ON MIXING PROPERTIES OF COMPACT GROUP
EXTENSIONS OF HYPERBOLIC SYSTEMS.

DMITRY DOLGOPYAT

ABSTRACT. We study compact group extensions of hyperbolic dif-
feomorphisms. We relate mixing properties of such extensions with
accessibility properties of their stable and unstable laminations.
We show that generically the correlations decay faster than any
power of time. In particular, this is always the case for ergodic
semisimple extensions as well as for stably ergodic extensions of
Anosov diffeomorphisms of infranilmanifolds.

1. INTRODUCTION

1.1. Overview. This paper treats compact group extensions of hy-
perbolic systems. These systems have attracted much attention in the
past because they provide one of the simplest examples of weakly hy-
perbolic systems. Due to the major developments in 60’ and 70’ the
theory of uniformly hyperbolic systems (i.e., Anosov and Axiom A
diffeomorphisms) is quite well understood (see [3, 7]). It is also now
generally accepted that the hyperbolic structure is the main cause of
the chaotic behavior in deterministic systems. Thus it is important to
understand how much the assumptions of uniform hyperbolicity can
be weakened so that the same conclusions remain valid. One direction
of research which experiences a new wave of interest now is the theory
of partially hyperbolic or slightly less generally transversely hyperbolic
systems. In this case our diffeomorphism preserves some foliation and
is hyperbolic in the transverse direction, at least, when restricted to
the non-wandering set. The systems we deal with can be specified
by the requirement that the foliation involved has compact leaves and
the maps between leaves are isometries. If GG is a compact group the
diffeomorphisms with this property form an open set in the space of
G—equivariant dynamical systems and they play the same role in the
equivariant theory as Axiom A play in the space of all diffeomorphisms.

Thus the systems under consideration are the simplest partially hy-
perbolic systems since we have very strong control over what happens

in the center. Besides harmonic analysis can be used to study such
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systems. These reasons make compact group extensions over hyper-
bolic systems an attractive object of investigation. In fact qualitative
properties of these systems are well understood now. The progress
here can be summarized as follows. First, Brin in a series of papers
[10, 11, 12] applied the general theory of partially hyperbolic systems
[13] to show that, in the volume-preserving case, such systems are
generically ergodic and weak mixing. It then follows from the general
theory of compact group extensions [43] that they are also Bernoulli.
Quite recently Burns and Wilkinson [17] used new advances in par-
tially hyperbolic theory [28, 40, 41] to show that generically ergodicity
of such systems persists under small not necessary equivariant pertur-
bations. In another direction Field, Parry and Pollicott generalized
Brin’s theory to the non-volume preserving context. By contrast not
much is known about quantitative properties of such systems. This
paper is a first step in this direction.

To explain our results we need to introduce some notation. Let
F be a topologically mixing Axiom A diffeomorphism on a compact
manifold Y. Let f be a Holder continuous function and jy be a Gibbs
measure with potential f. Also, let G be a compact connected and
simply connected Lie group and X be a transitive G-space. Write
M =Y x X. Let 7: Y — G be a smooth function. Consider the skew
action

T(y,x) = (F(y),7(y)x). (1)

It preserves measure p1 = pugxHaar. If A and B are functions on M let

pan(n) = / Ay, 2)B(T" (4, 2))dpu(y, @),

Denote by

Pas(n) = pas(n) — / Ay, 2)du(y, 7) / By, )dp(y, z)

the correlation function. Call 7" rapidly mixing (7" € RM) if p is
a continuous map from C*(M) x C°°(M) to rapidly decreasing se-
quences, that is given k there are constants C, r such that

5,81 < CllAllcran || Bllerann ™. (2)

On the first glance this definition depends also on the Gibbs potential
f but we will show that it is not the case. One may think that better
bounds should hold for generic extensions. However the decay of cor-
relation this definition requires is fast enough to imply good stochastic
behavior. As an example in Subsection 6.1 we derive the Central Limit
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Theorem from it. On the other hand (2) is mild enough so that it can
be verified in many cases.

As in qualitative theory, accessibility properties of the system under
consideration play important role in our analysis. Let Qz be the non—
wandering set of F' and €2 = Qp X Y be the non-wandering set of T.
Let m/, m” be points in 2. We say that m” is accessible from m' if
there is a chain of points m' = mgy, my...m, = m” such that m;,
belongs to either stable or unstable manifold of m;. (We call such a
chain n-legged.) Given m, the set of points in the same fiber which
are accessible from m lie on an orbit of a group I'; which we call Brin
transitivity group. As usual different choices of reference point give
conjugated groups. The Brin transitivity group can be obtained as
follows. Let T be the principal extension associated to T' (that is T
acts by (1) on Y x G). Let I'(n, R) be the set of points which can be
accessed from (y,id) by n-legged chains such that the distance between
mj41 and m; inside the corresponding stable (unstable) manifold is at
most R. Then if n, R are large enough, I'(n, R) generates I';. It was
shown by Brin that 7" is mixing if and only if ['; acts ergodically on X.
Here we prove the following refinement.

Theorem 1.1. Let n, R be so large that I'(n, R) generates I'y. Then
T € RM if and only if I'(n, R) is Diophantine.

Here as usual Diophantine condition means the absence of reso-
nances. More exactly we call a subset S C G Diophantine for the
action of G on X if for large k, S does not have non—constant almost
invariant vectors in C*(X). See Appendix A for details.

It can be shown that a generic pair of elements of GG is Diophantine.
(The exceptional set is a union of a countable number of positive codi-
mension submanifolds. In case G is semisimple it is a finite union of
algebraic subvarieties. See [25].) From this we can deduce that in a
generic family, the condition of Theorem 1.1 is satisfied on the set of
full measure. A drawback of this result is that it does not tell how the
constant C' from (2) varies along the family. Thus one may wonder
how large the interior of RM is. This question is easier if €2 is large
[38, 27| (since then I'; is also large) or if G is semisiple.

Let ERG be the set of ergodic group extensions.

Corollary 1.2. If f is an Anosov diffeomorphism of an infranilmani-
fold then Int(RM) = Int(ERG).

This is a direct consequence of Theorem 1.1 and [17]. This result is
quite satisfying because one would not expect good mixing properties
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from a diffeomorphism which can be well-approximated by non—ergodic
ones.

Corollary 1.3. If G is semisimple then Int(RM) = Int(ERG) =
ERG.

In general we can reduce the problem to an Abelian extension. Let
T, be the factor of T on Y x (X/[G, G]).

Corollary 1.4. If T € ERG then T € RM if and only if T, € RM.

Still in the general case of compact extensions of Axiom A diffeo-
morphism we do not know how large the interior of rapidly mixing
diffeomorphisms is. To get some insight into this we study two related
classes of dynamical systems. These are compact group extensions of
subshifts of a finite type and of expanding maps of Riemannian mani-
folds. Heuristically the subshifts of finite type are less rigid than Axiom
A diffeos because any subshift of a finite type has an Axiom A real-
ization but small perturbations of the subshift correspond to piecewise
Holder perturbations of diffeomorphisms. Similarly natural extensions
of expanding maps have Axiom A realizations but the unstable foliation
will be more smooth than in the general case. So they are more rigid.
Nonetheless, in both cases we show that the interior of rapidly mixing
maps is dense. In the second case even the interior of the exponentially
mixing maps is dense. This suggests that the same result might be true
in the context of compact extensions of Axiom A diffeomorphisms.

1.2. Organization of the paper. Let us describe the structure of the
paper. Section 2 is preliminary. Here we recall necessary facts about
Axiom A diffeomorphisms and symbolic dynamics. We also present
Brin’s theory of compact extensions and its generalization by Field,
Parry and Pollicott. In Section 3 we study compact group extensions
of expanding maps. First, we describe the Lie algebra of Brin tran-
sitivity group. We then proceed to show that if this algebra equals
the whole Lie algebra of G (infinitesimal complete non-integrability)
then the system is exponentially mixing. Under some technical as-
sumptions we establish the converse of this statement. Also we show
that if this condition is not satisfied the map can be made non-ergodic
by an arbitrary small perturbation. We conclude Section 3 by show-
ing that infinitesimal complete non-integrability is generic. Section 4
treats symbolic dynamical systems. We show that, in the absence of
resonances, our skew extension is rapidly mixing. (See Appendix A for
the detailed discussion of the notion of resonances we use). We also
describe the reduction of a general extension to the semisimple and
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abelian cases. We conclude Section 4 by showing that rapid mixing is
generic. In Section 5 we apply the results of the previous section to
study extensions of Axiom A diffeomorphisms and prove Theorem 1.1
and Corollaries 1.2-1.4. Section 6 contains some applications of our
estimates. Some open questions are collected in Section 7.

For the reader familiar with the concepts of Section 2, Sections 3
and 4-6 constitute blocks which could be read separately. Roughly
speaking the difference between Section 3 and Section 4 is that in the
former we work with Lie algebras while in the latter we work with Lie
groups. The unavailability of the differential calculus accounts for the
fact that results of Section 4 are weaker than results of Section 3.

Some of the arguments of this paper are similar to [20]-[22]. The
main difference which appear here as compared to [20]-[22] is that we
have to work with arbitrary finite dimensional representations rather
than one-dimensional ones. Still we show that most of the results of
[20]-[22] can be generalized to the setting of the present paper.

Notation. if W is a subset of G we denote by < W > the smallest
Lie subgroup of G' containing W.

Acknowledgment. It is a pleasure for me to thank W. Parry, M. Pol-
licott, M. Ratner, K. Schmidt and A. Wilkinson for useful discussions.
This work is supported by the Miller Institute of Basic Research in
Science. I am also grateful for the referee who found 341 errors and
misprints in the original version of this paper.

2. PRELIMINARIES.

2.1. Subshifts of finite type. In this section we recall how to reduce
the study of Axiom A diffeomorphisms to symbolic systems. First, we
recall some facts about subshifts of finite type we. For proofs and more
information on the subject see [7, 37].

For a n x n matrix A whose entries are zeroes and ones we denote by
Ya = {{wi}i .t Aujw, = 1} the configuration space of a subshift of
a finite type. Usually we omit A and write ¥ instead of ¥ o. The shift
o acts on X by (ow); = w;y1. The one-sided shift (X}, o) is defined in
the same way but the index set is the set of non-negative integers. For
6 < 1 we consider the distance dg(w!, w?) = 0% where k = max{j : w} =
w? for |i] < j}. If X is a metric space we denote by Cy(X, X)) the space
of dg—Lipschitz functions from ¥ to X. C; (3, X) is defined similarly to
37T instead of X. There is a natural embedding of Cj (X, X) to Cy(X, X)
corresponding to the projection ¥ — ¥*. We use the notation L(h) for
the Lipschitz constant of h. If X’ is a Banach space we write h,(w) =
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n—1
3" h(c'w). Functions f; and f, are called cohomologous (f; ~ f3) if
i=0

there is a function f; such that f, (W) = fo(w)+ f3(w) — f3(ow) + Const.
For any f € Cyp(X, X) there exists a function f € C’%(E, AX') such that

f~ f.If © & are points in ¥ and &y = @y we denote by [, @] their
local product. That is, [w,®]; = w; if 7 <0 and [w,@]; = @; it j > 0.

We assume that o is topologically mixing (that is all entries of some
power of A are positive). The pressure functional on Cy(X,R) is
defined by

Pr(f) = sup / £(w) d + ho(o)

where the supremum is taken over the set of o—invariant probability
measures and h; (o) is the measure theoretic entropy of o with respect
to . uy is called the equilibrium state or the Gibbs measure with
potential f if [f(w) dus + hy, (o) = Pr(f). For Cy(X,R) potentials,
Gibbs measures exist and are unique. It is clear that cohomologous
functions have the same Gibbs measure. Take f € C; (X, R) and let py
be its Gibbs measure. To describe v it is enough to specify its projection
to Y. To this end consider the transfer operator Ly : Cyp(Xt) —
Cy(XT)

(Leh)(w) = > /@ h(w).

OwW—=w

The structure of the spectrum of the transfer operator is described by
the Ruelle-Perron-Frobenius Theorem. Namely, the leading eigenvalue
of Ly is simple and if hy is the corresponding eigenfunction and vy is
the corresponding eigenmeasure then py = hyvy.

A function f is called normalized if £;1 = 1. Given f there is
unique normalized f such that f ~ f . Let f be normalized and w =
wiws . .. w, be an admissible word (that is A,.,,, = 1). The map
w(w) = ww is defined on a subset of X3 . On this subset the following
equation holds:

dpg(w(w))
dp(w)
Gibbs measures are exponentially mixing in the sense that VA, B €
Co(2)

= exp [fn(@(w))]

g (A (B o)) — pp(A)us(B)| < Const&"[|All]|Blls  (3)

for some £ < 1.
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2.2. Brin groups. Here we review Brin theory of compact group ex-
tensions ([13, 10, 11]). We include some proofs to make this paper more
self-contained as well as because later on we shall use the similar meth-
ods to obtain a quantitative version of the results of this subsection.
For different expositions of Brin’s theory see [17, 38].

Let 0 : ¥ — ¥ be a topologically mixing subshift of a finite type. We
consider on ¥ a Gibbs measure p1; with potential f € Cy(X,R). Let G
be a compact connected Lie group, X be a transitive G—space and dx
be the G-invariant probability measure. We assume that (G, X) is a
presentation in the sense that no normal subgroup of G acts transitively
on X.

Let M = ¥ x X. We denote by Cj4(X) (Cre(XT)) the space
Co(X, Cr(X)) (Co(21,Cr(X))). Let 7 € Cyp(X,G) be a Holder con-
tinuous function. Form a skew product T': M — M

T(w,z) = (ow, T(w)z)
and let dpu = dpydzx. For w € ¥ introduce stable and unstable sets:
Wéw)={w:3ng: w; =w; for i>ng},
Whw)={w:3ng: w; =w; for i<mng},
Define 7,(w) = (6" 'w) ... 7(ow)7(w). For @w € W*(w), let

Auw,) = lim 73! (@)7(w) (®)

and for w € W"(w), let

Ay(w, @) = ]\}Enw (e No) Tyt (0N w) (5)

Now set
W w,z) = {(w,y) : w € W(w),y = As(w, w)x}, (6)
W (w, z) = {(w,y) : @ € W (w),y = Au(w, w)r}, (7)

It is easy to see that dist(7T"(w,z), T"(w,y)) — 0 as n — +00 expo-
nentially fast if (w,y) € W*(w,x) and dist(T"(w, z), T"(w,y)) — 0
as n — —oo exponentially fast if (w,y) € W"(w,z). By a t-chain
in ¥ we mean a set of points w® w!,...w™ such that for all i either
Wt e We (W) or W't € W*¥(w'). An e-chain is defined by also al-
lowing that w'™! = ¢"w’. We can also define e- and t-chains in M. As
usual we say that (w°, zo)(w', z1) ... (W", x,) covers W = (W' ... w").
By (6) and (7) for any such chain we have x, = g(W)zo, where g does
not depend on xy. We also say that any chain connects its endpoints.
If an (e- or t-) chain T has w® = W™ = w we say that W is a closed

chain at w.
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Definition. The ergodicity group ['.(w) is the subgroup of G gen-
erated (set-theoretically) by g(W) for all e-chains W at w.

Definition. The transitivity group [';(w) is the subgroup of G gen-
erated by g(W) for all closed t-chains W at w.

We refer to I'. and I'; as the Brin groups. Note that the Brin
groups can be defined (and used) in much more general framework of
extensions of partially hyperbolic systems (see [34]). It is interesting
to see how much of the theory described below works in that setting.

Proposition 2.1. For any e-chain W = (%, w! ... w")

Ly(w™) = g(W)Ty(w)g~ (W),
Le(w") = g(W)Le(w®)g ™" (W).

PROOF: It is enough to consider two-point chains W = (w, @), the
general case follows by induction. If ® € W*(w) |y W*(w) we note that
if V' is a closed t-chain (e-chain) at w then @V is a closed is a closed
t-chain (e-chain) at ©. Thus (@) D g(W)[(w)g " (W). Similarly
[ (w) D g (W)W (@)g(W). If & = 0"w then V is a closed chain at w
ifft oW is a closed chain at w. U

As any two points in ¥ can be connected by a t-chain, we get the
following consequence of the preceding result.

Proposition 2.2. (i) Vw!, w? T';(w') is conjugated to Ty(w?) and T (w?)
is conjugated to T'o(w?);
(ii) Vw T'y(w) is normal in T'.(w).

If we make a change of coordinates
(W', 2') = (w,a(w)z) (8)

then in the new coordinates T'(w', 2") = (0w, 7'(w)) where

(W) = alow)T(w)a ™ (w).
I's are transformed according to the following rule.
Proposition 2.3. In the coordinates (W', x') = (w, a(w)x)

[(w) = a(w)Te(w)a™ (w)

Fiw) = a(w)Tw)a™ (w)

Definition. 7T is called reduced if Vw!, w? there is a t-chain W con-
necting w' to w? such that g(W) = id (the identity element in G).
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Proposition 2.4. If T' is reduced then

(i) I't(w) and I'c(w) do not depend on w;

(i1) If W is a t-chain (e-chain) then g(W) € Ty (g(W) € T,);
(ii) T /Ty is cyclic.

PRrOOF: (i) follows immediately from Proposition 2.2.
(i) Let W = (w”...w") be a t-chain (e-chain) and let V' =(&°. ..
be a t-chain with ©° = w" O™ = w° g(V) = id, then

g((W° .. .2t ™)) = g(W).

(iii) By (ii), if w? € W¥(w') then A (w!',w?) € Ty, Ay(ow!, 0w?) €
[;. But Ay(ow!,ow?) = 7(w')As(w!, w?)771 (w?). Therefore if w? €
We(w!) then 7(w!) = 7(w?) mod ;. The same is true if w? € W*(w?)
and hence if w? can be connected to w! by a t-chain. m

&
Z

Proposition 2.5. Fvery T' can be reduced by a change of coordinates
(8).

PRrROOF: Clearly T is reduced if every w can be connected to some
fixed w® € ¥ by a t-chain W with g(W) = id. Now choose any chain
W (w) connecting w to w® such that g(1W(w)) is continuous and set
a(w) = g(W(w)) in (8) .

Proposition 2.6. (i) T' is ergodic iff L. acts transitively on X;
(11) T is weak mizing iff T'y acts transitively on X.

ProoF: We prove weak mixing criterion. Ergodicity is similar but
easier. By Proposition 2.5 we may assume that 7' is reduced.

(a) Let Ty be transitive and h(w,z) be an eigenfunction of T. It
follows from [38] that we can assume that h is continuous. Then it
is easy to see that it is constant along W?*(-) and W*(-). Thus Vw,z
Vg € Ty h(w, gz) = h(w, ). Since T is transitive, h(w, x) depends only
on the base point and since ¢ is weak-mixing, h is constant.

(b) Assume that I'; is not transitive. If ', is not transitive then any
[.-invariant function on X lifts to a 7" invariant function on M so we
may assume that I, is transitive. Let A be the algebra of the sets of
the form ¥ x Z where Z is I'; invariant. Then T preserves A and the
action of T on A is a factor of a group shift on K = fe/ft. Thus it has
pure point spectrum and so 7' is not weak-mixing. 0

By a theorem of Rudolph ([43]) any weak-mixing compact group
extension of Bernoulli shift is Bernoulli shift, therefore, we get

Corollary 2.7. If G is compact then T is Bernoulli iff Ty acts transi-
tively on X.



10 DMITRY DOLGOPYAT

Remark. Since in our case 7 is Holder continuous we do not have
to use the deep result of [43] to obtain the last statement. In fact
straightforward arguments of [36], [14], [42] would suffice. The later
approach is similar to one used in the present paper to derive estimates
on correlation function.

It is known that if G is semisimple then ergodicity implies weak
mixing. Note that this is a consequence of the following statement (we
need part (a) here while part (b) will be used later on).

Proposition 2.8. (a) Let X be a transitive space of a compact con-
nected semisimple Lie group G, Hy C Hs be subgroups of G. Assume
that Hy is normal in Hy and Hy/Hy = T?x F where F is a finite group.
If Hy acts transitively on X then so does H;.

(b) Let X be a transitive space of a compact connected Lie group
G, H C G be a closed subgroup. Then H is transitive on X iff it is
transitive on X /|G, G| and X/Center(G).

PROOF: (a) We may assume that H; is connected by passing to its
identity component. Also since X is connected we may assume that so
is Hy and hence that F' = {id}. Now T¢ = H,/H; acts on Y = H;\X
and because this action is transitive Y = T™ for some m. So X and
hence G fiber over T™. Therefore m = 0 as claimed;

(b) By the same argument as before we can neglect finite covers
and assume that Center(G)()[G,G] = {id}. Since X is a transitive
G-space it equals G/I" for some subgroup I' of G. Take g € G As
H is transitive on X/[G,G], 3h € H,v € I',¢’ € [G,G] such that
hgy = ¢'. Since H is transitive on X/Center(G), we can apply (a) to
conclude that [H, H] also acts transitively on G/I'Center(G). Equiva-
lently the left action of I'Center(G) on [H, H]\G is transitive. Hence I'
acts transitively on [H, H]Center(G)\G. Again by (a) [I', '] acts tran-
sitively on [H, H|Center(G)/G. Thus 30" € [H, H|,v" € [I',I'] such
that h'¢g'y’ € Center(G). But also h'¢'y' € [G, G| thus h'¢'y' = id. But
Wg'~" = hhgyy, so Hgl' = G. O

2.3. One sided subshifts. Here we discuss the reduction of two-sided
subshifts to one-sided ones.

First, we show that by a change of variables we can obtain that that
7(w) depends only on the future. Given two sequences w', w? such that
wj = w let [w',w?] denote their local product, that is, [w!, w?]; = wj
for j <0 and [w',w?]; = w} for j > 0. For each a € {1...n} choose a
sequence w(a) such that w(a)y = a. Let ¢(w) = [w(wp),w]. Make change
of variables (8) with
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It is easy to see that in the new variables local stable manifolds are
flat, that is if wj = w? for j > 0 then A (w', w?) = id. Thus

id = AL(w!, w?) = 7 (Wh AL (0w, ow?) (T'(w2))_1 =7'(w") (7'(w?))

Hence 7/(w!) = 7/(w?), i.e. 7" depends only on the future coordinates.

Now we show that we also can assume that A, B € Cy(X7). In
fact suppose that for all such functions |ps p(N)| — 0. Take A, B €
C0(2). For any cylinder C,, ; = C_,, o(w;) choose a sequence &, ; € C, ;.
If H € Cyp(X) denote H™ (w, ) = H([& (), w)s T (@) T0(En i) T),
then

-1

|H — H™ ||y < Const||H||x60",
where ||H||;s denotes the norm of H as the element of Cy(3, C*(X)).
Also,
(n) o @ (L
I 0 T [|kp < Const|| Hlo.0(7)
and H™ o T™ € Cy(X+). So
pAB(N) = p s g (N) + O(0") = paemorn pmor(N) +0(0")  (9)

= on—0(1) + Onoo(67).

Thus pap(N) — 0, N — occ.
Let T be reduced and A € Cy4(X). Given A € Cig(M) let

B(w,x) =) [A(T"(w, 1)) = A(T™($(w), A (w, ¢(w))2))].
Then B € Cjg(M) since the derivative with respect to the second
variable of the n-th term of this sum is exponentially small and

A—B+BoT e Ck,g(z—i-) (10)
(see [47, 37] for more details).

2.4. An expression for the correlation function. In this section
we provide an expression for the correlation function we shall use later
on. By the preceding section we can assume that (3,0) is an one-
sided subshift of finite type. If w,w are two-sided sequences such that
wi = w; for i > 0 then Ay(w,w) = id. We also assume that the
potential f of Gibbs measure p is normalized, that is

d W =1 (11)

Let A be the Laplace operator of some G-invariant Riemann metric on
X. Let H, be the space of functions satisfying Af = \f, [ f(z)dz =0
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and Hy be the space of constants. In this subsection we provide a
formula for correlation function

pan(n) = / A(q) BT du(q).
We have

pas(n // w, z)B(o"w, T, (w)z)dpdz.

Let us make the change of variables w = ¢"w, y = 7,,(w)z then by the
definition of Gibbs measures

pan(n) = / / Bl y) 3 e (w)A(w, 7 (w)y)du(w)dy.

ow=w

Regard now A, B as functions ¥ — L*(X). Denote (7(g)f)(z) =
f(g~'x), then we can rewrite the above expression as

panln) = [(L24)(w,0)Blor) duo, )

where

(LH) (@)=Y e/@n(r(w)H(w).

OwW=w

Finally decompose A = [ A(w,z)dz+>_ Ay, B= [ B(w,z)dz+) B,
Y By
where Ay (w, ), Bx(w, ) € H,. and write

E)\H Z fw) 7T)\ ﬁ( )

owW=w

where 7, is the restriction of 7 to H. Then using (3) we get

pan(n) = / Aq) dulg) / BQ) dulq) + pas(n) + O(E"),

pasn) =3 [ [ By@in=)+ o). a2

2.5. Axiom A diffeomorphisms. Recall that F' : Y — Y satisfies
Axiom A if there is an F-invariant splitting Tq,Y = E, & E, and
constants C| ¢ < 1 such that

(a) for any v € Ey(z), n =2 0 [|dF"(v)[| < C€"[|v]],

(b) for any v € E,(z), n > 0 ||[dF~"(v)|| < C&||v||.

We suppose that the restriction of F' to QF is topologically mixing.
We shall use the following statement (see [9]).
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Proposition 2.9. There exists a subshift of a finite type X2, 6 < 1 and
a surjective dg—Lipschitz map p : X — Qp such that poo = F op and
if py is the Gibbs measure with potential f on Y then pyjis is the Gibbs
measure on Y with potential f o p.

Thus if Ty : Y x X — Y x X is a compact extension with skewing
function 7, we can associate to it the extension 7% : ¥ x X — X x X
given by Tx(w,z) = (ow,7(pw)z). Now if P = (p,id) then P o Ty =
Ty o P. This allows us to reduce the study of Ty to that of T%.

3. EXPANDING MAPS.

3.1. Content of this section. In this section we study compact group
extensions of expanding maps. We assume that o is an expanding map
of a compact connected Riemannian manifold M. In this section we
use notation which is slightly different from one used in the rest of the
paper. Namely we denote by x points in M. Let (M, o) be the natural
extension of (M, o). Points in M will be denoted by ¢ = (z, 7).

The structure of expanding maps is given by the following result of

Gromov and Shub [30, 44].

Proposition 3.1. ([30]) Let o be an expanding map of a compact con-
nected boundaryless manifold M. Then there exist a nilpotent simply-
connected Lie group N and a subgroup I' of Aff(N) acting discretely
on N such that M = N/I'. Moreover there exist an expanding auto-
morphism o € Aut(N) and a homeomorphism & : M — M such that
al) =T and o = Eal™

In particular the universal cover M of M is R¢ and the action of o
on the first cohomology group of M has no non-trivial fixed points.

Given 7 € C*(M, G) we define skew extension T': M x X — M x X
by T'(x,n) = (ox,7(x)n). Recall the classical fact that expanding maps
always have a unique absolutely continuous invariant measure (see [19],
for example). Multiplying this measure by the Haar measure on X we
obtain a smooth invariant measure for the compact extension.

The Brin groups for compact extensions of ¢ are defined using the
stable and unstable sets exactly as it was done in Section 2. We
will also consider infinitesimal analogues of the Brin groups. In the
next subsection we introduce the notion of infinitesimal complete non-
integrability which is an infinitesimal analogue of the property that
transitivity group is whole of GG. The results of this section then could
be formulated as follows.

Theorem 3.2. (Mixing) Infinitesimal complete non-integrability im-
plies exponential mixing with respect to the smooth invariant measure.
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Definition. We say that T is stably ergodic if for all pairs (5,7) C?~
close to (o, 7) T3 7 is ergodic.

Theorem 3.3. (Characterization) If X = G then the following
properties are equivalent:

(a) T is stably ergodic;

(b) T is exponentially mixing;

(c) T is infinitesimally non-integrable.

Theorem 3.4. (Prevalence) Infinitesimal complete non-integrability
s generic among compact extensions of expanding maps in the sense
that the complimentary subset is a positive codimension submanifold.

3.2. Infinitesimal transitivity group. Here we describe an infini-
tesimal version of I';. For x € M let h(z) be the span of

O [Au((w ), (7)) = Aul(,9), (@' §)or=

(7,9 are chosen so that (2, i) € W¥(z,7) and (z/,7) €

for all €, 7,7
y)). Here 8;5’ means the derivative with respect to 2’ applied to

W (z,9)
€.

The plane field h(z) is a lower-semicontinuous, that is given zq there
is a continuous plane field h(z) with (o) = h(zo) and h(z) C h(x).
As

Au(oq.0q) = 7(x)Aulg,q) 7 (2),
we have
h(ox) D Ad(r(2))b().

So the ergodicity of o implies

Proposition 3.5. The conjugacy class of h(x) is constant almost ev-
erywhere.

Let b is a representative of this class, F' = {z : h(z) is conjugated to
b}, F'={x: dimh(x) = dimb}. Then F' C F, F' has full measure and
F' is open (by semicontinuity). Also for x € F

b(ox) = Ad(7(z))b(x). (13)
Proposition 3.6. b is Holder continuous on F.

Proor: For fixed y, 9, €

Vi, y,3,€) = 0z [Aul(z, 9)(2",y) — Aul(@, ) (@, 7))]
is Holder continuous in x by the general theory of partially hyperbolic
systems [33] (or by differentiating the product formula for A, (5) term
by term). If 2y € F and h(zo) is generated by {V; = Vj(xo, 5, 7;,€;)}
then for = near zy h(z) will be generated by V(z,y;,9;,€;). O
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Lemma 3.7. Let W = (qo,q1 - .. qm) be an e-chain with xqy,z,, € F,
(we write q; = (x;,9;)) then

Adg(W)bh(xo) = b(am)- (14)

PROOF: Since h(z) is continuous on £ and g(W) depends continu-
ously on W it suffices to prove this statement for a dense set of chains,
so we may assume that x; € F. Therefore it is enough to verify this
statement for m = 1. The case when ¢; = 0" ¢, follows from (13). Also
if ¢ € W*(qo), then o"xg = 0"z for some n, so

b(z1) = Ad(7, ' (21))b(0™z1) = Ad(7, " (21))b(0™z0) =
Ad(7, (1) Ad(7, (0)) b (o) =
Ad(7, (1) 70 (20)) b (20) = Ad(g(W))b (o).

So it remains to consider the case ¢ € W*(qo). Again it suffices to
consider a dense set of pairs. By the above proposition we can find an
open subset U C N and a Holder function o : U x U — GL(g) such
that VZ,2 € U h(Z) = a(&, 2)h(Z). Moreover we can assume that o
is close to id by shrinking U if necessary. Now, we may assume that
yY,y! € U for infinitely many n since this condition is satisfied on a
dense set of pairs. Then

b(xo) = Ad(a(12)h(2) = Ad(r(y2)a(yl, y2)b(12) =
Ad(7, (1)), v A (T (5 )b (1)

Passing to the limit as n — oo we obtain the statement required. [J
Now semicontinuity implies

Corollary 3.8. If in the previous lemma xq € F, x,, € M then
Adg(W)b(zo) D b(zm).
In particular, F = F.

Let h(x) be the subalgebra generated by h(z) and H(z) be the cor-
responding subgroup.

Corollary 3.9. I'.(z) C Norm(H (x)).

Corollary 3.10. If cither T is reduced or I'. = G, then H(z) = H
almost surely and always H(x) C H. Also by is an ideal and hence

h="0.
Lemma 3.11. If. =G then T, = H.



16 DMITRY DOLGOPYAT

PROOF: By definition h C L(T';) without any assumptions, so H C
;. Locally we can always make a change of variables (8) so that in
a neighborhood U(xy), Va, 2’ Jy,y" such that A,((z,y), (2',y')) = id.
(Under this change of variables h(x) gets replaced by a conjugated
subspace but by our assumption h(z) is an ideal and so this change of
variables does not affect h(x).)

Thus if ¢ is close to ¢/, then A,(q,q¢") € H. (To see this, join ¢ and
¢’ by a smooth curve (¢), then

0 rr_

P [ATH(7(0), (&) Au(7(0),7(€))] € b.)

As M is connected, A,(q,q") is always in H. As in the proof of Propo-

sition 2.4 we get 7(x) = 7(2')(mod H). Thus if ¢ € W?*(q) then

As(q,q) = 77" (2")7,(x) for some n and so A4(q¢', q) belongs to H. O
Let g denote the Lie algebra of G.

Definition. Call T infinitesimally completely non-integrable if
b=g.

3.3. Complete non-integrability and stable ergodicity. Here we
begin the proof of Theorem 3.3. In this subsection we work with prin-

cipal extensions that is we assume that X = G. First we record the
following consequence of Lemma 3.11.

Corollary 3.12. If G is semisimple, then T s ergodic if and only if
H=G.

Lemma 3.13. If G = T%, then T is stably ergodic if and only if H =
R,

PRrROOF: (a) If H = R? then T, = T? and so T is ergodic. Also if T
is close to T' then by the semicontinuity of b, H(T) = R? as well and
so T is ergodic;

(b) Let H # R%. We want to show that 7" is not stably ergodic. We
represent T¢ as T¢ = RY/Z?. Without the loss of generality we may

assume that
H()z* = {0} (15)

since this could always be ensured by a passage to a factor group.
Denote E' = R%/H. Denote

@([L’, ?j, é) = Z (a(dcr*jé') 7_) (y]) (16)

Here in (do™7)€ we take the local branch of o7 corresponding to y;.
Let © be the projection of © to E’. By assumption ©" does not depend
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on y and so it defines a 1-form on M. Being the uniform sum of closed
forms (locally we can invert o and write © hm > d(t'ec77)), @

is closed (7" denotes the image of 7 in E'). Also from the last identity
it is clear that

a*(0') =0 +d(r). (1
Hence cohomology class of © is o—invariant. Since 1 ¢ Sp(c*) (se
Proposition 3.1 and the discussion thereafter), © is closed, ©" = do
Hence the previous equation reads d(a’ o 0 — o) = 7. Let a(z) be
some preimage of o in R? Let z, be the fixed point of o. Let us
make a change of variables (z,t) — (z,t — a(x)). After this change 7
is replaced by 7* where 7*(z) — 7*(x9) € H/Z%. In particular by (15)
7* is homotopic to a constant map, so it can be written in the form
" = m(7*) where 7*: M — R% Now by a small perturbation we can
pass from 7 to 7, where 7 = 7(7T ) where 7 € 7(qo) + H, where 7(qo)
has rational component and dim(H) = dim(H) and H is generated by
rational vectors. But then T'(7) is not ergodic. O

7)

Lemma 3.14. Complete uniform non-integrability is equivalent to sta-
ble ergodicity.

ProoF: (a) If h = g then T is stably ergodic as in the proof of
Lemma 3.13.

(b) Let T be ergodic. Then b is an ideal in g and since I'; = H we
see that if h # g, then h/[g, g] # g/[g, g]. But in this case the maximal
abelian subextension T;, of T" is not stably ergodic. So arbitrary close
to T, there is a non-ergodic extension 7;. But since T, lifts to M x G
so does T,. O

3.4. Decay of correlations. In this subsection we prove Theorem
3.2. Let p be the smooth invariant measure for o. Let 6 = m
Denote by Ay the minimal eigenvalue of A on X.

In view of (12) we have to find bounds for the transfer operator

Z f() (T ﬁ( )

oy=x

dp(y)

228 We need an auxiliary estimate.
dp(z)

where ef ) =

Proposition 3.15. Given a branch y = o~ "x the following estimate
holds
dra(y)
dx

171

<
T 1-0
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PROOF:
dr,(y) n daly
|t H | | ZIITII o< il O
- L 1
g (W~ 1
K 9( N + 1 _9) (18)

Introduce a norm || H ||, = max (|| H o, ””Di/\H”O) The following estimate

is analogous to [22].

1

Proposition 3.16. Ifn ?\—70
Proor: We have
1L Hllo < Y e @||HIlo < [[H]lol[£51]] = || H]lo.

ony=x

< % then YA # 0 [|IC3H ||y < [|H]x.

Now let us estimate the derivative.

MO < 52 om0 | Dy g
oy=x X
dTn dy
Z 6fn 7T)\ ||H||_|_ Z efn % <
ony=x ony=x
. 0 laH
0 ||fH||HHo+—A||THIIH||0+9 . (19)
0

(here the inequality ||m\(Z)|| < Al|Z|| was used to estimate the second
term.) Thus

d(L\"H)
A L n
T < (9 11T+ A5

We need an auxiliary estimate.

. i
el ) o+ 71152 @

Lemma 3.17. There are constants ni,€g, 1,2, an open set U C M
and vectorfields ey (x), ea(x) ... ¢)(x) such that 5 < ||e;(x)|| < 1 and for
any N > ny there are inverse branches

y11(2), Y12(2), Y21(2), Y22(2) . . . yn (), yi2 ()
of o~ such that VH3j : VH* : ||[H* — H|| < eo the following is true. Let

O (z) = Wx[afj/ (7w (@) 73 (i) )
then .

e < [0 (x) — O () H|| < 22
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PrOOF: Fix xy € F. By assumption 371, 75...Z; € h(xg) which
span L(G). Let D denote a Casimir operator. As WA(DZI?I = \2H
Jj : ||7r,\(Zj)FI|| > g3, Since always ||m\(Z2)H|| < M| L||||H|| we have
|7\ (Z)H*|| > =\ for Z close to Z; and H* close to H. Now 371, 772, e,
such that

z\}lféo ON (o) — O (w) = Z;.

Thus if N is large, e;(z) is close to e; and x close to xy then O (x) —
O,2(x) is close to Z;. O

We need more notation. Let ny be a number such that ¢™U = M.
Define

~

C = sup ||do"™e;]|c2, (20)
J
E=2 i + 2 (21)
S T\1-4 ’
N 16E 4+ 8 (22)
€1
4
— _ 23
o (23)
Let ¢4 be a number such that
1
eq < Z (24)

and if Zl, Zg are two vectors such that

— 3 —
| Z1]| = 6_4||Z2||

and . . . .
121+ Zs|| > (| Z1]] + (1 — e4)|| Z2]|
then . .
A Z
‘ L2 ' <4 (25)
1Z:]] 1] 2]

Set ng = ng + ng. where a number ng > n; is such that the following
inequalities hold

gro 1
<= 2
1
NO™ < — 2
<o 1)
N§g™ < 1% (28)
1
Nog™ < ——. 29
— 32k (29)
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Let w(x) be a branch of 072 : M — U and set zj; = yj(»:?) ow.

We now follow a construction of [22]. Let us recall it. Divide M into
“cubes” of diameter £ : M = [JC;()). (Here by cube in M we mean an
t

image of a cube in R? under the covering map.)
We now want to improve upon the estimate of Proposition 3.16. Let

Ka={R: M —R:|0.InR| <A}

Lemma 3.18. There exist €,n so that for given \ there are linear
operators Ni(A),Na(X) ... Ny () preserving ICon and such that
a) For R € Ky

/ijdeg (1—5)/32 dv:

b) If |H(z)| < R(z), |DH ()| < 26AR(z) for some R € Koy then
there exist j = j(H, R) such that

|CA"H ()] < (Nj(R))(x) (30)
and
ID(LA"H) ()] < 26AN;R) (). (31)

To prove this lemma we need several auxiliary estimates.
Take a cutoff function ¢,(z) satisfying

(a) supp ¢, € Cy;
(b) ¢¢(z) =1 if x € Cy and dist(x, dC;) > gi)\;
(e) l[¢ells < O

Set @ik = ¢ 0 zj_kl. If J is a set of indices let ¢; = > @pjp. Set
(tjk)eJ

NUIR = Ly((1 —esps)R). Call J N—dense if Vt3t' € J such that
dist(Cy, C;) < &2. The following result is essentially proven in [22].

Proposition 3.19.
(1) N Koy — s (32)
(2) If ||1H]|(z) < R(z), | DH||(x) < 2-AR(x) then
ID(LAH) || () < 260N R(x); (33)
(8) Jes such that if J is N—dense and R € Koy, then

/(N(J,azi)R)leu S (1 o 55)/R2dﬂ.
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ProOF: (1) and (3) are established in [22] (note that (1) and (3)
deal with functions M — R rather than M — H,(X).) (2) follows from
(19) and the second condition of Proposition 32 by the same calculation
as in Proposition 3.16. O

We want to find N—dense J so that N9 R satisfies (31). Let

5 el (1 250) (330
J

<Z efro (ij)R(ij)) — eePo (ZjOkO)R(Zjoko)
ik

Call C; good if Jjo(t), ko(t) so that on C; ||p]0k0]| <1.
Let C = Udist(Ct/Ct < NS Cy.

RY

pjk(x> =

Definition. If ® is a function on a set U let

Oscy® = max ® — min .
U U

Proposition 3.20. Let H, R satisfy |H|| < R, |H'| < 2kAR, R €
]Cg)\.
a) Ve, x' € C, Vi k

<2 (34)
b) Fiz j, k. Then either

1 (zj(2)] < 1 Blzik(@)ve €€ (35)
or 1B (@)l = T R(z5e(x) Ve € C (36)
(¢) Moreover if (36) holds then
| H (z3(x)) = Hzi(@) < 61 H (z50 ()] (37)
and

H AG(x) — Hzpl) H <9

1A ()] 1H (ze ()]

PROOF: (a) We have |4 In R| < 2A\0™. Thus
Osce(In R) < 2)\9"0NT5 =2No0™.

By (28) the oscillation of In R on C is less than In2 as claimed;
(b) Suppose there is a point Z such that

A (@) < R,
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Then Vz € C
dH o dz .
15 @) < 260 2R ()| L] < AAR ()0
Thus Vz € C

1 (zir(@)I| < |1 H (z3(2))]| + NT(S%AR(%(SE))@"O < (39

R(z(2))

(the last inequality holds since (29) implies that 4xNdO™ < 3.)
But

G i 4meno) R(zju()) <

ol w

gR(ij(f)) < 1 RG(@))

=1 w

by (a);
(c) (37) follows from (39) and (27). (38) follows from (37) because

I 2 (a))]]

H HGp(@)  Hep@)) ||| AGa)  HE) |

1A @) 1 @) [ G 1 )]~
1A (zj0(2))] .

;7 5 H(zj,(2')) — H(zj(2))]] < 26. O
P E @) Fe )~ H el <

Lemma 3.21. V¢ 3t' such that Cy is good and dist(Cy, Cy) < NT‘s.

PROOF: If for some jg, ko alternative (35) holds then ||,0§0k0(x)|| <1,
so we may assume that (36) is always true. We assume that no C; C C
is good and get a contradiction. So suppose that Vs, j, k Jz(s, j, k) € C;
such that pj(z(s,j, k)) > 1. Take some zy € C and choose jo, ko such
that R(zjok, (z0)) is the smallest. (34) implies that Vz, j, k

R(2joke (7)) < 4R(2jx()).

Let Mr(r) = oy K@) = ma(ug (zigky (1)) Moy (2). (35) and

(25) now give

—

173 (o (21 (2 (E, o, F0))) My (¢, o, ko)) — K ((t, jo, ko))I| < 0
Proposition 3.15 and (38) now imply that V7, k
Eb

Osce, (m (g (z0(a) V() < =
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so Vo € C4 . .

1707 (T (2 (2)) My () — K ()| < B (40)
where E = 2(;%;+1) by (37) and Proposition 3.15. Since s is arbitrary
this holds for all x € C. Hence Vx,2’ € C Vj

K (2') = ma (g (231 (2) 70 (2 (2)) K ()] <
K (') = (g (20 () My (2) | 4 | M (2) = moa (o (21 () K ()] <

The first term here can be bounded by E¢ while the second one is less
than

1M1 (') = My ()| + [ M1 (2) = 7! (z52(2))) K ()| < (E +1)8.
Hence
1K (2) = 7 (7o (271 (€))7 (21 (2) ) K (2)]| < (2B + 1)8.
By the same token
1K (2) = 2 (T (22(2)) 7y (22 (2))) K ()| < (2E + 1)8.
Therefore
[ (T (251 () g (251 () = T (T (252 (&) 7 (22(2)) | K ()|
< (4F + 2)4. (41)

Now let j,e; be as in Lemma 3.17 with H = K(x). Set €; = do™e;
and let z be obtained from x by shifting along the flowlines of ¢; on
distance &2. Let z(t) be this flowline. Let H(t) =

[ (T (271 (2)) 7o (271 (20))) — T (Tng (272(2)) T (272(20)))] K (o).
Then H(0) = 0,

(0.H)(0) = [657 — ]3] (w(wo)) K (o)
and (9,2H)(t) = m\(Y (¢)) K () where Y (¢) is a second order differen-
tial operator and ||Y (¢)|| < Const. So
@2 H)(®)]| < CN°. (42)
Hence Ns Ng
A () = len - o we R +r (1)
where r < C(N§?). Hence
= (N A 5
H 5 > Noey — C(NO)~. (44)

Now by (22) Nde; > (16E + 8)8 whereas by (23) CN262 = 45. Thus
(44) contradicts (41), which proves Lemma 3.21. O
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PrOOF OF LEMMA 3.18: Set J = {(jo(t), ko(t),t) : C; is good }.
Then N7#t satisfies conditions (a) and (b) of Lemma 3.18 and so this
lemma is established. U

PROOF OF THE THEOREM 3.2: Define recursively Ry = ||Ax|x - 1,
Ryy1 = NESEO AN R then ||[£,"%Ay|(2) < Rs(x) and so

1 1

/ (L™ A\)Badp < ( / Rﬁdu)§ ( / |BA|2du)§ <

(1 =) [ AlIB. O

3.5. Characterization of exponential mixing. In this subsection
we again assume that X = G. We will finish the proof of Theorem 3.3
by establishing the following result.

Proposition 3.22. If X = G and T is exponentially mizing, then it
1s completely uniformly non-integrable.

PRrROOF: Assume T is ergodic but h # g. We must show that T" does
not mix exponentially. Let g = g; & g2, where gy is the center of g,
g2 = [g, g]. Since b is an ideal in g and H contains |G, G] by Corollary
2.6, we see that h = g @ go where g # g;. In this case we show that T’
has poor ergodic properties even on G/|G, G] so we can assume from
the beginning that G = T¢ = R?/Z% and g Z¢ = {0}. We can regard
g as a subspace of R, Let P : M x T¢ — T< be the natural projection.
The proof of Lemma 3.13 shows that we can obtain 7(x) = ag + «a(z),
a(x) € g by a coordinate change. Let A(x,t) = ¢1(t), B(z,t) = ¢o(t),
where ¢1,¢0 > 0, [¢1(t) dt = [¢2(t) dt = 1 suppy C B(wy,e),
supp ¢o C B(za,¢), ||o1]|, ||¢2]] < e . If T were exponentially mixing,
there would be a constant C' such that [ A(q)B(T°™ 2q)du(q) > 0 and
therefore PB(z1,¢) (\B(z, ) # 0. Thus P(TC™: P~1(z)) is a 2e-net
in T i.e P(TC™%B(xy,2¢)) = T However the pullback of this set to
R? is contained in 2e neighborhood of the ball in Cag ln% + g centered
at Cag lné + zo and of radius Constag In é So its volume tends to 0 as
e — 0, a contradiction. Hence T" does not mix exponentially. U

3.6. Prevalence of complete non-integrability. In this subsection
we prove Theorem 3.4.

Proposition 3.23. If
I'./Center(G) = G/Center(G) (45)

and

h/lg, 8] = 9/lg, g (46)
then b = g.
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PROOF: By (45), [, T.] = [G,G] so b is [G, G] invariant. Applying
Lemma 3.11 to G/Center(G) we obtain h/Center(g) = g/Center(g)
and by [G, G] invariance, [g,g] C bh. This together with (46) implies
that h = g. O

PrROOF OF THEOREM 3.4: By the above proposition we need to
show that both (45) and (46) are violated at most on a manifold of a
positive codimension.

(45): We can assume without loss of generality that G is semisimple.
Let ¢; and ¢o be periodic points of periods n; and ns respectively and
W be some t-chain joining ¢; and ¢s. Then

Ce(qn) D< {7 (@), gW )Ty (@2)g (W)} > .

But the set of pairs (g1,92) € G X G such that < g1,90 ># G is
an algebraic submanifold of positive codimension [25]. (Recall that
< g1, g2 > denotes the subgroup generated by ¢g; and go.) Thus (45) is
true generically.

(46): Here we can assume without loss of generality that G = T<.
Denote

V(& vy, §,7) = 0F [Au((2, ), (', 7)) = Dul(2,8), (2, 7)) ]wr=a

(see Subsection 3.2.) To show that generically h(q) = R? it suffices to
show that (always) for any x € M

Range (—V<a 7., x)) =R

But

dV L L 2 5 -
E(ea Y, 1’))(5’7‘) = @(57_7 z,Y, 5) - @(577 z,y, é)
where O(7, ... ) is defined by (16). Now let U be a small ball in M and v,
7 be two sequences such that the preimages of x corresponding to y visit
U exactly once (say z; = 0~7z) and no preimage of x corresponding
to g visits U. Let 7 = ¢(z)¥, where supp¢ C U and 7 € R%. Then

%(5, 7.7, 2))(07) = (0,-12¢0)¥ and such vectors span R?. d

4. SUBSHIFTS OF FINITE TYPE

4.1. Content of this section. In this section we study mixing rates
of compact group extensions of one-sided subshifts of finite type.

The key notion of this section is that of Diophantine subset discussed
in Appendix A. To state our results we need some auxiliary nota-
tion. If w is a two-sided sequence, let T'y(w°, 1y, 15) be the set {g(W)}
for all t-chains W = (w',w'...w!), w' = W° such that [ < [; and if
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witt € W#(w’) then (o2wi*l), = (o2w?), and if W/t € W¥(w’) then
(072wt = (072w’)_, where w, (w_) denotes {w;};>0 ({w;}j<0)-

Theorem 4.1. (Mixing) If for some W°, 1,15 Ty (w11, 13) is Diophan-
tine, then VA, B € Cy 1 (S7F)

N0
oaslo] < ConstlAlul Bl (1) (47)
where B(k) — oo as k — 0.

Theorem 4.2. (Characterization) If (47) holds, then Ty(w°,1;,15)
is Diophantine for any w° for large 1y, L.

Theorem 4.3. (Prevalence) The set of 7’s such that I'y(w,ly,ls)
is Diophantine for large li,ls, contains an open and dense subset of

Co(SH, G).

Remark. This result can be rephrased by saying that a generic skew
product over a one-sided subshift of finite type is stably rapidly mixing.

4.2. Decay of correlations. PROOF OF THEOREM 4.1. Without
loss of generality we may assume that [ A(x)dz = 0. Let
L(H)

where L(ﬁ ) denotes the Lipschitz constant of H as an element of
Co(XT, L*(G)) and Const is chosen in such a way that [[£}[[y < 1
for large n (cf the proof of Proposition 3.16) We need the following
estimate.

Proposition 4.4. ||£7|, < Const||™ (1 — |>\\_ﬁ2>

Corollary 4.5. If A € Ciy and [ A(w,z)dp(w)dz = 0, then
L2 Ao < Const||Aflgn 7™, (48)

B(k) — o0 as k — 0.

Clearly this corollary proves Theorem 4.1. (Let us first derive
Corollary 4.5 from Proposition 4.4 and then return to the proof of the
proposition.

PROOF OF THE COROLLARY: We have L(A,) < ||A|xConst|\| and
| Ax]lo < Const||Allx|\| ™ where 85 — oo as k — oo. Using the bound
(see [37] or Proposition 3.16)

L(ﬁ)\mﬁ) < Const|A|(|H|o + Q"L(ﬁ))
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we obtain
L <£Sonstln\)\|ﬁ) < |>\‘—,53+2

if Const is large enough. Hence

o n—Const In |A|
ICRH | < Const|A] (1 - \A|—52)

Also we always have ||[LYAx|lo < || Ax]lo < || Allx]|A| 7. Thus
I1L7 A0 < Z L5 Axlo + Z [ Axllo

1 1
[A<n2P2 [A|>n272

The first term is at most Const||A|e~V™ while the second does not
exceed

IAx D AT < Const||Allgn ™. O
I\[>n 252

PROOF OF THE LEMMA: Set m(\) = [C1In|A|], m(\) = m(\) + Iy
where the restrictions on C will be clear later (see Lemma 4.7).

Lemma 4.6. IfVH such that |[H|[x <138, > 0,w € ¥ andm < m(\)

so that ||L7H (w)|lo < 1 — || then the statement of Proposition 4.4
15 true.

PROOF: Repeat the proof of Lemma 3 from [20]. (See also the proof
of (1)=(4) in Theorem A.2.) O

So we have to prove that for 3, large enough the conditions of the
Lemma are satisfied. So take some H with |[H||, < 1. So we assume
that

I(LA™ H) (@)l = 1= A7 (49)
for m < m(\) and get a contradiction. Consider two points w,@ such
that 0w = 0@ = w. Consider (LY H)(w).

Among other terms it contains
Oy (1 (@) H (@) + Oy (1) H ().
(49) implies that
[l O (@) H (@) + e Om (1,0(0)) H(@)]] =
(L= A7) [ my (10(@)) H(@)]] + [le/ @y (rn (@) H(@)]].

Therefore e/ @), (1,,(@))H (©) and e/ @ g, (7,,(@))H (@) are almost
collinear. That is

7T (@) H (@) = ma (@) H (@) < CA, (50)
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s — oo as 34 — 00. Denote by w(m, j) an one-sided sequence
(w(m, j))i = -

et H = H(w(m(\), ), K9 = 7 (T (w(m(N), §)))H. By assump-
Let 119 = H{w(m(}). 1)), K9 = m(rn(@(m(X). ). B
tion W such that g(W) satisfies (60) with H = K°.
Lemma 4.7. If H satisfies (50) then

I = my(g(w’, ™) K| < CA % (51)

where B — oo as C; — 00.

Proor: Consider the following two cases:
(1) If W/t € W*(w?), then applying (50) with @ = w(m(\), ),
w=w(m(N),7), m =m(\) we get

[T+ — (7, (W) (W) K || < OAP
(2) If Wit € W*(w?), then
|H*! — H|| < Constd™ M| H||, < Constd™ M.
Using the relation between HJ and Ki we get

159 —ix (g @), -+ )iy (N, 1)) ) B < Const™ )

but
‘Tn_"b(lk) (w(m(A), J + 1)) T (w(m(A, 7)) — Au(wj,w”l)’ < Constg™™W
while ||mx(g) — 1]] < A which completes the proof. O

Adding (51) for all j and using K!'= K% we get
[ (gWNK® — K°|| < C(Bs)A el

where (35 can be made as large as we wish by choosing ' large which
contradicts to the Diophantine condition. Hence Proposition 4.4 is
established. U

Corollary 4.8. For G semisimple ergodicity implies rapid mizing.

PRroOOF: T'; acts transitively on X. Since
U Ft(woa lla l2)
l1,l2

generate I'y(w®) Corollary A.5 shows that I';(w?[y,l5) is Diophantine
for large ly,1l5. [
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4.3. Characterization of rapid mixing. PROOF OF THEOREM 4.2.
By the results of Section 2, we can assume without the loss of generality
that T is reduced. Because T is mixing the only way I';(w°, 11, 15) can
fail to be Diophantine is that p(I';(w°,1;,15)) is not Diophantine on
[T, ;]\ X. Hence we may assume from the beginning that G = X = T
Fix Iy, ly. If Ty (w11, 15) is not Diophantine V3 3 : VIV
o 1
| exp(2mi(m, g(W))) — 1| < ik

In particular (Proposition 2.4) Vw!, w?

1
| exp(2mi(m, T(w!) — 7(w?))) = 1] < P
Thus dJpg such that
| exp(27i (17, T (w))) — exp(2migo)| < | f’| 5
m

If 3 is large enough this is incompatible to (47) with A(w,t) = B(w,t) =
62wi(7ﬁ,t)‘ ]

This statement has several nice corollaries.

Definition. Call T locally transitive if there are w°, 1y, such that
Ly(wP, 11, ls)xzo = X for any zp € X.

Let T, be the maximal abelian subextension of 7.

Corollary 4.9. If T is ergodic then it is rapidly mizing if and only if
its mazimal abelian subextension is rapidly mixing.

Proo¥r: This follows immediately from Theorems 4.1, 4.2 and Corol-
lary A.7. O

Corollary 4.10. The property of rapid mixing does not depend on the
Gibbs measure in the base.

Corollary 4.11. If T, is locally transitive then T' € RM.

4.4. Prevalence of rapid mixing. This subsection complements the
results of Appendix A in the following way. In the appendix we show
that Diophantineness is generic in measure theoretic sense. However,
for toral action, the opposite property is topologically generic. There-
fore, even though most of finite sets are Diophantine, the corresponding
constants behave rather irregularly which makes this result of limited
value. However, our condition in Theorem 4.1 involves much larger
group (namely, the group of all closed t-chains). This explains why
Theorem 4.3 holds.
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PrOOF OF THEOREM 4.3: Clearly it is enough to consider the
action of GG on itself by translations. We again reduce the problem to
the toral case. Indeed it follows from the results of Appendix A, that
for an open and dense set of extensions I'; D [G,G]. Hence we can
factor it out and end up with toral extensions as claimed. (We could
also appeal here to [27] and Corollary 4.9.) So let G = T¢ = R?/Z.
In this case I';(w) does not depend on w by Proposition 2.2 so we will
move the base point freely. We will consider the simplest t-chains of the

form W = (w',w? w? w?) such that wj = wj = wj = wj and Wl = w3,
w? =wi, wl =wt, w? =w?. So we let

S0((“11’ w2’ w3’ w4) _ g(w1’ w2’ w?,’ w4) _
Z [T(07wh) = 7(c/w?) + 7(0?w?)T (07 w?)] . (52)

We will write ¢, if it is not clear which skewing function is used. Recall
that we consider the case 7 € C*(X). The following bound is immedi-
ate.

Proposition 4.12. IfVj, k d(w’,w*) < 6N then
o(wh,w? W w*) < Constd?V ||7].

PROOF: As w} = w3, w} = w}, all positive terms in (52) vanish.
The first non-negative term corresponds to j = —N. [

Fix some element « of our alphabet. If ng is large enough, we find
(d + 2) periodic points w? . .. w42 of prime period ng such that w} = a
and their orbits do not intersect. Let ax!, ax?,...ax®? be the cor-
responding words of length ng. Let &, = (ax®™)P, & = (ax?™?)"

Finally denote by C;x the cylinders Cjy = Cqapiy2v+2. We consider per-
turbations of 7 of the form

d (3]
T=T+ Z €; Z Ejlezlno)(cjl (53)
=1 =1

with |e;| < e. We prove that for any e we can make 7 satisfy the con-
ditions of the proposition. We will choose parameters ¢ by induction.
Assume that we already defined {e;;};<n. Let

W =€ (ar! )M (ar!)M L W™ = € (an!) N (an)MHIE,
V= € (ar) (W) ey, W = € ()| (an) Ve,
(here | is used to mark the place before the zeroth letter). We have
o (WINL INZ NS Ny

N1 | jN2 N3 N4 N1 | jN2  jN3 N4
Or (WM W W W)+ plan o (W W T W W) 4
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N1 jN2  jN3 N4 N1 jN2 N3 N4
Orvm (W W W W) 4 o vee) (WP W W W)

where the second term corresponds to the summation from 1 to N — 1
in (53), the third one corresponds to the N-th term and the last one

corresponds to the remainder. Now
N1 jN2 , jN3 N4
Orvit00) (W W WY W) =0

as no w/™* contains (ax!)?V+4. Also
GN1 | jN2 N3 N4y _ 2N
©rovm (W W W W) =g v6 e;.
Let

N1 jN2 jN3 N4 N1 jN2  jN3  jN4
- Or (WM WIN2 WIS WINY) o vy (I wINE WIS I
IN — 92Nn0

By Proposition 4.12 n;x is less then some constant E. So
QO%(ijl,ij2,ij3,ij4) — 92Nn0 (an + ngej) ]
The next statement follows immediately by compactness arguments.

Proposition 4.13. Let d,e be fixed. There is a constant & such that
we always can choose e;n € [—¢,¢] so that

|Vol(mn + e1ner, ..., Nan + €anea)| > 20.

Thus 7 and its small perturbations will satisfy

1N1 1N2 1IN3 , [1N1 dN1 ,  dN2 , . dN3 , dN1
Vol 907_'(“} y W y W , W ) 307"((“) y W , W y W )
92Nn0 yro 92Nn()

>0 (54)
Also if 7 is close to 7 then

| or (Wi, WIN2 IN3 JING)| < o (55)
We claim that (54) and (55) guarantee that the set

{o(W™ W2 IV IV YR
is Diophantine. Indeed take some m. Let K = maxm,;. Take minimal N
such that E6?N™ < . Then |(m, p(wN!, w2 WiN3 WiN4))| < &
So in order for exp[2mi(m, p(w N wWINZ WIN3 LWIN))] to be close to
1, this product has to be small. However this is impossible for all

j. Indeed, if |(1, @(wiN1, wiN2 IN3 ,IN4))| < § then all the vectors
P(wINT WIN2 yiN3 ,N1) . .
TN are confined to the cylinder whose base has radius

2F and is perpendicular to m and whose height is 200Ed5. If § is small
enough this is incompatible with (54). This completes the proof. [




32 DMITRY DOLGOPYAT

Remark. In the toral case we consider the same perturbation as in
[39] but we analyze its effect more carefully. In fact, for extensions over
symbolic systems it is not true that stable ergodicity implies polynomial
decay of correlations. For example, let ¥ be the full two shift, G =
T! and 7(w) = Z@"J'Xc(l)nj (w). Then if n; grow very fast, we can

very well approximate 7 by locally constant functions, so the decay
of correlations in this example can be arbitrary slow. Instead, stably
ergodic systems have the property that 3y, = v,.(1) — 0,k = k(1)
such that if 7 is close to 7 then

15,50, ) < | AllllBllv-

Nor it is true that rapid mixing is stable. For example, consider the
set of T’s with skewing function locally constant with fixed number of
domains of the constancy (still G = T*').Then almost all T’s in this set
are rapidly mixing but the set of the transformations not having this
property contains a countable intersection of open dense sets.

5. AXIOM A.

Here we finish the proof of the theorems given in the introduction.
Theorem 1.1 follows immediately from Theorems 4.1 and 4.2 via the
reduction described in subsection 2.5. Likewise Corollary 1.3 follows
from Corollaries 4.8 and A.6(b) and Corollary 1.4 follows from Corol-
lary 4.9. To prove Corollary 1.2 more arguments are needed since a
perturbation inside subshifts of finite type can be done more easily
than for Anosov diffeomorphisms. We shall use the following result of
Burns and Wilkinson:

Proposition 5.1. ([17], Theorems 9.1 and 12.1) Let F' : Y — Y be
an Anosov diffeomorphism of an infranilmanifold and T be a compact
group extension of ' with X = G. If T is stably ergodic then it is locally
transitive.

PROOF OF COROLLARY 1.2: If T € Int(ERG) then, in particular,
T € ERG and so T € RM if and only if T, € RM. So we can
assume from the beginning that G = T¢. Then we can also suppose
that X = G. So, after all reductions we have T'(y,z) = (F(y), 7(y)z)
where F is Anosov, Y is infranilmanifold and X = G = T?. In this case
Proposition 5.1 shows that T is locally transitive and we are done by
Corollary 4.11. O
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6. APPLICATIONS

Here we derive some consequences from our bounds for correlation
decay. More applications will be presented elsewhere [23].

6.1. Central Limit Theorem.

Corollary 6.1. Under the conditions of Theorem 1.1 there exists k
such that VA € C*(M) the sequence {A(T"(y,x))} satisfies Central
Limit Theorem (CLT).

PROOF: By (10) it is enough to prove CLT for extensions of subshifts
of finite type satisfying Theorem 4.1 and A € Cy(XT). Recall [35] that
if T'is an endomorphism of a measure space (M, v) then the following
conditions suffice for CLT

(a) > / A(m)A(T™)dv(m)| < oo and

(b) >, (U™A)(m) converges uniformly, where U* is the dual to
(UA)(m) = A(T'm).

In our case (a) follows by Theorem 4.1 and (b) follows by Corollary
4.5 since in our situation U = £,. ]

6.2. Equidistribution of the leaves. Here we provide estimate for
equidistribution of the images of local unstable manifolds under the
conditions of Theorem 4.1. But first we should pass to functions in
Cy(X) rather then Cjo(X7).

Corollary 6.2. Under the conditions of Theorem 4.1 for any pair
A, B e CM(E)

94.8(N)| < C||Allsl|BllosN—"®,
B(k) — 00 as k — oo.
PROOF: Plug the estimate of Theorem 4.1 in equation (9) . O
Corollary 6.3. Under the same conditions
Pa5(N)| < Cl[Allosl BllesN %,

PRrROOF: Replace T' by T 1. O
Now we provide quantitative version of the K—property. Let

WE(@)={w:w_=a_}.
On Cg, write ([32]) du(w) = J(w)dpy (wy)dp—(w-). Denote Wuf(~) H—
f H(W)J(W) d,U+(w). loc

Wise (@)
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Proposition 6.4. If o € Cy(X, X) then

/B(TNwa —>/ (w,z)dp(w

Wu

loc

PROOF: Let ¢ be a cutoff function concentrated on [—1,1]%. Let I
denote the indicator of C. Set

Teo. ooy (@) (P ™)

7) (7)) ) Cn0f)

Then [|A]lgo < ConstK"e~? and [ A" (w, x)du(w)de = 1+ O(0").
Also if (w, z) € supp A™*) then

Ae) (w,x) =

Y

|B(TY (w, x)) — B(TN ([@,w], o[@, w])| < Const (" + ¢).
Therefore pymo g(N) = [ B(TN(w,a(w)))(1+ O(0" 4 ¢)). On the

u
Wloc

other hand

pame p(N) = /B(w, 2)dp(w)dz(1+ O™ +¢)) + O(K"e%yy)

where
|paB(N)|
YN = SUp — (56)
1Allo.0ll Bllo.
Comparing these two estimates we get
| / B (w.aw)) - [ Bloa)du(w)ds] <
loc
Const(0" + & + O(K"e yy). O (57)

Remark. The above argument comes from [8] (cf. also [24]).

Corollary 6.5. If a € Cy(X, X) then

|/ B(TN(w,a(w))) — /B(w,z)d,u( )dx|<C0nst||B||ngé 2

Proor: Use Corollary 6.3 and equations (56) and (57) . O
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6.3. Random walks on homogeneous spaces. Let X = G/H. Take
a finite set W = {g1,92...94} C G and let § = {p1,p2...pa} be a
probability distribution on W. Consider a Markov chain with the initial
distribution dz and x, = g;x,_1 with the probability p;. Denote by g%
and g5 the projections of g; on G//[G, G] and G/ Center(G) respectively.
We say that x, satisfies CLT if there is » > 0 such that for any

n—1 .
function A € C"(X) with zero mean %A(x])

to a Gaussian random variable with zero expectation.

converges in distribution

Proposition 6.6. Our Markov chain satisfies Central Limit Theorem
if and only if
(W?*) = G /Center(G) (58)
and
{9j —gr} is Diophantine (59)

PROOF: (1) Suppose that (58) and (59) are satisfied. Consider the
subshift of finite type with alphabet W, transition matrix A, = 1
and measure (1(Cy, . a0, ) = H;L:1 Pw;- Consider the skew extension with
T(W) = Gu,- Since T is reduced, I'. is generated by {g;} and I'; is
generated by {gjg,zl}. Thus T is ergodic, and by Corollary 4.9 and
Theorem 4.1 it is rapidly mixing. Thus, by Corollary 6.1 x,, satisfies
CLT.

(2) Let z,, satisfy CLT. Then < W > is ergodic since otherwise there
would exist a non-constant W invariant function A of zero mean and
so 292040 o1d not converge to 0 in distribution. Thus (58) holds.
If (59) would fail there would exist m; — oo such that

1

| exp[2mi(my, (g — gi))] — 1] < s

By passing to a subsequence, we can assume that m;,; > ml2T+8. Let

A(x) = 3, 61— exp[2mi(my, )], where g, € {0,1} and 2 denotes
my

the projection of = to X/[G, G]. Then

m27‘+6

l
Z A(x;) = yi(xo) 4+ emi ™ exp[2mi(my, 22)] + O(m; )
j=1

where ¢ = (r +2)(2r + 8) — (r + 6) = 2r? + 11r + 10 and +; depends
only on €1,65...6,_1. Thus we can choose ¢; in such a way that

m27“+6
Zj:ll A(zy) my

m;+? 4

1
Prob >
ro Z 5
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and so A does not satisfy CLT. O

7. CONCLUSIONS.

Here we describe how are results fit into the general theory of weakly
hyperbolic dynamical systems and present some open questions related
to this subject.

7.1. Mixing rates of skew extensions of Axiom A diffeomor-
phisms.

Question. Is stable ergodicity (stable rapid mizing and so on) generic
in the space of compact group extensions of Azxiom A diffeomorphisms?

This question is easier when the set of non—wandering points of the
base transformation is large, for example, when it is connected (see
[26].) On the other hand nothing seems to be known if the base is a
horseshoe, especially in higher dimensions.

There are also some questions on the optimality of the bounds we
have obtained.

Question. Is exponential mizing generic among compact group exten-
sions of (say, volume preserving) Anosov diffeomorphisms?

Question. If G is semisimple and T is mixing, is it also exponentially
mizing?

More generally, in the case when non-wandering set of F' is large
there are not so many situations where we can get an asymptotics of
the mixing rate.

Problem. Construct some examples where correlation functions could
be computed explicitly.

7.2. Partially hyperbolic systems. It is interesting to see how much
of the theory presented here can be extended to general partially hy-
perbolic systems where the central bundle is generated by the orbits of
some symmetry group. Examples of such systems include frame flows
on compact negatively curved manifolds (or products of such manifolds)
systems obtained by applying compact extension construction several
times, e.g. nilpotent extensions, etc (see [15] for more discussion).

Problem. Generalize the results of Section 2 to compact group exten-
sions of partially hyperbolic systems with accessibility property.

See [34] for some results along these lines.
More generally, here as well as in [20, 22|, we showed how to derive
mixing properties of transversely hyperbolic systems with symmetries
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from the the property of the holonomy maps along short loops (the
first result in this direction appeared in [18]). One can ask what can
be said about more general partially hyperbolic systems. The best
result in this direction so far is a theorem of Pugh and Shub [41] saying
that partially hyperbolic volume preserving, dynamically coherent and
center-bunched systems with accessibility property are K-systems. In
particular, they enjoy mixing of all orders.

Question. Let f : M — M be a map satisfying conditions of Pugh
and Shub and moreover is locally transitive. What can be said about its
rate of miring?

In the context of skew extensions of Axiom A some results are given
by Theorem 1.1 and Corollaries 1.2 and 1.3. Similarly one should
compare results of [16] and [22].

In full generality this question seems to be very hard but an ad-
vance in this direction would drastically increase our understanding of
partially hyperbolic systems.

Question. Does there exist a stably ergodic diffeomorphism which is
not mizing? Could the mizing rate of a stably ergodic diffeomorphism
be arbitrary slow? Could one get a uniform bound on the mizing rate
of a stably ergodic diffeomorphism?

Another question along the same lines is

Question. Must a stably ergodic diffeomorphism be Bernoulli? stably
Bernoulli?

At present not much is known about stably Bernoulli systems apart
from some examples constructed in [2, 5, 45].

7.3. Skew extensions of non-uniformly hyperbolic systems. In
recent papers [48, 49] Young introduced a class of non-uniformly hyper-
bolic systems which have statistical properties similar to that of Axiom
A attractors.

Problem. Generalize the results of this paper and [22] to the com-
pact group extensions of non-uniformly hyperbolic systems satisfying
the conditions of Young.

Examples of systems one would like to understand along these lines
are billiard flows, frame flows on manifolds without conjugated points.

7.4. Random walks on homogeneous spaces. The next question
deals with improving estimates of the Appendix.
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Question. In the case G is semisimple give more information about
the spectrum of the operator J defined in (61).

So far in all the examples where estimates could be obtained J has
a spectral gap. See [29] for the survey of known cases as well as some
numerical simulations.

Other questions deal with the situation of Subsection 6.3 without
the assumption that G is compact.

Problem. Give necessary and sufficient conditions for x, to satisfy
CLT.

This question appears to be hard especially if < W > is nilpotent,
but still it is possible that a nice characterization could be obtained for
large class of pairs (G, X).

Question. Is it true that generically x, satisfies CLT?

Some important special cases are studied in [6, 31].

7.5. Non rapidly mixing extensions. This subsection deals with
the classification of non rapidly mixing extensions. For example, if Y
is an infranilmanifold and ' : Y — Y is Anosov and X = G, Corollary
1.2 tells us that stably ergodic maps are rapidly mixing. Now by [17]
non stably ergodic extensions can be characterized by the fact that by
a coordinate change 7' can be reduced to a subextension with skewing
function 7(x) belonging to a coset of a proper subgroup of G. Our
Theorem 3.3 has a similar conclusion.

Question. Is the same conclusion valid without the assumption that
X =G7

Some special cases are analyzed in [12].
Another question deals with a geometric characterization of expo-
nential mixing similar to our Theorem 1.1.

Question. Does exponential mixing depend on which Gibbs potential
we consider?

We plan to address some of these problems elsewhere.

APPENDIX A. DIOPHANTINE APPROXIMATIONS.

Here we study some problems related to Diophantine approxima-
tions. Let a compact group G act transitively on a manifold X. Let
H, denote the s — th Sobolev space: if f = >, fi, fn € H, then
F112 = D20 11 A]132A%. || - || will denote L*-norm. Recall that w(g)f

denotes
[7(9)f] (x) = f(g™"2).
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Definition. A subset W C G is called Diophantine if daq, C so that
VfeH, A#0,dg € W such that

(1 =7(g))fIl = CLA™ || f]. (60)

We shall say that W is Diophantine on X if it is not clear which
action of G we are considering.

Recall that (1) denotes the smallest Lie subgroup of G containing
W.

Proposition A.1. (a)If W is Diophantine then (W) acts transitively
on G.
(b) W is Diophantine if and only if W |JW ™" is Diophantine.

PROOF: (a) is clear, since otherwise there would be an (W)—invariant
function.

®) 1A =7(g) S = A [l = a(g™ NI = Ca™ (I f]. O

Now we consider the case when W is a finite set: W = {g1,92- .. 94}
Let S,, denote the set of all words in W and W~ of length at most n :
S, = {giillgf;l .. .gil}kgn. Define

I =53 (o) s (61)

Let C§°(X) denote the space of C*-functions on X with zero mean.

Theorem A.2. The following conditions are equivalent:

(1) W is Diophantine;

(2) 1 — J is invertible on C§°(X) and there is a constant ay such that
for all s there is a constant C such that

H(l - J)_lst < CSHfHS-i-Ocz?
3,3, Ty SUC at Ve, (1ya31T0 1S an e—net in X,
3) AC h that V. 5[03()] ' tin X
4)3ACYy, ay, such that Vg Ve, Sio 1yaq1To @S an e—net in X;
[Ca(£)>4]

(5) 3Cs, a5 such thatVf : [ f(x)de =0, [|f(x)|?de =1, |Af(x)] < N2
there are g € W and xy € X such that |f(xo) — f(gzo)| > CsA™5.

ProOOF: (1)=(2) : For f € H,
(1= 1f, £) = 5 3200 = w(alf f) (62)

Let j(f) be an index such that
11 =7 (gicn)) fIl = CL A~ f]]
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Since each term in (62) is positive

(1=JIf, f) = ([1 — (gl ) = é(llf!l2 = (m(gsp) . ) =

2 02 201 2.
I (e S i

(2)=-(4) : We have to find N such that for all x,y there is g € Sy such
that gB(z, 5) By, 5) # 0. If f,h € H) then

ST =P W= 7). k)| < ConstlFlollhlo

Take f,h € C*°(X) such that suppf C B(z,3), supph c By, %),

>0, [f(z)dz = [g(z)dz = 1 and | fllo. [|hllo < Conste™™,

112, 1Al < Consta‘“”“2 Where m = 92X Decompose f = Y. fi,
)

h = > hy, where fy, hy € H,. We have
’(%Z kf,h) ’( ;; f,h) —/f(x)dm/h(x)dm

1 N
<NZ f)\ah')\) jor (
(1) + (1)

where in (I) sum is taken over A < A\g and in (II) A > A,.

<

ZIH

(- J)*)A@)\ _

a2

A e
(I) < Const— > A llollRallo < Const—-e m.

10 < > A loliaallo < A5 D 1A ll2lballz < Agte™>m
A>No A>XNo
2m+5

Take \g = e~ 1, N = A\*’c~2m~1 Then
| X
k
<N S h) )
k=1

< Conste,
so for some k (J*f,h) > 0 and hence Jg € Sy such that

€ €
Therefore Syx is an e—net in X;
Clearly (4)=(3);
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: = [C3(2)™] N 0) —
(3)=(5) : Let N = [C3(1)**]. Take g € Sy such that |f(gzo)
f(xo)] > 3. Let g = g5l g2 ... g5, where ¢; € {—1,+1} then

1
22

k

flois - giya) = flgifth . giv )|

So at least one of the terms is greater than ﬁ;
(5)=(1) : Let f € H,. By the Sobolev embedding Theorem

IV fllox < CN.
Thus if |f(gzo) — f(z0)| = CsA™ then for x € B(xy, f—g)\_(%*ﬁ))

C
[Fgzo) = Flao)] = A

and so [ |f(gx) — f(z)]*dx > ConstA™, v = (a5 + f)dimX +2a5. O
We now turn to the case when G is semisimple X = G and the action
is left translation.

Theorem A.3. W is Diophantine if and only if (W) = G, moreover
there is a constant €y = €o(G) such that any eg—net in G is Diophantine.

PROOF: In view of Proposition A.1 we only have to prove the “more-
over” part. We proceed by induction. Start with some small ¢4 and
consider nj so that S, is an €p—net in G. Define

4 _ _1
€j+1 = (C&j)3, Njt1 = |:an€]- 3] .

Assuming that C, C are large enough we show that Sn,,, s an gj41-net
if Sy, is g;net. Consider g with an invariant scalar product. We say
that a basis {X}} is aligned if

(a)g < [ Xl <25

(5)2(X, X)) > <.

If €; is small enough, there is an aligned basis {X,gj )} such that

. 2 .
B eXp(E;X,EJ)) € S,,. Thus
. . . 4 ) .
2 = [, 2] = exp (51X, X + O(2)) € Sa,.
Now the space of all aligned bases is compact and [g, g] = g, so we can
extract from {[X, X7} a basis {V,{'} so that
o1 < | Xil| < e Z(Xi, Xi) > 3 (63)

By the same argument the set of the bases satisfying (63) is compact
and so given § we can find Cy, Cy, C3 > 1 such that VY : Cy < ||Y|| < Cy
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Jday € Z, |ax| < C5 such that
1Y =Y a | <a|y].
k

4
So if ¢; is small enough then 3C7,C5, C3 such that Vy : Cle? <

4 .
dist(y, id) < Ches 3aw € Z, |ay| < C3 such that dist(y, H(x,(jl))““) <
kl
4
oe;. We are now ready to establish our claim. Choose a neighbor-
hood U of the identity in G and introduce a coordinate system on U.
4

Partition U into coordinate cubes U = |JC; of diameter C_’a‘?. By as-
t

sumption V¢ 3" : Cy (S, # 0 and dist(C;,Cy) < Conste;. Thus we
can join Cy and C; by a chain Cy = C©,CcM .. .CN) = C, of at most
1

Const&tj_3 elements. Now if C is large enough the considerations above

imply that 3C such that if S, ((C? # 0 then S,1cn, (VCOTY # (. Let

N; = anaj_l/g. Then Sy, intersects all C;’s and so is €;41-net in U.
But if ¢ is small enough then S, , U =G. U
To pass to the general case we need a slight generalization of this

result.

Proposition A.4. Let G be a compact group and W C G be a finite
subset. Then

(a) W is Diophantine on (W) /Center((W));

(b) dim[(W), (W)] is a lower semicontinuous function on GI"W.

PROOF: (a) is a direct consequence of Theorem A.3 since the group
(W) /Center((W)) is semisimple;

(b) We establish the following statement

Let H C G be a semisimple Lie subgroup, b = L(H), then Jeqo such
that if X1 ... Xy is a basis in b such that

(A1) max(IX]) < 2min(IXlD), 20X, X)) > 7

|| X;]| < e then VY1 ...Y} such that ||Y; — X;|| < eol|Xjl|, the group
F =< {exp(Y;)} > satisfies dim([F, F']) > dim(H ).

The proof is by induction on codim(H). If H = G this follows from
Theorem A.3. For inductive step let y](-l) = exp(Y;). We proceed as

in the proof of Theorem A.3 constructing y](.m) = eXp(Yj(m)) € [F, F]

where Yj(m) satisfy (Al) and their norms decreases with m. Let § be
sufficiently small constant. There are two cases:

(1) Ym, j é(Yj(m), h) < 6. The proof is completed as in Theorem A.3
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(2) Im, j such that A(Yj(m), f) > 4. Consider the one with minimal m.
Let L(G) = h+bh1+bhs, where ad(H) = 0 on h, and is non-degenerate on
b1. It is easy to see that ||7rlej(m)H > 5HY}(m)||/2. Then the statement

follows from the inductive assumption applied to L(Y7,...Ys, Y;-(m)). n
Now we can dispose of the assumption that W is finite.

Corollary A.5. Let G, X be as above. For infinite W the following
conditions are equivalent

(1) W is Diophantine;

(2) W contains a finite Diophantine subset;

(3) (W) =G.

Proor: We already know that (2)=-(1)=-(3). On the other hand
the proof of Theorem A.3 shows that if gy is small enough then any
go—net is Diophantine. So if (3) holds then S, is an ey-—net for some
no and we can extract a finite subnet V' C S,,,. Now if W' is a finite
subset of W such that (W’) D V then W’ is Diophantine by Theorem
A3. O

Remark. The above statements fail for the torus. For example the set
of all elements of finite order is Diophantine but it obviously does not
have finite Diophantine subset. On the other hand there are plenty of
t’s such that ({t}) = T but {t} is not Diophantine.

Corollary A.6. Let X be an arbitrary transitive G-space (G semisim-
ple). Then
(a) W is Diophantine iff (W) acts transitively on X;

(b) If W is Diophantine and W is close to W in the Hausdorff sense,
then W is Diophantine.

PRrOOF: (a) follows from Proposition 2.8(b) and Proposition A.4(a);
(b) follows from (a), Corollary A.5 and Proposition A.4(b) . O

Corollary A.7. Let G be any compact group and X be a transitive
G-space. Let p : (W) — (W)/[(W),(W)] be the natural projection.
A set W is Diophantine iff (W) acts transitively on X and p(W) is
Diophantine on [(W), (W)\X

PrROOF: Let W be a set satisfying the conditions of the corol-
lary. Suppose that VN there is a sequence fy € H,, such that
Ifx — 7(g)fnll < ONY for g € W. We want to get a contradiction
if N is large enough. By Corollary A.5 and the proof of Theorem
A.3 there is a finite set W C S,,(W) such that W c [W, W] and W
generates |G, G]. Let f(r) denote f = f[G,G] fn(gx)dg. Then Vg € W
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1 fx — 7(g) fvll < CAFY, for

fn(gz) = fn(hgz)dh = fr(g(g™ hgz)dh = (fx o g)(x)
G,G) G,G)

By Corollary A.5 W is Diophantine on [G,G] so there are constants
C(W), B(W) such that ||fy — fn|| < CAY". But fy can be regarded
as a function on [(W), (W)]\X so Jdg € W such that ||x(g)f — f|| >
Const ™M) a contradiction if N > a+ 4 0O.

Remark. This corollary yields quite comprehensive criterion for an
action to be Diophantine. Indeed Diophantine subsets of tori are well
studied. Also topological generators of semisimple groups are well un-
derstood. For example [4] proves that for a semisimlple G, pairs gen-
erating GG form open dense set. Hence we have

Corollary A.8. Let G be a compact group acting transitively on X.
Then almost all two point sets are Diophantine.
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