Math 404 — Spring 2025 — Harry Tamvakis
PROBLEM SET 8 — Due April 10, 2025

Reading for this week: Sections 7.1, 7.2, 7.4, 7.7, Theorem 10.4,
Example 10.5, and Theorems 10.8 and 10.10 (as discussed in class).

Problems

1) (a) Let p be a prime number and let S, be the symmetric group of
p! permutations of {1,2,...,p}. Prove that any transposition (ij) and
p-cycle (a1as ... a,) together generate S,.

(b) Find an integer n > 2 and a transposition and an n-cycle in S,, that
together do not generate S,,. This shows that the assumption that p is
prime in part (a) is necessary.

2) Construct a polynomial of degree 7 in Q[x] whose Galois group over
@ is the symmetric group S7.

3) Let o be an automorphism of a field K. Suppose that o = 1 and
ola) +o*(a) = a+ o*(a)
for all & € K. Prove that 02 = 1.

4) Let K D F be a finite extension two fields. We defined G(K/F') to
be the group of all F-automorphisms of the field K. Prove that the
order of G(K/F) divides the degree [K : F].

5) Let p be a prime number and ¢ := ¢*"/P be a primitive p-th root
of unity in C. Prove that the Galois group of Q(() over Q is a cyclic
group of order p — 1.

6) Let F' be any field, let x1,...,z, be independent variables, and set
K = F(z1,...,x,). Let S be the subfield of K consisting of symmetric
rational functions in x1,...,z,, that is, the fixed field for the natural
action of the symmetric group S,, on K. Suppose that E is a field with
S CFECK and [E: S] =2. Prove that F = S(a) where

a(xy, ..., T) = H (; — ;).
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7) Suppose z1,...,x, are n independent variables. For each k with
1<k <nlet

er = ex(T1,...,my,) = Z Tj Tiy -+ Ty
1<) <@g < <ip<n
be the k-th elementary symmetric polynomial, and define the k-th
power sum polynomial by
i = ey, .. ) = 2 fah 4 2k

Set ep := 1, let ¢t be a formal variable, and consider the generating
function E(t) for the elementary symmetric polynomials, defined by

E(t) =) e’ =1+ ert +ept” + -+ ent™
k=0
(a) Show that E(t) = [ (1 + :t).
=1

(b) Prove that we have

E) < % 1)kt N "
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1=1 k=0 k=0

in the ring of formal power series Q(x1, ..., z,)[[t]].
(c) Prove Newton’s identities:
Pk — €1pr—1 + €ppz — -+ (=1) "prer1 + (=1)"ker = 0,

for 1 < k < n. [Hint: Multiply the identity (1) by E(¢) and equate the
like powers of ¢ on both sides.]

8) In the situation of Problem 7, show that py is equal to the determi-
nant of the k£ X k matrix

e1 2es 3es e key,
1 e es ‘e €r_1
0 1 €1 R €r—2



