AN EXAMPLE OF A SMOOTH HYPERBOLIC MEASURE
WITH COUNTABLY MANY ERGODIC COMPONENTS.

D. DorLcopryaT, H. HU, YA. PESIN

I. INTRODUCTION

We construct an example of a diffeomorphism with non-zero Lyapunov exponents with
respect to a smooth invariant measure which has countably many ergodic components.
More precisely we will prove the following result.

Theorem. There exists a C*° diffeomorphism f of the three dimensional manifold M =
T2 x St such that

(1) f preserves the Riemannian volume p on M ;
(2) p is a hyperbolic measure;
(3) f has countably many ergodic components which are open (mod 0).

II. CONSTRUCTION OF THE DIFFEOMORPHISM f.

Let A :T? — T? be a linear hyperbolic automorphism. Passing if necessary to a power
of A we may assume that A has at least two fixed points p and p’. Consider the map
F = A x id of the manifold M. We will perturb F' to obtain the desired map f.

Consider a countable collection of intervals {I,,}°°; on the circle S!, where

Lp=[n+2)"Y(n+1)Y, Lyi=[1-0+1)"11-(n+2)"".

Clearly, | I, = (0,1) and int I,, are pairwise disjoint.
n=1
By Main Proposition below, for each n one can construct a C°° volume preserving

ergodic hyperbolic diffeomorphism f,, : T? x I — T? x I satisfying: 1) |F — fn|lc, <n~?2
2) for all 0 < m < oo, D™ f,|T? x {2z} = D™F|T? x {2} for z=0or 1.
Let L, : I, — I be the affine map and m,, = (id, L,,) : T? x I,, — T? x I. We define the
map f by setting f|T? x I,, = w1 f,m, for all n and f|T? x {0} = F|T? x {0}. Note that

HF|’]I‘2 x I, — ﬂ‘;lfnﬂ'nH < HW,Zl(F — fn)WnH <n?2.n=n""'
It follows that f is C* on M and has the required properties.
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III. MAIN PROPOSITION
The goal of this section is to proof the following statement.

Main Proposition. For any k > 2 and 6 > 0, there exists a map g such that:
(a) g is a C*° volume preserving diffeomorphism of M ;
(b) [1F = gll, < 0
(c) for all0 <m < oo g|T? x {z} = F|T? x {z} for =0 and 1;
(d) g is ergodic with respect to the Riemannian volume and has non-zero Lyapunov
exponents almost everywhere.

Before giving the formal proof let us outline the main idea. The result will be achived
in two steps. First by a method of [SW] we obtain a diffeomorphism with non-zero average
central exponent [ x.(x)du(z) # 0, where x.(z) denotes the Lyapunov eponent of z on
E.. We then further perturb this diffeomorphism using a method of [NT] to ensure that
our diffeomorphism has accessibility property and is therefore ergodic.

Conjecture. Consider a one parameter family g. with go = F. Then for small € g. satis-
fies the conditions of the Main Proposition except for a positive codimension submanifold
i the space of one parameter families.

Proof. Consider the linear hyperbolic map A. We may assume that its eigenvalues are 7
and n~!, where n > 1. Let p and p’ be fixed points of A. Choose a number £y > 0 such
that d(p,p’) > 3. Consider the local stable and unstable one-dimensional manifolds for
A at points p and p’ of “size” €y and denote them respectively by V*(p), V*(p), V*(p'),
and V" (p').

Let us choose the smallest positive number n; such that the intersection A="*(V*(p’))N
V% (p) N B(p, o) consists of a single point which we denote by ¢; (here B(p,¢eq) is the ball
in T? of radius &y centered at p). Similarly, we choose the smallest positive number ny
such that the intersection A™2(V*(p’)) N V*(p) N B(p,ep) consists of a single point which
we denote by g¢s.

Given a sufficiently small number € € (0, &¢), € < % min{d(p, ¢1),d(p, q2) }, there is £ > 2
such that

AYq1) € B(p,e), A™'(a1) € B(p,e). (3.1)

We now choose ¢’ € (0,¢) such that A“1(q;) € B(p,e').
Finally, let ¢ € T? be such that

B(p,e) N (AT (Vo(p')) UA™ (V(p')) =0, A'(B(q,e))NB(g,e) =0, i=1,...,N,

where N > 0 will be determined later.

Set Q1 = B(p,e0) x I and Qo = B"%(q,e09) x B*(q,€0), where ¢ = (¢,1/2) and
BY¢(q,e0) C V*(q) x I and B*(q,£9) C V*(q) are balls of radius ¢y about g.

After this preliminary considerations we describe the construction of the map g.

Consider the coordinate system in {2 originated at (p,0) with z, y, and z-axes to be
unstable, stable, and neutral directions respectively. If a point w = (x,y,2) € Q1 and
F(w) € Q; then F(w) = (nx,n" 1y, 2).
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Choose a C* function £ : I — R™ satisfying:

(1) &€(z) >0 on (0,1);

(2) €D(0) =D (1) =0fori=0,1,2,...;

(3) lIgller < 6.
We also choose two C* functions ¢ = ¢(z) and ¢ = 1 (y) which are defined on the interval
(—¢e0,€0) and satisfy

(4) ¢p(x) = ¢g if © € (—€',€') and Y(y) = g if y € (—€’,&’), where ¢ and 1)y are

positive constants;

(5) ¢(x) =01if |z| = &5 ¢p(y) > 0 for any y and ¥ (y) = 0if |y| > &;

(6) llollon <3, [Ivller < 6

(7) [, ¢(s)ds = 0.
We now define the vector field X on 7 by

X(e.p2) = (~6@E ) [ o) 0. vEE00)).

It is easy to check that X is a divergence free vector field supported on (—¢, ) x (—e,e) x I.

We define the map h; on €21 to be the time ¢ map of the flow generated by X and we
set h; = id on the complement of 21. It is easy to see that h; is a C°° volume preserving
diffeomorphism which preserves the y coordinate (the stable direction).

Consider now the coordinate system in 25 originated at (¢, 1/2) with x, y, and z-axes to
be unstable, stable, and neutral directions respectively. We then switch to the cylindrical
coordinate system (r,0,y), where x = rcosf, y =y, and z = rsin6.

Consider a C* function p : (—eg,&9) — R* satisfying:

(8) p(r) >0if 0.2¢' <r <0.9c and p(r) =0 if r <0.1e" or r > ¢;
9) lipller < 0.
We define now the map BT on {25 by

he(r,0,y) = (r; 0 +7¢()p(r), v). (3.2)

and we set i”LT = id on M\Q.. It is easy to see that for every 7 the map BT is a C'*° volume
preserving diffeomorphism.

Let us set ¢ = g4 = hyo Fo fLT. For all sufficiently small ¢ > 0 and 7, the map g;, is C*
close to F' and hence, is a partially hyperbolic (in the narrow sense) C'*° diffeomorphism.
It preserves the Riemannian volume in M and is ergodic by Lemma 1. It remains to show
that g;r has non-zero Lyapunov exponents almost everywhere.

Denote by Ef (w), E} (w), and Ef (w) the stable, unstable, and neutral subspaces at a
point w € M for the map g;. It suffices to show that for almost everywhere point w € M
and every vector v € E¢(w), the Lyapunov exponent y(w,v) # 0.

Set ktr(w) = Dgir | B (w), w € M. By Lemma 2, for all sufficiently small 7 > 0,

/ log kor (w) dw < logn.
M
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The subspace E} (w) depends continuously on ¢ and 7 (for a fixed w; for details see the
paper by Burns, Pugh, Shub, and Wilkinson in this volume) and hence, so does k¢-. It
follows that for all sufficiently small 7 > 0, there is ¢ > 0 such that

/ log k¢ (w) dw < logn.
M

Denote by xi. (w), x} (w), and x§,(w) the Lyapunov exponents of g;, at the point w € M
in the stable, unstable, and neutral directions respectively (since these directions are on-
dimensional the Lyapunov exponents do not depend on the vector). By the ergodicity of
gir, we have that for almost every w € M,

n—1

XtT(w) = nh—>nc10 E IOg H ﬁtT(gtT(w))‘
i=0
By the Birkhorff ergodic theorem, we get

Xtr(w) = / log k- (w) dw < log1).
M

Since Ef (w) = Efy(w) = E(w) for every t and 7, we conclude that xi.(w) = —logn for
almost every w € M. Since g¢, is volume preserving,

Xir (W) + X7 (w) + i (w) = 0

for almost every w € M. It follows that x¢, (w) # 0 for almost every w € M and hence, g;,
has non-zero Lyapunov exponents almost everywhere. This completes the proof of Main
Proposition. 0

IV. ERGODICITY OF THE MAP g;.,.
Lemma 1. For every sufficiently small t and T the map g¢r is ergodic.

Proof. Consider a partially hyperbolic (in the narrow sense) diffeomorphism f of a com-
pact Riemannian manifold M preserving the Riemannian volume. Two points x,y € M
are called accessible (with respect to f if they can be joined by a piecewise differentiable
piecewise nonsingular path which consists of segments tangent to either E* or E°. The
diffeomrphism f satisfies the essential accessibility property if almost any two points in M
(with respect to the Riemannian volume) are accessible. We will show that the map g;,
has the essential accessibility property. The ergodicity of the map will then follow from
the result by Pugh and Shub (see [PS]; see also the paper by Burns, Pugh, Shub, and
Wilkinson in this volume).

Given a point w € M, denote by A(w) the set of points z € M such that w and z are
accessible. Set I, = {p} x I.



AN EXAMPLE OF A HYPERBOLIC MEASURE 5

Sublemma 1.1. For every z € (0,1),
A(p, z) D I,. (4.1)

Proof of Sublemma 1.1. We use the coordinate system (z,y,z) in 7 described above.
Since the map h; presrves the center leaf I),, we have that

h(0,0,z) = (h; (0,0, 2), hi(0,0,2), h}(0,0,2)) = (0,0,h(0,0,2)), z € (0,1).
It suffices to show that for every z € (0,1),
A(p.z) 2 {(p,a) - a € [(h;*)*(p, 2), 2]}, (4.2)

where / is chosen by (3.1). In fact, since accessibility is a transtive relation and h; " (p, z) —
(p,0) for any z € (0,1), (4.2) implies that A(p,z) D {(p,a) : a € (0, 2]}. Since this holds
true for all z € (0,1) and accessibility is a reflective relation, we obtain (4.1).

Now we proceed with the proof of (4.2).

Let g1 € V%(p) and g2 € V;3.(p) be two points constructed in Section I1I. The intersection

Vii(g1) N Vi%(g2) is not empty and consists of a single point ¢g3. We will prove that for any
20 € (0,1), there exist z; € (0,1), i = 1,2, 3,4 such that

(q1,21) € ViZ((p, 20)); (a3, 23) € Vi3 ((q1, 21)),
(42,22) € Viz((as; 23)), (P, 24) € Vi3 ((q2, 22))
and
21 < (hy 9 (ps 20). (4.3)
This means that (p, z4) € A(p, z9). By continuity, we conclude that

{(p,a) : a € [z4,20]} C A(p, 20)

and (4.2) follows.
Since g, preserves the zz-plane, we have that VE¢((p, z0)) = VE°((p, 20)). Hence, there
is a unique z; € (0, 1) such that (¢1,21) € V;2((p, 20)). Notice that

9ir (D, 20) = (0, by " (P, 20))s  Gr (@1, 21) = LA™ "qu, 21)

for n < ¢. This is true because the points A7 "¢q;, n = 0,1,...,¢ lie outside the e-
neighborhood of I,, where the perturbation map h; = id. Similarly, since the points
A7"qq1, n > £ lie inside the ¢’-neighborhood of I,,, and the third component of h; depends
only on the z-coordinate, we have

9 (qu.21) = (A™"qu, by "),

Since d(g;," (. 20)), 9= (a1, 21))) — O as n — oo, we have d(h; " ((p, 20)), hi "™ ((p, 21))) —
0 as n — oco. It follows that z; = (h;9)3((p, 20)).

By the construction of the map h; (that is h; = id outside 2, the sets A" V,3(p') and
A2 VA (p") are pieces of horizontal lines. This means that zo = 23 = 2.

Since the third component of h; is non-decreasing from (go, 22) to (p, z4) along V2 (p),
we conclude that z4 < z3 = 21 = (h; ©)3(p, 20) and thus (4.3) holds. O

The essential accessibility property follows from Sublemma 1.1 and the following state-
ment.
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Sublemma 1.2. (see [NT]). Assume that any two points in I, are accessible. Then the
map gir satisfies the essential accessibility property.

Proof of Sublemma 1.2. 1t is easy to see that for any two points z,y € M which do not
lie on the boundary of M one can find points z’,y" € I, such that the pairs (x,z’) and
(y,y’) are accessible. By Sublemma 1.1 the points x’, 3y’ are accessible. Since accessibility
is a transitive relation the result follows. O

V. HYPERBOLICITY OF THE MAP gg;.

Lemma 2. For any sufficiently small 7 > 0,

/ log kor (w)dw < logn. (5.1)
M

Proof. Our approach is an elaboration of an arguments in [SW].

For any w € M, we introduce the coordinate system in T,,M associated with the
splitting £} (w) @ B4 (w) @ ES(w). Given 7 > 0 and w € M, there exists a unique number
a,(w) such that the vector v, (w) = (1,0, a,(w))* lies in EY (w), (where L denote the
transpose). Since the map h, preserves the y coordinate, by the definition of the function
a,(w), one can write the vector Dgo,(w)v,(w) in the form

Dgor (w)vr (w) = (Rr(w), 0, Rr (w)ary (gr0(w))) (5.2)

for some K.(w) > 1. Sinse the expanding rate of Dgo,(w) along its unstable direction is
Kor(w) we obtain that

VI ar(gor (0)?

Kor (W) = Fr(w) 1+ a,(w)?

Since Ef, (w) is close to Ef,(w) the function a,(w) is uniformly bounded. Using the fact
that the map gg, preserves the Riemannian volume we find that

L, = /M log ko, (W) dw = /M log &, (w) dw. (5.3)

Consider the map h,. Since it preserves the y-coordinate using (3.2), we can write that

h-(x,y,z) = (rcoso,y,rsino),
where o = o(7,7,0,y) = 0 + 7 (y)p(r). Therefore, the differential
Dh : Ej(w) @ Efx(w) — Ef(gor(w)) ® Efi(gor (w))

can be written in the matrix form

D (w) = A(t,w) B(t,w)\ _ (rgcosg —roysine r,cos0 —roysino
™\ O(r,w) D(t,w) )] \rgsino +ro,coso  rysino +roycoso )’
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where
r., = or — L _cosh, _or =sin6
T 9r  r R P 7
Jo  —z z _ sin 0 -
Op = Or = o) + ;Tpr(yﬂ“) = + 7pr(y,7) cos b,
) 0
0y = a_z = % + %Tﬁr<y7r) = Cof +Tﬁr<y,7’) Sine?
and p(y,r) = ¥(y)p(r). It is easy to check that
2~2

A=A(r,w)=1—7rp,sinf cosf — Tr 2rppy cos® 0 + O(1?),

B = B(T, 'l,U) = —Tﬁ — Trﬁr SiIl2 0 - TQTﬁﬁT' Sin9C089 + O(T3)7 (5 4)
C = C(r,w) = 1p+ Trp,cos® 0 — 7%rpp, sinf cos 0 + O(7°), |

22
D = D(r,w) =1+ 71rp,sinf cos — % — 72rppysin® 0 + O(73).

By Sublemma 2.1 below, we have

L, = /M logn — log(D (7, w) — nB(1, w)a,(gor (w)))dw.

By Sublemma 2.2, we have

dL -
dr

d’L,
dT2 7=0

< 0.

_0’

T:0_
So we can choose T so small that L, # logn. O

Sublemma 2.1.

L, =logn — /M log(D(7,w) — nB(7, w)a-(gor (w)))dw.

Proof of Sublemma 2.1. Since gor = hgo F o iLT =Fo iLT, we have that

o) =t o) )= (0 B )

By (5.2),

00 (o) = (A TR = (il )

Since h, is volume preserving, AD — BC =1 and therefore,

(5.5)

1

B
A—f—BOz—E—f—E(C—i—Da).
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Comparing the components in (5.5), we obtain

kir(w) =n(A(T, w) + B(T,w) ar(w))
:’7<D< ! = DE:Z; (C(r,w) + D(r,w) az(w)) )
1y + e () s gor ()
Solving for k,(w), we get
Kr(w) = 1
’ D(r,w) = nB(7, w) ar(gor(w))
The desired result follows from (5.3). O
Sublemma 2.2.
4L =0 @L. <0 (5.6)
dr lr=0 ’ dr? lr=0 . '

Proof of Sublemma 2.2. In order to simplify notations we set D, = %?, B! = %f, Cl =

2 . . . .
%f, D! = 872 ,and B! = ‘33 . Since the function . (w) is differentiable over 7 (see the

paper by Burns, Pugh, Shub, and Wilkinson in this volume) by Sublemma 2.1, we find

dw

dL, _ _/ D, = nBla(gor(w)) = nB25) (g0, (w))
dr v D(mw) —nB(r, w)ar(w)(gor (w))

and therefore,

d’L, /M<D’T — nBja(gor (w) = nB(r, w) 225 (goT(W))>2

i = D(r, w) = nB(r, w)a(gor (w))
_ / D}/, — By a(gor(w)) — nB(r, w) 5" (gor (w)) — 2nB; 25 (go, (w))
M D(r, w) = nB(r, w) a(gor (w))

dw

dw

Note that for all w ¢ s,
A(r,w) = D(r,w) =1, C(r,w) = B(r,w)=0
and for all w € M,
A(0,w) =D(0,w) =1, C(0,w)=B(0,w)=0, «ap(w)=0.

It follows that
dL .

dr

= D! dw, (5.7)
7=0 Qs
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and also that

d’L,
dr?

- /Q (D.)? = D!+ 2B aogf”) (gor (w))]_, duw. (5.8)

7=0

By (5.4), we obtain that
D! (0,w) = rp,(r)sind cos §

and hence,

D.dw = 0.
Qo

Therefore, (5.7) implies the equality in (5.6).
We now proceed with the inequality in (5.6). Applying Sublemma 2.3 below we obtain

that

Oa

or (gor(w))

Cr(0,w) 5~ (0, gg0' (w)
= 7 * Z it '

n=1

It follows that

C4(0, 955" (w))

= 2B(0,w)C.(0,w) + 2BL(0,w) > g

n=1

, Oa
27737'(07 w) E (QOT(w>) =0

First, we evaluate the term
Flw) = D(0,w)? — DI (0,w) + 2BL(0, w)CL (0, w).
Using (5.4), we find that

F(w) = (rp, sinf cos 9)2 + (,52 + 21 ppy sin’ 0) —2(p+ rp, sin? 0)(p+ rp, cos> 0)

2 9 (5.9)
=—p° - (rﬁT sin 6 cos 9) — 2rpp, cos” 0.
Recall that Qo = B““(q,e9) X B*(q,€0) and p(r) =0 if r > . We have
€0 27 g
/ 2rppy cos? 0 dw = dy/ 2cos? 6 d@/ r2ppy dr. (5.10)
Qo —€0 0 0

Since 0 = p(0) = p(e) (by the definition of the function p), we find that

13 1 5 13 13
/ 2 ppy dr = irzﬁz) — / rp?dr = —/ rp? dr. (5.11)
0 0 0 0

2 2
/ 2 cos? 0 df = / de. (5.12)
0 0

We also have that
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It follows from (5.10) - (5.12) that

—/ 2rppy cos? 0 dw = / rp? dw < 6/ P2 dw. (5.13)
Q, Qo Q,
Arguing similarly one can show that
1
—/ rprsinf cosfdw = —< / (rp)? dw (5.14)
Qz 8 Q2

Thus we conclude using (5.9), (5.13), and (5.14) that

F0,w)dw < —(1 — 5)/ P2 dw — %/Q (rp)*dw < 0. (5.15)

Qz QZ

We now evaluate the remaining term

1
0(0.w) = 3" = [ 2B1(0,0)CH0. 957 (w) du-
T JQ,
Since the map ggo = F' preserves the Riemannian volume we obtain that

| 2BH0.wC0, g @) dw < [ BrowPdut [ C10.g50 () du
Qg Q2 Q2

:/ BL(0,w)2dw+ | CL(0,w)?dw
Qz Q2

Applying (5.4), we find that

/B'T(O,w)Zdw-l-/ C(0,w)? dw
QQ Q2

:/ (p+ rpysin® 0 dw -I—/ (p+ rpycos® O dw
QQ Q2

<4 (/ ﬁzdw-l—/ rzﬁfdw> .
Qs Q0
It follows that for sufficiently large N > 0 (which does not depend on ¢)
=1 ‘ 1
> —i/ 2B.(0,w)CL(0, o (w)) dw < — (/ P dw+/ r2p2 dw). (5.16)
= Ja, 10 \Jq, Q,
Note that if gyy"Q2 N Qe = 0, then B (0, w)CL(0, gyy' (w)) = 0 for all w. Hence,
[ 280,010,958 () du =0,
Qo

We may choose the point ¢ and a small € such that gg,' Q2 N Qe = F~"Qy N Qe = 0 for all
n=1,2,...,N. It follows from (5.8), (5.15), and (5.16) that

d2L 9 1
|, = [, FOw)d 0, w)dw < —(35 -~ 7 dw——— [ r?*pldw < 0.
d7_2 7=0 Qs ( ’w) w+ Qs g( 7w) W= (10 6) /QZIO w 40 QZT pr w

The desired result follows. O
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Sublemma 2.3.

o)) = SOt

=0
T n=0

Proof of Sublemma 2.3. Define
C(r,w) + D(1,w)a

B(r,w,0) = n(A T,w)+ B(T, w)a) '
Clearly,
ar(gor(w)) = R(T,w, a-(w)). (5.17)
By (5.6), we have
OR _ (CL+Dla)(A+ Ba) + (C + Da) (A, + BLa) _ CL(0,w)
Ot lr=0 n(A + Ba)2 =0 U

Since A(0,w), B(0,w),C(0,w), and D(0,w) are constant functions over w = (z,y, z) we
obtain that

0OH _OH _0
Or lr=0 0z lr=0
for H = A, B,C, D. This implies that
or|  _om)  _
Oxrlr=0 Ozlr=0
Since AD — BC =1,
OR _ AD-BC 1
dalr=0  n(A+ Ba)2l=0 7’

It follows from (5.17) that

oo

E(QOT(M)) _ CL(0,w) 1 O«

=g taat™

Using (5.17) again, we also obtain that

Qr (w> - R(Tv g()_rl(w)v aT(gO_Tl (w)))

and hence,
da Cr(0,go; (w)) | 1 B
E@”) 0 o + P 5(907 (w)) o
Therefore the result follows by induction. O
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