1 9.7, 9.8 WS solutions
1.1 Problem 1

1. (a) In order to use the Alternating Series Test for a given series Zf;l cn, what properties must the terms
cp, of the series have?

(b) It is a fact that > 7 GO 7r/4 Find the smallest positive integer j > 0 for which the Alter-

n=1 2n+1
nating Series Test guarantees that >’ " differs from /4 by less than 0.001.

n=0 2n+1

a) In order to use the Alternating Series Test for a given series 1 Cn, what properties must the terms
In order t the Alternating Series Test f i i o hat ti t the t
¢, of the series have?

The alternating series test needs the terms ¢, to be positive, decreasing, and have lim,, -, ¢, = 0.

(b) It is a fact that Y7 CU g / 4. Find the smallest positive integer j > 0 for which the Alternating

n=1 2n+1
Series Test guarantees that 7 differs from 7/4 by less than 0.001.

n=0 2n+1

The jth truncation error of any series S - by is Ej = | 3200 by — 327 byl.

We know that for a convergent alternating series Zn 0( 1)"a, or ZZO o(=1)"*a,, that E; < ajiq,
'rL ( 1)'7L _ 71)” _
and Ej = |7 2n+1 - ] =0 2n+1| |m/4 — =0 2n+1 | since 3577, ontl m/4.

In this case, aj41 = W = 2j1+3, so we need to find the smallest j making this less than 0.001 = T
Thus ﬁ < ﬁ or 1000 = 103 < 25 +3,s01000 —3<2j = 997/2 < j so 498 < j.

Thus j = 498 is the smallest positive integer for which the Alternating Series Test guarantees that

iL 1 (2n-|21 differs from /4 by no more than 0.001.

1.2 Problem 2

2. Suppose Ezozl an,3" converges.

(a) Find lim,,_, o (a,3™), giving reasons.

(b) Prove that {/a, < 1/3 for all large values of n. (First show that {/a, < 1/3 if and only if {/a,3" <1,
and then use the Ratio or Root Test, whichever applies.)

(a) Find lim,,—, o (an3™), giving reasons.

Well, by the divergence test, a convergent series - b, must have lim, o b, = 0, s0 lim,,_, a,3" = 0.



(b) Prove that {/a,, < 1/3 for all large values of n. (First show that {/a,, < 1/3if and only if {/a,3" <1,
and then use the Ratio or Root Test, whichever applies.)

Well, /a, <1/3 < 3/a, <1 <= V3" a, = Va,3" < L.

Note that since lim,_, o a,3" = 0, then using the definition of limit, given € with 0 < € < 1, there’s some
N so for all n > N we have a,3™ <.

Then /a,3" < {/e < 1 for all n > N since z'/™ is an increasing function for all positive integers n.

Thus, for all n > N, we have /a,, <1/3.

1.3 Problem 3

3. Suppose the radius of convergence of ) ., an,z™ is precisely 4. Which of the following numbers is
necessarily in the interval of convergence, and why?

(2)39 ()41 (¢)-3 (d)-5

The radius of convergence R about 0 guarantees that all values of z in (=R, R) make the series ) -, apa™
converge. Thus if this value is 4, we have at least an interval of convergence of (—4,4) (the only other pos-
sible intervals of convergence for the series are (—4,4],[—4, 4], and [—4,4), so the series does not necessarily
converge for x = £4).

The only numbers falling in the interval (—4,4) are (a) 3.9 and (c) -3.

1.4 Problem 4

4. (a) Write down the power series for ﬁ, and tell why the radius of convergence is 1.

d
(b) Use the fact that -

of convergence both by using the Ratio Test and by citing the Differentiation Theorem for power series.

(=) is ﬁ to find the power series for ﬁ Then determinethe radius
(c) Evaluated_ ", n(3)"~1. (Hint: The series found in (b) might be helpful.)

(a) Write down the power series for ﬁ, and tell why the radius of convergence is 1.

1
1—r

gence of the geometric series is (—1,1). Thus the radius of convergence of ﬁ = ano x™is 1.

Recall that our geometric series

J— n .
=D 57" converges only when |r| <1, so the interval of conver-

(b) Use the fact that %(ﬁ) is ﬁ to find the power series for ﬁ Then determine the radius of
convergence both by using the Ratio Test and by citing the Differentiation Theorem for power series.

The power series for ﬁ is the derivative of the series for - = > n>o®". This derivative is

l1—z
n—1
ano nx™ L.



To find the radius of convergence we first use the Ratio test: lim, oo |ant1/an] = lim, e |%| =
lim, 00 |(”Jrl x| = |z|. This is less than 1 for |z| < 1, telling us that the radius of convergence is 1.

We could also cite the Differentiation Theorem for power series to say that differentiation/integration of
power series doesn’t change the radius of convergence.

(c) Evaluate 3> n(3)™!. (Hint: The series found in (b) might be helpful.)

Note that since 1/2 is in (- 1 ,1), the interval of convergence of - na™ ! = (1_%)2 by part (b), we have
o0 Iy\n—1 _ 1 _ _
Son(z) = (a—-1/2)2 — 1/4 4.

1.5 Problem 5

5.(a) Write the power series for e*, and then explain why ze® = %J,rl

(b) By integrating the power series for xe®, show that > 2 fo xe® dr = 1.

n=0 (n+2)n'

(a) Write the power series for e®, and then explain why ze” = >~ | nTJ,rl

n+1 n
$ —_ X M
The power series for e® is ) n>0 ars convergent for all x. Note that > 7 e S = XY sy IS a

power series for f (a series of the form ), ., ana™) that agrees with f on its domain. Note f(z) = ze” has
derivatives of all orders at 0, so any such power series of f at 0 is the only one (i.e. a power series expansion
for f is unique).

We could also check derivatives:
fl(z) = e® +xe®, f(x) = e + e* + xe® = 2% + xe®, f"(x) = 3e® + xe®, ... ,f")(2) = ne” + ze®.

Then f/(0) = 1, f7(0) = 2, f"(0) = 3, ...., f™(0) = n for n > 1. Thus the power series for f would
be

F(0) 1 »
Z n! —|—Z—x _O+Z (n—1)! :Zﬁx i

n>0 n>1 n>1 n>0

which agrees with our result.

(b) By integrating the power series for xe®, show that > 2 fo re® dr = 1.

n=0 ( n+2)n'

Note [xe® dz can be solved by integration by parts u = z,= €*dz, so du = dz, v = €”, yielding
[ xe® dz = ze” — [e” dz = xe” — e* + C. Then

/ ze® dr = [ze” — "]} = (e—e) — (0—1) = 1.
0

: T __ 1 n+1 1 T _rl 1 n+1 .
Since ze” = 3, o "t [y wet dr = [ 30, 50 ™t da



1
1 1 1
- ntl d _ n+211 _ .
Z/O o Z[(n+2)n!x lo < (n+ 2)nl

n>0 n>0 n>

1 xr
Thus 37,5 m = [y ze® dx =1.

2 9.7, 9.8 WS/Quiz solutions

2.1 Problem 1

1. (a) Define carefully: “The series ) - b, converges absolutely,” and write down a series that converges
absolutely, and one that converges conditionally.

(b) Define the radius of convergence R of a given power series, and write down a power series whose radius
of convergence is v/3.

(c) Tell whether the interval of convergence I of a power series necessarily stays the same when the power
series is differentiated. Explain your answer by quoting an appropriate theorem.

(d) Find the radius of convergence of the power series for:

(a) e3* (b) sin(2z) (c) 2%

1—z2

”

(a) Define carefully: “The series ) - by converges absolutely,
absolutely, and one that converges conditionally.

and write down a series that converges

The convergent series series ), - b, converges absolutely if > - |b,| converges.

An example of a series that converges absolutely is Y -, (}12)” ST (:le)n =51 # = %2.

An example of a series that converges conditionally is >, -, #: note ». < |(_;)n\ =Y ,>1 2, the
harmonic series, diverges. B - B

However, the terms (—1)"a, = (—=1)" - 1/n satisfy the hypotheses of the Alternating Series Test (since 1/n
(=n"
n

is positive, decreasing, and lim, ., 1/n =0), 50 > <, converges.

(b) Define the radius of convergence R of a given power series, and write down a power series whose
radius of convergence is V3.

The radius of convergence R of a power series Y a, 2™ is the number R > 0 such that the series converges
for all |z| < R and diverges for all |z| > R (if no R exists, then we say R = 0 when the series converges only
for x = 0, and R = oo if the series converges for all z).

1
—_
-7

The series ZZO:O(%)" is geometric, so it converges (to

Thus the series Z;’LO:O(%)” has radius of convergence /3.

) if and only if |%| <1l < |z| < V3

(c) Tell whether the interval of convergence I of a power series necessarily stays the same when the power
series is differentiated. Explain your answer by quoting an appropriate theorem.



The interval of convergence of a power series does not necessarily stay the same when differentiated:
note Y -, 2" /n has interval of convergence [—1, 1) but its derivative > - 2™~ has interval of convergence

(—1,1).

(d) Find the radius of convergence of the power series for:

(A) e**  (B)sin(2z) (C) =25

1—x2

(A) The power series for e” is e = Y - % which converges for all z, in particular, it converges for
y = 3x:

: 3z 1o 3% _ Bo)" _ 3" .n : _
so the power series for e** is e* =3 o ~7— = >, 5 y2", which converges for all z, so R = cc.

We could also do a ratio test to find the radius of convergence:

3x1|:0<1f0ra11x

Thus €3* =Y ., 2:2" converges for all 2, so R = oo for the power series Y, ., 22" for 3

(B) The power series for sin(x) is sin(z) = >_, 5 (;ni):),x%“

the same thing that we did in part (A), subbing in y = 2z so that the power series

which converges for all z. We could say

: o _ (=" onia
sin(y) = sin(2z) = 7%:0 my +

_ nao2n+1
converges for all y, so sin(2z) = >, -, %mznﬂ converges for all . Thus R = oo for the power

. (_1)n22n+1 21’L+1
series D, < T ® .

We could also do a root test to find the radius of convergence of the power series

sin(2z) = Z 2ns 1 (1" (22)*" ! = Z 4(_71)7122”“352"“

| |
2 (2n+1)! & (2n+1)!

A root test on the terms yields:

. =k 2" o/ L !
1 nl| AT ony1) 1 n 1 1 2
RLES \/'(2n+1>!”“’ =l G +1> i, Vel ) o = o A

and note lim, o V/(2n + 1)! = oo since lim, oo Vn! = o0, and n! < (2n 4+ 1)! (by Stirling’s Approx-

imation n! =~ v2mn(n/e)” as n — oo0). Thus, for any z, the limit is 0 (lebs than 1), so our power series
_ no2n+1 .
converges for all z, so R = oo for the power series ) -, %x%‘“ for sin(2z).

(C) Note that -~ =14z +a%+... = > s 2™ if and only if |z] < 1, so 25 =214 (2% + (2 +...) =
Y onz02(@?)" =37, 5020 if and only if [2?] <1 < || < 1.

Thus the radius of convergence of the power series Y, 22" for 7 is R=1.

£2



2.2 Problem 2
Let f(z) = cos(2z). This problem focuses on the Taylor series of f about 0.

(a) The formula for the Taylor series of cosz about 0 is >, - %xzn. Use it to find the Taylor se-
ries of cos(2x) about 0.

(b) Write down the 26th and the 27th Taylor polynomials of f. Are they the same? Explain your an-
swer.

(¢) Show that |f(**VD(z)| < 27! for all 2 and all positive integers n, and then use the Lagrange Re-
mainder Formula ((11) in Section 9.9) to show that lim, o r,(2) = 0 for all z. (Hint: You will need to use
Corollary 9.21 for the limit, i.e. if limy, o0 [*2 | =7 < 1 or limy, o0 | {/@n| = 7 < 1 then lim, . an, = 0).

(a) The formula for the Taylor series of cosz about 0is 3~ - ((;L))T 22", Use it to find the Taylor series
of cos(2z) about 0.

Since ano %x% is the Taylor series of cosz about 0, the Taylor series of cos2x about 0 is

(=)™ \on (=1)m4n o,
2 Gnyr 20) =2 en)l "

n>0 n>0

(b) Write down the 26th and the 27th Taylor polynomials of f. Are they the same? Explain your answer.

The 26th Taylor polynomial of f is

13

(_1)"4” 2n 4 2 42 4 412 24 413 26
A e i it
; @n) * ST TR Y TR T

The 27th Taylor polynomial is the same since odd derivatives of f(x) = cos(2x) evidently have f"+1)(0) =
_ MO _ (=nn/Pan?
=L =

n! ’

0 by uniqueness of the Taylor series about 0: if n is even, the nth coefficient is a,,

(n
so f(M(0) = (=1)"/247/2, 1f n is odd, a,, = 0 = fT)!(O), so f(™(0) = 0 for odd n. You can verify this with
derivatives but it is unnecessary.

(¢) Show that |f("*1(x)| < 27! for all 2 and all positive integers n, and then use the Lagrange Re-
mainder Formula ((11) in Section 9.9) to show that lim,, o 7, (2) = 0 for all z. (Hint: You will need to use
Corollary 9.21 for the limit, i.e. if lim, oo |“2| =7 < 1 or lim,, o0 | /@y, | = r < 1 then lim,, o a,, = 0).

An

Well, note f'(z) = —2sin(2z), f”(z) = —4cos(2z), ' (x) = 8sin(2z), £ (z) = 16 cos(2x), so we have

F(x) = 2" cos(2x) or f()(z) = £2" sin(2z).

Either way |f(™(z)| < 2" since both | £ sin(22)| < 1, | £ cos(2z)| < 1. Thus |f"+D(z)] < 2"*! for all x
and all positive integers n.

f(”+1)(t

Then, for each = # 0, r,(z) = (n_i_l)f)x“‘l for some t, between 0 and x by the definition of the

Lagrange Remainder. Then
f(n+1) (tx) 2n+11.n+1

7 ()| = |7(n+ D! et < CES



since f("+1(t,) < 271, We'll now use corollary 9.21 to show
lim {/|r,(x)] <1
n—oo

and conclude that lim, . r,(x) = 0.
Well, for fixed =z,

o frtD (g, 2(n+2)
lim |f7()x”+1| < lim {/| x
n—00 n+ 1! n—00 (n+2)!

. " N 1

since |f(" 1 (¢, )| < 2"F1. Note

lim {/4]z| =1

n—o0

since 4|z| is finite (we fixed an x), and

1
lim ¢/ ——= =0

since lim,, o, ¥/n! = 0o (by Stirling’s approximation n! ~ v/27wn(
Thus 2|z - limp oo 3/42] - /gy = 2l2]-1-0=0, so
lim {/|r,(x)| = 0.
n—oo

Thus lim,,— o 7, (2) = 0 for all z by Corollary 9.21.

)* as n — 00).

n
e

3 Quiz

3.1 Quiz Problem 1

1. Find an upper bound for the 10th truncation error Ejg of 3 o (—=1)"+11

n

Note Eig = | 300 (~1)"+1L — 5709 (—1)"*+1 L] Since > as1 (1)L is a convergent series by the

n=1
Alternating Series Test, we have the formula E; < a;4; for all j, or E19 < a11. Since a,, = %, we have

1
E —.
10 < 11

3.2 Quiz Problem 2
n+1 1

2. Determine whether the series diverges, converges conditionally, or converges absolutely: Y ~.(—1) =)

The series converges absolutely: first note ﬁ < ﬁ Then, by the comparison test,

1 1 1 s
P e P S i D

n=1



Thus the series is absolutely convergent, since Y |a,| is convergent for a,, = (—1)"+1m.

3.3 Quiz Problem 3

3. Find the interval of convergence of the given series: > -, i—ix”
We'll use the root test to find the interval of convergence:
2n 2|z
lim {/|—2a"| = lim —‘ | =0<1
n—o00 nn n—oo 1
gn

since |z| < co. Thus, by the root test, the series >, ~; 2;z" is convergent for all z since for a, = 2;z"

we have lim,, o /|an| < 1.
Hence the interval of convergence is (—o0, 00).

nmn



