oG

2
gG% = —L(sinhu((Ine)g)? — coshu(lne)ga)(cos gL + sin gG, sin gL — cos gG)

+ 2L coshu(lne)g(sing, —cosg) + O(1)

~ renna [ 2G7 L? N G? 0

TR ez \ ey eie Ty g )
G G

L2+ G2 <(L2+G2)1/27_(L2+G2)1/2> +0(1)

+ 2L sinhu

L? _
= m Slnh U(L, —2G) + 0(1)

2
proving the estimate for ——c. Next,

oG
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0%Q
dGOL —
— (sinhw)p(sin gL, — cos gL) — (sinhu)g(2 cos gL + sin gG, 2sin gL — cos gG)
— sinh u(sin g, — cos g) + O(1)
= —(sinhu(lne)(Ine)g — coshu(lne)gr ) (L(L? + G*)'/2,0)

GL L?
(L2 + G2)\/2" (L2 + G2)1/?
217 + G? GL : G L
| ((L2 T i ) b ((L2 O (L7 G2)1/2> o
L

= o sinhu (—LG, L* + 3G*) + O(1).

(sinhu) g (cos gL? + sin gLG, sin gL* — cos gLG)

+ coshu(lne)y, < ) + coshu(lne)q

Part (c) follows from part (b) as in Lemma A.2. O

APPENDIX B. GERVER’S MECHANISM

B.1. Gerver’s result in [G2]. We summarize the result of [G2] in the following
table. Recall that the Gerver scenario deals with the limiting case x — oo, u — 0.
Accordingly ()1 disappears at infinity and there is no interaction between Q3 and
Q4. Hence both particles perform Kepler motions. The shape of each Kepler orbit
is characterized by energy, angular momentum and the argument of periapsis. In
Gerver’s scenario, the incoming and outgoing asymptotes of the hyperbola are always
horizontal and the semimajor of the ellipse is always vertical. So we only need to
describe on the energy and angular momentum.

1st collision | @(—epeq, €9 + €1) | 2nd collision @(53, 0)
Q3 Q4 Q3 Q4
2 2
1 1 1 € 1 €
energy ~2 2 —3 772z | 3 7%z
angular momentum | €7 — —&g p1 — —Dp2 —€0 \@60
eccentricity €0 — €1 €1 = €0
2 2
semimajor 1 -1 1— (m) 1— %
€1 2
2
semiminor €1 — €0 P1 — P2 g0 — %) V2e0 — V2e1

Here

P12 =

~Y £/Y2+4(X + R)

2 9

R=+vX?2+Y2

and (X,Y) stands for the point where collision occurs (the parenthesis after @ in
the table). We will call the two points the Gerver’s collision points.

In the above table g is a free parameter and e; = /1 — €2.
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At the collision points, the velocities of the particles are the following.

For the first collision,

B —e2 —€&0 _ Yy 1
go€1 +1 g1 +1 Rp1” Rp:
2
Y 1
U; = 80 ) El ) UI = _1 + - v 5 .
€01+ 1 epe1 +1 Rps™  Rpo

For the second collision,

= (202 v_(l ﬂ) i =(12) _< ﬁ)
3 — ’ ) 4 — 9 ) 3 — 9 ’ 4 — ’ .
€0 €0 €0 €0 €0 €o

B.2. Numerical information for a particularly chosen ¢y = 1/2. For the first

V3

.. 1
collision eg : 3 — —.

We want to figure out the Delaunay coordinates (L, u, G, g) for both Q3 and Q4.
(Here we replace ¢ by u for convenience.) The first collision point is

V3 1+¢§>

(X,Y):(—6061760+81)=< 1 3

Before collision

5 3
(L,u,G,g9)5 = (1, 7%’ \2[, 7T/2) . (Lyu,G,g9); =(1,1.40034, p;, — arctanp;),
-3 -2
Va = , ~ —(0.523,0.349),
’ <\/§ +4 V3 + 4) ( )
2(1 3 4
vy =[1- (L+v3) , ~ (~0.805,1.322),
4+ V3)p (4+V3)m
where
-Y Y2+ 4(X+R — Vo+2
p=—F v ; X+ 5B _ (50+51)+2 28051 _ ) 52798125,
After collision
27 _1

(L,u,G,g)5 = (1 ,7T/2> . (L,u,G,g)f = (1,0.515747, —ps, — arctan ps),

"3 2

vy = (\/§1+4, é{i) ~ (0.174,0.604),
[ 20+v3) 4 e
uj_< 1+(4+\/§)p2, (4+\/§)p2> ~ (—1.503,0.368)
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where

by — -Y - \/Y22+ AX+R) _ —(e0te1) —2 VBT 22051 | con006654.
For the second collision eg : 73 — %
The collision point is (X,Y) = (¢3,0) = <i, 0).

Before collision

1 2
(L>u7Gag)?: = <17_g7_2>7r/2> ) (L,U, Gag)Z = (17020273a \/5/2,—31'(313&11 {) )
vy = (—\/3, —2) , up = (1,2[2) .

After collision

1 1 V2 V6
3737 27 2 2 |

1
(L,U,G,g); = (’73[-3_’_>’ (L,u,G,g)I = <\/§a_0'4581572,ar(3tan

—(1,-2), of = (—J§,2\f2).

B.3. Control the shape of the ellipse. As it was mentioned before Lemma 2.1
was stated by Gerver in [G2]. There is a detailed proof of part (a) of our Lemma
2.1 in [G2]. However since no details of the proof of part (b) were given in [G2] we
go other main steps here for the reader’s convenience even though computations are
quite straightforward.

Proof of Lemma 2.1. Recall that Gerver’s map depends on a free parameter e4 (or
equivalently G4). In the computations below however it is more convenient to use
the polar angle 1 of the intersection point as the free parameter. It is easy to see that
as (G4 changes from large negative to large positive value the point of intersection
covers the whole orbit of (3 so it can be used as the free parameter. Our goal is to
show that by changing the angles ¥, and o of the first and second collision we can
prescribe the values of €3 and g3 arbitrarily. Due to the Implicit Function Theorem
it suffices to show that

% 05
81@ oy
by Oy
To this end we use the following set of equations
(B.1) GT +Gf =G5 + Gy,
e:{ + 3
(B.2) G cos(y + g5 ) + a cos(p — gy ) = g cos(¢) + g3 ) + a cos(v — g5 ),
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(B.3) @5  __ (G)
1—efsin(+g5) 1—e5sin(y+g;)
(B.4) (G§)? _ (Gi)?
: 1—efsin(¢+g5) 1—efsin(g—gf)
G+
B.5 { = arctan —.
(B.5) g4 = arctan 7

Here e3,e4 and L4 are functions of the other variables according to the formulas of
Appendix A.

(B.1)-(B.5) are obtained as follows. (B.1) is the angular momentum conservation,
(B.3) means that the position of Q3 does not change during the collision, (B.4)
means that Q3 and ()4 are at the same point immediately after the collision and
(B.5) says that after the collision the outgoing asymptote of Q4 is horizontal.

It remains to derive (B.2). Represent the position vector as ¥ = ré,. Then the
velocity is 7 = 7€, + r¢é,. The momentum conservation gives

(7)™ + (7)™ = ()" + (7)™
Taking the angular component of the velocity we get
(B.6) ry by gy = ridd o
G2
1—esin(y+g)

Differentiating this equation we obtain the following relation for the radial compo-
nent of the Kepler motion

7= ¢” ecos(y + g) = ie cos(v) + )E =< cos(¢ + g)
(1 —esin(¥ + g))2 D=2 V2= a 9
Plugging this into (B.6) we obtain (B.2).
We can write (B.1)—(B.5) in the form

In our notation the polar representation of the ellipse takes form r =

F(Z~,Z,ZT)=0

where Z~ = (E;,G3,95,%), Zt = (Ef,G§,94,GJ,g]), and 7 = (Gy,g,) are
considered as functions Z .

By the Implicit Function Theorem we have

0zt _ _(OF N[ OF OF 97
0z=  \oz+ 0Z= 9207z~ )"
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07
Thus to complete the computation we need to know 7 In order to compute this

expression we use the equations

o
(B.7) g; = —arctan —+
Ly

which means that the incoming asymptote of ()4 is horizontal and
@) (G
1—egsin(g+g5) 1—e;sin(y—g;)
which means that ()3 and Q4 are at the same place immediately before the collision.
Writing these equations as I[(Z7, Z) = 0 we get by the Implicit Function Theorem

0Z  (o1\' Al
oz-  \oz) 0z~

so that the required derivative equals to

(B.9) 0z+  (OF \7'( OF OF (oI\™" al
' 0Z-  \oz+ 0Z- o9z \oz) 0z
Combining (B.9) with the formula
 2G3B3dG3 + G3dE;
V1 —2G3E;3
which follows from the relation e3 = /1 — 2G§E3 we obtain the two entries

0eé g

58 _0.158494 and =% = 0.369599.

0o 0o
The meanings of these two entries are the changes of the eccentricity and argument
of periapsis after the second collision if we vary the phase of the second collision.

0é ag
We need more work to figure out the two entries ﬁ and %, which are the
1 1

changes of the eccentricity and argument of periapsis after the second collision if we
vary the phase of the first collision. We describe the computation of the first entry,

the second one is similar. We use the relation
Oes B Oes 8E§ Oes 8@; Oes ag;f
oy OES o OGE 91 9gf vy
o (aE; oGt og;
Opy Oy’ Oy

Noticing that the quantities Fs3,G3, g3 after the first collision are the same as those
Oes 0Oesz Oes ) b Oes 0Oesz Oes
OES 0GY’ dgs OE; 0Gy 075

(B.8)

deg =

) is computed using (B.9) and the data for the first collision.

before the second collision, we replace (
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and compute it using (B.9) and the data for the second collision. It turns out that
the resulting matrix is

Oes 07s3
o1 ovr | _ [ 0.620725 29253
des  dgs | | —0.158494 0 ’
OYy O
which is obviously nondegenerate. 0
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