REGULARITY OF ABSOLUTELY CONTINUOUS INVARIANT
MEASURES FOR PIECEWISE EXPANDING UNIMODAL MAPS.

FABIAN CONTRERAS, DMITRY DOLGOPYAT

ABSTRACT. Let f : [0,1] — [0,1] be a piecewise expanding unimodal map of class C*+1,
with & > 1, and g = pdx the (unique) SRB measure associated to it. We study the
regularity of p. In particular, points N" where p is not differentiable has zero Hausdorff
dimension, but is uncountable if the critical orbit of f is dense. This improves on a work
of Szewc (1984). We also obtain results about higher order differentiability of p in the
sense of Whitney.
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1. INTRODUCTION

An important discovery of the 20th century mathematics is that many deterministic
systems exhibit stochastic behavior. The stochasticity is caused by exponential diver-
gence of nearby trajectories. This instability causes many important objects associated
to dynamical systems, such as attractors and invariant measures, to be fractal.

Piecewise expanding maps of the interval are among the simplest and most studied ex-
amples of chaotic systems. They admit absolutely continuous invariant measures (a.c.i.m)
[10] which enjoy exponential decay of correlations, the Central Limit Theorem for Holder

observables, and at least one of them is ergodic (see e.g. [1, 19]).
1
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In this paper, we consider a class of simplest piecewise expanding maps, so called
piecewise expanding unimodal maps (PEUMSs)" of the unit interval. PEUMs are piecewise
expanding maps with only two branches. We study regularity of the density of a.c.i.m
for PEUMs. A classical result of A. Lasota and J. Yorke [10] says that the density, which
we denote by p, is of bounded variation. Recall that a bounded variation function is
differentiable almost everywhere (See e.g., [6], Corollary 6.6). Therefore the set of non-
differentiability of p is a natural fractal set associated to our PEUM. Let us describe the
previous results about the differentiability. In the smooth case, R. Sacksteder [15] and K.
Krzyzewski [9] proved that when a map f is expanding of class C*, with k& > 1, then p is
of class C*~1. Later, B. Szewc [18] showed that if f is a piecewise expanding continuous
map of class C**! with finitely many critical points (those points where the derivative of
f is not defined), with £ > 1, then a density function will belong to the space

{¢ € BV[0,1] : ¢ € C* in [0,1]\ B},

where B is the union of the closures of the critical orbits. In this paper, we improve
on k = 1 case of the Szewc’s theorem for PEUMs by showing that the set where p is
differentiable is larger. Namely, we need to discard not all points in the closure of the
critical orbit, but only points which are approached by the critical orbits exponentially
fast. We also obtain a partial converse, by showing that if = is approached exponentially
fast by the critical orbit and the exponent is sufficiently large then p is not differentiable
at x.

We also show that a similar improvement is possible for £ > 1 if we consider smoothness
in the sense of Whitney, that is, we study the points where the density admits a Taylor
expansion of order k. (Of course Szewc’s result is optimal for classical smoothness since
the set where the density is not differentiable is dense in B). This leads to the question
of describing the Taylor coefficients of the density. Here we make use of the recent result
of V. Baladi [2] ? saying that the density p belongs to the set

BVy ={¢ € BV[0,1] : there exists v» € BV0,1] s.t. ¢’ =1 almost everywhere }.

In other words, the derivative of p coincides with a function of bounded variation almost
everywhere. Accordingly, we can differentiate that function almost everywhere and call
the result the second derivative of p. We then show that this procedure can be continued
recursively and that the resulting functions indeed provide the Taylor coefficients of p.

More precisely, the main results of our paper can be summarized as follows. Let f be
a PEUM such that both branches of f are C**!, with k& > 1.

Theorem 1.1. There is a sequence of functions po, p1, - .., pr € BV such that py = p and
for j <k, p}; = pjy1 almost everywhere.

Theorem 1.2. (A) The set of points where p is non differentiable has Hausdorff di-
Mension 2ero.

!The precise definition of PEUMs is given at the beginning of Section 2.

2Baladi was motivated by the question of regularity of invariant measure with respect to parameters
raised in the work of D. Ruelle [12, 13, 14]. Applications of Baladi’s result to Ruelle’s question are
described in [2, 3, 4]. Our results also have applications to the regularity question as will be detailed
elsewhere.
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(B) If the critical orbit is dense then the set of points where p is non differentiable is
uncountable.

(C) There is a set N such that HD(N') = 0 and p is k differentiable in the sense of
Whitney on [0,1] — N. That is, if T ¢ N then

o(x) — plz) = Z Pl 0y o (- 2)F).

Note that since [0, 1] — N is not closed, p in general can not be extended to a smooth
function on [0, 1].

Remark 1.3. The set N is typically much smaller than the set B used in [18]. Indeed, if
fi is a family of PEUMs satisfying a certain transversality condition then B(f;) contains
an interval for almost all t (see e.g. [16, 17]).

The paper is organized as follows:

In Section 2, we give the necessary definitions. In particular, we introduce a special
family of transfer operators used in the proof of Theorem 1.1. We then prove several
auxiliary facts of independent interest.

Section 3 starts with some explicit formulas for the first and second derivatives * of p
which are proven to belong to BV[0, 1]. Then we extend our analysis to repeated differ-
entiation of arbitrary order proving Theorem 1.1.

Section 4 begins with some results on the regularity of the saltus part of p. 4

Then we show that the regular part of p is not only continuous but also absolutely
continuous. In the remaining subsections we prove Theorem 1.2. That is we show that p
admits a Taylor expansion after we remove an exceptional set of zero Hausdorff dimension.

2. PRELIMINARIES

2.1. Piecewise Expanding Unimodal Maps. We work with mixing piecewise expand-
ing unimodal maps. f:[0,1] — [0, 1] is a piecewise expanding unimodal map (PEUM) if
there is a point c¢ called the critical point, a number £ > 0 and a constant A > 1 such that

) (o) = {fl(x) e

fo(x) ifx>c

where f; is a C? map defined on [0,c + €] and f; is a C? map defined on [c — ¢,1] such
that fi(c) = fa(c) and |Df;(x)| > A for all z from the domain of f;.

PEUMSs have unique a.c.i.m. [10] which is ergodic (see e.g. [19]). Let us denote by p
the density of the a.c.i.m. p is a function of bounded variation.

From now on, A will mean \ := ir;éf |Df(x)].

3The derivatives are understood in the sense of Theorem 1.1.
4The density p can be written as the sum of two functions, namely, the saltus part which is a sum of
pure jumps and the regular part which is continuous. Details are given in Section 4.



4 FABIAN CONTRERAS, DMITRY DOLGOPYAT

2.2. Auxiliary facts and Transfer Operators. Denote by £(z) = %fo((;)). In the argu-

ments of this section we will need to represent D(|D f™y|) as a sum. Namely we have

[Df™

DD = S

m—1
y'z@w )Py ad D(DF™y) = S &(Fu)DPy.
j=0

Both formulas are easy consequences of the chain rule.
We need to introduce a family of transfer operators acting on the space BV[0, 1] of

functions of bounded variation. BV[0,1] it is a Banach space with the norm || - ||py =
| - |loo + var(:), where || - || is the usual supremum norm and var(-) is the total variation
(cf. [6], page 116).
The first operator in our family is the Perron-Frobenius operator L(¢)(z) = Z | l;b](c?z) 1k
Y

fly)=z
More generally, we shall use the following transfer operators acting on BV[0, 1].

Definition 2.1. For ¢ € BV[0,1], if m > 1, define the operator L,,(¢) by

B o(y)
Lon(9)(z) = f%;x (D)™ DI

where m is a nonnegative integer.

Definition 2.2. Ifi,m € N and h is a real-valued function, define ®¢, (h) = L (h). Let
k, i1,...,1 and my > --- > my be positive integers. For functions hy, ..., hy, define
Divein g (hi, ..., hy) inductively by

D (b, i) = O (b D (B, ).

.....

Lemma 2.3. (sce [19, Lemma 3.8]) There exists C; > 0 and A\ > 1 such that for all
t,meN

1 - .
var . < ChAT™,
QDﬂw)— o
where if (D f*)™ is not defined at x, then it is taken to be equal to 5(limy .y (D f)™(y) +

lim, o (D) (y)).

We will use Lasota-Yorke inequlity (see e.g. [19, Proposition 3.9]) saying that there
exist constant Cy > 0 and v < 1 such that

var(L"h) < Cy [||h]leo + 7" var(h)] .

Since f is mixing, there is a constant # < 1 such that

e = | [ 1:1dz] o) + 00" ),

(see e.g.[1], Proposition 3.5, item 4). In particular, we have that ||£"(1)]|~ is bounded
above by a constant M, which does not depends on n. Then, we have the following:

Proposition 2.4.
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(@) D%ty (B oo < MEAT M (ATI2)™2 e (AT By [l | oo =< [ o[-

mi,ma,...,

(b) There are constants M > 0 and X\ > 1 such that if hy,...hy € BV then

D2t (B, hg) [y < MATH)™ (A=) (A7) By || gy [[he | By - - - [l By -

mi,ma,...,

Proof. (a) We use induction on k. For k = 1 we have

! h [172]] oo
125, () (@) = . o<
2 GBFGPRG < 2= BFGPIDFD)
< Il M||h]|o
L)oo € 2
< =121 o < =
Now, let us suppose the result is true for £k — 1. Then, we have
Dt (b ) (@) = L5, (ha Dt (hay s he)) ()]
hi(y) @25 (he,...,h . hy @20 (ha, .. hy) |
< (v) . Wgz k)(y)‘ SA"mznl ..... (12 k)l
= (Df( DREIR0] P D)
S AT D (hay e )l IL (Wl <0 MOT)™[Alloo[D525:705, (2 i) [|oo

..........

1932 (Bas oo < MFTHAT2)™2 o (A7) ™ Bl -+ [k

.....

the claim holds for ®}i2 = (hy, ... hg).

m,ma,...,

(b) We use induction agaln on k. Let us prove the statement hold for £ = 1. Note that

var (L, (h)) = var (ﬁ" ((D;li)m)) |

where if (D f#)™ is not defined at z, then it is taken to be equal to 3 (limy_,,4 (D f)™(y) +
limy .. (DF)"(y). i
A basic property of var(-) states that if h,h € BV[0, 1], then

(2) var(hh) = var(|h|) sup(h) + var (k) sup(h).

Combining (2), Lasota-Yorke inequality and Lemma 2.3 we obtain that there exist
constants Cy, C; > 0 and 0 < v < 1 such that
var(L; (h)) < Cy {7 Uar((Df’ m) H D) ]
< o[y D avar(®) + 5'var(IDF) ")l + |

(3) < OoX_imUCLT(h) + C()(Cl + 1)5\_lm||h||oo S CS\_imHhHB\/,

h
(Df)m™

|
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where C' = max{Cjp, Co(C; + 1)} and A = min{\, \;7;}. and the last inequlity uses that
var(:) < ||-llpy and || - [|oo < || - ||Bv. (3) along with part (a) implies that

I1£5 (B)llBv < MA™™ Al 5y,

where M = max{C, M*}.
Now, assume the statement holds for £ — 1. Then, under our assumption we have that

Dzt (hgy ..oy hy) < MGAT2T2 o X9 |y || gy - - || il B,

for some constant M;. Let us set D = Df%;;:ji’;nk (ha, ..., hy). Hence,

Uar(Df;f?,;i;:f’f,mk(h, hoy ..., ht)) var(L: (hD))

CAX""™(var(hiD) + || D||s)

CA(war ()| Dllse + [ llocvar(D) + [|P1]lo ]| D]l so)
CX (b llv]IPll v + [l Pl 5v)
207" (|h | sv [ Dl sv)-

Using our inductive hypothesis, we finally obtain

(VAN VAN VAN VAN

var(Dy e o (B hay o b)) <0 MR N By gy ([l y - ([l v
with M = 2C'M,. The above inequality along with part (a) proves part (b). O

If a series consisting of functions in BV[0, 1] converges to a function g, then the series
of the derivatives of each term does not always converge to the derivative of g. However,
assuming that the series of derivatives converges in L' we have the following result.

Lemma 2.5. If >}, gx — g in BV and >} _, g, — h in Ly then ¢ = h a.e.
Proof. Let € > 0. Then, there exists N > 0 such that, for all n > N,

lg =D gellsv < e
k=1

Since || ||z, < || fllsv for any function f € BV, then

lg' — ZQZHLI <llg— ng“BV <e
k=1 k=1

Therefore, Z g5, converges to ¢’ in Ly, hence ¢ = h as claimed. 0
k=1
Another simple but useful fact is the following.

Lemma 2.6. Let g(s,r) be a function from N x (NU{0}) to R. Suppose that the series

oo i—1 co i—1

ZZ lg(i — 7,7)| converges. Then, ZZg(z —4,J) = Z Zg(c, d)

i=1 j=0 i=1 j=0 e=1 d=0
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We leave the proof to the reader.

3. REPEATED DERIVATIVES OF THE DENSITY FUNCTION

3.1. Explicit formulas for the first and the second derivatives. Before analyzing
repeated derivatives of p of arbitrary order, we will start by giving explicit formulas for
P and p”.

Let us define

—Zﬁi(ﬁ-p)

Note that the series converges in BV by Proposition 2.4 since p and £ belong to BV|[0, 1].

Lemma 3.1. (a) Let p be the density of the invariant measure of f. Then, p' = p1 almost
everywhere.
(b) (L") (x) converges to pi(x) uniformly for x which are not on the orbit of c.

Proof. Since p is a fixed point of £, then p = L"(p) for all n. Because p is of bounded vari-
ation so is L"(p), hence both are differentiable almost everywhere. In fact, differentiating
both sides, we get p’ = (L™p)" almost everywhere. Next if h € BV then

h(y) - D(Df(y)))
Z Df(y ern< T 2 T DGR -

fr(y)==

Note that

= LR < AT (L (P]) (),

y
f;m D (y)IDf ()l

h(y) - D(IDf"(y)|)
Dy

converges to 0 in L' and almost everywhere. Thus we focus on Z
fr(y)=z
Assuming that y & {c, f(c),..., f"*(c)} for each y with f"y = = we have

n—1

h(y) - D(IDf(y)]) h(y) a
2 T DpGE 2 DreP (Q'D“”)O

fr(y)== fm(y)=

W) D" WIS ¢ pagonp o) — My) -~ W)
2 DpWE b 2 WPIW = D (5 & )

-1
fr(y)=x a=0

_hly) £(2) Ny
—Z 2 f" a() Z _[DFWI Z Z Dfre(z !Df" “(2)] Z: [Df )l

a=0 fr—a(z)=x a=0 fn=a(z

n—1

_ £(2> a 2) = — n—a a T
=2 2. prEgbpms e Zc (ech) ()

a=0 fr—a(z)=x

I
)
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o0

—Zﬁ EL"h)(z) =Y ai(n)
i=1
2

where a;(n) = (L (£L""h))Xi<n. Proposition 2.4.(a) shows that |a;(n)| < X IEL" "R o

Since the second factor is less or equal than M?||€]|so|| ]|, it follows that |a;(n)] < KA
where K does not depend on n or 7. Hence, applying Lebesgue’s dominated convergence
theorem (to integration with respect to the discrete measure) we can take the limit n — oo

term-by-term. Since
1
lim (£7h) (z) = < / h(z)dz) o(z)

both parts (a) and (b) follow. O

At this point, we could get ps by differentiating each term in (3.1). This is possible due
to Lemma 2.5.

Proposition 3.2. The funetion p1 s almost everywhere differentiable and

(4) o —3220 (££7(¢p)) +2Z£2 (£%0) = > L4(Ep)
=1

=1 j=1

In particular, there exists po € BV such that p) = pa almost everywhere.

Proof. By Lemma 3.1 p; = — Y o=, Li(€p) almost everywhere. Therefore by Lemma 2.5

pﬁ(m)z_i(mz_ﬂi@))mﬂ ) ;f;x(w |Df3( >|)/

almost everywhere. Decompose

( §Wpy) )': EWew) €W DF WIDS W)
DffwIDf(yIl/)  Df '

(
i(y)Pfi(y)L (Df*(y)*|Df (y)”

(1) (1)

[

Let us first work on (/). We have

- B & (y)Dyp(y) + £(y)p' (y) Dy
IDNUID D DF (y)Df (y)]

i=1 fiy=z =1 fly=z A
- o(y) §(y)r'(y)
B Zfz (sz IO fi(y)|Df"(y)|>
- Zﬁé(f’p%p’)(l’)

By Lemma 3.1

ZU &) ZZHQ (EL1(p)).

=1 j=1
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Therefore
(5) SN =D LiEp) =0 Ll Ep)).
i=1 fiy—=g i=1 i=1 j=1

Now, let us analyze (I1).

£y D(Df'y)|Df'y| + D(IDfy)(Df)(y)] i, N\2 i 12
Zfz 0 Zfz (DFy)ID Tl (DFYYIDFY

£()p(y) [Q\Dfiy\ Yioé (ij)ijy]

o EWpy)DfIyE(fy)
(Dfiy)?|D fiy[? )

-2 fzz (DFiyPIDfYy

Making the change of variable z = f7y, we obtain

oo i—1 DJ
zzﬂizzszﬁﬁf

Zlfy,y; ’Ll]Ofym

IR p(y)(Df7)(y)E(2) > - £)p(y)E(2)
N ZZZ_ (Dfi- az Dfﬂ)\sz iz|[Dfiy] ~ ZZZ (Dfi=32)2D fiy|D fi=32||D fiy]

oo i—1 oo i—1
=2 =2 Ly (eL)(
Y Y mre =P ijymf]m 2.2 Lo (ELH(E))
i=1 j=0 fi-Jz=z i=1 j=0
By Lemma 2.6

i—1

Y o> Ly ELi(En) = Z Z L (EL1(€p)).

i=1 7=0 i=1 7=0
Therefore
(6) Y o un ZZﬁ T(EL](€p)).
i=1 fiy—z i=1 j=

Combining (5) and (6), we finally obtain

Zﬁ €p) +ZZ£Z (££1(¢p)) +ZZ£J (££1(€p))

i=1 j=1 i=1 7=0

=322£2w5p +2Z£l§p Zﬁé(f’p)
i=1

i=1 j=1

almost everywhere as claimed. 0
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3.2. Higher order derivatives. Lemma 3.1 shows that p’ is in BV. Then we saw in
Proposition 3.2 that p| = p € BV. Here we show that these results can be extended to
repeated differentiation of arbitrary order. We start with the following general result.

Proposition 3.3. Letk, iq,...,1, andmy > --- > my be positive integers with iy, . .., i, >
1. Let hq,..., hy be BV functions whose derivatives are in L.

(a) The sum Z Dipotk  (hy, ..., hy) belongs to BV[0,1] and if n > 1, its

-----

k<iy+--+i<n
derivative is a finite sum of functions of the type® Z Q“ZE i (%1, . ,%E),
R<ii4-+ig<n
where k <k <k +1 ;1, e ,ZE > 1, my > --- > mg are positive integers and %1, .. hp e
{ha,... hg, By, R, EE )

(b) The multiseries
D> o (b, )

=1 ip=1
converges in BV and its derivative equals almost everywhere to a finite sum of functions
of the typez Z©m+1m2 hl,...,ﬁg), where k < k < k + 1, 71,...,% > 1,

my > - > mk are posztwe integers and
hy,... hg € {hi,. ., hi, by, b, &€}

Proof. The sum Z Dotk (ha,..., ki) is of bounded variation by Proposition
k<iy+tip<n
2.4. To prove the rest of part (a), we use induction on m. For m = 1, we need to compute

Z D(ﬁ’i(h)), so let us work on D(ﬁﬁ(h)). Then
i=1

i _ h(y) B My  hy)DDfylDfyl)
D(El(h))($>_ 2 D<Df"y!Dfiy|)_ 2 {Dfiy\Dfiy! (D fiy)?|D fiy|? }

fiy)=z fiy)==

Z { y)Dy  h(y)(D(Df'y)|Dfyl+ Dfin(\Dfiyl))}
Dfiy|D fiy| (Dfiy)?|Dfiyl?

_ Wly) @)D Y6 (@)D ()
(Df'y)ID Iy (DfyPIDfiyl?

fi(y)==

i—1

_ pi h(y)s(f* () D f (y))
G0 =20, 2. T Dfypry

5That is, the sums coincide at the points where both of them are defined.
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Let z = f7(y). Then

i B - y)Dfi(y))
D(El(h))($) - 22 Z sz IDflyI

J= Ofl(y
o hE(:)
= L) —QJZW% (D 327D 3:|(Dfig) D7y
- _2%;” UlEr EPIY O

_ gaym@_2§:£§%ﬂ3W»
Hence

Soo(£im) = Soee -2 Y3 L5 el n)

i=1 i=1 j=0
n n t—1
= Y Ly(W)(= —2251 ¢h) =233 £y (eLi(h)
=1 =1 j=1
— ic;(h’) —2252 (€h)—2 S Ll
1 2<i+j<n
1<4,1<3

Therefore, the derivative is a finite sum of terms as described in the statement.
Assume the statement is true for [ < m. Let us prove that it also holds for m. We are
interested in the derivative of

(7) > Disizik (b by, hy)

k+1<it+i1+-+ipr<n

with ¢ > 1,4, > 1,...,1; > 1. For this, note that

Z Dyt (hyhy, . Z L Z Qi (ha, ... b))

k+1<i4i1---ip<n k<ii+--+ig<n—1i

Thus, if we are interested in the derivative of (7), we need to analyze

n—=k
> D [ﬁin(h > D m»}
i=1

k<iy+-+ig<n—i
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where

(Dfiy)™| D fiy| ’

W) DB (. i) (y)D {(Dfiyfmwfw]
N (D fiy)>|D fiy[?

and ) means Zk§i1+~~+ik§n—i'
Let us first work on (I7). Note that

D [(Dfiwmwfiy@ — (D i)™ DD )| D iyl + (D" D(DSy)

m DY) o
(Dfy)

i—1
= m(Dfy)" Dyl Y EF YDy + (Dfy)" 25 Fy)Dfly
j=0

1—1
= m(Dfiy)"|Dfiy > _&(Fy)Dfy+ (Dfy)" ' |Df'yl Z E(fy)Dfy
7=0 3=0

i—1
= (m+ D)D" DY E(fy)Dfy.
j=0

n—k ——_

Then ZZ Z IT) equals

fly=z

S (m Dh(y) Dt (hy, . ) () (D)™ YD iyl S0 E(fy) Dy
ZZ 2 (Dfry)>m D fryl?

fiy=x

CEEASE - (4 Dhly) D, (o ) S DIy

.....

(sz )" DSy

Let z = f/y. Then ZZ Z (I1) equals

=1 fyz'
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ki—1 _—_

(Dfry)™ D fry

j=0 fry=z
i—1

— Zl Z Z (m+1)h( )911,7,z7,€ (hl’ahk)(y)f(ij)ijy

(Df=92)m D fraz|(D fry)m 1D fIy]

=1 7=0 fry=z
7

T (m + Dh(y) Dyt (- i) (9)€(2)
= (DFIz)m DD fry)m D fy]

—_

7

B Hii _ (m+ Dh(y) Dy, (b, he)(y)€(2) D fy

13

_ = £(2) (m+1)h(y )9”";;3? (hl,...
- L2 2 G 2

n—k i—1 _—_

i=1 j=0

n—k _——_

— (m+1) Zzﬁmﬂ E(hDw (hy, ... b)) (x) +

(m+1) > Zcmﬂgzﬂ (h @i (hy,... h)))(x) = A+ B.

1<it+j<n—k
1<i1<5

The last two terms can be rewritten as

A=(m+1) Y L€ DRt (b h)(@),

.....

1<itir+-+ip<n

B=(m+1) > Lh i (€ L, (R D, (b, b)) ().

k+2<it+j+i1+--+ir<n

Therefore Y7~ S fiy=e (L) is a sum of terms described in the statement.

Now, let us analyze (I). Note that Z;:lk > pig=s(I) equals to

kW) Dy (s b)) h(y)D[Z@ih};I?., (hh--‘,hk)(y)}

77777

g (DI |DF (D) [DF%]
_§ 5 MOE D e b)) M St - 00
2 & T (DD (DF )" IDFy
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h(y)>-D [@iﬁ;;:i?ﬁnk(hh ) (y)

Z (h’ > Dk (b, h@) (y)—g >

i=1 fiy=a

(Dfiy)™|Dfiyl

Using our inductive hypothesis, the derivative of ZQ“’ o (ha, ... hy) is the finite

=1

sum of terms of the type > 7~ . .5 .., @:;’fi’l m’; (hl, ce h%)' Hence, let us take
— k_

one of these terms and analyze the expression

i1+1 ZQ, . o ~
)©m1+1 P k7m~(h1, ..., h)(y) - Dy

Yoy oy (Df 41D

i=1 B+ +’L <n—i fly=z

21+112,, 7 7
I R Rt R )
sz )m+1‘Df2y|

( lk <gq1+-- +z~<n i fly==

n—k _
i 11+1,22,...,
= Z Z ‘Cm+1(h ©7;1+12m2, k, (h17 R hk))

=1 k<iy iz <n—i

=Y L ().
E+1<14i1+-+ip<n
Since we have a finite sums of terms as above, we obtained that our proposition also
holds for m. Therefore, part (a) is established by induction.
(b) Proposition 2.4 allows us to take the limit n — oo. Then the Condltlon E<i+
—Hk < n becomes k <y +- —Hk < oo and using the condition > 1,. i > 1 the
sum

DR T N T

121,05 21 k< i <n

converges to

o) o)
11.ey k 7 ~~
Z Z©m+1m2 ..... ﬁz(hd?"'uhk)
zl 1 zk_l
in L*°. Likewise the sum
1o
Z ©m+1,m2,“.,mk(h17 ceey hk)

121,021, k<ig+-+ip<n
converges to

oo 0o
i1ein
E T E ©m+1,m2,...,mk(h’17 R hk)

i1=1 =1

in BV. Therefore part (b) follows from part (a) and Lemma 2.5. O

Proposition 3.3(b) allows us to derive Theorem 1.1.
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Proof of Theorem 1.1. Let B, be the space of functions which are are C? away from c.

We proceed by induction. Cases 7 = 1 and j = 2 were already handled in Lemma 3.1
and Proposition 3.2 respectively. Assume the claim holds for j — 1 and moreover that
pj—1 is of the form

(8) pioi= Y > @Oy (b, by hy),

finite i1,...,is>1

where s > 1, j >mg > -+ >my, h, = fzp and hq, .. .,hs_l,fz are in Bj_j19. Let us prove
the same for j.
By Proposition 3.3(b), p; has the form

=Y Y @bt (e By ),

finite7. 11,...,2T21

where s <r <s+1and foreach 1 <[ <r, h€B= {h1,..., hs, By, .. R E E} Next
for the terms which contain k.. = (h’)p+ hp; we can use Lemma 3.1 to express p; in terms
of p the same way as we did in the proof of Proposition 3.2. It follows that p; is of the

form (8). Theorem 1.1 is thus proven by induction.
U

4. DIFFERENTIABILITY SET FOR THE DENSITY.
4.1. Saltus part. Any function of bounded variation ¢ can be decomposed as

¢:¢r+¢s

where ¢, is a continuous function, called the regular part, and ¢, is constant except at
discontinuities of ¢. ¢, is called the saltus part, it is discontinuous on a countable set (see
[11], page 14)

In fact, in the case of p, ps can be explicitly written as ([2])

= Z OéjHCj

Jj=1
where ¢; = fi(c), a; = hTm p(x) — him p(x) and H., is defined as
1 ife<g
9) He(z) =<3 ifz=g
0 ifte>g¢

Lemma 4.1. If ¢ is not periodic then

a; = £p(c)

Lo, ]
IDfi(c)l  [Df ()]’

where the expression takes the sign + (resp. the sign —) if f has a mazximum (resp.
minimum,) at c.
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Proof. We have
a; = lim p() — lim ().

ztc; zlc;

Using the fact that p is a fixed point of £ and Lip(z) = M we can see

= Dy
that p has a discontinuity at z = ¢;. In fact, among all the y's in the set {f7¢;}, the
discontinuity comes from y = ¢, therefore

Py) o PW)

im ~~ — — lim =

vte Dfiy)  wle Dfi(y)

Proposition 4.2. For k > 0, the element py of the sequence from Theorem 1.1 can be de-
composed as (pg)r+ (pr)s, where (pg), is a continuous function and (pg)s = Zle o H,,,

with H.; defined in (9) and ay; = liTm pr() — liim pr(x). Moreover there exists @ < 1 such
that oy ;| < K67

O!j:

Proof. The existence of decomposition follows from the fact that, due to Theorem 1.1,
pr € BV-function. We need to show that all discontinuities of pj lie on the critical orbit
and bound the size of discontinuity.

Let z be a discontinuity point of p; which is different from ¢; for ¢ = 1...j. Let
p = L(1). In the proof of Proposition 1.1 we saw that

Z Z 921727127 hl’,..,hsfl,p)

finite i,i2,...,is>1

= > > oyt (b henp)+ > > D (h e, p— ).

finite 1,i2,...,is>1 finite i,i2,...,is>1

Denote A(h) = lim,q, h(z) — lim,|, h(x). Then

(Z D Dl hla---,hs—l,p—p)>=0(9j)

finite i,ig,...,is>1

in view of Proposition 2.4 and the fact that p — 5 = O(¢?).

k v mp
Note that if i,49,...,is < 7 then ( L1 > and ( Ly ) are continuous at z for

r=2,...,8, 80

ZA( > o hl,...,hs_l,ﬁ)>:0.

finite 1482,y <J

Applying Proposition 2.4 again we see that

DD DR O S Be) B SR

finite max(i,ia,....is) > max(i,i2,...,is) >3]

and since the expression in the right side is O (j¥A\™7), we have
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ALY DY ot (e b p) | SO(PAT)

finite max(i,i2,...,is)>J

In particular if z is not on the critical orbit then Ap, = 0 and if 2 = ¢; then Apy, is
exponentially small in j as claimed. 0

4.2. Absolute continuity. As we mentioned before, the regular part of p is continuous.
In fact, it is absolutely continuous.

Theorem 4.3. The regular part of p is absolutely continuous. That is

prlen) = prlen) = [ o).

1

Proof. Let n > 1 and let xo,x; € [0,1]. Then

(10 (£(1) =) — (£7(1)) ()
- [Ty Y s,
Cjej[iﬁxg]

where A;(L£"(1)) = limgye, £7(1)(2) — limg, £(1)(x).
Asn — oo, (L"(1))(x) = p(x). Hence, A;(L"(1)) = Ajp. By Lemma 3.1 (£"(1)) —
p1 as n — 0o. Thus letting n — oo in (10) we get

o) —ple) = [ m@drt 3 A

1 cj€lx1,x2]

— /I2 p1(x)dx + ps(x2) — ps(z1)

1

Therefore p,.(z2) — pr(z1) = f;f p1(z)dz. O
Proposition 4.4. There exist constants K > 1, D > 1 and ¢ < 1 such that if & satisfies
(11) d(cj, T) > €,
for j <n and d(x,Z) < €, then

|p(x) = p(7)] < Ke+ D™,

Proof. Decompose

(12) p(z) = p(z) = (pr(x) — pr(T)) + (p(2)s — ps(T)).
Combining Theorem 4.3 with the fact that p’ = p; € BV[0, 1], we get
(13) Ior(2) — pr(3)] < Ke

Also, (11) implies
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(14) ps(w) = ps(@) = Y ;[ H,(x) — He,(2)].

ji>n

. Hence, we can bound (14) as

1
| <2l > 5

By Lemma 4.1 |o;| <

|ps() D) <) layl|H,

2|[plloo
N

CJ

jzn jzn

1 1 A 1

=== =2lplle [ 2= ) —

ol 32 3 = 2ol (527 ) 3

jz1
Taking D = 2Hp|]oo<ﬁ), ¢ = 3, we have
(15) |ps(x) = ps(T)] < D™

Combining (12), (13) and (15) we obtain the result. O

4.3. Differentiability points. Recall that since f is mixing, then there exists a constant
6 < 1 such that

crii= | [ ez ote) + 0 @l

Theorem 4.5. If 1 > 3 > max(#,1/\) and if T is a point such that d(Z,c;) > 37 for all
J > jo then py is differentiable at .

Proof. Let € > 0 and let x such that d(z,z) = e.
Let n be the maximal number such that

(16) ¢j ¢ [z;z] for all j < n.

Then € > (™, hence eA™ > " \" and en > gn.
By definition of 5, fA > 1 and > 1. Hence, f"\" — oo and nl — 00 as n —

0o. Therefore,

eEA" — o0
and
£ L
@n
as n — 0o.
By Theorem 1.1

pe() =Y Y Du (hay i p).

finite iy,...,ip=1
Let p = L£"(1). Since p = p + O(0"), Proposition 2.4 implies that we can write the
above expression as
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pe(x) =Y > D (b, e p)+ O (AT 6"
finite k<iy,..., i <n
1<iy,..., 1<

Therefore

(17) pr(x) — pi(T) =
S @it (A p) (@) — D (B T p) (@) O (AT 407

----------

Note that DL (h1,..., by, p) is differentiable in [z; 7] since hy ... hy are C! away

.....

from ¢ and (16) ensures that f~"[x, z] does not contain c.
Thus

Ot (b p) () = Do, (B, b, ) (2)

..........

(18) _ / ' <@“~;;f’f (i, B, ﬁ))l(s)ds

By Proposition 3.3

/ ~ ~ ~
( Z @;11171,7Z,k771k(h17 SR hka p)) = Z Z @%;Ji ..... k(hla R hn,an)a

1<y, 1<y,

where Ry, ..., hx € {h1,hay... i, by, R, €6 and 1y, € {p, p'}. Hence

(18) / > Z@?i’{lil.., (... hoi Tn) (5)ds

T finite7. i

.....

Decompose the last integral as

/ > Z D hl,...,ﬁkrn)(s)ds: Z;: D(hy, ..., o) (@) (z — T)+

T finite7 i

,,,,,

----------

+ / {@i;;;;’k ﬁg(%l,...,ﬁkrn)(s) — Dl %(ﬁl,...,ﬁkrn)@) ds

We now invoke Proposition 3.3 again which together with (16) implies that @m;"jr’l (hl, e

-----

is differentiable on [x; Z]. Moreover, by Proposition 2.4 its derivative is bounded by a con-
stant M. Hence the last integrand in the above formula is O(¢) and so the integral is
O(€?). Accordingly

(18 Z Z D(hy, ..., o) (Z) + O(E2).

’Eka Tn)
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Hence

iy MO i S5 5E S e e (4 ),

finite 1<41,...,1<n finite7. i1, k

As x approaches T, n goes to oo, hence T,, converges to p or p;. Thus,

}:iiral;pk(xT 3 Z 3 Z@hl,...,ﬁk,m@):pm@). O

finite i1,...,ix=1 finite7. i1, k
In particular, we have the following result which also follows from [18].

Corollary 4.6. If c is periodic of period p, then p differentiable except for a finite set of
points.

Proof. If  does not belong to the orbit of ¢ (which is a finite set) then we can pick any
B > max(6,1/)) and pick jo > 1 large enough so that d(z,c) > 37 for all j > j,, where
¢ = max{cy, ca,...,Cp}. O

4.4. Nondifferentiability set. As we saw in Proposition 4.5, if the critical orbit does
not approach a point x exponentially fast, then the density function p is differentiable at
x. In this subsection, we obtain a partial converse to this statement that is, if the critical
point does approach exponentially fast with sufficiently high exponent then we cannot
have differentiability.

Definition 4.7. For § < 1, define
N ={Z : d(c,,T) < B" for infinitely many n's}.
Proposition 4.8. HD(N3) = 0 where HD denotes the Hausdorff dimension.
Proof. Define U, as the ball centered at ¢, of radius 8". Given € > 0 let ng > 1 such that

pm < e. Then, {U,}n>n, is an e—cover of N.
Note that |U,| = 28". Hence, for any s > 0 we have that

AT AL fzﬁw

n>ng n>ng

Therefore HD(N3) = 0. O

Proposition 4.9. If {c,} is dense in some interval I C [0,1] then N3 is uncountable for
all < 1.

We have already mentioned in Remark 1.3 the closure of {c¢,} contains an interval for
a typical PEUM.

Proof. Define L,, = [¢,, — 5", ¢n + "]
Since {c,} is dense, there exists ¢,, such that L, is strictly contained in I. Set
Ml == Ln1
Now, again using the density of {c,}, there exist ¢, ,, € (¢, — 8™, ¢p,) and ¢, €
(¢nys €ny + B™) such that Ly, , and Ly, are strictly contained in (c,, — 8", ¢,,) and
(Cny — ™, ¢py ) respectively.  Set My = L UL

7(1,1) 7(1,2) "
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Continuing this procedure we inductively define M,, and set M = ﬂ M,,. M is a Cantor
n>1
set which is contained in M. Since M is uncountable, so is Np. O

Lemma 4.10. If
(19) Bmax|f(x)]) < 1
and T € Ny then p is non-differentiable at &

Proof. Suppose p is differentiable at Z. Since T € N, there exists a sequence n; d(Z, Cn;) <
B". Without loss of generality, assume T < ¢,;.
Let y; and y» be two arbitrary points such that

T <y <cpy <Yo <y + P

Since p is assumed to be differentiable at Z, we have that |p(y;) — p(Z)| < Mp" for
1 = 1,2 and hence

1p(y1) — p(y2)| < 2MB™.
Accordingly

pc ) |
(max | f'|)n — | J| y1ten; y2ken; lp(y2) = p(y1)l < s

where the first inequality follows from Lemma 4.1. For large j this inequality in incom-
patible with (19). Hence p can not be differentiable at . O

4.5. Whitney smoothness.

Proof of Theorem 1.2, part (C). The case k = 1 follows from Theorem 3.3.
Let k > 2 and pick 1 > 8 > max{\"k,0%}. Let T ¢ N, let € > 0 be very small.
Once again, let n be the maximal number such that ¢; ¢ [z;z] for all j < n.
Then, similar to the proof of Theorem 4.5,

(20) > A" and € > "
Since p = L™(1) + O(6™), for 0 < s < k — 1, Proposition 3.3 implies
Ps = Z Z D;}b’h’lfmj (hl,sa RN hfjfl,sa £n<1)) + O()\_n + en)
finite k<iy,...,ir<n

121,021

To simplify the notation, let

pan =D >, Dbl (b s £7(1)),

finite k<iy,...,ir<n
>1, i >1
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By definition of n and since f € C*™2 py 1, is C? in B(Z,¢) = {y : |y—Z| < ¢}. Hence,
if x € B(z,¢),

Pr-1(®) = pr1(Z) = pr-1a(®) = pro1a(Z) + O(AT" +0")
= / Pr1.2(y) dy + O(NT" +0")

- / @) = Pher n(@)dy + prorn(B) @ — 7) + O + 6

= O(&) + ph1(@) (@ — 7) + O(NT" +07).

By Proposition 3.3, pj,_; ,(Z) = pr(7) + O(A™" + 0"). Thus
pr-1(2) = pr1(T) = (@) (@ — 7) + O(e(AT" +0")) + O(A™" +0") + O(€?).
Inequalities (20) imply that
(21) pr1(@) = o1 (%) = pr(2) (= 2) + O(*T1) + O(*) + O(e?) = pi(7)(x — 7) + O(?).
Now, note that if z € B(z,¢), then

(22) Pr—2() = pr-2(T) = pr-2,n(2) = Pr-2,(Z) + OA™" +6")

_ / Pennly) dy+ O™+ 67).

By Proposition 3.3, pj_5,,(y) = pr-1(y) + O(A™" + 0"). Combining (22) with (21) and
using that "1 < ¥ < €3 we get
pes(o) = pa(o) = [ sy dy O™+ 67) + O™ +67)

= [ @+ )= 2) dy + () + O™ + 7))+ O +.7)

(z — x)

= (@)@ =) + pp(T) 5= + O(€).
Continuing this recursive argument we get
k—s—1 b
.I' B ZE) o s
o) (z i@ =) O
—s—j)!
for all s =0,...,k — 1. In particular, when s = 0, we have the desired result. 0

Parts (A) and (B) of Theorem 1.2 follows from Theorem 4.5, Proposition 4.9 and Lemma
4.10. Since part (C) was just proven, the proof of Theorem 1.2 is complete.
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