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Infinite measure renewal theorem and related results

Dmitry Dolgopyat and Péter Nandori

ABSTRACT

We present abstract conditions under which a special flow over a probability preserving map with
a non-integrable roof function is Krickeberg mixing. Our main condition is a version of the local
central limit theorem for the underlying map. We check our assumptions for iid random variables
(renewal theorem with infinite mean) and for suspensions over Pomeau-Manneville maps.

1. Introduction

Mixing plays a central role in studying statistical properties of transformations preserving a
probability measure. For transformations preserving an infinite measure, mixing is much less
understood. In fact, there are several different generalizations of mixing to infinite measure
setting [21]. One natural definition is to require that for a large collection of (nice) sets of
finite measure, the probability that the orbit is in this set at a given time ¢ is asymptotically
independent of the initial distribution. This type of mixing is sometimes called Krickeberg
mixing since it has been studied for Markov chains in [20] (other early works on this subject
include [13, 18, 29]). This notion of mixing is related to classical renewal theory ([14]) and to
limit distributions of ergodic sums of infinite measure preserving transformations [10]. Recently,
there was a considerable interest in studying mixing properties of hyperbolic transformations
preserving an infinite measure in both discrete and continuous time settings (see [2, 5, 15, 23,
24, 26, 27, 28, 31] and references wherein).

The goal of this note is to describe a method of deducing mixing for flows from local limit
results for the first return map to an appropriate section. This approach goes back to [14]
in the independent setting, and in dynamical setting it was pursued in [2, 8, 9]. The plan of
the paper is the following. In Section 2, we explain how to obtain mixing for flows from the
local limit theorem and appropriate large deviation bounds for a section. Section 3 contains
tools which are helpful in verifying the abstract conditions of Section 2 in specific examples.
In particular, in Theorem 3.3 we obtain sharp large deviation bounds for quasi-independent
random variables. The last two sections contain specific examples where our assumptions hold.
Section 4 is devoted to independent random variables. The results of this section are not new
but we included this example since it allows us to illustrate our approach in the simplest
possible setting. In particular, it is known since the work of Garcia-Lamperti ([14]) that in the
independent case the regular variation of the return time with index « is sufficient for mixing
if a > % but extra assumptions are needed if o < 1. We will present in Section 4 a simple

argument to verify our key assumptions (2.4), (2.5)2 for o > 1, and we will see that a more

delicate estimate (4.2) is required in the general case. In Section 5, we show how to verify our

assumptions for suspension flows over the Liverani-Saussol-Vaienti map studied in [22].
While there is a number of papers dealing with mixing of infinite measure preserving flows

(see the references at the beginning of the introduction), we use more elementary tools than
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most of the previous works. In particular, we pay a special attention to isolate the key geometric
(quasi-independence) and probabilistic (anticoncetration, exchangebility) ingredients needed in
our method. This could make our method useful also for studying more complicated systems.

2. Abstract setting

2.1. Results.

L(ht) )
)
A function R : RT — RT which can be represented in the form R(t) = t7£(¢) with £ slowly

Recall that a function £ : Rt — R is called slowly varying if for each h > 0, tlim

varying is called regularly varying of index ~y. Equivalently, for each h > 0, tlim W =h"7. We
— 00

refer the reader to [4] for a comprehensive discussion of regularly and slowly varying functions.
The properties of these functions needed in this paper will be recalled in a due time.

Let f: X — X be a map preserving a probability measure u. Let 7: X — [Tin, 00), where
Tmin > 0, be a function whose tail is regularly varying with index —a for some « € (0,1). That
is, we assume that there is a slowly varying function £(t) such that

pu(r >t) ~ Lt(at) (2.1)

In particular p(7) = oo. Consider the suspension flow of f under the roof function 7. Recall
that the phase space of the suspension flow is

Q={(z,s) 12 € X,s >0}/ ~, where (x,s + 7(z)) ~ (f(z),s) for any z € X and s > 0.

The suspension flow g; acts on Q by g:(z,s) = (x,s +t) (with a slight abuse of notation, we
write (z, s) instead of the equivalence class [(x, s)]. We also note that as T' is not assumed to be
invertible, g; is sometimes called semiflow in the literature.) Note that g; preserves the infinite
measure v defined by

dv(x,s) = du(x)ds.
Let 7 (z) = Zf:_ol 7(fi(x)). We are interested in the asymptotics of v(A N g_B) for suitable
sets A, B.

Before formulating our first main result we need some background information on regularly
varying functions. Applying [4, Theorem 1.5.12] to the regularly varying function ¢ — t*/L(t),
we find that there is a regularly varying function R(¢) of index é such that

tL(R(t))

A e - (22)

We say that two regularly varying functions R; and Ro are asymptotically equivalent if
lim Ral®)
totic equivalence. Furthermore, [4, Theorem 1.5.12] implies that R can be assumed to be
monotonically increasing.

Now we are ready to formulate our results.

= 1. Clearly, the function R satisfying (2.2) is uniquely defined up to asymp-

PRrROPOSITION 2.1. Suppose that there is an algebra X on X, a bounded continuous
probability density p on [0,00) and a constant ¢, such that for any A,B € X, for any € > 0
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and for any T compact subset of R,

lim  sup sup |R(k)u(z € A, ffz e B,mu(z) € [t —1,1]) —ep _t lu(A)u(B)| =0
k—o0 leT R(k)
R(k)
i<
€
(2.3)
Suppose furthermore that there are constants 31, B2, B3 such that
52+%<1, P+ faar+ f3 =1 (2.4)
and there is some C so that the for any | > 1 and for any k € Z,
(i € [t,t+1]) < Cl (2.5)
ey . .
#ATE < 1 = LB2 (6)1Pr kP RPs (k)
Then for any A,B C Q, A= A x [a1,az2], B = B X [by,bs] we have
Jim p(AN g B)LOP = e A)(B) (az — ar)(bx —by) = av(Aw(B).  (26)
where
oo
¢ = EaJ plz) dz. (2.7)
0o 2

REMARK 2.2. Let Q<p = {(z,s) € Q:s < M}. Assume that X is a topological space, X
generates the Borel o-algebra and every set in X has boundary of u-measure zero. Then one
can prove by standard argument (cf. [3]) that (2.6) is equivalent to

v(®W o g ) L(H)H ™ — év(P)v(T)

with either of the following two classes of functions:
— for any continuous functions ®, ¥ : Q — R supported on Q< for some M < oo;
— for any ® = 14, ¥ = 1, where A, B C Q< for some M < oo and v(0A) = v(9B) = 0.

Assumption (2.3) amounts to the non-lattice (mixing) local limit theorem. In fact, the non-
lattice assumption is not necessary for mixing of the flow. To clarify the situation, we need
some definitions.

DEFINITION 2.3. Let (Y, \,T) be a dynamical system. We say that an observable p : Y — R
is rational if there is a real number h and two measurable functions 1 : Y — 7Z,H:Y — R so
that

p=hp+bh—bhoT. (2.8)

A function, which is not rational, is called irrational.
We say that ¢ is periodic if there exist real numbers a,h and two measurable functions
v:Y —-7Z,5:Y — R so that

o=a+h)+bh—hoT. (2.9)

A function, which is not periodic, is called aperiodic.

A rational function is clearly periodic with a = 0. Conversely, suppose that (2.9) holds and
o is rational, that is a = Ph 1y this case, p = hy + h —hoT with ¢ = # and h = %, where

1 is integer valued and so ¢ is rational.
Thus we have three cases: ¢ can be either aperiodic, periodic irrational or rational.
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Proposition 2.1 addresses mixing in the case 7 is aperiodic. Next, we consider the simplest
case, i.e. when 7 is rational.

PRrROPOSITION 2.4. If 7 is rational, then g, is not mixing.

Proof. Assume that (2.8) holds for ¢ = 7. Note that § is defined up to an additive constant.
Let us choose this constant in such a way that u(A) >0, where A={zx € X :0<h(x) <
7(x)}. Next, we consider the set A = {(x,h(x)),x € A} C Q. For x € A, let ¢(x) = min{s > 0:
gs(z,h(x)) € A} (for almost every x € A, ¢(x) is finite by the Poincaré recurrence theorem).
Furthermore, let n(z) denote the number of times the orbit {g:(x, h(x)),t € (0,¢(x))} hits the
roof. Then we find that by (2.8),

n(z)—1 n(z)—1
<(2) = =b(@) + (/" D)+ Y0 (fi(2) = Y m(f(2)) € .
=0 =0

Thus with a sufficiently small € and A. = {(z,s5) € Q:x € A,|s — h(z)| < e}, we have that
A: Ng_1A. = 0 whenever t € hZ + h/2. This shows that g, is not mixing. O

It remains to address the periodic irrational case. This is done in Proposition 2.5 below.
Given a function h : X — R and numbers k € Z,,w;, € R, let Fi pw, : X = X x X xR be
defined by

Frpao + @ (@, fra,me(x) = b(x) +5(f*(2)) — wi).

PROPOSITION 2.5. Assume that X is a topological space. (2.6) remains valid for any A, B
with u(0A) = p(0B) = 0 if (2.3) is replaced by the following assumption
a
”There is a bounded and continuous function h : X — R and constants ¢, a, h such that — is

irrational and such that for any € > 0, for any C < oo, for any ¢ € C(X x X x R), compactly
supported in the last coordinate, we have

RUE) [ 9P )t = ptw) [ ol x i x )| =0

lim  sup sup
k—001y€[0,1/¢] wi €ak+hZ:|wy /R(k)—w|<C

(2.10)
where u is h times the counting measure on hZ.”

2.2. Proofs.
Proof of Proposition 2.1.

v(ANg_¢B) = J

ai

az

1 (w €A, ffze Bymp(z) + by <a+t < 7p(z)+ bg) da. (2.11)
k

The last condition can be rewritten as
T(x) € [t +a— by, t +a—by].
Define
N(t) = inf{s: R(s) >t} (2.12)
where R is defined by (2.2). [4, Theorem 1.5.12] implies that A/ (¢) is asymptotically equivalent
to t — ¢t*/L(t). Clearly N (¢) is monotonic.

Fix a small constant ¢ and decompose the sum (2.11) as I + I + Il where I includes the
terms with k < eN(t), I includes the terms with & > N(¢)/e and I comprises the remaining
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terms. By (2.5) and the Karamata Theorem ([4, §1.5.6])

Const “m® 1 Const (N (t))' 7 (2.13)
- ﬁﬁz tBl k52R53 - LBz( )tﬂ1 RBs (5N<t)) ’ ’
Since R is regularly varying we have (see [4, §1.5.7]) that
lim ZVE) _ (2.14)
t—00 t
Hence
REND)
t—00 t
Thus
NP2 (t)
1-B2—Ps/a
I < Conste e LB2 (t)t61+ﬂ3
Comparing (2.2) and (2.14) we obtain
lim ZONO (2.15)
t—o00 te
Therefore
cl—B2—Bs/a el—B2—Ps/c
I S ConStL(t)tﬂl+(ﬁ2*1)a+B3 = COnSt W (216)

and so I is negligible in the sense that we can make it as small as we wish by choosing a
sufficiently small e.
Next, by (2.3) and the Karamata Theorem

1 _1 N(@®)
I < Const Z —— < ConsteM/®)—1 7
L2 R RINTD)
Using (2.14) and (2.15) we see that
ta
I < Constet/@-1_t"
< Conste o)
which is also negligible.
On the other hand by (2.3) we have
(t)/e " 1
I ~¢lay — ba — b A)u(B — | = 2.17
“(az — a1)(b 1m(m(ﬁ§%j(mm>mm (217

By regular variation

1/«

so the sum in (2.17) is asymptotic to
N(t)/e

()

1/« /o
Let 2z, = (%) . Then z — zg41 ~ % Writing

<N]£t)> Ua) (ngt)> " ~ p(zr)olzr — zp1)k = ozj\/(t),o(zk)zk_7516+1

2
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we see that the sum in (2.17) is asymptotic to

aN (1) J( pe) .

t Ll(s) 2

(2.18)

where Ly () — 0 and La(e) — oo as e — 0. Combining the estimates for I, I, and Il and using
(2.15) to eliminate A/ (t) from (2.18) we obtain the result. O

Proof of Proposition 2.5. Let
Cla) ={(z,y,2) e X x X xR:z € Ajye B,z—h(z) +b(y) € [a — ba,a — b1]}
Then

az

V(AN g_,B) :J S (Fip)on(C(a)da

ar
We decompose this sum into I + I + I as before, and use the same estimates for I + II.
To revisit the computation of I, first observe that p(9A) = u(0B) =0 implies (u x p X

u)(0C(a)) = 0 and thus by approximating 1¢ with continuous functions, we find that (2.10)
implies

N(t)/e _ az
~ X w@ o () || 0 () (09— ko) € Clain

ai

Fixing some Q large positive integer and writing

N@tye (2= el Q-1

2 2.

k=eN(t) i=0 k=cto+iQ
we find that

_ t 1
e ; ’ <R(€N (t) + iQ)> R(eN(t) +iQ)
et (i+1)Q—1

Jaz é Z ('u X X U)({($7y7z) . (;p’y,z — ka) S O(a)})da

a1 k=et*+iQ

Since & is irrational, Weyl’s theorem implies that the integrand in the second line of the last

display is p(A)p(B)[b2 — b1](1 + 09— (1)), uniformly in a,t,e and i. Thus I is asymptotic to
a Riemann sum and the proof can be completed as in the case of Proposition 2.1. ]

REMARK 2.6. The conclusions of Propositions 2.1 and 2.5 remain valid if
(2.5) is replaced by the assumption that for some r € Z, there exists constants
C.B11,B2,1, 8515, B1,r, B2,rs B3, Such that for each | > 1

Cl
< .
2 (Tk € [t7 t+ l]) = jzz:l £B2,j (t)tﬁl’f k‘ﬁz’fR'B&j (k) ) (2 ].9)

where (1,; B2, and Bs ; satisfy (2.4) for each j. Indeed, (2.5) was only used to derive (2.16).
Under (2.19) we can replace (2.16) by

r EN(t)

1 1—max; ([32,4-[337’1) et
I<Comstz1 kz P (0)1P 1P R (F) < Conste 130
J

which shows that I remains negligible.
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According to a common terminology, 7 satisfies a mixing local limit theorem if either 7 is
aperiodic and (2.3) holds or 7 is periodic (either rational or irrational) and (2.10) holds. The
results of this section could be summarized as follows.

THEOREM 2.7. If 7 is irrational, satisfies a mixing local limit theorem and (2.19), then
(2.6) holds.

In other words, if the appropriate local limit theorem and large deviation bounds hold for
the base map, then the special flow is mixing in both the aperiodic and the periodic irrational
cases but not in the rational case. A similar result holds in the finite measure case (see |9,
Section 2]).

In Sections 4 and 5 we provide examples of systems satisfying the conditions of Theorem 2.7.

2.3. Power tail.

Here we consider an important special case where the function £ is asymptotically constant.
Thus we assume that there is a constant ¢ such that

Wt > t) ~ t% for 0<a<l. (2.20)

In this case one can take R(k) = (ck)'/* and the statements of Propositions 2.1 and 2.5 can
be simplified as follows.

PROPOSITION 2.8. Suppose that (2.20) holds and there is a bounded continuous density p
on [0,00) such that either

(i) T is aperiodic and there is a constant ¢, such that for any A, B € X, for any € > 0 and
for any T compact subset of R,

lim  sup sup|(ck)pu (x€ A, ffx e B,mp(x) €[t —1,t]) —ep _ lu(A)u(B)| =0,
Fooo (el t/e €T (ck)t/e
t<—t—

€
(2.21)

or
(ii) T is periodic irrational and there is a bounded and continuous function b : X — R and
a
constants ¢, a, h such that — is irrational and such that for any ¢ > 0, for any C < oo, for any
¢ € C(X x X x R), compactly supported in the last coordinate, we have

lim  sup sup =0

k=00 4,€[0,1/€] wy €ak+hZ:|wy / (ck)t/ e —w|<C

(©)Y/* [ Ga(Frpn ot = eplw) [ dd(u x 1 x w)
(2.22)

where u is h times the counting measure on hZ.
Assume in addition that for some r € Z there exist constants C,v11,%2,1,---71,r, Y2,r Such
that for all l > 1

r

plr €t t+1) <> cl

kY2

(2.23)

where for each j =1...r

V2,5 < 1, V1,5 + V2,0 = 1. (2.24)
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Then for A, B satisfying the assumptions of Proposition 2.1 we have
lim v(ANg_B)t' ™ = ev(A)v(B), (2.25)
t— o0

where ¢ is defined in (2.7).

3. Tools.

3.1. Anticoncentration inequlity.

Here we obtain a useful a priori bound.

PROPOSITION 3.1. Suppose that there exists some § > 0 so that for |s| < §

| (e™)| < (1—c£<| |)| |a>k (3.1)

Then there exists a constant D > 0 so that for any interval I of unit size
D
wlrpel) < ——. (3.2)
(k)

Proof. Without loss of generality we may assume that § < 1. Denote Z(s) = L(1/]s|)|s|*.

Note that by (2.2), Z (RE/{)) _ 1t Okk_wo(l). We have
ZA/R(K) _ —o L(R(K))

Note that by the Potter bounds ([4, §1.5.4]), for any fixed 8 < «, there is a constant Cy(3)

such that for Rzk) <|s| <4, we have
‘C’(R(k)) a—LB|Ja—pB
T < LR sl (3.0
Combining (3.3) and (3.4) we conclude that
1 1 5 (Is|R ()"
206) > (07 ) (sR0)* = Cay IR
for a suitable Cs(0).
Thus (3.1) implies that for s with |s| € [1/R(k), J]
()| < RN (35)

Clearly, (3.5) holds for s with |s| < 1/R(k) as well since the left hand side is bounded by 1
Let H(z) = %. Then H(s) = Lisj<s (% |—2‘) . Therefore for each a

1 ° — 18Tk 1 ’ — 18Tk C4
gj|w s < oo | (e )]s <

where the last step uses (3.5).
On the other hand H(z) > &= if |z| < §/2. Therefore

(k—ae [— )) < O (H (e —a)) < 5

p(H(7p — a)) <

- 47
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This proves our claim for intervals of size §. Since any interval of unit size can be covered by
a bounded number of intervals of size §, the result follows. |

3.2. Large deviations.

PROPOSITION 3.2. Suppose (2.1). Then there is a constant D > 0 so that for any k € 7,
DEL(t)

wirg(z) >t) < —a (3.6)

Proof. Let us write
k—1
e Tt = ) = 3 ().
7=0

Then

il > 8) < plry > 4/2) + plrf > 4/2) <l > 1/2) + plrf > 0)
where the last step uses that T,j > 0 implies T,j > t. By (2.1), we have the following estimate
for sufficiently large ¢t and for any k

p(rf >0)=u(3j€0,...k—1:7(flz) >t) < ku(rT > 0) < 2kL(t)t™ ™.
Next, by the Karamata theory (see [4, Theorem 1.6.4]), there is some C' so that
plry ) = kp(r™) < CRtL(1).

Hence by the Markov inequality, we have

11—«
p(ry >t/2) < Oktti‘c(t) = 20kL(t)t™ .

/2

The proposition follows. |

As we will see, the following quasi-independence property holds in several interesting
applications. The sets {(7 o f7) >t} are called quasi-independent if there is some K € R so
that for any 71,72 € Z,

w(r(fra) > t,7(f22) > t) < Kp(r(f2) > tp(r(f2e) > ¢). (3.7)

The next theorem shows that (3.6) is asymptotically sharp under the quasi-independence
assumption. In particular, we can recover a large deviation estimate for sums of independent
random variables (see [7, 32]). Theorem 3.3 is not used in other parts of this paper, however we
include this result since it is of independent interest (e.g., see related results for Young towers
in [17, 25]) and also because similar ideas will be used in Sections 4 and 5 to check (2.19).

Recall (2.12).

THEOREM 3.3. Suppose that in addition to (2.1) the sets {(7o f7) >t} are quasi-
independent. Then for every € > 0 there is some § = §(¢) > 0 and T = T'(¢) < oo such that
for any t > T and for every k =1,2,... [N (t)],

(0%

kL(?)

u(re >t) — 1] <e.

Proof. 1t is sufficient to prove the theorem with N(¢) being replaced by t*£~1(¢). Indeed,
recall that A/(t) is asymptotically equivalent to t*£~1(¢). Thus if we prove the desired estimate
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for
k<ot“L(1), (3.8)

it immediately follows for k < (§/2)N(t) assuming that ¢t > Tp.
First, we prove the lower bound, i.e.

ta

mu(m >t)>1—e. (3.9)

Observe that
p(re >t) > u <max7'(fj$) > t> =u(3j€0,....k—1:7(fx) > 1t).
J

By the Bonferroni inequality this probability is bounded from below by

E
=

p(r( Z Z T(fre) > t7(f2e) > 1),

J1=072=71+1

<.
I
o

Using the quasi-independence, (2.1), and the f-invariance of 1 we conclude that there exists a
constant T} (¢) such that

RKL(t)  KR2LA(2)

to t2a ’

(e > t) > (175)

for all ¢ > T} (). This implies (3.9) for any 0 < 5%
Next, we prove the upper bound, i.e.

kL(t)

The proof is similar to that of Proposition 3.2. Namely, we choose

plre >t) <1l4e. (3.10)

T =7lcny, T =7l>m, T;it:ZTi(fjﬂf)

this time with some H <t (to be specified later). Then by the Karamata theory (see [4,
Theorem 1.6.4]), there is a constant C' so that

p(ry) = ku(t™) < CKH'"“L(H).
Hence by Markov inequality for each £ > 0 we have

_KH'=CL(H)

p(r, >ét) <C = (3.11)

Next
p( = (0=0)0) < p(r a2 (1= )0) 4 (5 La, > (1-9)1)

where A is the set where 7(f7x) > H for exactly one index j € [0,k — 1] and A, is the set where
7(f9x) > H for at least two indices j € [0,k — 1]. On A; we should have 7(fx) > (1 — &)t so

_ kL((1—é&)t)
+

p(rila, > (1—8)t) Eu (1- E)tgizzU.
it )< -

= &(e) so that (1 — &)™ < 1+¢/5 and then T> = T (¢, &) so that

Now we choos (e
€/5)L(t) for all t > Ty. Then

L(1=28)t) < (1
U< Q+e/2)kL(t)t™ forall ¢>Ts. (3.12)



INFINITE MEASURE RENEWAL THEOREM & RELATED RESULTS Page 11 of 22

On the other hand the probability that there are two indices where 7o f7 is large can be
estimated using (3.7) as

k—2 k-1 9
S Y u(e) > B > H) < k2D (3.13)

J1=0j2=j1+1

Combining (3.11), (3.12) and (3.13), we see that there is a constant C(e) such that for
t > max(T1 (), T>2(g)) we have

kH'=*L(H) . k2L2(H)
t H2(x

w(me >t) < C(e) [ + (14+¢e/2)kL(t)t™ .

In order to verify (3.10), it remains to prove that for a suitable choice of H we have

RH'CL(H) | K*L2(H)

; e S e'kL(t)t™, (3.14)

where ¢/ = 205(5). Indeed, set

n= (/)Y H =t (3.15)

Then H'=%/t < (¢//4)t=<. Since L is slowly varying, we have

Lnt) <2L(t) for t> T3(e). (3.16)
Multiplying the last two inequalities, we obtain
H'-°L(H) _¢
HTOLH) _ & ppygme, (3.17)
t 2
Next, we show that with H given by (3.15) and ¢ sufficiently small, we have
kL?2(H) ¢
< = e, 1
e <3 L(t)t (3.18)

Clearly, (3.17) and (3.18) imply (3.14).
To prove (3.18), set § = n?*e’/8. Recalling (3.8), we obtain kL(t)t~%n~2* < &’/8. Using
(3.16) we find that kL2 (nt)t=%n~2* < L(t)e'/2, which proves (3.18). O

4. Independent Random Variables.

Here we consider the case where t; = 7o f/=! are i.i.d. random variables having non-lattice
distribution. We will recover a result of [12]. We note that the optimal results for the infinite
measure renewal theorem for independent random variables are obtained in [6]. However, we
include the section on independent random variables in order to illustrate our approach in the
simplest possible setting.

To see how the i.i.d. case fits into our abstract setup, set X = R3°. Assume that a Borel
probability measure PP is given on [c, 00) with ¢ > 0 so that P([t,00)) ~ L(¢)t~“. Furthermore,
we assume that P is not supported on any discrete subgroup of R. Let f: X — X be the
left shift, that is for (¢1,t9,...) € X, f((t1,t2,...)) = (t2,ts3,...). Let u =P (more precisely,
we consider the o-algebra generated by finite dimensional cylinder sets on X and the unique
measure ;1 whose projection on the first N coordinates is equal to PV for any finite N). Finally,
let T((tl,tg, )) =1.

We need to check (2.3) and (2.5). Let us first note that (3.1) is satisfied in our case (see e.g.
[19, Eq. (2.6.38)]) and hence (3.2) holds.
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4.1. Local Limit Theorem.

In the special case A = B = X, (2.3) is proven in [30]. Now let A and B be finite dimensional
cylinder sets, i.e.

A:{(tl,tg...) : (tl,tQ...tn) EA}, B:{(tl,tg,...tn) E]B}

for some Borel sets A, B C R"}. Let us write Agp = AN [0, R]". We have
uw(x e A, ffre Bym 1) :J p| mhen €= uj | dP(u1) @ -+ @ dP(u,, )P"(B).
A ‘
j=1

Decompose the above integral as

J ._|_J' "'::Il+12.
Agr A\AR

Using the Local Limit Theorem of [30] for I;, the anticoncentration inequality (3.2) for I and
finally letting R — oo, we obtain (2.3).

4.2. Local Large Deviations: o > %

Next we prove (2.5) if o > 3.

PROPOSITION 4.1. There is a constant C such that for any k and for any t,u with 0 < t < u,
we have

CkL(t)
teR (k)

w(ti € [u,u+1]) <

This gives (2.5) with 1 = a, fo = —1, B3 =1. Thus 2 + =1 —1 < liff a > 1.

Proof. Denote I = [u,u + 1]. Then,
wrp e I) < u(Tk/Q >t/2,m € 1)+ u(ry — T2 > t/2, 1 €1).
By symmetry is suffices to consider the first term

W(Thy2 > /2,7 € I) = (72 > t/2) (T — Thyo € 1 — Ty y2|Thy2 > t/2).

ChL(t)

The first term is bounded by ==z~ due to (3.6) and the second term is bounded by % by
(3.2). |

4.3. Local Large Deviations: o < %

In case a < %, an example of [14] shows that the condition (2.1) alone is insufficient to obtain
the conclusion of Theorem 2.7. Since we verified all the other assumptions of that theorem,
it follows that (2.19) does not hold in general. Here we obtain (2.19) assuming an additional
control over the tail of the roof function.

PROPOSITION 4.2. Suppose that for some (and hence all) K there is a constant C(K) such
that for any t > 0
CK)L(?)

plr € e+ K]) < =

(4.1)
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Then there are constants C, Cs such that for any k and for any t,u with 0 < t < u,
ChL(t)k Cy

(e € [u,u+ 1)) < TTra .

This gives (2.19) with
Bii=1+a, pra=-1, p13=0, [o1=1 [oa=PS32=0.

We note that in case 7 is integer-valued, a stronger result, namely a precise asymptotics, in
the style of Theorem 3.3, is proven in [11]. It is likely that in case (4.1) holds with asymptotic
equality, a similar result holds in the present setting as well. However, the one-sided bound
established here is sufficient for our purposes.

Proof.  Choosing Cy > 2, (4.2) follows for ¢ < 2. Thus we can assume t > 2.

We proceed as in the proof of Proposition 4.1. Denote I = [u,u + 1]. Fix large constants
L and r. Namely we will take L =5 and will impose finitely many lower bounds on r (see
equations (4.5), (4.10), (4.11), (4.14) and (4.15) for the precise conditions on r we require).
One can then take the biggest of these lower bounds. Set

k—1 k—1 k—1
+_ T - _ T _ j
T, = E To flliopise, T = E To fllioficR)Lry  Thi = § 7o fIlropicit/Li+ /L1
j=0 j=0 j=0

Let Ij.; be the smallest integer [ that satisfies tL='"! < R(k)L". Then

Uiyt

Tkg'r,j'Jr E Tkl | + T -
1=0

Since t/4 + (Zﬁ’;g t/(4 x 21)) +t/4 <t < u, we have

Uit
{melycA,ulJAuA,
=0
where
A ={rE>t/dm eI}, A= {m>t/(4x2"), 7 €I}

(In fact, we have AT = {le' > s, 7, € I} for any s € (0,¢] as le' > 0 is equivalent to 7,7 > t.)
Therefore it suffices to show that p(A_) + pu( ;’;6 A;) 4+ u(Ay) is bounded by the right hand

side of (4.2). We thus divide the proof into three steps.
Step 1: Estimating p(A™). To estimate p(A™) let j be the first index j <k —1 when
7o f7 > t. Conditioning on the values of 7 o f7 for j # j we get

WAt ) = (4.3)

J Plr>tand T €l — Z v | dP(v1) @ -+ - @ P(vjp—1) @ P(vjg+1) @ - - - @ dP(un)
A

jo j€[0,k—1]
J#jo

where

Ajy = € (U0, ooy Vjg—15 Vjo 15 -y Vi—1) = vy < t for all I < jo and Z vj+t<u+1

J€[0,k—1]
Jj#3o
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Now (4.1) shows that the integrand in (4.3) is at most

c()L
% where s = s(v1,...,v%) =u — Z v; >t —1.
jel0,k—1]
J#jo
By the Potter bounds [4, §1.5.4], there is a constant C such that for all s >t — 1 > 1, we have
Sﬁl(fz <C 532 . Hence for each jg, we have
CL>{) . CL(t)
AT L) < e P () < e

where C' = C(1)C. Summing over j, we obtain

u(at) < CLWE

< = (4.4)

. . Ukt
Step 2: Estimating Y ;"¢ u(A4;). L l ‘
Note that on A, there are at least [55 %1 = [+ (%)] =: m(l) indices j such that 7o f7 €
[t/L*1 t/LY). Let j denote the first such index j. Proceeding as in Step 1, we define

Apj, = {(vo,...,vjo_l,vj0+1, ey U—1) S Uy € [t/LlJrl,t/Ll} for I < jg

and Z v; | +[t/L /LY ﬁ[;«é(l)}.

JE€[0,k—1]
J#3jo
By (4.1), we have
L(s)
wl T+ Z v; €1 §C(1)81?, where s =s(vy,...,v%) =u— Z ;.
Jj€lo,k—1] j€(0,k—1]
J#jo J#do

From the definition of A; j;, it follows that

t
W SS(’Ul,...’Uk) S ﬁ+1
for any (v1,...vx) € Aj, ;. By the choice of I}, we have t/L e+ > [r=Yinf, R(k) (which is
equal to L""1R(1) as we assumed that R is monotone). Thus choosing r sufficiently large, we
can assume

sup  L(s) < 2L (thﬂ) (4.5)

s€[t/Li*+1 t/L41]

for all I = 0,1, ..., 15 ;. Consequently, for any (vq,...v;) € Aj, .1, we have

t Lt
j€[0,k—1]
J#jo

where C* = 2C(1). Now arguing as in Step 1, we obtain

i t Lt
w(Ailj=j,) < C°L (Lm) <t> PE(Ayjo)- (4.7)

Now in contrast with Step 1, it is not sufficient to estimate the last factor by 1, we need a more
precise control. To this end we observe that if Y is a binomially distributed random variable
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with parameters k € Z, and p € (0, 1), then for every non-negative integer a,

P(Y >a) < k"p”. (4.8)
Indeed, letting (i1,142,...,1,) be the first a trials which result in a success, we have
PY <a)< Z P( trials iy,...,i, are successful ) < k%p®.

1<i1 <ia<---<io <k
Applying (4.8) with k = k — jo — 1 and p,; := P([t/L"*1,¢/L']) and a = m(l) — 1, we obtain
P*" Y (Awje) S w#{i > jo:mo f7 € [t/L t/LN} > m(l) — 1) < k*pf, (4.9)

Now we simply use (2.1) instead of (4.1) to estimate p;;. Namely if r is sufficiently large so
that t/L! is large for all [ < lit, then

t LN\ t

Combining (4.9) and (4.10), obtain

<o) )

Substituting to (4.7) and summing over jp, we obtain

m(l)—1

. L1\ @ " m0 ri41
vz (52 <) "

Since, m(0) = 1, it follows that there is a constant C, such that

CLL()k

90 = tlta

Thus in order to complete Step 2, it suffices to prove that for L and r sufficiently large,

Q1/q < 1/2 (4.11)

holds for all [ < l_k,l — 1.
First observe that by (4.5), we have £ (=) < 2L (). Consequently,

, Vo g\ @mE+)=m(®)
Q1 <(4k£(y+1)) L ) romi+)+1 (4.12)

aQ 13
Recall that by the choice of l_k,t, we have
R(E)L" < t/L% < R(k)L™. (4.13)
By the Potter bounds ([4, §1.5.4]) if 7 is large and hence t/L! is large for all [ < [, ;, then
L(t)LHY) < 200@a= £/l (4.14)
Next, we compute
1/ T e—1—1 t Ve i i e\ e
) R i il 603) Bl G 29,
t - t t

(4.13) [lke 1/« Lot O/ (4.13)
2 Lix (16k:£t(7€(k:))) < Li» C’t R(k) 2

Cvl/aL—r
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where C is such that kL (R(k)) < %ko‘ holds for all k (such C exists by (2.2)). Substituting
into (4.12), we find

Ux1 o (l/op=ryei(5-D(H) pad(5) T+
a
_ (CMep ek (50 (4.15)

Now choosing L = 5 and r sufficiently large, we find that g;+1/q; < 1/2. We have verified (4.11)
and thus completed Step 2.

Step 3: Estimating pu(A7).

We have
oz ' - t
/,L(A_)S[,L ZTOfJ17of-7<R(k)LT>§7Tk61 +//L Z TijlTofj<R(k,)Lr>§,TkeI .
Jj=0 j=k/2+1

We estimate the first term, the second one is similar. By the Markov inequality

k/2 k/2 —a
; t ; k(R(k L(R(k
I (§ Tole-rofj<R(k)L7‘ > 8) < 1% (E Tofjlfofj<72(k)L7‘> SC ( ( )) ( ( ))
Jj=0

° t
7=0

| 0o

where the last step relies on Karamata theory ([4, Theorem 1.6.4]).
On the other hand by (3.2)

k/2 ; D
BTk € I‘ ;}TO fleij<k1/“LT > 3 < W
Combining the last two displays we obtain
k/2 _
. t D  kL(R(K))
1 ;Tofjlfrofj<kl/a[ﬂ‘>§7Tk7€] S7XW
and hence ~
_ D  kL(R(k))
A7) < —
WAT) < x—2 B
Now (2.2) gives
D
pAT) < = (416)
This completes Step 3. ]
5. LSV map.

5.1. The result.
LetX:[O,l]andf:X%Xbethemap
~ (14 (22)") ifz ¢ X;
fley = {2 2O
2z — 1 ifxeX

where X = [1/2,1]. Consider the special flow g; of f under a roof function 7 which is positive
and piecewise Holder, in the sense, that its restrictions on both [0, 3) and (3,1] are Hélder.
Let € be the phase space of this flow. That is,

Q={(z,s):z € X,s>0}/~, where (z,5s+ 7(z)) ~ (f(z),s) for any z € X and s > 0.
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By [22~], there is a unique (up to scaling) ergodic absolutely continuous f—invariant measure
i on X. We assume 7 > 1. Then the invariant measure is infinite. Let us normalize it so that
i([1/2,1]) = 1. Then v, defined by dv(z, s) = dji(x)ds is an infinite invariant measure of g;.

THEOREM 5.1. Assume that 7 is irrational. Then for any ¢ > 0 and for any A BcC [e,1]
with i(0A) = (0B) = 0, for any

O0<ar <ag < 1Df~{%(l‘)}, 0<51 <62 < mf:{f'(x)}, A:AX [dl,dg], BZBX [61,52}
r€A zEB

we have

lim 7(AN G Bt~V = éo(A)i(B). (5.1)

t—o00

Recall from Section 2 that the irrationality condition is necessary for (5.1). We also note
that irrationality holds for typical roof functions 7. In particular, a sufficient condition for the
irrationality of 7 is that there are two periodic orbits for the flow g, the ratio of whose periods
is irrational, see, for example, the discussion in [16, page 394].

To reduce Theorem 5.1 to our setting we note that § can be represented as a special flow
over the first return map f: X — X. Specifically, let R(z) = min{n > 1: f*(z) € X} be the
first return time to X and let f: X — X, f(z) = f%®)(z) be the first return map. Let us
also extend the definition of R to X \ X with the same formula (first hitting time). For a

R(z)—1
function ¢ : X — R, let ¢x : X — R be defined by ¢x(x) = Y ¢(f'(x)). Define the roof

function 7 : X — R} by 7 = (7)x. As before, g; is the special lﬂ(?w under roof function 7,
is its phase space and v with dv(z, s) = du(x)ds is a g;-invariant measure. There is a natural
surjection ¢ : Q — Q which maps the class of (z,s) w.r.t. the equivalence relation ~ to the
class with respect to the equivalence relation ~ (note that by definition (z, s) ~ (2/, s’) implies
(z,5) ~ (2/,")). Clearly, ¢ is not invertible. Thus (€, 7, §;) is a factor of (2, v, g;).

A cylinder of length n (or shortly, n-cylinder) is a set

{z € X :R(z) =mi,R(fz) =my...R(f" '2) =m,}.

Let us consider the topology on X generated by the cylinder sets. Let us also fix a metric
d(z,y) = 6°(@)  where s(x,y) is the smallest n so that z and y belong to different cylinders of
length n and 6 < 1 is sufficiently close to 1.

LEMMA 5.2. 7 is rational if and only if T is rational.

Proof.  Assume that 7 = b& +h—-5H of holds on X with §: X — Z. Then by definition,

T=(T)x =b(¥)x + h—bho f on X. Thus 7 is rational if 7 is rational. }
Next, assume that 7 = b + § — ho f on X. Define the functions ¢/, ', 7/ : X — R by

7/}/(17) :w(I)I{IEX}a [)/(LE) = h(x)l{leX}a ! :b¢/+h/7hlof-
Observe that by construction, 7% = 7 on X. In general 7/ may not be equal to 7 on X. However
R(z)—1
7F—7'=b" =" o fon X, where b : X — R satisfies h”(z) = Z F(fi(z)) — 7' (fi(x)). We

- . i=0
conclude that 7 = by’ + §' + " — b’ o f — h” o f. Thus 7 is rational if 7 is rational. O
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PROPOSITION 5.3. Assume that 7 in irrational. Then for any A, B C X with u(0A) =
w(0B) =0, for any A= A x [a1,az3], B = B x [by,bs] we have

Jlim (AN g Bt V" = ev(A)w(B). (5.2)

First, we prove Proposition 5.3 and then derive Theorem 5.1 from Proposition 5.3 and Lemma
5.2.

5.2. Special flow over the induced system.

Proof of Proposition 5.3. The proof of Proposition 5.3 is divided into two steps. In Step
1, we check that either (2.21) or (2.22) holds. In Step 2, we check that (2.23) holds. By the
results of Section 1 (with o = 1/r), these will imply Proposition 5.3.

Step 1: Checking (2.21) and (2.22).

First, we note that by [1, Theorem 6.3], (2.21) holds if 7 : X — R is aperiodic. According
to [1], the function 7: X — R is aperiodic if there is no A € S! (here S is the complex unit
circle) and measurable function g : X — S! (other than the trivial A = 1, g = 1) satisfying

") = Ng()/9(fx). (5:3)

Observe that this definition coincides with definition of periodicity. Indeed, if 7(z) = a + h(z) —
b(f(z)) + ZEp(z) with ¢ : X — Z, then (5.3) holds with g = ¢/, Conversely, assume that (5.3)
holds. Then, by Corollary 2.2 of [1], g is Holder. Next, we define a Holder function § which
satisfies e’ = g. By the Hélder property of g, there is some K such that the oscillation of g on
K-cylinders is less than v/2. For any K-cylinder ¢, fix some x¢ € ¢ and define h(x¢) as the only
number in [0, 27) that satisfies e?9(®¢) = g(z¢). Then for any y € £, we choose the unique h(y)
which satisfies [h(y) — h(z¢)| < 7 and ¥ = g(y). By construction, b is Hélder. We have now
T(x) =a-+h(z) — bh(f(z)) +¢(x), wherea = —Llog X and ¢ : X — 227Z. Hence (2.9) holds, so
the definition of [1] is equivalent to ours. It follows that (2.21) holds in the aperiodic case.

Let us now assume that 7 is periodic irrational. By the previous paragraph, we can assume
that b is Holder. In order to verify (2.22), it is enough to consider test functions of the form
o(z,y,2) = lyeclyepd(2), where C and D are cylinders and ¢(z) is compactly supported. Then
(2.22) follows from [1, Theorem 6.5], applied to v, and the continuous mapping theorem.

Step 2: Checking (2.23).

We note that (3.1) is verified in [1]. In particular (3.2) holds.

The Gibbs-Markov property of f implies that there is a constant K such that if C;,Cs are
cylinders and the length of C; is less than j

/,L(Cl N f_jCQ) < Ku(Cl)u(Cg). (54)

Also applying (5.4) inductively we see that if C1,Cy...C; are cylinders and j1,j2...5;—1 are
numbers with length(C,,) < j,, then

w(Cy N fCy - N f T < K (C)p(Ca) - . p(C) (5.5)

In particular (3.7) holds and so (3.6) is satisfied. This allows to check (2.5) in case r < 2 and
so a > % In the general case we verify (2.23) which is the consequence of the Proposition 5.4
below. 0O

5.3. Local Large Deviations

Cik  Cy
PROPOSITION 5.4. pu(1, > t, 7, € I) < o + -
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Proof. Note that (4.1) holds with v =1 ([22]). We follow the approach of Proposition
4.2. In particular, we shall use the notation of Proposition 4.2. We need to adapt Steps 1-3
of our proof of Proposition 4.2 to the present case. There are two differences in the proof:
now L(t) is asymptotically constant (a simplification) and the independence is replaced by
quasi-independence (a complication).

We will say that a cylinder D of length 1 is high if 7 > t/3 on D. We say that the cylinders
Cy; and Cy of lengths my and msy respectively are compatible with D if m; +me =k — 1 and
there is a point € C; () f~™ D) f~™~1Cy such that 74 (z) € I. Thus

/A(A+) < Z M (Cl mffmyDﬂffnnflCQ)
C1,D,C2

where the sum is over compatible cylinders. By Gibbs-Markov property

p(AY) < K? > u(C)u(D)p(Co).
C1,D,Co

Next given Cy,Co,I there is an interval I of bounded size such that if C;,D, and Cy are
compatible, then 7(z) € I for each x € D. (I maybe empty if there are no high cylinders
compatible with C; and Cs). Therefore for each C1,Co

C
M(D> < tlta’
D:C1,D,C2 are compatible
On the other hand for each my, ms, Z 1(C;) = 1. Since m; can take k — 1 possible
Cj:length(Cj)=m;
values we get
Ck
+
'U(A ) < tlta

completing Step 1. Step 2 is similar except instead of using three cylinders to describe the
itinerary of x we use 2m(l) + 1 cylinders, where Dy, D, ... D, are cylinders of length 1 such
that 7 € [#, ﬁ} on D; and Cj ...Cp )41 are complementary cylinders. Note in particular
that for the proof of (4.8) the quasi-independence of trials is sufficient.

To complete Step 3, we need to establish (4.16). We have

A7) < ) Kp(Ch)p(Cs),

C1,C2

where the sum is over all cylinders of length k/2 such that 7(f7z) < 2L"k'/* for all z in
Ci () f*/2Cy and all j < k and either Ty2(x) > t/100 for all x € Cy or 7,/9(x) > t/100 for all
x € Cy. To estimate this sum we note that
C(L,r)k°
3 u(ey) < CEDRT

Ci: [Zfﬁfl(mfj)lfofje[o,zu-kl/a]bt/loo on Cy
by the Markov inequality. On the other hand (3.2) shows thar for each C;
C
Z n(C2) < /e
Co:1i(x)€I for some z€C1Nf~*/2Cq

This shows that the contribution of terms where 7,5 > ¢/100 on C; is O (til) . Likewise the
contribution of terms where 745 > /100 on Cy is O (¢t~*) . This proves (4.16). O
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5.4. Mixing away from the origin.

Here we deduce Theorem 5.1 from Proposition 5.3. Define A = 1~ (A) € Qand B ="' (B) C
Q. Since ¢ is a homomorphism, we have

ANG_B) =v(Ang_B) and v(A) =v(A), »(B)=uv(B).

It is easy to check that for any € C Q with #(9€) = 0 (w.r.t. the usual product topology on )
and for £ = 17'€, we have pu(9E) = 0 (w.r.t. the product topology on Q where the topology in
the base is defined by d). Unfortunately, A and B are not subsets of Q<js in general. Indeed
Q<) is defined by the requirement that the backward return time to the base X is bounded,
while the condition A, B C [e,1] in Theorem 5.1 allows us to bound forward return time to X.
Since our system is non-invertible, the forward and backward directions play different roles.
Thus we cannot apply Proposition 5.3 directly and an additional analysis is required.

Proof of Theorem 5.1.

By Lemma 5.2, 7 is irrational.

Let yo =1, and y,4+1 be the preimage of y, in [0,1/2]. Let z,41 be the preimage of y,
in (1/2,1]. The intervals X,, = (41, %] form a partition of X. In fact, X,, coincides with
the l-cylinder {x € X : R(z) = n}. Furthermore, the intervals Y,, = (yn+1,yn], n > 1 form a
partition of (0,1/2]. Note that Yy := (1/2,1] = X (up to measure zero). For n > 0 let

N
Q" ={(z,5):w €Yo, 0< s <F@)}, V=[]
n=0

Since A and B are disjoint from [0,¢), there is a finite N = N(¢) so that A Bc QN So it
is sufficient to prove (5.1) for A, B ¢ QY with #(A) = 0, 7(B) = 0. This will be done in three
steps.
Step 1: (5.1) holds for A, B c QO°.

Indeed, in this case A, B € Q< with M = ||7||s, so the result follows from Proposition 5.3.
Step 2: (5.1) holds if A c Q° and B c QV for some N.

The proof is by induction on N. The base of induction was done at Step 1. So let us assume
that the result holds for Q= and prove it for QV. Let By = BN QY. Since B — By ¢ Q!
it is enough to show that the pair (A, By) satisfies (5.1).

Partition By into subsets By, of small diameter §. It suffices to check that for each [, the
pair (A, By ) satisfies (5.1). Let

t;, = sup min{t >0:g(z,s) € QN-1y, BfVl = §tl—l§N,l.
(z,5)€BN,1

If § is sufficiently small, then é}“\,l c QN1 and the diameter of B}‘Vl is less than Tn/2.
Consequently, the preimage of B}‘W under g is the disjoint union of two sets: B§V7l c QY and
By, € Q°, where
5§ =sup{s < Tmin/2:Fx € Yn_1: (z,8) € B}‘Vl}
Furthermore, the preimage of BE\” under gtl_ _s I8 [;’N’l.
Thus
{(x,s) € A: gi(v,5) € By} =

{(z,5) € A gt_g_t; (z,s) € B?\/‘,l} \ {(z,5) € A gt-&-tl’—s(x’ s) € BXI,I}'

By the inductive hypothesis, the RHS is asymptotic to
e A) [7(Big) — 7B
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Since g is measure preserving, we have
7(By,) — (By) = #(By,) = 7(Bx,),
which proves (5.1).

Step 3: (5.1) holds for A, B c QN for arbitrary N. It suffices to show that for any fixed
& > 0, we have
e /" (A p(B)(1 - €) < p(AN G B) < etV (A ip(B)(1 + €) (5.6)
provided that ¢ is large enough. R
To establish (5.6), we partition A into sets A; of small diameter J. Let
= sup min{t > 0: gi(z,s) € Q%) Ar = f]tr.fll.
(z,8)€A;

By bounded distortion, given £, we can find (&) such that if § < §p(§), then the Jacobian
J(x,8) of Gy satisfies

CEVPAD s €\ 7(A)
(1-5) sy == (1+5) (A
Consequently,
7(A) i 5 i~ A /(A1)

(1 + g) (A
By Step 2,

Therefore for large ¢
et (AN E(B)(1 — €) < 0(A; NG B) < et " o(A)p(B)(1 + ).

Summing over [ we obtain (5.6) completing the proof of the theorem. |
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