ON SIMULTANEOUS LINEARIZATION OF
DIFFEOMORPHISMS OF THE SPHERE.

DMITRY DOLGOPYAT AND RAPHAEL KRIKORIAN.

ABSTRACT. Let Ry, Ry ... R,, be rotations generating SOy, ;, d >
2, and f1, fo... fin be their small smooth perturbations. We show
that { f,} can be simultaneously linearized if and only if the associ-
ated random walk has zero Lyapunov exponents. As a consequence
we obtain stable ergodicity of actions of random rotations in even
dimensions.

1. MAIN RESULTS.

Let fi, fo... fm be diffeomorphisms of S¢, d > 2. Let w = {w; }sen be
a sequence of independent random variables uniformly distributed on
{1...m}. Consider the Markov process on S?

(1) Ty = fwnxn—l-

If 1 is an invariant measure for this process let

() > Xo(pe) -+ > Aa(pe)

be the Lyapunov exponents of u. Denote

AT» = zr: )\]
j=1

Theorem 1. Given d there exists a number ko such that for any m for
any set of rotations Ry ... R, in SOy, such that R, ... R,, generate
SOy, there exists a number € > 0 such that if max, dew (R, fa) < €
then either

(a) there exists ¢ > 0 such that \g(1r) < —c for any invariant measure
i or

(b) fo are simultaneously conjugated to rotations.

Remark. Some analogies of our results for (non-measure preserving)
diffeomorphisms of S* can be found in [24, 25] (see also survey [14]).
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Theorem 2. Let {R,} be as in Theorem 1.
(a) In the category of volume preserving diffeomorphisms

d—2r+1
)\r(/.L) — ﬁ)\l(ﬂ)‘ < |)\d| as mOE}Xdcko (fa, Ra) — 0

(here "<’ means that either both the LHS and the RHS are 0 or their ra-
tio can be made arbitrary close to 1 by taking max, dero (fo, Ra) small).
(b) In general (without the volume preservation assumption)

Ad_d—2’l“—|—1< Ad

)\r — F d—1 )\1 - _) ’ < |>\d‘ as mOE}XdeO (faa Ra) — 0.

d

Theorem 2 says that regardless of the dimension of the problem the
Lyapunov exponents asymptotically depend only on two parameters.
That is, knowing \; and Ay we can compute all exponents with high
accuracy.

The relation

A s e
is not new in the theory of random diffeomorphisms. Namely, it holds
for isotropic Brownian flows on R? (see [22]).

The asymptotic expressions for A, will be given in Section 5. For
generic {f,}, A\, are quadratic in d({f,}, {Ra}). More precisely we
need to measure the distance between {f,} and the systems obtained
from rotations (maybe different from {R,}) by a change of variables.

We now state two consequences of our main results.

_& d—27”+1<)\ Ad)

Corollary 1. If {f,} are C° conjugated to rotations then they are C™
conjugated to rotations.

Remark. Some sufficient conditions for {f.} being C°-conjugated to
rotations are given in [12].

Corollary 2. If d is even and R, ... R, generate SOy, then the sys-
tem { Ry}, is stably ergodic. That is if f, are sufficiently close to R,
and preserve volume then {f,} is ergodic.

Recently there was a significant progress in the study of stable er-
godicity of a single diffeomorphism (see review [4]). Corollary 2 gives
a first example of a stably ergodic system where each individual dif-
feomorphism is not stably ergodic. In fact, for one diffeomorphism it
is known that some hyperbolicity is needed for stable ergodicity, since
in the elliptic setting KAM theory applies (see e.g. [30]). By contrast
our result shows that for several diffeomorphisms ellipticity does not
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contradict to stable ergodicity. Therefore the following conjecture is
natural.

Conjecture. Let M be a compact manifold and k be a sufficiently large
number. Let m > 2. Then stable ergodicity is open and dense among
m-tuples of C* volume preserving diffeomorphisms of M.

The proofs of the theorems occupy Sections 2—7. The proofs of the
corollaries are given in Sections 8-11.

2. NOTATION AND BACKGROUND.

2.1. Given a sequence w we let Fy,(w) = fo, © ... fu, © fur-
We shall write di(f, R) = max,, dox(fa, Ra)-

2.2, We denote by G, 4 the bundle of  dimensional planes in TS%. Let
V¥ denote the space of C*~vectorfields on S?. Given natural actions of
SOyy1 on C5(SY), C*(Gya), C5(SO44), and V¢ let —A be the image
of the Casimir operator. (The properties of A used in this paper could
be found for example in [13].) We let Hy(S), Hx(G,4), Hr\(SO44),
H, (V%) be the space of eigenvectors of A with eigenvalue A. Let M
denote the operator acting on the space of functions (the functions can
be defined either on S or SO, ) as follows

m

@) (MA) (z) = % S A(Ryz).
Let £ act on V3 as follows
(3) (LX) (x) = % > dR,X(R;'x).

Let £, and M, be restrictions of £ and M to H,. Below we discuss
the spectrum of L, the results for M are identical.

Proposition 1. ([8]) There exist constants ki(d,m), ko(d,m), such
that for any rotations Ry ... R, generating SOy, there exist constants
Ci(Ry...Ry),Co(Ry ... Ry,) such that

n 1 1 "
23] < Gk (1— CT) |

Moreover Cy and Cy can be chosen to depend continuously on Ry ... R,,.
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2.3. We denote by || ||s the usual C*-norms and by || ||gs the
Sobolev norms: ||A||gs =< (I + A)*A, A >1/2. By elliptic regular-
ity of the Laplacian these norms satisfy

(4) 1Alls < CullAllgste, Al < Cl|Alls4a

for some fixed constant a (here and throughout the paper Cy denote
some constants which value is not fixed).
The following estimates on products and compositions are true:

(1) |[ABIls < Cs([Alls[|Bllo + [ AllolBl]s)
(1) loo Alls < Col[8l]s(1 + [[Allo)* (1 + [|A]ls)
and if ¢ is quadratic in A, B (that is ¢(0,0) = 0, D¢(0,0) = 0) we have
without expliciting the dependence in ¢
(I11)  [o(A, B)lls < Co(LH|Allo+HBllo) ([ Allo+HIBllo) ([|All s+ Bl],)-

Inequality (I) is proven in [16], Theorem A.7. Inequality (II) is proven
by induction on s using the fact that

A1 Alls < Cs[1Allo][A |41
(this follows from the Hadamard inequalities [|A|[; < C||Al[z2 || Al[%
if t = agty + arty, ap + a1 = 1, see [16], Lemma A.2) and the third

inequality follows from the second since any quadratic ¢ can be written
as

o(z,y) = qu(w, 2)P1 (2, y) + @22, y)a(z,y) + g3(y, y)¥s(x, y)

where ¢, g2, g3 are bilinear forms and ¥;(z,y), i = 1,2,3 are smooth
functions the C*-norms of which are related to those of ¢.

2.4. Let 7, and R, denote the projections on
Granfly and  @5., Hy.

We then have for 5 > s

(5) I TaAlls < CARHE 4],

(6) IRAA]s < CAB= =2 A] s,

Indeed the above inequalities are obvious for Sobolev norms (with
ks = 0). Observe that for Sobolev norms (5) is true even without
the restriction s < s.

Now to get (5) use (4) to compare ||7,A||s with || 7, A|
with ||A‘ Hs—a.

To get (6) consider two cases:

(I) § > s+ 2a. Then we can argue as for (5) comparing Sobolev and
smooth norms.

gs+a and || Al
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(IT) 5 < s+2a. Then the result follows from the fact that Ry = 1—7,
and (5).

2.5. Proposition 1 and the estimates of Sections 2.3, 2.4 imply that
there exists constants b,y such that

" e, = + o (1Xlkw)

n’Y(g—s)

for all s < 5.
Observe that if we define I(X) = — > 77, L7X, we have

IK(TX)|]s < CA™[| X
for all X with 7, X = 0.

2.6. Let X,(x) = [exp; (R, faz)] and &, = max,(||X,]|s). For a
vectorfield YV let ¢y (z) = exp, (Y (x)). We now make a change of vari-
ables Z = ¥y (z) where Y is a small vectorfield. Then f, = by fot);"!
corresponds (up to higher order terms) to

(8) Xo=X,-Y+R'Y

where (R'Y') is a shortcut for dR, 'Y (Ra(x)). Our goal is to find Y
so that X, has the simplest possible form.

3. PLAN OF THE PROOF OF THEOREM 1.

3.1. Invariant measures. Our starting point is to observe that since
R, generate SO, ; the Markov process where x moves to R,z with
probability % has unique invariant measure (Haar). We shall use this
observation to study the invariant measures for the process (1).

Let S¢ and ér,d denote m disjoint copies of S? and G 4 respectively
and let Vd be the space of vectorfields on S?. Thus the point in ér,d is
a triple (z, B, o) where « is an index of the sphere, z € S? and E is an
r dimensional plane in T,S?. V, is the space of m-tuples of vectorfields
on S¢. In particular we can regard {X,} as one vectorfield on S¢ given
by X(z,a) = X, (). On G, 4 we consider a Markov process

(9) ((z, E),w1) — (Fn(w)(z, E), wnia)

where F(z, E) = (F(z),dF(z)E). In other words if our process is at
state (z, E, «) then we apply f, to x, df, to E and choose the next
symbol randomly from the uniform distribution on {1...m}. Observe
that (9) and (1) are essentially the same processes but (9) is more
convenient for bookkeeping if we want to consider observables which
depend not only on x but also on the diffeomorphism we are applying
each time.
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Let M be the transition operator for the random rotations. That is
- 1 <&
(10)  (MA) (@,0) = — 3" A(Rew, B) = By Ale, aq).
m <

Then by induction

(M7 4) (2.0) = 1 zmj (MYA(, B)) (Raz)

m
p=1

where M acts by (2) where A is considered as a function of x with the
second variable being fixed. Therefore the estimates of Sections 2.2
and 2.5 are valid for M.

The following statement is proven in Section 4.

Proposition 2. Given 0 > 0 there exist constants C, ks, ke and a bi-
linear form w : C*(G,.4) VSG — R such that if p is any invariant
measure for the Markov process (9) then

p(A) = [ Al B)dndB —o(4,X)| < CllAll (A (R )

Here dxdE denotes the Haar measure on C:Y,,,d (the unique probability
measure invariant under SOy X permutations).

Remark. More information about the smoothness of invariant mea-
sures (in the context of deterministic dynamical systems) can be found
in [18, 27, 28]. The time dependent case which is close to our setting
is discussed in [2].

3.2. Let R™', £ denote the operators on V¢ given by

(R'X)(2,0) = dR'X (2,0), (£X)(z,a) = % S ARy X5(R; ).
G=1

The operators £ and M are adjoint in the following sense: if X and A
are respectively a vector field and an observable on S? we have

(11) <X, MA>=<LX A>

where < Y, B > (Y and B being respectively vector field and observable
on S%) denotes integration of dy B on S% with respect to Haar measure.
(See Section 4 for a proof of (11).) Note that £ preserves the space V¢
of vectorfields which are the same on each copy of S? and £(V4) = V¢,
L|ya = £. Thus the estimates of Sections 2.2 and 2.5 are valid for £.
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70X =0ltY =-3", L£7X. Observe that Y does not depend on
the second variable so it can be regarded as a vectorfield on S?. Let

(12) X=X-Y+RY,
(see (8)). Then since L(R™'Y) =Y we have

(13) LX =LX-Y + <i EjX) = 0.

=2

3.3. Lyapunov exponents. The following statement is proven in Sec-
tion 5.

Proposition 3. (a) There exist constants C,k; and quadratic form

q(r) : \727 — R such that if p is any invariant measure for v — F,x
then

A (1) = a(r)(X)] < C&°(f. R),
(b) Given'Y let X = X —Y + R™'Y, then for all r we have
g(r)(X) = q(r)(X).
(¢) If L(Ro(X)) = 0 then

A (1) = (@(X)r + @a(X)r(d —7))| < Cdi°(f. R),

(1) = (@a(X) + a2(X)(d = 2r + 1)) < Cdi°(f, R),

where

1 .
w(X) =5~ > /S d (divX,)® de.

1 DX, + DX* TiDX,]?
X) = T @ _ de.
0(X) (d+2)(d—1)m;/Sd r[ 2 d v

(d) If L(Ry(X)) = 0 then

|Aa| > Constz /sd < AX,, X, > dr — Const||XHi7—6.

Remark. The change of Lyapunov exponents for small perturbations
of elliptic systems were studied in [11, 5] etc.
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3.4. Construction of the conjugation. To prove our main result
we assume that for each € > 0 there exists a measure p such that

(14) Aa(fte) > —€

and show that f, are simultaneously conjugated to rotations. The
conjugation will be defined inductively. Let f, o = fa, ¢o =id, Ropo =
R,. Assume that we have already constructed ¢, such that f,, =
bpfaty’ satisfy dy(fap, Rap) < €ps for some rotations close to Rqp.
For N > 1 big enough let

(15) )‘p — N(1+T)P
where 0 < 7 < 1. Let K = — 3.3, £*. Define
Xop = exp™ [(Ry , fap)]:

Y, = K(RoX,),
Y, =T, (Y,) = K(T,, Ro X, Z (Th, Ro X,
k=
(bp—l—l - wa¢p-

Then f,+1 = R,exp(Z,) with
(16) Zp = Xp - }/;)+Rg?1}/;9+02(Xp=Y;J)

(17) =X, -1, X, + (’TAPXp =Y, + R;lYp) + 05(X,,Y),)

where O3(X,,Y,) denotes a quadratic expression in (X,,Y,) (in the
sense of 2.3 (III)). Let us set
Xp :Xp_}z‘FR;lY/;n
X; = T,(%,) = T, X, — Y, + B,'Y;,
By construction £(RoX,) = 0 and since we are assuming (14) Propo-

sition 3(d) enables us to conclude that

(18) X2 = TX3 | < [|1X, — ToX, [ = O(L7)

p,k7
(140 = ((3/2) — (6/2)) and by Sections 2.3, 2.4 (remember that
X, =T),X,!)

* * s 1+o
(19) 1X = ToX2||s < G2 to),

k7,p
Observe also that A(7pX,;) = 0 so ¢g,x» is a rotation. Let

Ra (pr1) ID(TOX R,
We can then write
Jor1 = Ry exp(Xp+1),
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with
Xp+1 =7, — ’ZE)X* + 0y(Z,,70X,)

= (X} — TX}) + W, + (X, — X})

where Z, is given by (16) and W, is quadratic in X,. Combining (19)
with the estimates of Sections 2.3,2.4 we get for any integers s, s, such
that § > s

(20)

s+1
Eptls < Cs,g(l‘f‘)\ng,kS) <>\a+s/2 ;ZZ"H‘%P’S% 0—1—)\& (5—s /261,,5)
where a, kg, o are some positive constants. Namely, in the second factor
in the RHS of (20) the first term comes from (19), the second term
estimates W, and the third term comes estimates X, — X, = RAP)A(Z,.
The first factor comes from 2.3(III). (Obviously (20) remains valid if
all term in the RHS are multiplied by

s+1
<1 -+ >\Z€p7k8)

not only W,-part.) We shall choose 0 < 7 < o.

3.5. Convergence of iterations. The following statement is proven
in Section 6.

Proposition 4. There exists s, such that if max, ds,(fo, Ra) is small
enough then for any m > 0, s > 0 there exists a constant Cs,, such
that for any p

Ep,s < C's,m>\;m

(in that case we write e, = O(A;*))

Proposition 4 implies that ¢, C*°-converge to a limit ¢, and that
Roco = Goofads are rotations. This proves Theorem 1.

Remark. The iteration procedure we have just decribed is reminiscent
of KAM theory. The first application of KAM techniques to hyperbolic
dynamics is [6]. The idea to use it to establish stable ergodicity is due
to [17]. Some further applications of KAM to hyperbolic dynamics can
be found in [7]. In our paper the unavoidable use of a Nash-Moser type
iteration procedure (due to the fact that the operator L displays loss
of derivatives properties) has to be coupled at each step with perturba-
tive computations of invariant measures and Lyapunov exponents. If
at each step these perturbative formulas do not give valuable informa-
tion on Lyapunov exponents, then a KAM step can be performed and
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we eventually get a conjugacy result (see [21] for an analogous situa-
tion where a KAM scheme and a renormalization scheme are run in
parallel).

4. INVARIANT MEASURES.

Proof of Proposition 2. Our proof is similar to [9], however we are able
to get better estimates since we deal with a more explicit situation.

We note that G,.4 = SO, /(SO, xSO,_,), so it is enough to provide
the asymptotic expansion for the invariant measures for the process on
SO441 given by gat1 = faga where £, are close to R,. Observe that
fa can be lifted to SO, because SO, is a frame bundle of S?. The
procedure to get the lift is the following. Define for any base F =
(e1,...,ear1) of R* the orthonormal base Orth(F) = (€, -+ ,€/.,)
obtained by applying the Gram-Schmidt orthonormalization procedure
to F in such a way that Span(e],...,e.) = Span(e,...,e;) (1 <
i < d+1). Next, any orthonormal base ej,es...e411 can be con-
sidered as a orthonormal base in the tangent space T,,S? Let now
Fo = (e1,...,eq1) be a fixed orthonormal base of R¥*. For Q € SO, ,
let F(Q) = Q(Fp). Then ) — F(Q) is an diffeomorphism between
SO,41 and the space of frames in RFL If f: S¢ — S? is a diffeo-
morphism we can lift it to a diffeomorphism f of SO, ; as follows.
f(Q) = P iff F(P) = Orth(fF(Q)), where

f(er, 8z, Ear1)) = (f(&1),dfe, €2, . . . dfe,€ar1).

It is clear that the lift of a rotation of the sphere is this rotation and that
composition of maps commute with the lift procedure. We now make
the following remark. If f is a diffeomorphism of the sphere S? there
is canonically defined a diffeomorphism f on the Grassmann bundle
G4 such that m o f = f om (where m is the canonical projection
from G,4 to S?). On the other hand the above procedure defines a
diffeomorphism f on SO, such that f omy = mp of (where 7, is the
canonical projection from SOy, to S?). From construction it is clear
that 3 o f = f o5 where 73 is the canonical projection SO, 11— Gra.

We denote points of SO, ; by z. Thus z = (g, a) where g € SOy,
a € {1...m}. dz denotes the Haar measure on SOy ;. Let X, =
exp (R, 'f,). We shall write ¢ = max, d,(f,, R,) for some sufficiently
large r.

Let

N = (1/e)?

where 0 is as in Proposition 2. Let s; = 3/(yd) where 7 is the constant
from (7). Thus N7t = &3,
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Let M be the transition operator for random rotatlons acting on
SOy, (see (10)). For each realization {z } = {(gn ,ap,)} of our
Markov process starting from z let {zn } = {(gn , i)} be the cor-

responding unperturbed realization. Thus z; — z((]o) = z, gﬂl =
Rocngn It follows by induction that for all n < N

(21) 95 = exp o Yu(e),

where

(22) Ya(e) = Z Ry X (gy") + O(*n?)

and Ry, = Ra,_, ... Ra, +1Rap. Indeed it is easy to see by induction
that

(23) 1¥;(2)]] < Conste;j

and (23) implies that the error term in (22) is less than Const Y7, (7).
Let M. be the transition operator for the perturbed process

(M.A) (2,0 ZA (£az, ).
Then (21) implies that
(24) (MY4) (2) = (M A) (2) + B0y AG)) + O (2N A]]3)
By (7) the first term in (24) is
MY A = /~ A(=)dz + O(I|Alls, %),
SOg41

Using (22) and (10) the second term in (24) can be rewritten as
N-1
> MP(0x (MNPAY).
5 o (on (404

Calling ¢ = N —p we see that the second term in (24) is Zévzl o, where
o, = MN-a <8X (MWX)) . For o, we have two estimates.
(I) By (7)

%= /57@ (aX (M‘Ul)) dz+0O (HaX (MqA) [[s1+6(IN — Q)_m)

where b is a constant from (7). We shall use this estimate for ¢ < N/2,
then the second part is O(|| X ||s,10||Al|s;15418%).
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If g > N/2 we use
X ol [Allsy 4541

q'Ysl

(1) o, = Olox (#174) 1) = 0 ( ) = Ol

because MIA = ([ A(2)dz) 1 + kg where [|rg]|1 = O(||A||s,45+1/a7")
and Ox1 = 0. Observe that () also implies that

N/2 ) . )
2 o, (e @) =2 [ (o () el

Combining these bounds we get

M.A = /~ A(z)dz—l—i /ST@ <0X (MQA>) dz+O(EN|| Al 441)-
d+1

SOg+1 g=1

If ;¢ is an invariant measure then p(MNA) = u(A) and the result
follows. O

Corollary 3. If L(RoX) = 0 then w(A, X) = 0.

Proof. Again it is enough to prove this result for the perturbed process

on SO, ;. We have an explicit formula

WA, X) = i /N O (MqA) dz.

g=1 YS0a11

Next if B is any function on SO, ; and Y is any vectorfield then we
have the identities

/N 8dez = /N 8R0y(RoB)dZ

0411 S04

(since 7y and R are orthogonal and 7y B is piecewise constant) and

- 1 " -
o vz =[S oy (B)(g. ey

S(O)d+1 a=1

1 m m
- /m S5 0y g B(Rag, B)dg

d+1 =1 ﬁ:l

1 m m
2 /S Z Z adRaY(Rglh,a)B(ha B)dh

Odt1 a=1 p=1

= /N Ozy Bdz.

0411



SIMULTANEOUS LINEARIZATION OF DIFFEOMORPHISMS OF S% 13

Thus
/ x (Mq A) dz = /N Orox (MqROA> dz = /N O o(rox) RoAdz = 0.
80411 SOq41 SOg11

O

5. LYAPUNOV EXPONENTS.

The proof of Proposition 3 relies on the following elementary formula
(see Appendix A).

Lemma 1. Let L(e) = 1+ &Ly + &*Ly + O(&3). Denote

A = / Indet(L(e)|E)dE, N\ =A, —Ai_y.
Gr,d

Then .
AT:éTETI'Ll‘i‘
g2 fTlfL —LTIL2+MTIK2 +O(63)
d7% 24TV T (d+2)(d-1) '
1
)\7»:53TI'L1+
1 TrL? d—2r+1
21 ZTrL,y — 1 TrK?| + 0O (%) .
c [d T g Tarya—n T (%)
where
K:L1+LT_T1"L1

2 d
Proof of Proposition 3. (a) Write
R'dfa=14+ag+by+...

where a, are linear in X, and b, are quadratic. Tt will be convinient
to treat a and b as defined on G, 4. Now

An(p) = / In det(df,| E) (z)dp(z, E)

Gr,d

where fi is an invariant measure on G,.4 projecting to p (see [19], page
94). By Proposition 2
(25)

A (p) = %2// Indet(df,|E)(z)dzd E4+w (Tr(a|E), X)+0 (|| X|[3.°) -

Now

%Z / / In det(df, | E) (2)dzdE —
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% / Indet ((1+ aq + bo) |E) (z)dzdE + O (|| X][3-) .

Next for fixed  Lemma 2 gives

(26) /m det (1 + @ + ba) |E) (2)dE =
r [Tra (z) + Trb, (z )]——Tr( 2)(2)+ rd—r) Tr(c2)+0 (||XH3 )
d' e « 2d (d+2)(d—1)" >~ bz
where
aq +a;,  Tra,
Cq
2 d
On the other hand
2 2
det(df)(x) = 1+ Tra, + Trb, + (Tr;a) — Tr2aa + 0 (||X||z7) )

Since

/ det(df,)(x)dx =1

Sd
we get
r Tra? 9

(27) 7 /Sd (Traa + Trb, — 5 ) dx = _2_d (Traa) dx

Combining (25), (26) and (27) we get (a).

(b) is clear since Lyapunov exponents are independent of the choice
of coordinates.

(c) follows from (25), (26), (27) and Corollary 3.

To get (d) we rewrite

A =

DX, + DX
d+2 (Z /Sd (divX,) d:)s—l—Z/SdTr< + ) dz )—I—O(||X||i7—6).

Thus
|Aa| > ConstZ/ (divX,) *dr— O (||XHi7_5) >

ConstZ/ <AXy, X, >de—O([X|}°). O
sd
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6. CONVERGENCE OF ITERATIONS.

Proof of Proposition 4. By shifting the index s by kg and changing
the value of a we can simplify (20) as follows

(28)

Ept1s < Css (1 + )\Zap@) S ()\;+S/2511)7—50 + ApEp,s€po t+ )\;—(E—s)/%pg)
So it is enough to show that (28) implies that €, , = O(A;>).
6.1. We first prove that if N in (15) is big enough then there exist
positive real numbers vy > a, sg, b such that for any p > 0
(29) €p0 <A,
(30) Epsy < Al

provided these estimates are true for p = 0. In view of (20) where we
make s = 0,5 = sy and s = sg,5 = 59 we just have to check that

(31)
3 x 2900 A2\ (1F90 < 04 gy 9o aakse/2) (oo <\,

S07'p”'p S07'p
(32)
3 X 290 C AN 0 < \ 00T 3 % 270 C AN OND < \PIHT)
(33)
3 X 20C NTO2ND < N0l 3 x 200, ALND < AT,
that is (provided N is big enough)
a < yo(o —71), a+b<—y14+71)+s0/2
a < 7b, $o/2 —(1+0)y <b(l+7)—a

(We have four conditions here because the inequalities in the right col-
umn of (32) and (33) follow from the others.) If we take b > a/7,
so/2 = (1 +7') with 7 < 7’ < g, and if 7 is big enough (for further
purpose we impose (7' —7)vy > (b+a); see subsection 6.3), this inequal-
ities are satisfied. Then take N big enough so that the estimates (29)
are satisfied for p = 0.

6.2. Next we show two lemmas.

Lemma 2. Ifa/(c—7) < v < ¢/(147) and if u, is sequence of positive
real numbers converging to zero and satisfying

Upp1 < C(Au)t "+ A1)
then u, = O(\,)7)
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Proof. We can assume 0 < u, < 1. Observe that
20)\@ v(1+0) < )\ (1+7’ 20)\ < >\ v(1+71)
if p is big enough. Now

i) either for any p the inequality u, > AJ7 is true and then

A< uc/V < u1+T
for some 7 < 7/ < . Hence
Up i1 < 20)\@ 1+7‘

and since lim u, = 0 this implies u, = O()\p ).

ii) or there exists p, — oo such that u,, < )\;k“’ and then the induction
can be initiated. O

The next lemma is similar to but easier than Lemma 2 so we leave
the proof to the reader.

Lemma 3. Let sequence u, > 0 satisfy
tpr1 < O M uy + A7)
for some v5 >0, 11 € R.
(a)If v < 0 then u, = O(N) for any b > |n|/7.
(b) If 1 > 0 then u, = O(X®) for any b < min(|y|/7,72/(1+7)).

6.3. Let us choose 7 such that 7/ < 7”7 < 0. We now prove by
induction on £ that the sequences 7, s such that

147"
147/ 1 T (56/2)
satisfy the following property: for any p € N

(Pe) epo=0N™),  gps = O(N).

P
Observe that

(sk/2)+a 140 a a
Ep+is < (A Ep0. Tt ApEp0Epsi T+ ApEpisy)

and since (P,_;) holds A;*/2 7% o = OS2 Te-0Homry wigp
(sk/2) +a— 14+ 0) 1= (7" —0)Ww-1+a <0.

Lemma 3(a) gives €,,, = O(A}) with b > a/7.
Also

Sk = Sk—1, Ve =

Epr1,0 < Cs (Mt + Mes o+ A 6/2e, )

(sg/2) —a—10b
< < —
o—T e 147

and
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since V(1 +7) < (1 +7" )y — (b+ a). Lemma 2 then applies.

6.4. Since 7, — 00, we have proven that £, = O()\;*°) and since for
any s

Epits < CS()\ésk/z)Jrasll,fg” + Xoep0Ep,s + )\Z_[(sk_s)/z]ep7sk)

the fact that s, — oo and Lemma 3(b) imply that ¢, , = O(A;>) for
any s € N.

7. RATIO OF THE EXPONENTS.

Proof of Theorem 2. Choose a large constant K. If |¢(d)(X)| >
K di;‘s( f, R) then the result follows from Proposition 3. In general
consider ¢, and f,, constructed in Section 3. Then either for some p

(34) la(d)(Xp)] > Kdi 2 (fy. Ry)

and then the results holds by Proposition 3 applied to {f.,} or (18)
holds for all p. Hence { f,} are conjugated to rotations by the estimates
of Section 3.4. U

8. INVARIANT MANIFOLDS.

Here we recall some facts about stable and unstable manifolds of
random transformations. More detailed information can be found in
23], Chapter III (see also [3]). Given an infinite word w and z € S let
W (z,w) ={y : d(F,(w)z, F,,(w)y) — 0 exponentially fast, n — oo}.
Wz, w) ={y: d(F_,(w)x, F_,(w)y) — 0 exponentially fast, n — oo}.
Then for almost all z,w W?*(x,w) and W"(z,w) are C*° manifolds.
We endow W*(z,w) with induced Riemannian distance. Let r(z,w)
denote the injectivity radius of W#(z,w) and let W7?(x, w) denote the
[-ball in W*(z,w).

In our analysis we shall use the absolute continuity of W?*. The ab-
solute continuity has three manifestations.

(AC1) For almost all w the following holds. Let Q C S? be a set
such that for almost all = the leafwise measure mes(W?*(z,w) () =0
then Leb(§2) = 0.

(AC2) Conversely, for almost all w the following holds. Let V be a
submanifold of dimension d —[d/2] ([...] denotes the integer part). Let

K={xeV: W?*=xw)is transversal to V}.
Let ©Q C S% be a set such that there is a positive measure subset K C K

such that for z € K the leafwise measure mes(W*(z,w) Q) > 0 then
Leb(€2) > 0.
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(AC3) For almost all w the following holds. Let V; and V5 be sub-
manifolds of dimension d — [d/2]. Choose a number [ and let

Ky ={x € V) : W%z, w) is transversal to Vi, Card(W}(z,w) ﬂ Vo) =1

and this intersection is transversal}.

Let p : K1 — V5 be the holonomy map along the stable leaves and
let Ky = p(K7). Then p is absolutely continuous in the sense that it
sends measure zero sets to measure zero sets.

Given a pair of numbers [,k we say that the pair z,w is (I,k)—
standard if r(z,w) > [ and the sectional curvatures of W/ (x,w) have
absolute value at most .

Suppose now what f, are volume preserving and d is even so that all
Lyapunov exponents are non-zero. Let p = min, min; |A;(u)|. Given
C, € denote by Ac . the Pesin set

(35) Ao ={(z,w) ||dFyj+k|Es|| < O k=i
(36) dEp | Eul| < Cekri
(37) L(B(Fu(2)), Bu(Fy())) < (Ce*) 7'},

Proposition 5. (See [3]) Given C, € there exist I, k such that all points
in Ao are (1, k)-standard.

Finally we need the following estimates on the size of stable manifolds
in case all exponents are negative.

Proposition 6. Let g; be a sequence of diffeomorphisms of a compact
manifold N uniformly bounded in C?, G; = g; o ---o0 g,. Then given p
there exists a constant K such that if v € N s such that
|dG(v)]| < Ce™”
then
1

> —,
- CK

The proof of this proposition is very similar to the proof of Lemma
2.7 of [1] and we leave it to the reader.

r(W?(v))

9. CONTINUOUS CONJUGATION.

Proof of Corollary 1. 1f {f,} are not C*° conjugated to rotations
then by Theorem 1 Ay < 0 for all invariant measures. In particular,

there exist z,w such that W*(z,w) # {x}. Hence {f,} can not be C°
conjugated to rotations. L]
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10. STABLE ERGODICITY.

10.1. In this section we prove Corollary 2. Let {f,} be close to {R,}.
Since the ergodicity is clear in case {f,} can be simultaneously lin-
earized we assume below that Markov process (1) has non-zero expo-
nents.

10.2. Large deviations. In this section we assume that f, preserve
volume. The following result is proved in Section 11. Note that the
fact that d is even is not used until the part (c) of Corollary 4.

Lemma 4. Fize > 0. Then if \; # 0 and {f,} are sufficiently close to
{R,} then there exist constants C,0 < 1 such that for any x € S for
any r for any r-dimensional E C T,S* we have

Prob ( Indet(dF, («)| B) _ r(d—7)

— A
n d—1 "'

Corollary 4. (a) There exist constants Cy,Cy and 6 < 1 such that for

any x € S for any r for any r-dimensional E C T,S* we have

> eAl) < Co"

Prob (Vv € E ||dE,(z)v|| > Cyexp ({% - e} Aln)) > 1-Cy0".

(b) Let ESFT) and ET) be the Lyapunov spaces generated by r largest
and d — r smallest exponents respectively. Then there exist constants
C, B such that for any x € S for any r for any r-dimensional space E
for any e

(38) Prob (4(E, EM) < e) < O<P,
(¢) For each € > 0 there exist constants l, k, a such that for any x for

any d/2-dimensional E the event
(x,w) is (I, k)—standard and

(39) L(W3(z,w), E) > «
has probability greater than 1 — €.

10.3. Regular points. By Birkhoff Ergodic Theorem for almost all
x,w and for all continuous functions A there exists a limit

Also it is well known what for random systems v** does not depend
on w, that is for almost all x there exists a measure v* such that for
almost all w we have v™* = v*. (One way to see this is to observe that
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by Birkhoff Ergodic Theorem the limits as N — oo and as N — —oo
coincide almost surely. However the first limit depends only on wyj,
j > 0 and the second limit depends only on w;,j < 0. ) Let Ry be the
set of x such that there exists measure v* such that for almost all w

(40) VA € (s % S A(E(w)r) — 1 (A)

Let G = {(z,w) : (40) holds.} Denote
Ro(z) ={yeRy: W =v"}
Define inductively R;1; = {z € R; such that for almost all w
W#(z,w) (R;(x) has the full measure in W*(x,w)}. Let
Rj(@) ={yeRjn: =07}
We claim that for all j, Leb(R;) = 1. This can be seen inductively.
Indeed for almost all x, w
o (z,w) € G,
o Leb(y: (y,w) ¢ G) =0,
e (AC1)—(AC3) hold.
Since Leb(S? — R;_1) = 0, (AC1) implies that for almost all z,w

mes <W5(m, w) — (Rj_l ﬂ G)) = 0.

However if (z,w) € G, (y,w) € G and y € W*(x,w) then ¥ = v*. Let
Ro =[)Rj, Ru(z)={y€Ro: v/=0"}
J

Then Leb(R.) = 1 and we want to show that for almost all x,
Leb(R(z)) = 1.

10.4. Positive measure. Here we recall an argument of Hopf (see [26,
3]) showing that for almost all x the set Ro.(z) has positive measure.
Let

(41) e=0.1.

Let [, k, @ be such that Corollary 4(c) holds with this e. Choose x € R,.
Choose a coordinate system near z. Take some [; < [. (More precisely
we mean that [; should be so small that W} (z,w) is sufficiently close
to a d/2 dimensional plane for the purposes of determining transverse
intersections. So [; depends only on [ and . The readers should have
no difficulty of supplying the precise value of [; if they wish to do so.)
Let w; be a word such that

o (r,w;) is (I, k)-standard,
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o mes(W; (z,w1) — Roo(z)) = 0.
Such words exist. Indeed the words satisfying the first property have
positive probability by Corollary 4(c) and Fubini and among whose
words almost all satisfy the second requirement by Section 10.3.

Let V' = Wy (2, w;). By Corollary 4(c) and Fubini there exist a word

wy and a subset V; C V(| Ry (x) such that

e (AC1)—(AC3) hold

e mes(V) > mes(1])/2,

o for all y € Vi (y,w,) is (I, k)-standard and

(42) L(Es(y), TV) > a/2,
o mes(W/(y, w2) — Ro(x)) = mes(W; (y, w2) — Roo(y)) = 0.
By compactness of Gg/2 4 and (42) for each sufficiently small §; there

exists a universal constant do and a direction E such that if K = {E':
d(E,E') < 61} then for any E' € K

Z(E,TV)>a/4 and mes(y € Vi :d(Es(y), E) < ;) > ds.

Let
Zy = U Wi (y, wa).
d(Es(y),E) <1
By (AC2), Z; has positive measure and by (AC1),

(43) Leb(Z, — Ruo(2)) = 0.

10.5. Large measure. Now take r < [. By Corollary 4(c), Fubini and
Section 10.3 there exists a word w3 and a set Z, such that

e 7, has density 1 — 2¢ in B(z, 1),

o for all y € Z, the pair (y,w;3) is (I, k)-standard,

o forally € Zy Z(W*(y,w3), E) > «,

o forally € Z, (y,ws) € G,

e mes (Wi (y, ws) — (R (y) N G)) = 0.
Now consider y € Z,. Recall that w, satisfies (AC3). Applying this
with V; as above and V5 = W/ (y, w3) we get that W7 (y, ws) () Z;1 has
positive measure. By the last property in the definition of Z, the set
We(y,ws) () Z1 (G has positive measure. Since W7 (y,ws) (21 (G
has positive measure and (y,ws) € G (43) gives v¥ = v*. Thus Z, C
R (z). Recall (41). We have proved

Proposition 7. There exist v > 0 such that for all v € R, Reo()
has density larger than 80 per cent in B(x,r).

Remark. In fact any number greater than 50 percent would suffice for
the proof.
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10.6. Full measure. Proof of Corollary 2. Let r; be so small that
if 1 and z9 are with distance r; to each over than the ball of radius
r centered at either point has density greater than 99 per cent inside
the r—ball around the other point. Then by Proposition 7 R (z1) =
R (x2) that is v* = v¥. Thus almost all points are at the distance
more than r; from the boundary of their ergodic component. This
imply that this boundary is empty. This proves Corollary 2. 0

11. LARGE DEVIATIONS.

Proof of Lemma 4. We show how to bound Indet(dF),(z)|E) from
below. That is, we estimate
d—
D).

d—1

The bound from above is similar. By Theorem 2 A\; > 0 implies that
there are integer ng and p > 0 such that for any z, E

Prob <1n det(dF,(x)|F) <

(44) E (m det(dF,, (z)|E) — {T(d =) _ 5} no)\l) > p.

d—1 2
Indeed )
Indet(dF,,(z)|E) = Y _Indet(dF(F;z)|F,E)
j=0

so if (44) failed for infinitely many n (for some points (z,, E,)) then
taking a weak limit of 11, (A) = (2 Z;:g MI(A))(x,, E,) we would get
an invariant measure on G, 4 violating Theorem 2.
Now using the Taylor expansion
|det(dF,, (2)|E)|™" = 1 — o [Indet(dF,,(z)|E)| + O(c?)
we conclude that for small o > 0 for all z, £ we have

—0

E

det(dFy, ()| E)
exp (noAl [’“gl_—p B 5]) <7(o) <1.

[terating we obtain inductively

—0

E

det(dFypn, (2)|E)
exp (k‘no)\l [Tgl__f) -5

and Lemma 4 follows by Chebyshev inequality. O
Proof of Corollary 4. In this proof we let P denote the orthogonal

projection to E.

< (o)
/)
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(a) Take x, F as in the statement and let {ej,es...¢,} be an or-
thonormal frame in E. Denote E; the span of ej,es...e;. Then by
Lemma 4 for large n for all i > j
(45)

d—27+1 PP
exp ({7‘7 — e} )\171) < ||Pap,z,_)r (dFn(e:)) || < exp ({79

d—1 d—1

except for the set of exponentially small probability. For arbitrary v €
E decompose v = ) . cje;. Take j such that |c,,| exp(3emnA;) attains
the maximal value at m = j. Considering orthogonal complement to
dF,(E;_1) we obtain that (45) implies that

—274+1
|dF,(v)|| > Conste; exp <[% - e} Aln)

(the main contribution comes from c;e;). On the other hand |¢;| >
Const exp(—3ndAje). Since € is arbitrary (a) follows.

(b) We can restate (38) as follows. Given e there exists 0 such that
for all x, K

Prob (VE’ (B, E) < E(EY = {0}) >1- (<P,

Now if E(E™ = {0} then &' E™ = {0} iff
(46) d(dF,(x)E,dF,(x)E") — 0, n — oo.

To show that (46) has large probability we apply Lemma 6 to the action
of dF,, on r-dimensional Grassmanians. To apply this Lemma we need
to check that the derivative of this action is a strong contraction (except
for a set of exponentially small probability).

Now if E is an r-dimensional space then any space E’ nearby is a
graph of a map L : £ — E*. Now if Q is a matrix then Q(E’) is a
graph of the map P(QE)J_QLQ_l. Thus we have to show what there
exists 7 > 0 such that for any L : E — E* for all n

HP(an(E))J' (anLan_l) H S C(w)e_“m

where the distribution of C'(w) has a power tail. On the other hand for
all u € E, v € E*+ there exists L such that Lu = v. Since L is arbitrary
the last inequality can be restated as follows

| Paar iy (@F )] /1ol
minep || (w)]|/[]ul]

Yoe EY VYneN < Conste™ ™.

#am)
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Take v = 2(2i1), so that v < min;(\; — Aj_1). Now given N > 1 let us

estimate the probability that for all n and v

| Pk @EDI| /el
minep AR (]I/l]

Ne™.

(47)

Since {f,} are bounded in C? there exists a constant ¢ > 0 such that
(47) can only happen for n > c¢In N. However by Lemma 4 and part
(a) of the present corollary for most trajectories the numerator is

o(on([155 o)

whereas the denominator is at least

Const exp ([% — e} Am)

and the exceptional set has measure at most C'0". Therefore the prob-
ability that (47) holds for some n is less than

Const Z 0™ = Const N —¢ln?l

and (b) follows.
(¢) In view of Proposition 5 and part (b) of the present corollary it
remains to show that

Prob(z ¢ Ac) — 0

as C' — oo. The fact that (36) fails on a small probability set follows
from part (a) and Borel-Cantelli. Applying part (a) to {f,'} we con-
clude that (35) fails on a small probability set. Finally, part (b) and
the fact that E, does not depend on the future imply that

Prob(Z(E,, E,) < ¢) < Conste”.
This shows that (37) fails on a small probability set. O

APPENDIX A. LINEAR ALGEBRA.
Proof of Lemma 1. Observe that
Ar = 80&1([/1) + E2Oé2(L1) + E2Oé3(L2)

where a1 and a3 are linear and as is quadratic. To compute a; write

L, + L* L, — L%
al(Ll):al( 12 1)+a1< 12 1)-
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Now

oy (L — L) = i/ Indet (e~ 11| E) dE = 0
d€ Gra
so we may assume that L; is symmetric. Since «; is invariant under
conjugations, we get ay = a1 Tr. Substituting L; = 1 we get a;=r/d.
Next, letting L; = 0 we obtain ag = a;.
To compute ay observe that A, does not change if we replace L(¢)

by L(g)e=’ for any skew symmetric J. Take J = % Then

2
Lee ™™ =1+¢e(ly —J) +&° <L2+J7 —LIJ) +...

It follows that

L+ L} r J?
(48) ag(Ll):a2< 12 1) + S Tr <?—L1J).
Now
2 * 72
(9 (4 ) - (BB,

Since ap is invariant under conjugations, we obtain

Ly + Lt L1+L’{_TrL1)2

(50) a2< 5 )zbl(TrL1)2+b2Tr<

Substituting again L; = 1 we get

2 d

r
2d?
To compute by consider the case then L; is a projection onto some
vector e. Then

(51) by =

det(L(e)|E) = \/(1 +€)2cos? Z(E,e) +sin® Z(E, e).

Hence
cos’ Z(E, e)

Indet(L(¢)|E) = ecos® Z(E, e) + & [ 5

— cos* Z(E, e)] :

So
/ In(det(L(e)|E))dE =
G'r,d

8/ cos®> Z(E, e)dE+52/
G.,«yd Gr,d

[COS2 /(E,e)
2

— cos* Z(E, e)] dE.
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Let Ey be the span of the first r coordinate vectors. We now use the
following formulas.

1 3 1
2, 1 4. _
/Sdl ndv =g, /Sdl ndv = Gy /Sd P = d(d+2)

where

d
—={x: Zx? =1},
j=1
Now
/ cos’ Z(E,e)dE = / cos® Z(gEy, e)dg = / cos® Z(Ey, ge)dg =
G'rd S(O)d S@d
? Z(Eo,z)dz = wide =
/Sd _cos 0, )dr = Z/ x =
Similarly
cos®> Z(E, e) 4 roor(r+2)
e (E E=—— .
/Grd[ 5 cos™ Z( ,e)}d 20 dd12)

On the other hand

2
(TrL)? =1, Tr (Ll - 1) _d-t

d d
This gives
r r(r+2) r d—1
- = ——— + b2_
2d  d(d+2) 2d? d
The LHS of this equation equals
r(d—r) o
dld+2) 2d
Hence
r(d—r) r

" -nay

Now if K is a matrix then

2 2
Tr (K _ TIK1) _ e - (BE)”

d d
Recall (49), (51). Combine

1 (Li+L7 TeL\’ LiLy — L2 r )
T - Tr | 22 2L) | - — (TvLy)? =
21«( 2 d)+r 4 2 (Trl)

r
d

_ T L3,
2d "
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The lemma is proven. U
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