AN ERROR TERM IN THE CENTRAL LIMIT
THEOREM FOR SUMS OF DISCRETE RANDOM
VARIABLES.

DMITRY DOLGOPYAT AND KASUN FERNANDO

ABSTRACT. We consider sums of independent identically distributed
random variables those distributions have d + 1 atoms. Such dis-
tributions never admit an Edgeworth expansion of order d but we
show that for almost all parameters the Edgeworth expansion of
order d — 1 is valid and the error of the order d — 1 Edgeworth
expansion is typically of order n~ %2,

1. INTRODUCTION.

Let X a random variable with zero mean and variance o2. Let S,, =

Z X, where X; are independent identically distributed and have the
j=1

same distribution as X. The Central Limit Theorem says that for
each z

Sh
. A
i P (2 <) =i

where

N(z) = /_ " a(y)dy and n(y) = \/1276—@/2/2.

A classical problem in probability theory is computing higher order

n

< z |. In particular, the order r Edgeworth
o\v/n

series of S, is an expression of the form

approximations to P (

E(2) =N(2) +n(z) Y (z)

k2
k=1
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there P, are polynomials such that the characteristic function ¢(t) =
E(e"™*) and the Fourier transform &, of &, satisfy

o(5) —Ew=ole).

In particular
E(X?)

E1(z) =N(z) + n(z)603\/ﬁ(1 — 22,
£x(2) = )+ n(e) [EE 0 -2y + B0 0
E(X3)2

~ o (152 — 102° 4 2°)
no

We say that S,, admits an order r Edgeworth expansion if for all z

(1.1) r}Lrgonr/Q [IP (j’/"‘ﬁ < z> — Er(z)} = 0.

It is known [6] that S,, admits an order 1 Edgeworth expansion if and
only if X is non-lattice. The problem of higher order expansion is
more complicated. For example, a sufficient condition for S, to admit
the order r Edgeworth expansion is that E(|X|""?) < oo and X has a
density. But this condition is far from necessary. We refer the reader
to [7, Chapter XVI] for discussion of these and related results. We also
note that [1] discusses a weak Edgeworth expansion where the the LHS
of (1.1) is convolved with smooth compactly supported functions.

In this paper we consider a case which is opposite to X having a den-
sity, namely we suppose that X has a discrete distribution with d + 1
atoms where d > 2. d = 2 is the simplest non-trivial case since the
distributions with two atoms are lattice and as a result they do not
admit even the first order Edgeworth expansion.

Thus we suppose that X takes values aq,...,a4,1 with probabilities
D1, - -, Par1 respectively. Since X should have zero mean we suppose
that our 2(d 4+ 1)—tuple (a, p) belongs to the set

Q={p;i>0, pr+-+pay1 =1, piag+---+par1as+1 = 0}.

It is easy to see that S,, never admits the order d Edgeworth expansion.
Indeed

n! m m
— 1 d+1
(12)  Pap(Su<a)= 3 —— g
>0, 3 my=n mia:...Mg+1!
> mia;<z
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Applying the Local Central Limit Theorem to the time homogeneous
Z%random walk which jumps to e; from the origin 0 with probability
p; for i = 1,...,d and stays at 0 with probability ps.1 we conclude

that if
> miai=nY_ api+O(Vn)
then |
n! " m

m1! ce Mgyt
is uniformly bounded from below. Accordingly P, ,(S,, < z) has jumps

of order n=%2. On the other hand &£(z) is a smooth function of z. So,
it can not approximate both P, (S, < z —0) and P, (S, < z+0) at
the points of jumps.

In this paper we show that for typical (a,p) the order d Edgeworth
expansion just barely fails. We present two results in this direction.
For the first result let

bj:aj—al, fOI'j:2d+1

Set

d(s) = dist(b;s,27Z).
(s) je{rzr,l..E.Lc}lgrl} ist(b;s, 2rZ)

We say that a is S-Diophantine if there is a constant K such that for
|s| > 1

K
d(s) > —.

It is easy to see ([10, 14]) that almost all a is S-Diophantine provided
that 8 > (d— 1)L,

Theorem 1. If a is 3-Diophantine and

(1.3) 2(3-%),@<1

then
: Sn
nh_)n;() nft [Pa,p (m < z) — Sdl(z)] =0.

Thus for almost every a the order (d—1) Edgeworth expansion approx-
Sp,

o\/n
Note that Theorem 1 applies for all §s, in particular for #s which are

much larger than (d — 1)~*. However if 3 is large, then the statement
of the theorem can simplified. Namely, let r be the integer such that

imates the distribution of

with error O(n°~%?) for any .
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1
r < 2R < r+ 1. (Note that (1.3) can be rewritten as 2R < 3 + 1 so

1 1
provided that 2R is suffciently close to B + 1 we can take r = <E> +1

where (s) denotes the largest integer which is strictly smaller than s.)
Then,

Pap <US—”\/E < z> =&1(2)+ 0O (niR)
=&(2)+ 0O <nl—R) + O (Ea1(2) = &(2)) .

> R the first term dominates the second and we obtain

Since _
the following result.

Corollary 1.1.

S,
. R n . .
nh_)n;(jn {Pa,p (a\/ﬁ < z) &(Z)} =0

1 1
provided that a is $-Diophantine, r = 1+ <E> ,andr < 2R < B + 1.

Theorem 1 shows that for almost every a and for r € {1,...,d—1}, the
order r Edgeworth expansion is valid. Our next results show that

S
1.4 P, —=<z|-&
(1.4) p(En <) -
is typically of order O(n~%2) but the O(n~%?) terms has wild oscilla-
tions. To formulate this result precisely we suppose that our 2(d + 1)-
tuple is chosen at random according to an absolutely continuous dis-
tribution P on Q. Thus (1.4) becomes a random variable.

Theorem 2. There exists a smooth function A(a, p) such that for each
z the random variable

d/2
22/2 n

A(a, p) [gd<z) ~Fap (f—”\/ﬁ < z)}

converges in law to a non-trivial random variable X .

More precisely we have

|aar1 — a4
1.5 Aa,p) =
(15) BP) = T A D) oap)
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where D, p, is a (d—1) x (d—1) matrix defined by equations (5.10)—(5.11)
of Section 5, o(a, p) denotes the standard deviation of the distribution
of the random variable taking value a; with probability p; and X is
defined as follows. Let M be the space of pairs (£, x) where L is a
unimodular lattice in R? and y is a homeomorphism x : £ — T. In
the formulas below we identify T with segment [0,1) equipped with
addition modulo one. Given a vector w € R? we denote by y(w) its
first coordinate and by x(w) its last d — 1 coordinates.

Lemma 1.2. For almost every pair (L,x) € M with respect to the
Haar measure the following limit exists

1L6) XL =1lm > SI2TX(W)) x|
7 ooy wise YW

In order to simplify the notation we will abbreviate expressions such
as (1.6) by

(17) XLy = Y

weL\{0}

sin(2mx(w))

—Ix(w)
e
y(w

I

The Haar measure on M can be defined in two equivalent ways. First,
note that x is of the form y(w) = X" for some linear functional
X € (RY)*. SLy(R) acts on R? @ (RY)* by the formula

A(w, X) = (Aw, XA™).
Observe that if A(w,x) = (W, x) then

(1.8) X(w) = w(x).
The above action of SL4(R) induces the following action of SLg(R) x
(RY)* on M

(A, X)(L,x) = (AL, e (x 0 ATH)).
This action is transitive because SL4(R) acts transitively on unimod-
ular lattices and (R%)* acts transitively on characters. This allows to
identify M with (SLq(R) x R%)/(SLy4(Z) x Z*) and so M inherits the
Haar measure from SL4(R) x RY.

The second way to define the Haar measure is to note that the space
M of unimodular lattices is naturally identified with SL4(R)/SL4(Z)
and so it inherits the Haar measure from SLg(R). Next for a fixed £
the set of homeomorphisms y : £ — T is a d dimensional torus so it
comes with its own Haar measure. Now if we want to compute the
average of a function ®(L,y) with respect to the Haar measure then



6 DMITRY DOLGOPYAT AND KASUN FERNANDO

we can first compute its average ®(£) in each fiber and then integrate
the result with respect to the Haar measure on the space of lattices.
In the proof of Lemma 1.2 given in Section 9 the averaging inside a
fiber will be denoted by E,, and the averaging with respect to the Haar
measure on the space of lattices will be denoted by E.

If we assume that the pair (£, x) is distributed according to the Haar
measure on M then X becomes a random variable. This is the variable
mentioned in Theorem 2.

Note that the distribution of X depends neither on P nor on z.

Using the second representation of the Haar measure we can also de-
scribe X as follows. Let wq, ..., w, be the shortest spanning set of L.
That is wy is the shortest non zero vector in £ and, for j > 1, w; is the
shortest vector which is linearly independent of wy,...,w;_;. Given
m = (mq,...,mg) € Z% let (y,x)(m), y € R and x € R*™", denote the
point

(19) MW, + -+ + MgWy € L.

Let §; = x(w;). Then 6; are uniformly distributed on T and indepen-

dent of each other. Set #(m) = mi60; + - -+ + myfy. Now X can be
rewritten as

; y(m
mez4\ {0}
where £ is uniformly distributed on the space of lattices, (y,x)(m)

is defined by (1.9), and (6y,...6,) is uniformly distributed on T and
independent of L.

Theorems 1 and 2 have analogues in case we are interested in probabil-
ity that S,, belongs to a finite interval. In particular our results have
applications to the Local Limit Theorem.

Theorem 3. Let z1(n) and z3(n) be two uniformly bounded sequences
such that |z1(n) — zo(n)|n%? — co. Then the random vector

a/2 ) S, 2 S,
(1'11) A?a, ) (€Z‘/2 {511(21) —Pap (U - < Zl):| %2/ [5d(22) —Pap (m < Z2>:|>

converges in law to a random vector (X (L, x1), X (L, x2)) where X (L, x)
is defined by (1.7) and the triple (L, x1, x2) s uniformly distributed on
(SLg(R)/SL4(Z)) x T x T

Here and below the uniform distribution of (£, x1, x2) means that £
is uniformly distributed on the space of lattices and for a given lattice
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x1 and Yo are chosen independently and uniformly from the space of
characters.

Theorem 4. Let z1(n) < z2(n) be two uniformly bounded sequences
such that l,, = z2(n) — z1(n) — 0.

(a) If I, > Cn== %2 for some € > 0 then

Sn
ovn

lnn(zl)

P&p (21 <

<ZQ)
—1

almost surely.
(b) If 1,n¥* — oo then

Pa7p (21 < Sy

U\/E<Z2)

lnﬂ(Zl)

=1

(here and below “=" denotes the convergence in law).

_ clagy — aq
P, (Zl < Sn_ < ZQ)
24=3 74, /det(D, P ovn —1| =
27 (¢ ( ,p) lnn(zl) y
where

V(Lox,e)= ) sin(rlx(w) = y(w)]) = smEmx(w) -y

e
wezZd\ {0} y(w)

and L, x are as in Theorem 2.

The intuition behind this result is the following. Call y, J-plausible
if P(S, = y,) > 0n~%2  The discussion following (1.2) shows that
for each & there are about C(8)n?/? é-plausible values. Therefore, if
l, < n~%? then the interval [z,(n), z5(n)] would typically contain no
plausible values. Hence, we should not expect the LL'T to hold on that
scale. Theorem 4 shows that as soon as interval [z;(n), 22(n)] contains
many plausible values then Local Limit Theorem typically holds for
this interval.

Recall that

n!
. mi Mdq+1
Pop(Sh € [21, 22]) = § il m Pr - Paa
>0, 5 mi=n 1+ -Mgy1-
z1 <> mga; <z
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so in Theorem 4 we just count the number of visits of a random linear
form Z m;a; to a finite interval with weights given by multinomial co-
efficients. It is also interesting to consider counting with equal weight.
In this case the analogue of Theorem 4(c) is obtained in [11] while for
longer intervals only partial results are available, see [4, 8].

The layout of the paper is the following. Theorem 1 is proven in Sec-
tion 2. The proof is a minor modification of the arguments of [7, Chap-
ter XVI]. The bulk of the paper is devoted to the proof of Theorem 2.
In Section 3 we provide an equivalent formula for X'. This formula looks
more complicated than (1.7) but it is easier to identify with the limit
of the error term. Section 4 contains preliminary reductions. We show
that the density p on 2 could be assumed smooth and the integration
in the Fourier inversion formula could be restricted to a finite domain.
In Section 5 we show that main contribution to the error term comes
from resonances where characteristic function of .S, is close to 1 in ab-
solute value. The proof relies on several technical estimates which are
established in Section 6. In Section 7 we use dynamics on homogenuous
spaces in order to show that the contribution of resonances converges
to (1.7) completing the proof of Theorem 2. The proofs of Theorems 3
and 4 are similar to the proof of Theorem 2. The necessary modifica-
tions are explained in Section 8. Finally, Section 9 contains the proof
of Lemma 1.2.

2. EDGEWORTH EXPANSION UNDER DIOPHANTINE CONDITIONS.
Theorem 1 is a consequence of Theorem 5 below and the fact that in
our case there is a positive constant ¢ such that
(2.1) |p(s)] < 1 —cd(s)?.

(2.1) follows from inequality (5.8) proven in Section 5.

Theorem 5. If the distribution of X has d+ 2 moments and its char-
acteristic function satisfies

(2.2) 6(s)| <1 — 2=

|s[7

and R < g 1s such that

(2.3) (R — %) v <1



AN ERROR TERM IN THE CLT FOR DISCRETE RANDOM VARIABLES. 9

then

. Sh,
nh_)rrolo nft {Pa,p (J\/ﬁ < z) — 5d_1(z)] =0.

Theorem 5 follows easily from the estimates in [7, ChapterXVI] but we
provide the proof here for completeness.

Proof. Denoting

An(a,p) = Pus (0% < z) —Eu(2)

we get by [7, Chapter XVI] that for each T’

T A~
_ 1 [ovm |d"(s) — &, C
(2.4) Aap) <L [ |26 = Eialsovn)| o C
T J)__T_ S T
Choose T = Bn* with B = g Then, % = iR. Take a small 6 and
n

£
split RHS of (2.4) into two parts.

(2.5) % / i

6"(s) = Eaa(sovm)|

ds

9" (s) = Ea-1(s0v/n)

1
_|_ —
T Jo<|s|<BnB-1/2 /g

Again by [7, Chapter XVI|, we have that the first integral of (2.5)
gdfl(SO'\/ﬁ)

is O (n_d/ 2). Also, / ————~| ds has exponential decay as
|s|>6 s
n—oco. Put J={s: < |s| < Bn®1?/o}. Thus we only need to

approximate

(2.6) /J ¢’n£5) ds < % /J 167(s)| ds < % /J exp (=e n'=(-) as

where the last inequality is due to (2.2). By (2.3) the integral decay

faster than any power of n. Because R < — the contribution of |s| < §

is also under control. Hence, the result follows. O
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3. CHANGE OF VARIABLES.

Here we deduce Theorem 2 from:

Theorem 2* For each z the random variable

RCRNES)

converges in law to X where

(3.1)
R~ D D L

20(0 )V Ay YY)

a=(an,...,0q41), p = (P1,---,Par1) and (a,p) € Q are distributed
according to the density p and Dy, and o(a,p) are defined immediately
after (1.5).

In order to deduce Theorem 2 from Theorem 2* we need to show that
22/2 X

A(a, p)

1

sum in (3.1) as

e has the same distribution as X. To this end we rewrite the

1 sin(2mx (w)) —am[(/Dapx(w))1
3.2 e :
(32 (2m) " det(y/Dayp) w;,o y(w)/((2m)* det(/Day))

Let A be the linear map such that

Ay, x) = ((27r)d—1 Y 21/ Do X) .

det(Dqy) ’

Put (£, %) = A(L,x). Then, using (1.8), (3.2) can be rewritten as:

1 sin(2wX(W))€_||x( DI
(27)d-1 det(1/Da,) WZC: y(w)

Since det(A) = 1, the pair (£, ¥) is distributed according to the Haar
measure on M proving our formula for X.

Sections 4-7 are devoted to the proof of Theorem 2*. Note that simi-
larly to (1.10) we have

P o ez [Oan — 80 270(MM) _4r2(mm)” Dy px(m)
3
20(a,p)Vm mezi (0} y(m)
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The statements of Theorems 2 and 2* look similar, however, there is
an important distinction. Namely the proof of Theorem 2* is con-
structive. In the course of the proof given n, a and z we construct
a lattice L(a,n) and a character x(a, p,n, z) such that the expression
n_d/zx'%(a,p,ﬁ(a, n),x(a,p,n, z)) well-approximates the error in the
Edgeworth expansion. We believe that such a construction could be
made for more general distributions where the Edgeworth expansion
fails, and this will be a subject of a future investigation. So the differ-
ence between Theorems 2 and 2* is that in the first case we have only
an approximation in law while in the second case we are able to obtain
an approximation in probability.

4. CUT OFF.

4.1. Density. Here we show that it is enough to prove Theorem 2
under the assumption that P has smooth density supported on a sub-
set

Q.={(a,p)€Q:Vip; >k and Vi#jla;—a;| >k}

for some k > 0. Indeed suppose that the theorem is true for such
densities. Let p(a,p) the original density of P. Let ¢ be a bounded
continuous test function. Given e we can find a smooth density p(a, p)
supported on some (2, such that ||p — p||1 < e. In Section 7 we prove
that

(4.1) /gb(nd/2An)15dadp — // O(X(a,p, L,0))pdadpdu(L, )

Sn .
where A, = &i(z) — IP’( < z) and p is the Haar measure on
o\v/n

(SL4(R)/SL4(7Z)) x T%. Let py(a, p) be the smooth density supported
on €, corresponding to ¢ = m™'. Passing to subsequence, p,, — p
almost surely. Because [pno| < [|6[llpm| € L' and [pd| < [|]||p| € L
and [|@||[pm| — 1|#]||p| almost surely, Lebesgue Dominated Convergence
Theorem gives

42) [[o(¥@p.c.0)pdadpduc.6)
— // (X (a,p, L,0))pdadpdu(L,8).
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Combining (4.1) and (4.2) we have that,
(43) / o(n??A,)p dadp = / S(n2 A, ) dadp + O(m™ )
=% [[o(¥(a.p.2.6)p dadpdu(c.6) + O™ o]

mooe, / / 6(®(a,p. £,0))pdadp du(L,0).

4.2. Fourier transform. As in the previous section let

A, = Ey(2) — Fo(z) where Fy(z) = Pap (Uf/ﬁ < z) .

1 1- T
Denote by vr(z) = — - % and let V(s,T) = <1 — %) Lisj<r
m x =

be its Fourier transform. Using the approach of [7, Section XVI.3] we
let Ty = n?¥*5 and decompose
(4.4)

Ay = [Ea(2) = Ful2)] % vr, = [Fo — Foxvp,] (2) + [Ea = Ea v vn] (2).

To estimate the last term we split

(4.5) [Ea— Eaxvp] (2) = / [Ea(2) — Ea(z — )] vy (x)d

|lz|<1
+ /|x>1 [Ea(2) — E4(z — )| vy, (z)d.

Since vy is even the first integral in (4.5) equals to

/ & (y(z,2)) ,
& (z)xvp, (x)dx ————x" vy, (v)dx
| e+ [ (@

o<t 2
:/ ENy(z,2)) 1 — COSTQ:de _0 <i> ‘
lel<1 2 Ty Ty

Since both &; and cosine are bounded the second integral in (4.5) is

bounded by
d
C / el <
lwj>1 Loz 1o

Thus the last term in (4.4) is O (T ') . To estimate the second term
in (4.4) we split the integral in F,, x vy, into regions {|z| > 1/4/T3}
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and {|z| < 1/4/T2}. The contribution of {|z| > 1/4/T%} is bounded
by

dx C
et VT

c|
1y I

On the other hand

/ Fo(2) — Fo(z — 2)] Vi ()d = 0
|¢|<1/VT2

unless there is a point of increase of F,, inside [2 — 1/ Ty, z+1/+/ T2i| .
The probability that such a point exists is bounded by

(4.6)
Z Pap <m1a1 + o+ Mgp1aq41 € [Z —1/\/ Ty, z + 1/\/T2D )
m1+--~+md+1:n
Note that for each fixed (myq,...,mgy1) the random variable
miay + -+ Mg410d+1

has a bounded density with respect to the uniform distribution on the
segment of length O (\/m% +o m3+1> and so

1
Pmac.J)=0 (—)
[[ml|].7]

1

for any interval J. Hence each term in (4.6) is O ( = ) and so the
n 2

d 1
sum is O < n ) . Thus with probability 1 — O <—) we have that

n T2 7’L4

A, =02 +0 <T2_1/2> where

L | () —an)

App=— : V(t, Ty)e " dt
2 271— Ty 1t ( 2)6
T, A
1 ov/n . n - &
— e—zsza\/ﬁ ¢ (S) : d(sg\/ﬁ)v(87 n, TQ)dS :
2 J_ 1 18
o\/n
V(s,n,T)=1-— 80%/5 and ¢(s) is the characteristic function given

by
G(s) = pr1e™™ + -+ + paga ettt
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Let T, = K1n%? and define

T ~
1 ov/n . ’VL — 5
2m J_ T}g 18

Let Fn = Amg - An,l' Put

~ 1 ) n
r,=— eiszovn 9(s) (S) V(s,n,T3) ds.
2T Jisle[T /(o v/m) T/ (oy/m)] is

Then, we have I, = I, + O <e_ET12> due to the exponential decay
of (de.
The main result of Subsection 4.2 is the following.

Proposition 4.1.

~ C
< 7
(@.7) .
Proof.
I i ds; d
E(Fi) = //E (672(81+sz)za\/ﬁ¢n(51)¢”(82)V(81,n, TQ)V(SQ,TL, T2)> sillsi;

We split this integral into two parts.

(1) In the region where |s; + s3] < 1 we use Corollary 5.2 proven in
Section 5 to estimate the integral by

1
4.8 O ——E([¢"(s1)]) ds1 | .
4 (AIG[TM(U\/E),Tz/(U\/ﬁ)] sz )l )

The next result will be proven in Section 6.

Lemma 4.2. o
E([¢"(s1)]) < -

Plugging the estimate of Lemma 4.2 into (4.8) and integrating we see

~ 1
that the contribution of the first region to E(I'2) is O | —— | .
Ty nd/?

(2) Consider now the region where |s; 4+ s2| > 1. Denote
bay1 = Gg41 — a1, ..., by =az —ay.
Then
o(s) = €""1(s) where 1(s) = p1+pae’™ + o+ paiae .
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Denote v = (p1,...,Pa, b2, ...,bg). Then there exists a compactly sup-
ported density p = p(ai,rv) such that the contribution of the second
region is

, , dsy d
// </ e e (5 (5)V (51)V (52)p d”) o
[s1+s2|>1

S1 82
We are able to use a 2d-dimensional coordinate system because on (2

(4.9) pr+-+pipr =1, and piay + -+ pay1aq41 = 0.

To estimate this integral we integrate by parts with respect to a;. We
use that
. 1 d1* .
ezsnaldal — |:__:| detsna
isn da;
for some large k (for example we can take k = 2d + 1). The integra-

d\"* .
tion by parts amounts to applying (d_a1> to (e“z"‘/ﬁp[w(sl)w(sz)]">

which leads to the terms

{ (di) [eerssmzona] } { (%) m} { (di) [W(sl)w(sm}

where ki +ky+ks = k. (Note that both o and ¥ depend on a; implicitly
due to the second equation in (4.9)). Thus, the contribution of the
above term to the integral is bounded by

(51 + 52)" nik1/2+ks n dsy dss
C//Smmem/amm/am k ARG CD et

k
[s1+s2]21 (81+82) n 5152

Using Lemma 4.2 again we can estimate the above integral by

C

nk/2

C
Tlnk+d/2—k1/2—k3

it by >k—2

otherwise.

Thus the main contribution comes from k; = ko = 0, k3 = k proving
Proposition 4.1. U

Proposition 4.1 shows that the contribution from T',, to the L?limit of
n%2A,, can be made arbitrarily small by choosing K large. Also, on

|s| < Ty /o+/n we have

SO+/MN SO
V(Sa n, TQ) = (1 - T, ) 1‘3‘<T2/U\/ﬁ =1- n2d+%.
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Hence A, ; = A, + o(n™?%) where

An . 1 (b (S) — ?d(SU\/ﬁ) e—isza\/ﬁds

27 Js1<my jo v/ is

approximates well A, ; and hence, A,, too. Also, the error from this
approximation of n%2A,, converges to 0 in L?. Hence, we only need to
analyze n%?A,, for large n.

5. SIMPLIFYING THE ERROR.

Denote
2k
S =
o]
2
and let I} be the segment of length b " | centered at s;. Put Ky > K;.
d+1

Due to the results of the previous section it is sufficient to study
A= Y i
k| <K2v/n

where

-,Z-k _ L efiszo\/ﬁ ¢n<s) — gd(sg\/ﬁ) ds.
2m Jp, S

To = O(n~*Y/2) due to [7, Section XVI.2]. Next, E;(so/n) decays

exponentially with respect to n outside of Iy. So, its contribution to

Ty is negligible for k # 0. Accordingly,

. 1
A = Z Iy +0 (n(d+1)/2>
0<|k|<K+y/n

where
1 , g
Ty = — e—zsza\/ﬁ ¢ (8)
21 Jp, s

I]‘\S\STl/U\/ﬁ ds.
Introduce the following notation

5, = argmax |@(s)],  @(5) = rre’®t.
sely,

The following lemma is similar to the results of [2, Section 5.2].

Lemma 5.1. Suppose that

(5.1) e —100

v
S
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and
T
5.2 + 1.
( ) 0_\/5 ¢ k
Then
1 i 2 ; o
T — Tk —2%/2 ingp—ispzo\/n 1 . 1)),
FS e s © (1+0n-0c(1))
Proof. Let ¢™% = ¢/(@+5i(k)  Then
d+1
53 re= 3"y cos(3;(k)
j=1

and

d+1
(5.4) S pysin(B;(k)) = 0.

j=1
. L Clnn
Since (5.1) implies that r, > 1 — , (5.3) shows that |3;(k)| <

n
1
1/ 2 and so (5.4) gives
n

d+1 1113/2 n
(5.5) X;Z?jﬁj(k) =0 a2
‘]:
Now we use Taylor expansion

L X . 2 252
(5:6) €Tt = e (1 +if, (k) - @) (1 +1a;8 T)

) 3
d+1

A 252 3/2
o5 +0)= ™Y p; (cos(ﬁj(k‘)) = GJT) +0 (mng—/f - 53>

J=1

252 3/2
B i o ) In"“n N
(5.7) = e <1 5 ) +0 <—n3/2 +0 )

where we have used (5.5) as well as

pray + -+ Pap1agir =0, prai + - +Pd+1a3+1 ="
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Hence for large n, the main contribution to Z; equals to

n 252\ "
Tk ei(nqbk,—\/?wzsk)/ <1 o o0 ) e—iazé\/ﬁdé‘

27Ti§k 2
Z’r.ki ei(nqbk—\/ﬁazsk)/6—0252n/2—i05\/ﬁzd5‘
2115y,

Making the change of variables 0dy/n/2 =t we evaluate the last inte-

2/me /2

gral as ———— U

v

Corollary 5.2. If I is a finite interval of order 1. Then

1
/] |¢n(8>|]1|s|§T1/cf\/ﬁ ds =0 (%) .

Proof. We can cover I by a finite number of intervals I. The intervals

I
where 7, < —- contribute O (%) while the contribution of the
n n
1 1
intervals where r, > —o5 18 O (—) due to Lemma 5.1. [l
n vn

d+1

Because rp =~ 1, r, = |[(5k)| = ’pl + ijeibfg’f R~ ij. Therefore,
=2

27Tk?bj

d+1
2 < j < d and hence, ¢(sx) =~ 1 which means s; and S, are close.
27T]€bj

li%blﬂ
i 27l;, ~ 0. Then,

a;5; ~ a15; mod 2 for all 7 > 2. Thus, ~ 0 (mod 2m) for all

Define, &, = 5, — sk, ik = +2nl, g =1,...,d where [; is the

unique integer such that
d+1

(5.8)
d+1
ri=Y 042 Y pipj cos[(bi—b;) ki k—n; k] +2Das1p1 €08 bara
[T Aoyt

d
+2 ij]h cos(b;&r. + njx)-

=2
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Therefore
re=1- Z pips (0 = 0;)Ex + g — Mjk)® — paraprbi &i
1>5,j#1

d d
=Y pipi(bi& +njw)* + O (5}3 +) U?k) :
=2 =1
Taking 7, , = b; = 0 we can write the above as,

re=—=G> b —0;)* =25 > pipi(b— b)) (e — mjk)

I>j I>j
(L,7)#(d,1)
d
+1— Y (=) (g — k)’ + O <§}3 + angk) :
=1

1>]
(L,3)#(d,1)

Since we have 77 approximated by a quadratic polynomial of &, (the
unknown) we can approximate & by determining the maximizer of
r2(&1), obtaining

> =i pipi(be—by) Mk — njk)

(1,5)#(d,1) )
5.9 _ - |
o . Zl>j plpj(bl — bj)2 + (H"7k| )

Substituting back we find r;, in terms of n; ; only. Ignoring higher order
terms we compute the maximum to be:

r=1— > (b =) (s — i)’

I1>j
(,5)#(d,1)
2
{Z(z )l;fd 1)plpj<bl = by) (ke = njvk)} d
+ - 7 + 0O 773
> pipi(br — b;)? (; Lk
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-1

Put R = Zplpj(bl —b;)?| . Then,
1>j
re=14 > pipi(b—by) (b — b)) R — 1] (e — i)
1>
L)AL
+ Z PPiPmPn(b1=5) (b =5 ) R(Mk—nj 1) Mo o= 10.1:) +O (Z 772])
I>jm>n I>j
l#m,j#n
(L,3),(m,n)#(d,1)
d
(5.10) =1-2 " Dyj(a,p)munis+O (Z 77?,]-) :
l,j=2 1>
Thus,
d
re=1=> Duj(a p)manis+O (Z ﬂij) = 1= Doy + O
l,j=2 1>j
where D,y is a (d — 1) x (d — 1) matrix with
(5.11) [Daplij = Di;(a,p)
and 0} = (M2ks - - -, Na). From this we have,

—22/2 R 3\ \n _
Ik — € (1 "71<;Da,p"7k+0(||"7k|| )) ezn(z)kfzskza\/ﬁ(l_i_o(l))'

13/ TN Sk

T
Let B(a, p) be the contribution of the boundary terms +—— & I,
o\/n
Lemma 5.3. o
E(B]) < i

Lemma 5.4. Let
Ik,l = Ik]1|k|an1/4||17kHE[ZZ,Q“”]‘
with o = [2(d — 1)]7. Then there is a constant ¢ such that

1 .
E Z Z Zx,| | = O (W2K exp(—c22K)> .

0<|k|<Knld-1)/2 I>K

Lemmas 5.3 and 5.4 will be proven in Section 6.

~

Next we prove a lemma that would allow us to further simplify A,,.
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Lemma 5.5. (a) 3, = sp + w'n, + O(||n||7) where w = w(a,p) is a
1 x (d—1) vector.

Inn
(b) If In|| = O (%) then ngy = nspar+npano g+ - - +npanar+o(1).

Proof. Since 55, — s = (; part (a) follows by (5.9).
Next, by (5.7)

n*?n
¢ = arg ¢(s) + O (53 + W)

Note that,

B(55) = €% (py + poe™k 4 -+ 4 paeE 4 pyi).
Thus,

p2sinmyp + -+ pgSinng >

arg(o(sk)) = sgay + tan <
( ( )) P1+P2CoSny gk + -+ PgCOSNgk + Pdt1

d

= siaq + Zpﬂ?l,k + O(an||3)
1=2

since the denominator in the first line is 1 + O(||n|[*). Now part (b)
follows easily. O

Now, we continue the analysis of the leading term in A,,. Pick a small
0 and define

A ={(a,p)| T, = 0 Vk,I s.t. |k| <on"Y/? and I < K}.
Then
A = {(a,p)| k| < 6n D2 ko0 |n, || < 25

Thus,
AC Cc2F \/_ K
P(A7) = Z k| @=Dap @1/ = 0O(véz?)
|| <Sn(d—1)/2
1
if « = ————. Hence, for very large K and 0 such that V52K is very

2(d—1)
k
small, we can approximate A,, by the sum of Z;,’s with § < % <K
n
and [k]*n'/*|m, || < 25



22 DMITRY DOLGOPYAT AND KASUN FERNANDO

k
We define the random vector X = y/nn, and Y, = i Then,
n
for large n, combining terms corresponding to k and —k we obtain the

following approximation to the distribution of A,

b 1]e /2 Z sin(ngy, — §kza\/ﬁ)€7XkTDa7pXk
nd/2o/x3 kES(n,6,K) Y
where S(n, 6, K) = {k > 010 < Yy < K, |Yi|*| Xs] < 2"}.
Define q = (ps, ..., pq).- Then, Lemma 5.5 shows that
Ny — spzov/n = sp(na; — zov/n) + nq’'n, — zov/nwn, + o(1)

d/2
———(Vna, — z0)Yy + (v/nq — zow)" X}, + o(1).
" Jban|

Therefore, for large n and K and ¢ such that V2K s very small, the
distribution of A,, is well approximated by

|bd+1\c sin (27‘"d/2 (vVnay — z0)Yy + (vVnq — zaw)TXk)

[bat1l

n¥20v/7 Yy

keS(n,0,K)

e_XIZ‘DELPXk .

A6, K) =

6. EXPECTATION OF CHARACTERISTIC FUNCTION.

Proof of Lemma 4.2. Recall that d(s) = Jax d(bjs,0) where the dis-
+

tance is computed on the torus R/(27Z). Formula (5.8) shows that
there are positive constants C', ¢ such that

1_ 10"s)]

C — e—cnd(s)? <C.

(6.1)

To prove the lemma we decompose E (e_c”d(5)2> into the pieces where
d(s)y/n is of order 2' for some | < (log,n)/2. Thus

(logyn)/2

E(¢n<8)) <CP (d( ) < —> +C Z \/_ c [21 21+1]) —c4!

C O (10g2 n /2 4[ _C4l C
= nd/2 + Z nd/2 nd/2

completing the proof. O
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Proof of Lemma 5.3. Let k be such that € I;. Then

T
o\/n

Ty /oy/n ) n
= / e‘”za\/ﬁ(ﬁ—@ ds.
m(2k—1)/|bs] §

T2k —1) Ty
bs| "oy

C Ti/ov/n
BT) < B ( [ o ds> .

Because T7 = Klnd/2 and s € {
Thus

} we have s ~ n(1/2,

m(2k—1)/|bs]

We claim that for all fixed by,

C
(6.2) / / e dsdby ... dby_q < 7

If this is true then using that p is a smooth compactly supported density
of by we have that,

Ti/ov/n Ti/ov/n
E(/ |¢" (s Ids) /// |0™(5)| ds dbg dbg_ . . . dby
m(2k—1)/|bs] 2k—1)/|bs]

Ti/ovn

<C/// e~ p(x) ds da dbg_y . .. dby
(2k—1)/|z|

<0/// —end)® dsdby_y . .. dby p(x) da

Thus

C
Similarly, if T 7y, then(6.3) holds. H E(|B|) < ¢
imilarly, i o € Iy, then(6.3) holds. Hence, E(|B|) < G

required. To prove (6.2) we decompose it into pieces where d(s)y/n is
of order 2. Taking p to be the product measure dsdby_; ... dby from
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(6.1) we have:

// g—cnd(s) dS dby_1 ... dby < Cu{(s, ba, ... ,bd71)|d<5) < 1/Tl}

(logy n)/2
+C > p{(s.bay . bay)[d(s)v/n € [2, 25 e
1=0
(loggm)/2 4
4 el < C
= nd/2 +C Z a2 nd/2
as required. O

Proof of Lemma 5.4. Because
ri = 1= ng Dapmy + O(llnel®) and [k[*n"[|my | € [2', 2]

we can write

4[
Ty = 1-— CW + O(n_3/4).
Accordingly
NG
ry < Ce [k,
Also
C2!
klen 1/4 c 2l 2l+1 :
Pk ] € [2,27) <~ l
Hence,
22w 22l /m
E<I ) Ce ‘k|2a 2l B 0216_ ‘k.|2a
MO VAR RIn@07 T R
Thus
c22K n
E(Z C2%e I
_E(T.) W

Therefore we need to estimate

_022K\/ﬁ
\k|20¢

C2Ke B
Z ‘k‘S/Qn(dJrl)M o

0<|k|<Kn(d=1)/2

1 22K p(d-1)/2 _ 22K ym

C T TR 2a
(64) W Z m Te [k| .

0<|k|<Kn(d=1)/2
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Split the sum over

9s+1 ’ s

for s € N. Then, for a fixed s we have

K71
e = 0 (— /ﬁ) ,

(6 5) |k| c |:Kn(d_1)/2 Kn(d_l)/2:|

27

so each term in the sum (6.4) is of order

9K +(3s/2) 622K+ﬁ
K321z P\ T i :

(d-1)/2

But the number of such terms is of order HT Hence, the sum
' . 9K +s/2 2K+ ‘

over k in (6.5) is O s OXP ) ) Summing over s

we obtain the result.

7. RELATION TO HOMOGENEOUS FLOWS.

Given u € R v € R consider the following function on space M of
unimodular lattices in R%:

(7.1) 2(L)= )

(y,x)eL\{0}

sin 27 (ul'x + vy) o—AmxT Do pix
)

Lis<y<ryolx|<2K}-

1
Define v = A Introduce the following matrices

(1~ _feTl@DE o
H‘y o (OT Id_1> ’ Gt n ( OT et[d,1 .
Then we get
5 b |efz2/2
apr, — Manle ™7 o0y
n n — Inn J,
2@ B, G)
where
nd/2
u=+nq— zow and v = ——(y/na; — 20)
D]

and q and w are defined at the end of Section 5. Let L(n,a) be the
unimodular lattice Z¢ Hy Gu . Let
2

w;(n,a) = (y;(n,a),x,;(n,a)), j=1,...,d
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withy; € Rand x; € R?! be the shortest spanning set of £. Put,
0;(n,(a,p)) = u’x;j(n,a) +vy;j(n,a), j=1,...,d.

Proposition 7.1. If (a,p) is distributed according to P then the dis-
tribution of the random vector

((a,p), L(n,a),0(n, (a, p)))

converges to P X u as n — oo, where p is the Haar measure on

[SLa(R)/SLa(Z)] x T°.

If we restrict our attention only to ((a,p),L(n,a)) then the result is
standard (see [12, Theorem 5.8|, as well as [5, 9, 13]). The proof in
the general case follows the approach of the proof of Proposition 5.1
in [3].

Proof. We need to show that for each bounded smooth test function f,

(7.2) /Qf((a,p),ﬁ(n,a),e)dPﬁ [ Hap).c.o)apacas

as n — oo. Write the Fourier series expansion of f:

(73) f((a,p).L(n,2),0)= > fil(ap).L(n.a)) ™
k=(k1,..., k‘d)EZd

Then, it is enough to prove (7.2) for individual terms in (7.3).

If k = 0 then by [12, Theorem 5.8] we can conclude that

/fo((a, p), L(n,a))dP — fol(a,p), L) dP dL dé.
Q QX MxTd

Now assume that k # 0. Since () is 2d dimensional, we can use
(P1y--.,Dd,a1,b2,...,bq) as local coordinates. In these coordinates £
is independent of a;. Hence, y;’s and x;’s are independent of a;. Put
v = (p1,...,Paba,...,bg). Then there exists a compactly supported
density p such that,

(7.4) Tnk = / fi((a,p), L(n,a)) 27" gp
= / fx((a,p), L(n,a)) exp 2mi (\/ﬁ Z quij)
{/ p(ay,v)exp 2mi <|bd+1| (Vna; — Zyj zaZk’ijxj> dal] dv.
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Note that,
/ Fel(@p), £(n, a)) 2040, d,dP dL = 0
TdxQx M

because
/ 2 0q0, 4, = 0.
'H‘d

Therefore, it is enough to prove that J,, x converges to 0 as n — oco. To
prove this we use integration by parts as follows. Put,

9 (d+1)/2 k
™ 2 Y; a1) — expi (n(d+1)/2¢(u)a1)
|ba+1

g(ar,v) = expi (

2
where ¢(v) = W’%j]’ and,

h(ar, v) = plar, ) exp [ (M tary kijxj) 2o(as, u)]

[ba+1]

Then, the inner integral in (7.4) is / g(ay,v)h(ay,v)da; . Let € > 0.
On the set Qx = {p(v) > €} we can write

1
ig(v)n(dtD/2

Integrating by parts on Q) (note that h) has compact support, and
using trivial bounds on @)y, we can conclude that

/exp (ialn(d“ Po(v))
e

1
< W/!h’(al,u)] da; + CP({p(v) <e})

for small enough . But h'(ai,v) = O(n¥?), hence the first term is
O(1/+/n). Therefore, first taking n — oo and then taking ¢ — 0 we
have the required result. 0

g(ar,v)day = ~dexp (iain! ™2 (v)).

| Jnx| < h'(a1,v)dai| + CP({o(v) < e})

Proposition 7.1 implies that as n — oo the distribution of n%2A,, (4, K)
converges to the distribution of

(75) e_Z2/2L_al|3 %e(rn)e—47r2xTDqux11{6<|
20(a,p)Vrd | T, Y(m)

y(m)| <K, |y(m)|*[[x(m)[|<2K}-

Next we let 6 — 0 and K — oo in such a way that V2K — 0. Then,
1{6<|y(m)\<K, ly(m) | |x(m)|<2K} — 1. Thus, (75) converges to X pI‘OViIlg
Theorem 2%*.
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8. FINITE INTERVALS.

The proofs of Theorems 3 and 4 are similar to the proof of Theorems
1 and 2 so we just explain the necessary changes leaving the details to
the readers.

Proof of Theorem 3. The random vector (1.11) can be approximated
by (20, 23)) where 2 are defined as in (7.1) with u and v replaced
by

(\/_al zi0)

respectively. Define 0% as in Proposition 7.1 but u and v replaced by
u® and v. To complete the proof we prove an analogue of Propo-
sition 7.1. Namely that ((a, p),E(n,a),O(l)(n, (a, p)),H(Z)(n, (a,p)))
converges to P x y' as n — oo where p’ is the Haar measure on
[SLy(R)/SLy(Z)] x T x T

= /nq — ziow and 00
\bd+1|

As in the proof of Proposition 7.1 we prove that for individual terms in
the Fourier series of a smooth function f on [SLq(R)/SLa(Z)] x T% x T*

ST fse((a,p), Ln,a)) 200G 00 0%,
(k1,ko)€Zd x 74

we have

Tt kg = / fi ko (8, ), L(n, a))e2mIki 0G0 -02)] gp
Q

L / frr 1 (2, p), £)e2m i 01412 01-62)] 4P (1 19, 46,
QX M xTdxTd

The case k; = ko = 0 follows from [12, Theorem 5.8]. Note that

2mnd/

1 2

kI8 — 0] = (25(n) — 21 (n ( T Zyﬂ% +) ke’ xj)

If k; = 0 choose appropriate local-coordinates in which ¢ is a coor-
dinate. Integrating by parts with respect to o = o(a,p) and using

|21(n) — 22(n)|n¥? — oo we see that J,x, — 0 as n — oc.

If k; # 0 then using local coordinates (a;,v) as in the proof of Propo-
sition 7.1 we can integrate by parts to conclude that J,x, k, — 0 as
n — oo. The same proof follows through because the leading term of
koW + kI (0Y — 0?) is still @V 2p(v)ay. O
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Proof of Theorem 4. To prove part (a) pick € < e. Applying Theorem 1
we obtain that for almost every (a, p)

S, s
Prap) (Zl < o/ < 22> = Ea1(22) — Ea1(z1) + O (n (d )/2)

=n(z1)ln + O(2) + O(l,/v/n) + O (n~ =972 |
According to the assumptions of part (a) the first term is much larger
than the remaining terms proving the result.

The proof of part (b) is similar except that we apply Theorem 3 instead
of Theorem 1 so we only get convergence in probability.

To prove part (c) we first prove the following analogue of Theorem 3
clagi — aq
ni/2g

gy (7 B = Pun (5 22 ) |- et —Pun (1 2 2]

converges in law to a random vector (X, X3)(L, 6, ¢) where

in case zo = 21 +

o o~ 42 ()
(X1, o) (L,0,¢) = Z (sin@(m),sin(@(m)—cy(m))).

meZd\ {0} y(m)

Once this convergence is established the proof of part (c¢) is the same
as the proof of part (b). The proof of convergence is similar to the
proof of Theorem 3 except that 8V and 6® are now not indepen-
dent. Namely using the same notation as in the proof of Theorem
3 we have that u® = u® 4 o(1), while v® = v — ¢ 4 o(1). Fol-
lowing the same argument as in the proof of Proposition 7.1 we ob-
tain that (£(n,a), 0" (n,a), [0 —0W](n,a)) converges as n — oo to
(£, 07, 9*) where (£, 0%) is distributed according to the Haar measure
on SLyg(R)/SLy(Z) x T¢ and @j = 07 — cy;. This justifies the formula
for (.)E'l, .)E'Q) O

9. CONVERGENCE OF X.

We need some background information. Given a piecewise smooth
function ¢ : R? — R of compact support its Siegel transform is a
function on the space of lattices defined by

S@L)= Y glw).

wel\{0}
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We need an identity of Rogers [11] saying that
.1 Be(S(e)) = | a(w)dw.
R

In particular, if B is a set in R? with piecewise smooth boundary not
containing 0 then

(9.2) PL(LNB#0) <P(S(1p)(£) 2 1) < E£(S(Lp)) = Vol(B).

sin(2my(w))

Proof of Lemma 1.2. Let LT = {w € L : y(w) > 0}. Since o0w)

is even it is enough to restrict the attention to w € L.

Throughout the proof we fix two numbers ¢ > 0,7 < 1 such that
e (l-7)< 1.

It is easy to see using (9.2) and Borel-Cantelli Lemma that for almost
C

every lattice £, there exists C' and § such that y(w) > Twl?' It follows
w

that

3 S 27X (W) - jwile < S Offw|PeiF
. o y(w) :
weLt: [lz(w)]|>]|wl weL
converges absolutely. Hence it suffices to establish the convergence of

X o= 3 sin 2mx(W) _jjwip
y(w

weLt: [|z(w)|[<[lw]|*<R*

Let R;) = 2k 4 o7 5 =0,...21" k. To prove the convergence of X
we will show that for all £ almost all y satisfy two estimates below

(9.3) V sequence {ji} A?RJ‘M converges as k — 00,

(9.4) max sup ’/\?R — 2?]-7;{ — 0 as k — oo.
J Rjk<R<Rj 1k

To prove (9.3) let
Sjk _ Z sin 27TX(W) 6_||WH2‘
7 | = | y(w)
weLt: |lz(w)l[<[[w]|*, Rjk<[[W||<Rji1k
Using that E, (sin(27(x(w)))) = 0 and for wy # £w, we have

E, (sin(2m(x(w1))) sin(2m(x(w2)))) = 0
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we see that E, (5;%) = 0 and

o—2lx(w)]2
weLt: [|z(w)||<[[wl|*, Ry e <I[WI|<Rj 41k
1
< s Card(w : [[a(w) | < [Iwl, Ry < W] < Ryi1)
(L)
< S Vol(w : [[2(w)l| < W[, Ry < [1wl] < Rys)

< C(£>2(7+E(d71)72)k‘
Hence by Chebyshev inequality for each j
PX (Sj,k > 2—(1—T)+E)k) < C(ﬁ)Q(&d—T)k
and so
PX (3] . Sj,k > 2—(1—T+5)k> < C(£)2(1+ad_2T)k.
Thus if € is sufficiently small and 7 is sufficiently close to 1 then Borel-
Cantelli Lemma shows that for almost every y, if k£ is large enough,

then for all j S;; < 27079 and thus ZSM < 27" proving (9.3).

J
Likewise,

sup |‘)2R — ')Ej,k}

R; x<R<Rji1 %
1 2
< o)l
. Z oyl
weLt: [la(w)l|<|[w]|*[[w||€[R) k, Rjt1,k]

< (L) M Vol(w : [o(w)]| < [IwllF, Bye < 1wl < Byer)

< C(L)2rtetd-D-1
proving (9.4). Lemma 1.2 is established. O
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