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ABSTRACT. Let h(z) = {z} — 4. We study the distribution of

Z;é h(z + ka) when z is fixed, and n is sampled randomly uni-
formly in {1,...,N}, as N — oco. Beck proved in [Becl0, Becll]
that if = 0 and « is a quadratic irrational, then these distribu-
tions converge, after proper scaling, to the Gaussian distribution.
We show that the set of a where a distributional scaling limit ex-
ists has Lebesgue measure zero, but that the following annealed
limit theorem holds: Let (a,n) be chosen randomly uniformly in
R/Z x {1,..., N}, then the distribution of ZZ;& h(ka) converges
after proper scaling as N — oo to the Cauchy distribution.

1. INTRODUCTION

We study the centered ergodic sums of functions h : T — R for the
rotation by a an irrational angle «

(1.1) Sularz) = [ 3 hia + ko) —n/Th(z)dz.

Weyl’s equidistribution theorem says that for every o € R\ Q, and for
every h Riemann integrable, %Sn(a, x) — 0 uniformly in z. We are
n—oo

interested in higher-order asymptotics. We aim at results which hold
for a set of full Lebesgue measure of «.

If h is sufficiently smooth, then S, (a, x) is bounded for almost every
a and all = (see [Her79] or appendix A). The situation for piecewise
smooth A is more complicated, and not completely undertstood even
for functions with a single singularity.
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Setup. Here we study (1.1), for the simplest example of a piecewise
smooth function with one discontinuity on T = R/Z:

(12) h(z) = {2} — %

The fractional part {z} is the unique ¢t € [0,1) s.t. x € t + Z.

Case (1.2) is sufficient for understanding the behavior for typical «
for all functions f(¢) on T which are differentiable everywhere except
one point xg, and whose derivative on T \ {z(} extends to a function of
bounded variation on T. This is because of the following result proven
in Appendix A:

Proposition 1.1. If f(t) is differentiable on T \ {z1,...,2,} and f’
extends to a function with bounded variation on T, then there are
Ay, .. A, €R st for ace. « there is po € C(T) s.t. for all x # x;,

f(0) = 32 Ao+ ) + /Tf(t)dt 4 ou(@) = galn + ).

Of course there are many functions h for which Proposition 1.1 holds.
The choice (1.2) is convenient, because of its nice Fourier series.

Methodology. S, («, z) is very oscillatory. Therefore, instead of look-
ing for simple asymptotic formulas for S, (a, x), which is hopeless, we
will look for simple scaling limits for the distribution of S, («, z) when
x, or a, or n (or some of their combinations) are randomized. There
are several natural ways to carry out the randomization:

(1) Spatial vs temporal limit theorems: In a spatial limit theorem, the
initial condition x chosen randomly from the space T. In a temporal
limit theorem, the initial condition z is fixed, and the “time” n is
chosen randomly uniformly in {1,..., N} as N — co. Neither limit
theorem implies the other, see [DS17].

(2) Quenched vs annealed limit theorems: In a quenched limit theorem,
a is fixed. In an annealed limit theorem « is randomized. The
terminology is motivated by the theory of random walks in random
environment; the parameter « is the “environment parameter.”

We indicate what is known and what is still open in our case.

Known results on spatial limit theorems: The quenched spatial
limit theorem fails; the annealed spatial limit theorem holds.

The failure of the quenched spatial limit theorem is very general.
Namely, It follows from the Denjoy-Koksma inequality that there are
no quenched spatial distributional limit theorems for any rotation by
a € R\ Q, and every function of bounded variation which is not a
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coboundary (e.g. h(z) = {z} — 3). In the coboundary case, the spatial
limit theorem is trivial. Many people have looked for weaker quenched
versions of spatial distributional limit theorem (e.g. along special sub-
sequences of “times”). See [DF15, DS17] for references and further
discussion.

The annealed spatial limit theorem is a famous result of Kesten.

Theorem 1.2. ([Kes60]) If (z, ) is uniformly distributed on TxT then

the distribution ochzx) converges as n — oo to a Cauchy distribution:

In
dp, #0 s.t. forallt € R, limP(%‘i’”St) :%+ma+w‘)l).
n—oo
See [Kes60] for the value of constant p,. The same result holds for
h(z) = 1pg({z}) — B with g € R, with different p;, = p,(3) [Kes60,
Kes62].

Known results on temporal limit theorems: Quenched temporal
limit theorems are known for special «; There were no results on the
annealed temporal limit theorem until this work.

The first temporal limit theorem for an irrational rotation (indeed
for any dynamical system) is due to J. Beck [Becl0, Becl1]. Let

My(a,x) == %ZSn(a,x) , Snla, ) = Sy, ) — My(a, x).

Theorem 1.3 (Beck). Let a be an irrational root of a quadratic polyno-
maal with integer coefficients. Fiz x = 0. If n is uniformly distributed

on{l...N} then % converges to a normal distribution as N — oo.

A similar result holds for the same 2 and « with h(z) = {z} — 3
replaced by 1y g ({z}) — 3, 8 € Q [Becl0, Becll]. [ADDS15, DS17]
extended this to all z € [0,1). A remarkable recent paper by Bromberg
& Ulcigrai [BU] gives a further extension to all x, all irrational o of
bounded type, and for an uncountable collection of 5 (which depends on
«). Recall that the set of a of bounded type is a set of full Hausdorff
dimension [Jar29], but zero Lebesgue measure [Khi24].

This paper: We show that for h(z) = {z} — %, the quenched temporal
limit theorem fails for a.e. «, but that the annealed temporal limit
theorem holds. See §2 for precise statements.

Heuristic overview of the proof. When we expand the ergodic
sums of h into Fourier series, we find that the resulting trigonomet-
ric series can be split into the contribution of “resonant” and “non-
resonant” harmonics.
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The non-resonant harmonics are many in number, but small in size.
They tend to cancel out, and their total contribution is of order v/In N.
It is natural to expect that this contribution has Gaussian statistics. If
a has bounded type, all harmonics are non-resonant, and as Bromberg
and Ulcigrai show in the case 1jg — [ the limiting distribution is
indeed Gaussian.

The resonant harmonics are small in number, but much larger in size:
Individual resonant harmonics have contribution of order In N. For
typical «, the number, strength, and location of the resonant harmonics
changes erratically with N in a non-universal way. This leads to the
failure of temporal distributional limit theorems for typical a.

We remark that a similar obstruction to quenched limit theorems
have been observed before in the theory of random walks in random
environment [DG12, PS13, CGZ00].

To justify this heuristic we fix N and compute the distribution of
resonances when « is uniformly distributed. Since the distribution of
resonances is non-trivial, changing a scale typically leads to a different
temporal distribution proving that there is no limit as N — oo. As
a byproduct of our analysis we obtain some insight on the frequency
with which a given limit distribution occurs.

Functions with more than one discontinuity. In a separate paper
we use a different method to show that given a piecewise smooth dis-
continuous function with arbitrary finite number of discontinuities, the
quenched temporal limit theorems fails for Lebesgue almost all . But
this method does not provide an annealed result, and it does not give
us as detailed information as we get here on the scaling limits which
appear along subsequences for typical a.

2. STATEMENT OF RESULTS

Let S,(a,z) := > ,_, h(z + ka), and

N
1
My(a,z) = ¥ Z Sn(o, ),
n=1

Sn(a,z) = Sp(a,z) — My(a, ).

Consider the cumulative distribution function of % :

Fn(a)(z) = %Card (1 <n<N: % < z) :

When « is random Fy () becomes a random element in the space X
of distribution functions endowed with Prokhorov topology.
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We begin with the annealed temporal distributional limit theorem:

Theorem 2.1. Let (a,n) be uniformly distributed on T x {1,..., N}.

Then % converges in law to the Cauchy distribution as N — oo.
That is, for all z € R

hmP( (’)<Q:%+§Eﬁﬁfﬁ

N—roo In N T

where

2.1) py= —

37?\/5.

Next we turn to the quenched result, beginning with some prepa-
rations. Recall (see e.g. [DF, Section 2.1]) that the Cauchy random
variable can be represented up to scaling as
(2.2) ¢:§:92

= &
where = = {,,} is a Poisson process on R and ©,, are i.i.d bounded
random variables with zero mean independent of =. To make our ex-
position more self-contained we recall the derivation of (2.2) in Appen-
dix B.

In our case the relevant distribution of ©s is the following. Let 6 be
uniformly distributed on [0, 1] and define

(2.3) o) =y CB2Tho)

2m2 k2
k=1
© has period one, and
2 —-0 1
2.4 = —
(2.4 o) ="+
on [0, 1], as can be verified by expanding —+— on [0 1] into a Fourler
series. Notlce that for every 6 € [0, 1], ©(0) = 422 24, where ( =0 — 3
Thus —5; <6 < 112, and
0 t< —o
(2.5) PO <t)=1{24/2t+ & te(wa
1 t> ﬁ.

Next, given a sequence = = {£,,} s.t. > &2 < oo we can define

(2.6) QE:E:%?
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The sum in (2.6) converges almost surely due to Kolmogorov’s Three
Series Theorem (note that (2.3) easily implies that E(©) = 0). Let §=
be the cumulative distribution function of €=. If = is a Poisson process
on R, then §z is a random element of Prokhorov’s space X.

Theorem 2.2. If a has absolutely continuous distribution on T with
bounded density then Fn(a) converges in law as N — oo to §= where
= s the Poisson process on R with intensity

6

A similar result has been proven for sub-diffusive random walks in

random environment in [DG12] with the following distinctions:

(1) for random walks ©,, + 1 have exponential distribution rather than
the distribution given by (2.3)

(2) For random walk the Poisson process in the denominator of (2.2)
is supported on R™ and can have intensity cz—* with s # 0.

We now explain how to use Theorem 2.2 to show that for a.e. «, there
is no non-trivial temporal distributional limit theorem for S, («, ). It
is enough to show that for a.e. «, one can find several sequences N},
with different scaling limits for S, (o, z) as n ~ U{1,..., Ni}. Let

2(0) := {finite linear combinations of i.i.d. with distribution ©}
(closure in X).

Corollary 2.3. For a.e. «, for every Y € 2(0), there are Ny — oo,
B, — 00, A € R s.t.
Sn(Oé, x) - Ak dist

Y, asn~U{l,..., N}

In particular, for a.e. «, the distribution of © (2.5), and the normal
distribution are distributional limit points of properly rescaled ergodic

sums Sp(a,x) asn ~U{l,...,N}.

Proof. Put on X the probability measure p induced by the §=, when =
is the Poisson point process with intensity c¢ as in Theorem 2.2. It is
standard to see that for every Y € Z(0), there is a decreasing sequence
of open U,, C X with positive measure s.t. U, | {Y'}.

We claim that for any n, for almost every «, every sequence has
a subsequence {N/,} such that Fy: (a) € U, for all m. A diagonal
argument then produces a subsequence { Ny} along which we have (2.8)
with Ay := My, (o) and By, := In N.
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Fix n and set U := U,. To produce {Ny,} it is enough to show that
for each N,

(2.9) mes(a € T: IN > N such that Fy(a) € U) = 1.

Let u(U) = 2e. Let a be uniformly distributed. By Theorem 2.2 there
exists ny > N and a set A; C T such that mes(A;) > ¢ so that for every
a € Ay, Fu (o) € U. If mes(A;) = 1 we are done; otherwise we apply
Theorem 2.2 with « uniformly distributed on T \ A; and find ny > ny
and a set Ay C T\ A; such that mes(As) > emes(Ay) so that for each
a € Ay, Fpo,(a) € U. Continuing in this way, we obtain n,, 1 oo such
that for a € A;, F,, (o) € U and mes(T \ U¥_  A;) < (1 —¢)*. Letting
k to infinity we obtain (2.9). O

Corollary 2.3 shows for a.e. «, there is no non-trivial temporal distri-
butional limit theorem for S, («, z).

3. THE MAIN STEPS IN THE PROOFS OF THEOREMS 2.1, 2.2

We state the main steps in the proofs of Theorems 2.1, 2.2. The
technical work needed to carry out these steps is in the next section.

Step 1: Identifying the resonant harmonics. It is a classical fact
that the Fourier series of h(z) = {z} — 1 converges to h(z) everywhere:

(3.1) h(z) = — E M for all z € R.
: j
Jj=1

We will use this identity to represent

Sp(a,z) = Z h(x + ka) — %Z h(z + ka)

as a trigonometric sum, and then work to separate the “resonant fre-
quencies”, which contribute to the asymptotic distributional behavior
of S, (), from those which do not. We need the following definitions:

T:=NIn’N,
_cos((2n+ 1)mja + 2mjx)

j7n T

Y

277 sin(mja)
T
Spr(a) = Zgj’”‘
j=1

Proposition 3.1. Let (a,n) be uniformly distributed on Tx{1,..., N}.
g dist

n N—oo
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The proof is given in §4.2. We follow the analysis of [Bec10, Becl1],
but we obtain weaker estimates since we consider a larger set of rotation
numbers than in [Becl0, Becl1].

In what follows, indices j in g;, are called “harmonics.” We will
separate the harmonics into different classes, according to their contri-
bution to S, (). We begin with some standard definitions:

Given z € R there is a unique pair y € (—3, 3], m € Z such that
xr =m +y. We will call y the signed distance from x to the nearest

integer and denote it by ((z)). We let ||z|| = |((x))], ({x)) = (=1)"((x))
where m is as above.

Fix N. An integer 1 < j < T = N1In? N is called a prime harmonic,
if ja = ((jo)) + m where ged(j,m) = 1. If j and m are not co-
prime, that is r := ged(j, m) # 1, then we call j/r the prime harmonic
associated to j.

Definition 3.2. Fiz 6 > 0, and N > 1.

(1) p € N is called a prime resonant harmonic, if p < N, p is a prime
harmonic, and ||pa| < (dpln N)~1.

(2) j € N is called a resonant harmonic, if j < N1n® N, and the prime
harmonic associated to j is a prime resonant harmonic.

Let R = R(4, N) denote the set of resonant harmonics, P = P(d, N)
the set of prime resonant harmonics, and O = O(4, N) be the set of
non resonant harmonics which are less than T(N) = N In* N. Split

Spra) = SZST(a) + S,?T(a) where S;ZT = Zgﬂ?"'
jeJ

Let Vg(a) := E,[SPr(a)’] = § 3, SOr(@)™.

Proposition 3.3. Suppose o € T is distributed according to an abso-
lutely continuous measure with bounded density. For every e > 0 there
are 69 > 0 and En(e) C T Borel with the following properties:

(1) mes(En(e)) > 1 —¢ for all N large enough;

O(N,ﬁ)(a)
(2) for all 0 < 6 < 0y, ]\P%m sup oy
o \ a€En(e)

<e.

The proof is given in §4.2. Here is a corollary.

Corollary 3.4. For every € > 0 there is a g > 0 s.t. for all N large
(@)
enough and 0 < § < g, Py ('S"’T| > &?) < g, where 1 < n < N is

In N
distributed uniformly, o € T is sampled from an absolutely continuous
measure with bounded density, and a,n are independent.
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Proof. Without loss of generality 3¢? < e. Fubini’s theorem gives

|ST(L9T| < 4 +/ P SO d
n| 77 >¢€| ¢ n | —5= > ¢ | do.
’ InN En(e%) InN

By Chebyshev’s Inequality, the integrand is less than E% . 1n21 NV](\?. On
En(e"), this is less than 2¢? for all N large enough (uniformly in «).
S0 Pon( |87 > €) <et+ 2% <e. O

In

Proposition 3.1 and Corollary 3.4 say that the asymptotic distribu-
tional behavior of S, («) is determined by the behavior of the sum of
the resonant terms SJ¥(a).

Step 2: An identity for the sum of resonant terms. Let

& = j({ja)) In N and ©;(n) = © ([erthint2imed2)

where O(t) = Z M, see (2.3).

2m2k2
k=1

Proposition 3.5. For all 6 small enough,

R(6,N
15 Swi 5 9+ 0 (5)
(3:2) InN 3 ’
jEP(5,N) J

The big Oh is uniform in j but not in §.
For the proof, see §4.3.

Step 3: Limit theorems for resonant harmonics. We will use
(3.2) to study of the distributional behavior of S%

First we will describe the distribution of the set of denominators
{& = j{(ja)) In N}jep(sn), and then we will describe the conditional
joint distribution of set of numerators, given {;}. Notice that we need
information on the point process (“random set”) {§; : j € P(3,N)},
not just on individual terms.

Proposition 3.6. Suppose that « is distributed according to a bounded
density on T. For each d the point process

W wim))

converges in distribution as N — oo to the Poisson Point Process on
[0,1] x [—%, 3], with constant intensity ¢ =
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The second coordinate contains the information we need on {¢;}.
The information contained in the first coordinate is needed in the proof
of Proposition 3.7 below.

Proposition 3.6 is proven in [DF, Theorem 4.1] with ((z)) replaced
by ((x)). The proof given in [DF] relies on the Poisson limit theorem
for the sum along the orbit of the diagonal flow on SLy(R)/SL2(Z) of
the Siegel transform of functions of the form F(z,y) = 1;,(2)1,, ()
where {Iy} and {Jy} are sequences of shrinking intervals. To obtain
Proposition 3.6 one needs to change slightly the definition of Iy but
all the estimates used in [DF] remain valid in the present context.

Proposition 3.7. Suppose that « is distributed according to a bounded
density on'T. For everyr > 1 ande > 0 there are 6, No and A(N,d,r) C
T such that mes(A(N,d,r)) > 1 —¢ and

(1) If a € A(N,d,r) then |P(0, N)| > r for all N > Nj.

(2) For each neighborhood V of the uniform distribution on [0,2]" there
exists Ny such that for N > Ny the following holds. Let a €
A(N,6,r) and ji be an enumeration of the prime resonant har-
monics in P(6, N) which orders ||jxa||jx in decreasing order, then
the distribution of the random vector

(1(a2n+1)+22),..., 4. (a(2n+ 1) + 22)) mod 2
where n ~ Uniform{1,... N} belongs to V.

Proposition 3.7 is proved in §4.4.

Proof of Theorem 2.1. This theorem describes the distributional
behavior of S, () as (o, n) ~ U(T x {1,...,N}), when N — oo.
Step 1 says that for every e there are §,Ny such that for all N > N,
1 1 re
v 0) =y Sur + Bale)

where P(|A,(a)| > ¢) <e¢, as (a,n) ~ U(T x {1,..., N}). To see this
take A, := (&, + S7), and use Proposition 3.1 and Corollary 3.4.
We will prove Theorem 2.1 by showing that ﬁ&? (6’N)(a) Ndi> Cs
—00
as (a,n) ~ U(T x {1,...,N}), where €; are random variables such
that & ﬂ>Cauuchy.
6—0

Let ji be an enumeration of P(d, N) which orders ||jre|jx in de-
creasing order. By step 2,

R(5,N
S 0, (n) + O(k)

W~ 2 & '
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Proposition 3.6 says that the point process {¢;, } converges in law to
the Poisson Point Process on [— Proposition 3.7 says that given

5’5]
{&}: (01(m) + O(ily), . O, (n) + O(ily)) <= (O, Opp)

where ©; are are independent identically distributed random variables
with distribution (2.5).

R(65,N)

It follows that S’;’TN dist (?—m where ©; are independent, dis-
n N—o0 m
tributed like (2.5), and {&,,} is a Poisson Point Process €5 on [, 5]

with density ¢ = 6/72. In the limit € . Cauchy random variable,

see Appendix B. This completes the proof of Theorem 2.1 except for
the formula (2.1) which is proven in the appendix. O

Proof of Theorem 2.2. Theorem 2.2 describes the convergence in
distribution of the (X—valued) random variable

1
Fx(@)() = 1 Cand (1 <n< N Silen) < )

to §=z as N — oo, when « is sampled from an absolutely continuous
distribution on T with bounded density. We will assume for simplicity
that the density is constant, the changes needed to treat the general
case are routine and are left to the reader.

Again we claim that it is enough to prove the result with SZ},T replac-
ing S,,. Let A, («) be as above. By step 1, for every ¢ there are 6 and Ny
s.t. for all N > Ny, P(|A,(a)] > ¢) <eas (a,n) ~U(Tx{1,...,N}).
By Fubini’s theorem for such N

< Card(1 <n < N :|A,(a)] >¢)
mes |« :

~ zﬁ)gﬁ.

It follows that the set of a where the asymptotic distributional behavior
of Z5SF () is different from that of %S, () in the limit N —
00,0 — 0 has measure zero.

Thus to prove Theorem 2.2, it is enough to show that

1 (0%

converges in law, as N — oo, to an X-valued random variable F2 such

that 35 ﬂ §=, where §= is the cumulative distribution function of

the random varlable ¢z defined in (2.6) . This is done as before, using
Propositions 3.6 and 3.7. 0
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4. PROOFS OF THE KEY STEPS.
4.1. Preliminaries. The following facts are elementary:

Lemma 4.1.

(a) If the harmonic j is not prime and it is associated to the prime
harmonic p, j = rp, then ((jo)) = r((pa)).
(b) For every x € R, % % <7 and

|sin(7x)| = «||z|| + O(||x||3) as x — 0.

(¢c) For every x € R and m, N € N,

. . cos(y+x/2) —cos(y + (2m + 1)x/2)
(4.1) ; sin(y + jz) = Ysin(z/2)
(4.2) Z cos(y + 2jx) = sin(mz) Coz(i?;—i_ Dz +y)

(d) If « is uniformly distributed on T then for each j # 0 jo is also
uniformly distm’buted on T.
(e) For every0 < a< i, mes(aeT:|jal < a) = 2a. (mes =Lebesgue)

_ 2 _
() Jeeijal>a TiaT = 21n( @) Jmielsa TaE = 2 —

Part (e) of Lemma 4.1 implies the following estimates:

(4.3) lim mes {aeT: jljof >In"jforall j > N/In'" N} =1,
— 00

(4.4) Jim mes(a € T jllja > In"* N for all j < 27T) =1,
—00

. . . . mé N . 9 o
(4.5) ]\}gréomes{oz eT:#(j: ljof| <2H,j<2T) <IN} =1
We prove (4.5), and leave the proofs of (4.3),(4.4) (which are easier)
to the reader. Let Fy denote the set of o in (4.5), then

Fy={aeT:)_ Loy (@) > In’ N}.
=1

2N In? N
By Lemma 4.1(e), the sum has expectation Z w By Markov’s
7=1

N In?
Z N—>oo o

inequality, mes( F N
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We also observe the following consequnce of (4.2)

_ m
< min (—,m) .
2][x|]

To see that (4.6) is less than 3z We estimate the numerator of (4.2)
by 1 and the denominator by Lemma 4.1(b). To see that (4.6) is less
than m, note that each term in the LHS is less than 1 in absolute value.

We note that (4.3) is a very special case of Khinchine’s Theorem
on Diophantine approximations (see e.g. [BRV17, Thm 2.3]). This
theorem says that if o : N — R* is a function such that 3 ¢(g) < oo,
then for almost every « the inequality

(4.7) lqal| < »(q)

has only finitely many solutions, while if 3 ¢(¢q) = oo and ¢ is non
increasing then (4.7) has infinitely many solutions.

Next we list some tightness estimates. Recall that a family of real-
valued functions { f,,} on a probability space (2, F,P) is called tight, if
for every € > 0 there is an a > 0 s.t. P(|f,| > a) < ¢ for all n.

(4.6)

Z cos(y + 2mmax)
j=1

Lemma 4.2. Let a ~ U(T) then {WENZ?’:I m} . is tight.
Ne

Proof. For every € > 0,

Ny N .
(4.8)  mes (a : ; m # ; hﬂ Lie/(any,1/2) (HJQH)}) < 5

. N . 5
because the event in the brackets equals [J;_,{a : [|jal < 5} up to
measure zero, and mes{a : [|jaf| < ;5} = 5 by Lemma 4.2(e).

On the other hand, one can check using Lemma 4.2(f) that

N
1 2
E <Z {H H [E/ (4N),1/2] (||]a||)}) =2N (IDN—I—IHE) <3NInN

if N is sufficiently large. Hence by Markov’s inequality

N
1 6N In N €
(19) P(Z[H el (lial)| = 2 >§§-
N

Combining (4.8) and (4.9) we see that P (Zjvzl Lo.> 8

Lemma 4.3. Let o ~ U(T), then the following families of functions
are tight as N — oo (recall that T := N1n* N):
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T

1
a — .
) mwzﬂuau
1 Twf2T 1
(b) M T? le-:alelﬂn_ﬁg rwea 7 (Jllgal), for every Bi, Ba, B3, Ba.
j=T1In

T

1 1 i
(C) InT lnlnT;jHjO&Hl[lnﬁ3T’lnB4T}(‘7H]aH)’ fOT every 637ﬁ4-

We omit the proof, because it is similar to the proof of Lemma 4.2.

4.2. Step 1 (Propositions 3.1 and 3.3). The proofs of these Propo-
sitions follow [Bec11] closely, but we decided to give all the details, since
our assumptions are different.

Proof of Proposition 3.1. The starting point is the Fourier series ex-

T . .
2
pansion of i(x) = {z} — 3 given in (3.1). Let hy(z) = — Z M

: j
j=1
Summation by parts (see [Becll, formula (8.6)]) gives us that
n n 1 n 1 1 N 1
h ko) — h ka)| < = —_ < = —_
2 M) = Qe RS 7 0 a7

The last expression converges to 0 in distribution as o ~ U(T) and
N — oo, by Lemma 4.2 (recall that 7' = N In® N). Thus it suffices to
study the distribution of

(4.10) > hp(z + ka) — % > (Z hr(z + ka))
k=1

as o ~ U(T) and N — oc.
A direct calculation using Lemma 4.1(c) shows that

(4.10) +ij

where

Z _ sin(2mjr + 2mja) — sin(2mjx 4 27(N + 1)ja)
J; N &I = 47 Njsin®(mja)

(cf. [Becll, Lemma 8.2]).
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Observe that by (4.6) there is a universal constant C' such that
1 1
(4.11) |f~|§C’min<, , ,—— )
! JN gl gllial
Let T := N/In'" N. By (4.4), with probability close to 1 we have

1/(jlljel)) < In® N for all j < T, so with probability close to 1, all j < T
satisfy |jo| € [=2+,2]. We split [+, 1] = [=5+. +] U [£,1]

Tn? N’ 2 Tln? N’ 2 TN’ N
and apply the bounds in (4.11) to each piece. Thus on
(4.12) Fy:={a:V¥j<T, j|lja| > n%N}
we have

sl Y Il

j=T+1 j=T+1
where
oLyl | (1[“ o opliel) 1[,;,;]<||ja||>>
’ Njlljel? lliell Fllgell

Since by Lemma 4.1(f) E, (Zfzﬂl ﬁ) < C(Inln N)?, and by (4.4)

mes(Fy) —— 1 we conclude that — Z | £ % 0as (a,n) ~
N—o00 N—00

] =T+1

U(T x {1,...,N}).

T
1 dist
Next, we show that ﬁ ng f] T 0. By 4 11 E |f]’ < CBN

T
1 dist
with By = ———— so it is enough to show that —) 0.
Z Njlljal?
Here is the proof. Split Bx = By + By where the first term Contains

the j s.t. j|lja|| > £, and By, contains the j s.t. j|ljal| <
By Lemma 4.1(f)

By STIn N 1
N )<« — .
"‘(mN) _C(NlnN) O(lnmN)

Hence by Markov’s inequality NB &) 0.

Fix ¢ > 0 and let Fy be as in (4. 12) above then (4.4) says that
mes(Fly) > 1 — ¢ for all N large enough.
Let R(N) = {j <T :8j|jaf|lIn N <1}. By Lemma 4.1(a)

(4.13) R(N)c |J {kp:keZ peP@N), kp<T}
peP(§,N)

lnN
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Given p € P, let
R,(6) := {resonant harmonics in R, associated to p}.

(4.13) implies that for some constants C, C'

ZEDVIDIR 7 AP VD WS TG

2
pEP(5,N) JERH( jH]ozH pEP(6,N) kpeR,(5)
C
> e (28) € T st
i p||pa|| ( k seran Vplpal
(a€FN) O T(In2 2
seri Nwllpal) PG N

By Proposition 3.6, if « is distributed according to a bounded density
on T, then Card(P(J, N)) converges in law as N — oo to a Poissonian
random variable. Therefore there is K(¢) so that

mes{a € T : Card(P(5,N)) < K(e)} > 1 —e.

It follows that mes{a € T : Bf, < K(¢)CIn"® N} > 1 — 2¢, whence
dist

By —— 0.

N—oo

To summarize,

T
en = Spla, 2) =S r(a) = Z fj+error which tends to 0 in distribution,
j=1
T
and Z‘fﬂ‘_l N Z |fi| + By + B %Obythe ar-
j=T+1

guments above.

Proof of Proposition 3.3. We give the proof assuming that a ~ U(T).
The modifications needed to deal with absolutely continuous measures
with bounded densities are routine, and are left ot the reader.

N
Simple algebra gives V§ = + > > G+ ~ > Gj1nGjsm, Where

JjEO n=1 J1,j2€0
4 ' J1#72
Gjn = COS((ZQ"J.AA)”Q,JF?”“). To bound the sum of diagonal terms, we use
) 7 sin(mja) )
that by (4.6) |gjn| < m, whence

(4.14) —ZZgjn <> — Zj ||Joz||2 —: Diag(N).

j€O n=1 je0
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To bound the sum of off-diagonal terms, we first collect terms to get

1 1 ~
AT Z gjl,ngjz,n == Z 2 . o . N . Fjl,jQ,Na
ijéeo j17j2€o47r J1je sin(mjia) sin(mjac)
J1#£j2 J1#72
where
N
~ 1 . . . .
L) N = I Z cos((2n + V)mjia + 2mjzx) cos((2n + 1)mjacx + 2mjx).
n=1

Now the identity cos 452 cos 452 = L[cos A + cos B] and (4.6) give

™ : 1 : 1
Do =€ [mm <—Nu<jrjz)a||’ 1) + min <—N||<j1+jg>au ) 1)} '
This and the estimate j|sin(mja)| > 2j||jo| (Lemma 4.1(b)) implies
that for some universal constant C
1 . .
~ > Gjniam < C [OfiDiag™ (N) + OffDiag™ ()]
J1,j2€0
J1#72
where

min <m» len 192)04\)

(4.15) OffDiag* :=
Jillgredl - gl g2l

J1,J2€0
J1752
Since min(z,z~1) < 1 for all z, the numerator is bounded by one.
Thus V§ < Diag(N)+ C[OffDiag™ + OffDiag™]. We need the follow-
ing additional decomposition:
(4.16) OffDiag® := OffDiag;” + OffDiag;; + OffDiag:; + OffDiag};
where
(i) OffDiag; : sum over the terms s.t. ||(j1 — j2)o| > lanN;
(ii) OffDiagy;: [|(j1 — j2)oll < 25X, and ju[|jie]| > In' N;
(iii) OffDiagy;: [|(j1 — jo)e| < 25X, and
gillziell WO N, - galljal > W' N;
(iv) OffDiagy,: [|(j1 — j2)al| < =52,
gilgiel W™ N, - jolljeall < N.

Similarly for OffDiag™ with ||(j; + jo)«|| instead of ||(j; — j2)]|-
We now have the following upper bound

(4.17) V§ < Diag 4+ C Z (OffDiag,; + OffDiag,j) .
k=i
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For every € > 0, and for each of the nine summands Dy, ..., Dy above,
we will construct g > 0 and Borel sets A;(e, N), ..., Ag(e,N) C T s.t.
mes[A;] > 1 — §, and with the following property:

D,
(4.18) V0 < 6 < &y, lim (Sup ) < g

NS00 \aea, In? N

9
This will prove the proposition, with Ey(g) := ﬂ A;.

i=1
We begin by recalling some facts on the typical behavior of ||j«|| for
o ~ U(T). Recall that T := N1n® N, and let

(A) Vj> hy. Jlljall >

Ey:={aecT: (B) Vj<2T, jllja|| >In*N
(O) #{1<j<2T:|jal| < 2N} <N

Then mes(EY) = 1, by (4.3),(4.4), and (4.5). Most of our sets A;
—00

will be subsets of EY.

. 1 N 1
THE SUMMAND Diag = ZjeO N Zn=1 32ll7all?

Suppose « € E},.. By the definition of resonant harmonics, for every
j € O either 0j||jo||In N >1,0or N <j<T.

In the first case, j||ja|| > (61In N)~!. In the second case, by property
(A) of E%, jlljal| > In™"' j > In""' T. Accordingly,

N
1
E,(Diag- 1p: ) < E /— — Lijjal>(6m N)-1)da
i\ p SEIITIE [lled>( )~

T
E { 1
— 5 L1 Caond
+ /1rj2|\joz|]2 [lljal/>In=11T] a]

J=N+1
N . T 111
207 In N 2jIn T
< [Z % + Z # (by Lemma 4.1(f))
= 7 jeNt1 )

<20’ N +4In** NInln N.

Let &y := £2/1000, and choose Ny so large that for all N > Nj,

mes(Ey) > 1—¢/9 and W < €2/1000. By Markov’s inequal-

ity, for all N > Ny and § < 9y,

26l N +4InlnN ¢

* LT3 € 12

mes{a € Ey : Diag > §In" N} < /9 ° N <3

We obtain (4.18) with D; = Diag, A; := {a € E} : Diag < %1112 N},

and &y := £2/1000. Notice that this A; depends on ¢.
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THE SUMMAND OffDiag; : This is the part of (4.15) with ji,j2 s.t.
. . 06
G = g2)all = =5

1/In® N
OffDiag; < Y /In

o Jillredll - jallg2c||

(&1 1 L& 1Y
SO N <Z ]||ja||> In®> N <ln2N;]HJO‘H>

J=1

By Lemma 4.3(a), the term in the brackets is tight: there is a constant
K = K(e) st. forall N, A:={a €T : =5 25:1 jHl < K} has

jell =

measure more than 1 — %.

For all N > exp ¢ gaﬁ’ for every a € A, lnleOﬁDiagi_ <

and we get (4.18) with A; = A, Ny = exp 4/ %.

€
<§,

K
In* N

THE SUMMAND OffDiag;;: Suppose a € EY, and let jo» € O be an
index which appears in OffDiag;;. Let I(j2) be the set of j; s.t. (j1,J2)
appear in OffDiag;;, namely

I(jo) == {j1 € O :||(j1 — )| < 25X, jilljrall > ' N},

By property (C) in the definition of E% (applied to |j; — j2), the
cardinality of I(j,) is bounded by 21n° N.

Since the numerator in (4.15) is bounded by one, and since in case
(ii) j1||g1e] > In'® N, we have

P T
fiDiag . 1 1
Olnzlifgu < 2 N Z ol g2c|| Z j1||]1‘1a_H
J2=1 J1€1(j2)
! L (G 2 e (&
< < _ 1 ‘
B lnzNj;l Joll j2cr| <ln1°N T I’N ; jlje — InN \ N ; Tl

The term in the brackets is tight by Lemma 4.3(a), and we can continue
to obtain (4.18) as we did in case (i).

THE SUMMAND OffDiag;;;: This is similar to OffDiag;; .

THE sUMMAND OffDiag;,: Suppose the pair of indices (ji, j2) appears

in OffDiagy,: [|(j1 — ja)all < 2, ju[ljsall < W' N, joljpall < ' N.

Let jmax := max(ji, jo) and jupin := min(jy, jo).
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We claim that if a € EY, then

(4.19) 2N <Jmin||Fmine|| < In' N;

(4.20) I T <G| fmaxc]| < "0 N
N

4.21 e > ———

( ) J n® N

Here is the proof. The left side of (4.19) is because jpi, < T := N In? N
by definition of O and by property (B) in the definition of E%. The
right side is because we are in case (iv). Let Aj := jnax — Jmin, then
Aj < Jmax < T, whence by property (B), Aj||(Aj)oz|| >In"?N. So
Aj > ([[(Af)«| an N)~L In case (iv), [[(Aj)al < h’ Noso Aj > A
Since Jmax > A7, (4. 21) follows. The right side of (4 20) is by the
definition of case (iv). The left side is because of (4.21), property (A)
in the definition of E%,, and because jyax < T
We can now see that for every o € EY,

OftDiag,, (N) <

m*N
T T
2 1 1
2 N Z iljal Lin-11 7<) jal<m®® v (Zjuja“l[ln‘?TSjlljaSlnION}>
. N =1
J=m8 N !
o(InlnT) In T 1 ~ 1
< 2 N X m Z ml[ln*“T§j||jaH§1n1°N} X
:lnloT

1 T 1
X (lnTlnlnT ]Zl jHJOZH 1[IH2T§j||ja§ln10N}) .

The first term tends to zero (because T = N In? N), and the second
and third terms are tight by Lemma 4.3(b),(c). We can now proceed
as before to obtain (4.18) for D; = OffDiag;, .

THE SUMMANDS OFFDIAG],k = i,...,7v: These can be handled in
the same way as OffDiag, , except that in cases (ii),(iii) and (iv) we
need to apply properties (B) and (C) to j; + j2 instead of |j; — j2|. This
is legitimate since j; + jo < 27 O

4.3. Step 2 (Proposition 3.5).
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Proof of Proposition 3.5. Fix § > 0 small, « € T\ Q, and N > 1, and
set P ="P(6,N),R = R(J, N). Recall that

R,(0) := {resonant harmonics in R, associated to p}.

Then we have the following decomposition for SZfT /In N

Sk, cos((kp)t,)
4.22 - n =
(4.22) InN — lnN Zg] In N N Z Z 27Tkpsm (rkpa)
PEP kpeR,(
where
(4.23) tn = (2n+ 1)ra + 27z

To continue, we need the following observations on R, (6):

CrLAIM 1: Suppose p € P, and L, := min(L%&plnNJ, |N1n* N/p)).
For every 1 <k <L,

(@) kp € Ry(0) and ((kpa) = k(pa)):

(b) 2mkp sin(mkpa) = p{{pa)) (271-2k2 +0 (||pOé|| ))

Proof: Write pa = m+ ((pa)) withm € Z. If j = kp with 1 < k < L,
then jo = km + k((pa)) and, since p is prime resonant,

[K((p0))| = Klpall < L(Gpln N) ™ < 2.
Since « is irrational, this is a strict inequality, whence ((jo)) = k((pa)).
This also shows that ja = km + ((ja)) whence r := ged(j, km) = k,
and 7 is associated to p = j/r. To complete the proof that j € R (5)
we just need to check that j < NIn* N. This is immediate from the
definition of L,. This proves (a).
For (b), we write again pa = m + ((per)) with m € Z and note that
sin(mkpa) = sin(rkm~+n((kpa))) = (— 1) sin((kpa)). We saw above
that if £ < L,, then ((kpa)) = a)). S

k((p
sin(rkpa) = (—1)"sin tk((pa)) = (—1)"7k((pa)) + O(K?||pa|®).
a)) be

Note that (=1)"((pa)) = ({p ecause of the decomposition pa =
m + ((pa)) above. So sin(mkpa) = wk{{(pa)) + O(k3||pa|*). Thus

1 1 _ 1+ O(#]lpo] %)

Skpsin(ekpa) — 22K2p{(pa) (1 + O (R[palP)) — 2n2ep{{pa))
proving (b).

CLAM 2: If p € P and kp € R, (8), then ——L—— = O (;>

2mkp sin(mkpa) E2pllpal|
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Proof: Write kpa = £ + ((kpa)) with ¢ € Z. Since p is associated to
kp, ged(kp, £) = k. We have

kp 14
Ikpall = [kpa — ] = ged(kp, ) \ ]

gcd(kp, 0" ged(kp, 0)

1> klpal
gcd(kp, )| = P
1

In particular, k|[pa|| < [|kpal| < 5. Therefore ||kpa| = kfpa||, and

:k‘pa—

| sin(rkpa)| < 7||kpal| = wk||pal|, whence m =0 (W

CLAIM 3: Suppose p € P, then

Nln®> N
{k:p:k:zl,...,Lp}CRp((S)C{k:p:kzl,..., ; }

Proof: The first inclusion is by Claim 1(a), the second is because by
definition, every j € R is less than T'= N In® N.

We now return to (4.22). Claims 2 and 3 say that the inner sum is

Ly 1 N1n?N/p 1
> Giom = GrpntO ol > | L= (N’ N/p),
kpER(6) k=1 Pipall 20

then the error term vanishes. If not, then L, = [36pIn N| and the er-

ror term can be found by summation to be equal to O <§p||pa|| pliN).

Thus kaenp(a) Gkpn = Zkil Gkpn + O (p—”pa” . p—lnN) (where the im-
plied constant is not uniform in 4).
Applying Claim 1 to Zfﬁl Gkpn We obtain (recall (4.23))

Skr 1 1 i cos((kp)t,) ) 1
N lanezpp<(poz>> (;( oz 1 Olped )) +O( In N))
cos((kp)t ) 1
N e (Z )+ ollpalPzy) +0 N))

Spln N
so ||pa|*L, < % O(plnN) Thus

For p € P, |pal < 5p1nN’

R
SnT

7 Lo cos((kp)t,) 1
1nN_Z lnN (2 2m2k? +O(p1nN>)'
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Every p € P satisfiesp < N. So L, > min([16pIn N], [In* N]), whence

— cos((kp)t,) 1
Z 2m2k?2 =0 pln N - So

k=Lyp+1
SR 1 (“e%@@t» < 1))
nl N (R Lo () ).
2.2
In N et p{{pa)) In N c~ 2k In N
This is equation (3.2). O

4.4. Step 3 (Proposition 3.7).

Proof of Proposition 3.7. We carry out the proof assuming o ~ U(T),
and the leave the routine modifications needed to treat the general case
to the reader. Fix an integer » > 1 and a small real number £ > 0.

CrAM 1: There exist § > 0, Ny > 1 s.t. for all N > Ny, Q(N,6,r) :=
{a € T :|P(6,N)| > r} has measure bigger than 1 — .

Proof: Proposition 3.6 says that {j((ja))In N : j € P(d, N)} converges
as a point process to a Poisson point process with density % on [—%, %]

12
25"

choose 9§ small enough, the probability that this random variable is less
than 2r is smaller than 5. So the claim holds with some Ny.

So #P(6,N) Ndiﬁ-’oisson distribution with expectation If we
—00

Let flo,n =+ Zivzl O(jrtn,.jntn) Where t, = (2n + 1)ma + 27 (see
(4.23)) and fix some weak-star open neighborhood V of the normalized
uniform Lebesgue on [0,2]". We will construct Ny s.t. for all N > Ny,

mes (o € Q(N,8,7) : plorny €V) >1—2¢

where ji := jr(c, 0, N) enumerate P(d, N) as in Proposition 3.7.
Without loss of generality, V. = ("% {p : | f[o o fodu| < €} where

_ - r (v)
£>0,1 €N, and f,(z1,...,2,) = " 2Zk=1l " where

1 =, 1Yy e Zr\ {0} (1< v <.
1 r

This is because any weak star open neighborhood of Lebesgue’s mea-
sure on [0, 2]" contains a neighborhood of this form. Let

L, = L,(o,0,N) sz -

CLAIM 2: mes (a € Q(N,6,7) : L, =0 for some 1 <v <1y) —— 0.

N—o0
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Proof. Proposition 3.6 says that the sequence j, is superlacunary in
the sense that for each R

(4.24) mes(&: VI<E <k <r: MER> — 1.
mln(]k/7]k//) N—o0

To see this recall that the gaps between neighboring points of a Poisson
process have an exponential distribution, therefore for any ¢ there exists
0 such that the gaps between In ji and In j,» are, with probability 1—¢,
bounded below by §In N.

Let k% = arg max(ji, : 1) # 0). Applying (4.24) with

R=R,=2(r—1)Y I}
k

we see that for all IV large enough, with almost full probability, jz. >

2 Z ]l,(:)jk], whence L, # 0. This proves the claim.
kK
Notice that this argument also shows that with almost full probabil-

ity, [L,| < 21 j...

CLAIM 3: mes (@ € Q(N,4,r) : I < v s.t. [|Lya/2 < BE) —— 0.

N—o0

Proof. By Proposition 3.6, {{2L : j € P(6,N)} converges as a point

process to a Poisson point process with intensity % on [0, 1], therefore
mes (04 € QN,o,7) ¢ Ji > ﬁ)

<mes(a € T:3j € PO, N) st 7 >1 - HRE) ——0.
—00

Therefore for all N large enough, with almost full probability in Q(N, é,r),
jrs < N/In* N, whence (for N large enough) also

N
1<|Ly| < 2l jpr < —— 1) oo < ——.
>~ | ‘ =~ kyjk,, 1I14N mVaX H— || ].HS N
A simple modification of (4.4) gives

mes(a € T : j|ljo/2|| >In™?>N forall 1 <j < N) —— 1.

N—oo

It follows that for all N large enough, with almost full probability in
Q(N,6,7), L,||L,a/2| > 1/In* N, whence

1 - 1 _InN
L,*N = Lo W®>N N

In® N

[Lva/2] >

proving the claim.



QUENCHED AND ANNEALED TLTS FOR CIRCLE ROTATIONS. 25

Fix Ny s.t. for every N > Ny, for each 1 < v < vy, ||[L,a/2] >
In N/N with almost full probability in Q(N,d,r). Make Ny so large
that ﬁ < €. Then for every N > Ny

G| = LIS gritstatnsnizn| o L2
‘/ v@florN| = 26 < N [T = c2rila
= N[Laj2 = N o = 1n1N =&
N
whence (i, v € V as required. O

APPENDIX A. PROOF OF PROPOSITION 1.1

Suppose f : T — R is differentiable on T \ {z;,...,zx}, and f’
extends to a function of bounded variation on T. Since f’ has bounded
variation, f’is bounded. So f is Lipschitz between its singularities. It
follows that L; := lim f(t), L] := lim f(t) exist for each 7.

t—m;

Let o(t) := f(t) = SN (LF — L}) t+ x1) — [ f(s)ds. It is easy to

see that gp\qr\{%ww} extends to a contlnuous functlon ¥ on T s.t.

N
)= S = L+ o) = [ f(5)d
=1
for every t € T\ {x1,...,zn}. (But maybe the identity breaks at z;.)
By construction, ¢ € C(T) and ¥/ |1\ (z,....on} = f'|T\{21,....en} €xtends
to a function with bounded variation on T. ’
Expand 1 to a Fourier series: ¢(z) = Z axe?™** Our assumptions
kE€Z—0
imply a, = O(k™2). A formal solution of 1) = Kk — kg © Ry gives

ag
1 — eQm'ka '

E bk7ae2m’””, where by, =
keZ\{0}

We claim that for a.e. «, Z |b.o| < 00 so that k, is a well-defined

k
. . o |a ‘ . 1 .
continuous function. Indeed by, = O (Ilkfv H) =0 (W) so it suf-

converges for a.e. a.

1
fices to check that Z k2||k T
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By Khinchine theorem for a.e. a we have ||ka|| > k= for all large

1
k, so ; m converges for a.e. « iff

= 1
S T
Z k2| ko] ([[kal[>k=11]
k=1
converges for a.e. a. This is indeed the case, because

/iél do=Y" L om (") < .
(3 patirata = X g2 (5) <o

APPENDIX B. CAUCHY AND POISSON.

Let = = {&,} be a Poisson process on R with intensity ¢ and let

o,
=2

&nl<L
where ©,, are i.i.d bounded random variables with zero mean indepen-
dent of =. Our goal is to compute the distributional limit of Y} as

L — oo. Rewrite Y, = Z & = &, ©F = EZ‘@”' Note
<L
that {£’} is a Poisson process on R™ with intensity 2c, |0} = |O,,|
and the distribution of ©* is symmetric. Let F' be the distribution
function of ©* and ¢(t) be its characteristic function. Note that ¢ is
real, namely, ¢(t) = E(cos(t©*)) because ©* is symmetric. Let ®g(t)
be the characteristic function of Y7. By [RY99, Proposition XII.1.12]

2u(0) = e 2 [ (olt/) - 1]

Introducing = 1/y, 6 = 1/L we can rewrite this expression as

By (1) = exp {zc /5 h de} |

T2

The integral in the above expression equals to

oo K .
:/ / cos(xtg) 1dxdF(9)
§ J-K xr

where K = ||©O]|«. Using that the cosine function is even we obtain

/ cos(xt&) —|t9]/ cos(z) — 1 i
5 5|t x?
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i

" / cos@) =10 4+ 0 (610 — +0(5th).

Integrating with respect to 6 and using that E(|©*|) = E(|©]) we see
that

: T t
lim Ri(1) = ~ "L E(|6)).
0—0
Hence
Llim O (t) = exp (—cm|t|E(|O])) .
—00
It follows that Y7, converges as L — oo to p,& where
(B.1) py = crE(6))

and € is the standard Cauchy distribution with density 0 HQ)
In particular, for © defined by (2.3) it follows from (2.4) that

1

02— 0+ —|dh = ——.
‘ 18v/3

B2 Ee)-; | .

Combining (B.1), (2.7) and (B.2) we get (2.1).
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