COMBINED EFFECT OF EXPLICIT TIME-STEPPING AND QUADRATURE FOR CURVATURE DRIVEN FLOWS

RICARDO H. NOCHETTO and CLAUDIO VERDI

Abstract. The flow of a closed surface of codimension 1 in Rn driven by curvature is first approximated by a singularly perturbed parabolic double obstacle problem with small parameter ε > 0. Conforming piecewise linear finite elements, with mass lumping, over a quasi-uniform and weakly acute mesh of size h are further used for space discretization, and combined with forward differences for time discretization with uniform time-step τ. The resulting explicit schemes are the basis for an efficient algorithm, the so-called dynamic mesh algorithm, and exhibit finite speed of propagation and discrete nondegeneracy. No iteration is required, not even to handle the obstacle constraints. The zero level set of the fully discrete solution is shown to converge past singularities to the true interface, provided τ, h2 ≈ o(ε4) and no fattening occurs. If the more stringent relations τ, h2 ≈ O(ε6) are enforced, then an interface rate of convergence O(ε) is derived in the vicinity of regular points, along with a companion O(ε1=2) for type I singularities. For smooth flows, an interface rate of convergence of O(ε2) is proven, provided τ, h2 ≈ O(ε5) and exact integration is used for the potential term. The analysis is based on constructing fully discrete barriers via an explicit parabolic projection with quadrature, which bears some intrinsic interest, Lipschitz properties of viscosity solutions of the level set approach, and discrete nondegeneracy. These basic ingredients are also discussed.

1. Introduction

Let Σ(t) be the flow that emanates from a smooth surface Σ_0 of codimension 1 in

R^n and propagates in its normal direction with velocity V satisfying the following

geometric law

(1.1) V = κ + g,

in the viscosity sense [3], [10], [16], [18]. Hereafter κ denotes the sum of the principal curvatures of Σ(t) and g is a given function. This purely geometric evolution may exhibit singularities, topological changes, and even nonuniqueness [2], [4], [38]. Besides its mathematical interest, (1.1) may be viewed as a scaled version of the interface law for various physical processes, where additional PDEs for the bulk

1991 Mathematics Subject Classification. 35D05, 53A10, 35K57, 35B85, 35B25, 65M60, 35B50, 65M12, 65M15.

Key words and phrases. interface evolution, viscosity solutions, reaction-diffusion, double obstacle, singular perturbation, finite elements, discrete maximum principle, discrete nondegeneracy, parabolic projection with quadrature, interface convergence.

This work was partially supported by NSF Grant DMS-9305935, MURST, and CNR Contract 94.00139.01.

Typeset by AMS-TEX 1

couple with (1.1) and give rise to g. Singularity formation and continuation of the flow past singularities is then a relevant physical issue, and convergence past singularities of fully discrete methods is an important companion scientific issue. The first convergence result for (1.1), along with interface error estimates, was obtained in [31]. We extend here these ideas to a fully practical method which incorporates explicit time-stepping and quadrature.

We first diffuse the sharp interface Σ(t) by a singularly perturbed parabolic problem with double obstacle potential [9], [24]–[31], [34]

(1.2) ε∂_tu_ε − εΔu_ε −^1_ε u_ε + sign^{−1}(u_ε) ∋^π_4 g.

The solution u_ε(·, t) varies between ±1, the obstacles, within a narrow transition region of thickness O(ε), the noncoincidence set, and attains the values ±1 elsewhere irrespective of g. Conforming piecewise linear finite elements with mass lumping and forward differences are further used to discretize (1.2) in space and time. We prove that full discretizations exhibit the same local structure of (1.2).

Let Ω be a convex bounded polyhedron of R^n and T > 0 be given such that Σ(t) ⊂ Ω for all t ≤ T , and set Q := Ω × (0, T ). The finite element mesh is supposed to be quasi-uniform and weakly acute, which in R^2 means that for all pair of triangles sharing a side the sum of the opposite angles to that side does not exceed π; this can be achieved automatically. Let h > 0 denote the mesh-size and τ > 0 be the time-step. Under the usual stability constraint τ ≤ C^∗h^2 for forward differences, the resulting explicit scheme satisfies the discrete maximum principle (DMP), which as in [31] is the key tool for our convergence analysis. However, in contrast with [31] we study here the effect of explicit time-stepping and quadrature, which combined lead to a noniterative scheme with finite speed of propagation and subsequent implementation via the efficient dynamic mesh algorithm of [24], [29]. The results of [31] for backward differences and exact integration thus represent the best scenario for accuracy considerations only.

In the level set approach Σ(t) is defined, even past singularities, as the zero level set of the continuous solution to the auxiliary degenerate nonlinear PDE

(1.3)^{∂t w}_{|∇w|} − div (_{∇w} |∇w| ) − g = 0, w(·, 0) = w_0(·),

with w_0 satisfying Σ_0 = {x ∈ R^n : w_0(x) = 0} [32]. Equation (1.3) corresponds to the motion of all level sets of w(·, t) according to (1.1), and must be interpreted in the viscosity sense [3], [10], [13], [16], [18]. The dimension has thus been increased by one in replacing Σ(t) by w(·, t). Our method being local thus represents a valid alternative to the global level set approach.

Let U_{ε,h,τ} and Σ_{ε,h,τ} indicate the fully discrete solution and its zero level set Σ_{ε,h,τ} (t) := {x ∈ Ω : U_{ε,h,τ} (x, t) = 0}. We demonstrate convergence of Σ_{ε,h,τ} (t) to Σ(t) past singularities, provided Σ(t) does not develop interior. We now discuss briefly the main ingredients of the construction of fully discrete barriers and their use, and compare with [31]. From now on we will denote by C a positive constant independent of the relevant parameters ε, h, and τ , that may change at the various occurrences, and use the symbols ≈, /,

and ’ to indicate the relations =, ≤, and ≥ up to factors | log h|.

(I) Continuous barriers. Let g in (1.2) and (1.3) be replaced by g + α, and w_0 in (1.3) be replaced by w_0 + Cα, with 0 < α = o(1) to be chosen. Let u^+ be the corresponding solution of (1.2) and w^+ that of (1.3). In §4.2 we use w^+ to construct a viscosity supersolution v^+ of (1.2), whence

u_ε ≤ u^+ ≤ v^+.

We refer to [30] for a slightly different but rigorous construction.

(II) Parabolic projection. We indicate with H_{h,τ} (u^+) the approximation of u^+ obtained via the discrete heat operator with continuous piecewise linear finite elements and mass lumping in space and forward differences in time. We prove in §9 the 2D pointwise error estimate

‖u^+ − H_{h,τ} (u^+)‖_L∞_{(Q)} / Ch‖u^+‖_C0,1;0,1/2_(¯_{Q)},

which is quasi-optimal and deals with minimal regularity requirements. This result extends those in [8], [14], [31], [36] by allowing numerical integration and constitutes our sole restriction to 2D. Its validity in higher dimensions is likely but requires further investigation (see [33]).

(III) Discrete nondegeneracy. We demonstrate in §5.3 that U_{ε,h,τ} has a prescribed quadratic growth away from the fully discrete free boundary, which for all (x, t) ∈ {−1 < U_{ε,h,τ} <^1_2 } means

(1.4) max |y−x|2+(t−s)≤r2 U_{ε,h,τ} (y, s) ≥ U_{ε,h,τ} (x, t) + C^{r2}_{ε2} . We then proceed as follows, after noticing that (I) and (III) are slightly different from those in [31] but (II) is totally new. We first project u^+ using (II) and next lift H_{h,τ} (u^+) by the small amount Chε^{−1} ’ ‖u^+ − H_{h,τ} (u^+)‖_L∞_{(Q)}, for the resulting function V^+_{ε,h,τ} to be a candidate for discrete supersolution. However we must compensate for the antimonotone nature of the potential −u_ε/ε in (1.2), which gives rise to an error ≈ Chε^{−2}. This is accomplished by perturbing g by the amount α ≈ Chε^{−2}, which has the implicit effect of a horizontal shift of the discrete solution without geometric constraints on the mesh. We take α = o(1) and conclude that the parabolic relations

h ≈ o(ε^2), τ ≈ o(ε^4)

imply that V^+_{ε,h,τ} is a discrete supersolution, and thus V^+_{ε,h,τ} ≥ U_{ε,h,τ} . Exploiting the continuous dependence of w with respect to g, this is next used to infer convergence of level sets, a substantially more subtle issue than convergence of solutions [6]. In fact, if x ∈ I(t) = {w(·, t) < 0}, then w^+(x, t) < 0 for α small, and thus v^+ = −1 in a vicinity of (x, t) results from the explicit construction (I). This in turn yields

(1.5) U_{ε,h,τ} ≤ V^+_{ε,h,τ} / u^+ + C^h_ε ≤ v^+ + C^h_ε = −1 + C^h_ε < −^1_2 .

We finally deduce U_{ε,h,τ} (x, t) = −1 for otherwise (1.4) and (1.5) would lead to a contradiction for r^2 ’ Chε. This is in essence our convergence result past singularities of §7, which has to be compared with that of [31] for implicit time stepping without quadrature and τ, h^2 ≈ o(ε^3). The extra power of ε accounts for the degrading effect of quadrature, because explicit time stepping does not affect accuracy. We would like to point out the importance of dealing with maximum norm estimates which lead to convergence of interfaces, the only objects of interest for the geometric problem at hand.

Invoking the following properties of solutions of (1.3), proven in [31], in §7 we derive interface error estimates for regular and singular points.

(IV) Lipschitz properties: ‖w^+ − w‖_L∞_{(Q)} ≤ Cα, ‖w^+‖_W 1,1_{∞ (Q)} ≤ C. We say that x ∈ Σ(t) is a regular point if w is C^1 in a neighborhood of (x, t) and ∇w(x, t) ≠ 0; this may occur even past singularities [1], [38]. In this case, we get w(x − δn, t) ≤ −Cε with n = ∇w(x, t)/|∇w(x, t)| being a unit normal to Σ(t) at x and δ = Cε/|∇w(x, t)|, whence (IV) yields w^+(x − δn, t) ≤ w(x − δn, t) + Cα ≤ −ε, provided α = Cε. We use the Lipschitz regularity of (IV) to show that w^+ < 0, and also v^+ = −1 by the explicit construction (I), in an ε-vicinity of (x − δn, t). Upon arguing as above but with α = Cε, we infer that U_{ε,h,τ} (x − δn, t) = −1 and dist(x, Σ_{ε,h,τ} (t)) ≤ Cε|∇w(x, t)|^{−1}, under the more severe (parabolic) constraints h ≈ O(ε^3), τ ≈ O(ε^6). An order O(ε) estimate for the discrete transition layer thickness emerges as a by-product. These ideas are also used to explore how discrete solutions behave near certain singularities, where discrete transition layer thickness becomes O(ε^{1/2}). This quantifies a smearing effect observed in computations [24], [29], [34].

In §8 we show an optimal O(ε^2) interface rate of convergence for smooth flows, provided τ, h ≈ O(ε^5) and exact integration is used for the (linear) potential −u_ε/ε. The prerequisite quasi-optimal O(h^2) estimates for the parabolic projection with mass lumping are discussed in §§5.4 and 9.

This paper is organized as follows. In §2 we introduce continuous and fully discrete variational inequalities. In §3 we recall the level set approach for curvature driven evolution and its perturbation analysis. In §4 we investigate regularity of (1.2) and review the construction of continuous barriers for (1.2). We discuss qualitative properties in §5; they are finite speed of propagation, DMP, discrete nondegeneracy, and pointwise error estimates of order O(h) and O(h^2) for the explicit parabolic projection with quadrature. We construct fully discrete barriers in §6 via the parabolic projection and DMP. They are next used to prove convergence and error estimates for interfaces in §§7 and 8. The auxiliary pointwise error estimates for the parabolic projection are finally proven in §9.

2. Singularly perturbed double obstacle problem Let ε > 0 be the relaxation parameter and K := {φ ∈ H^1(Ω) : |φ| ≤ 1, φ = 1 on ∂Ω} be the convex set. Let γ ∈ C^{1,1}(R) be the function given by γ(x) := sin x if x ∈ [−^π_2 ,^π_2 ] and constant outside. Set ⟨φ_1, φ_2⟩ := ∫ Ω φ_1φ_2 for any φ_1, φ_2 ∈ L^2(Ω).

The double obstacle problem (1.2) reads as follows and admits a unique solution: seek u_ε ∈ L^∞(0, T ; K) ∩ H^1(0, T ; L^2(Ω)) such that u_ε(·, 0) = γ(d_0(·)/ε) in Ω, and, for a.e. t ∈ (0, T ) and all φ ∈ K, (2.1) ε⟨∂_tu_ε, φ − u_ε⟩ + ε⟨∇u_ε, ∇(φ − u_ε)⟩ −^1_ε ⟨u_ε, φ − u_ε⟩ ≥^π_4 ⟨g, φ − u_ε⟩. Let D_h denote a quasi-uniform and regular decomposition of Ω ⊂ R^n into simplices of size comparable with h > 0 [11]. Let V_h be the finite element space of continuous piecewise linear functions over D_h, V_h(a) := {χ ∈ V_h : χ = a on ∂Ω}, and set K_h := K ∩ V_h(1). Let Π_h be the usual Lagrange interpolation operator and ⟨·, ·⟩_h be the discrete inner product ⟨χ, ϕ⟩_h := ∫ Ω Π_h(χϕ)dx ∀ χ, ϕ ∈ C^0(Ω̄), which corresponds to the vertex quadrature rule [11]. It satisfies [35, p.260] (2.2) ‖χ‖^2_L2_{(Ω)} ≤ ‖χ‖^2_h := ⟨χ, χ⟩_h ≤ C‖χ‖^2_L2_{(Ω)} ∀ χ ∈ V_h, and the discrepancy between ⟨·, ·⟩ and ⟨·, ·⟩_h can be bounded, for 1 ≤ p ≤ ∞, as (2.3) |⟨χ, ϕ⟩ − ⟨χ, ϕ⟩_h| ≤ Ch^2⟨|∇χ|, |∇ϕ|⟩ ≤ Ch‖∇χ‖_Lp_{(Ω)}‖ϕ‖_Lp/(p−1)_{(Ω)}. Let {ϕ_i}^J_{i=1} be the canonical basis of V_h and {x_i}^J_{i=1} be the nodes of D_h (let {x_i}^I_{i=1} be the internal nodes). Let K := {k_{ij} }^J_{i,j=1} be the stiffness matrix, M := {m_{ij} }^J_{i,j=1} and M_h := {m^h_{ij} }^J_{i,j=1} be the mass and lumped mass matrices defined by k_{ij} := ⟨∇ϕ_i, ∇ϕ_j ⟩, m_{ij} := ⟨ϕ_i, ϕ_j⟩, m^h_{ij} := ⟨ϕ_i, ϕ_j⟩_h. We further assume that K is an M-matrix, which for n = 2 is guaranteed provided D_h is weakly acute [12], namely, (2.4) the sum of opposite angles to the common side of any two triangles is ≤ π. This rather mild condition can be enforced with automatic mesh generation [29].

Let τ := T /N > 0 be the uniform time-step, which is subject to the stability constraint τ ≤ C^∗h^2, and t_n := nτ . For all 1 ≤ n ≤ N, set

K^n := K × [t_{n−1}, t_n] ∀ K ∈ D_h, Ω^n_i := suppϕ_i × [t_{n−1}, t_n] ∀ 1 ≤ i ≤ I, and for any {χ^n}^N_{n=0} ⊂ V_h and χ continuous, set

∂χ^n :=^1_τ (χ^n − χ^{n−1}), χ^n := χ(t_n), χ̄^n :=^1_τ ∫_{tn} t_{n−}1 χ(·, t)dt (χ̄^{N+1} := χ^N ). The fully discrete approximation of (2.1) reads: for U^0 := Π_hγ(d_0/ε) ∈ K_h seek U^n ∈ K_h, 1 ≤ n ≤ N, such that, for all χ ∈ K_h, (2.5) ε⟨∂U^n, χ−U^n⟩_h +ε⟨∇U^{n−1}, ∇(χ−U^n)⟩−^1_ε ⟨U^{n−1}, χ−U^n⟩_h ≥^π_4 ⟨g^n, χ−U^n⟩_h. The use of mass lumping for the discrete time derivative, which diagonalizes the corresponding matrix M_h, is crucial to eliminate any iteration in solving (2.5). To see this, we identify any function χ ∈ V_h with the vector of its nodal values {χ_i := χ(x_i)}^J_{i=1}, and note that (2.5) reads, for all 1 ≤ i ≤ I,

(2.6) U^{n−1/2} i = (1 +^τ_{ε2} )U^{n−1}_i − (M^{−1}_h KU^{n−1})_i +^τ_ε^π_4 g^n(x_i),

U^n_i = max ( − 1, min(1, U^{n−1/2}_i ) ) . The actual computation of U^n is thus a trivial two-step process: we first have to perform the matrix-vector products involved in (2.6) to define U^{n−1/2}, and then project each component of U^{n−1/2} onto [−1, 1] to compute U^n.

We stress that the stability constraint τ ≤ C^∗h^2 due to the explicit time discretization is tailored here to avoid oscillations: a node value of U^{n−1} cannot jump from 1 to −1 (resp. from −1 to 1) even if all the adjacent values are −1 (resp. 1).

An alternative scheme to (2.5) that preserves all the properties discussed above and below consists of doing exact integration in the potential, namely (2.7) ε⟨∂U^n, χ−U^n⟩_h +ε⟨∇U^{n−1}, ∇(χ−U^n)⟩−^1_ε ⟨U^{n−1}, χ−U^n⟩ ≥^π_4 ⟨g^n, χ−U^n⟩_h. In §8 we will show that this method is more accurate for smooth flows.

3. Generalized curvature driven motion and perturbation analysis

The evolution of the zero level set Σ(t) of w(·, t), viscosity solution of (1.3), is independent of the specific form of w_0 for as long as I_0 := {x ∈ R^n : w_0(x) < 0} be the inside of Σ_0 [3], [10], [16], [18]. Then

(3.1) Σ := {(x, t) ∈ R^n × [0, T ] : x ∈ Σ(t)}

is called generalized geometric evolution and coincides with the classical motion (1.1) before the onset of singularities. The notions of inside I(t) and outside O(t) of Σ(t) are thus meaningful in terms of w

I(t) := {x ∈ R^n : w(x, t) < 0}, O(t) := {x ∈ R^n : w(x, t) > 0}.

The flow (3.1) is unique and is well defined even past singularities. Let d(·, t) be the signed distance function to Σ(t) that is positive in O(t). It is known that d satisfies the following viscosity inequality, provided Σ(t) has empty interior [3], [15]

(3.2) H_g d(x, t) := ∂_td(x, t) − Δd(x, t) − g ( x − d(x, t)∇d(x, t), t ) ≥ 0 in {d > 0}.

In case Σ(t) fattens up, then d(x, t) must be replaced by dist(x, I(t)) for (3.2) to hold [3, p.446]; (3.2) is also valid with ≤ 0 for −dist(x, O(t)) in {d < 0}. In the sequel we will use the notation d(x, t) instead of dist(x, I(t)) or −dist(x, O(t)).

Singularities are typically isolated points (x, t) that correspond to ∇w(x, t) = 0 [1], [38], but Σ(t) may also develop interior (fattening) [2], [4]. We say that (x, t) ∈ Σ is a regular point if w is C^1 in a space-time neighborhood of (x, t) and

(3.3) ∇w(x, t) ≠ 0.

Such points do exist even past singularities for flows of interest [1], [2], [4], [38]. We then denote by Σ^∗ the subset of Σ of all regular points, and note that Σ^∗ extends to t = 0 because Σ_0 is smooth. On the other hand a generic singular point satisfies the following asymptotic behavior [17], [31]: there exists a set of orthonormal vectors {e_i}^n_{i=1} and 1 ≤ k ≤ n such that

(3.4) w(x + y, t + s) = βs + λ|y|^2 + o ( |s| + |y|^2 ) ∀ |y|, |s| ≪ 1, for y := ∑_k i=1 y_ie_i, β := 2(k − 1)λ + g(x, t), and λ ≠ 0. This is certainly true if w ∈ C^2 in the vicinity of (x, t), but there is no characterization of C^2 regularity and w may fail to be C^2 while still exhibiting quadratic growth in the directions {e_i}^k_{i=1} [21]. In turn, (3.4) yields the curvature blow-up rate [20]

(3.5) κ ≈ |y|^{−1} ≈ |_λ βs |_{1/2} as s ↑ 0, of type I singularities, which look asymptotically like spheres (k = n) or cylinders (2 ≤ k < n). Type II singularities exhibit a blow-up rate higher than (3.5) and are receiving considerable attention.

Even though the geometric flow (1.1) may lead to merging, splitting, and extinction, the level set formulation provides a stable representation of it. To quantify this statement, we first recall that there exists a Lipschitz constant L > 0 depending on ‖w_0‖_W 2_{∞ (Ω)} and ‖g‖_W 1,1_{∞ (Q)} such that [31]

(3.6) ‖w‖_W 1,1_{∞ (Q)} ≤ L.

Let α > 0 be a perturbation parameter. In the sequel w and w^± will stand for viscosity solutions to (1.3) with forcing terms g and g^± := g±Θα, and initial traces

(3.7) w(·, 0) = d_0(·) and w^±(·, 0) = d_0(·) ± θα,

respectively, where d_0 is the signed distance to Σ_0 and Θ, θ > 1 will be chosen later. We will select either ε ≤ α = o(1), or α = Cε (C ≥ 1), or α = ε^2 at various occurrences. The following crucial result of [31], based on (3.6), quantifies how w and w^± deviate from each other: there exists a constant G depending on L so that (3.8) w − Gα ≤ w^− ≤ w ≤ w^+ ≤ w + Gα in Q. An immediate consequence of (3.8) is convergence of the perturbed fronts

Σ^±(t) := {x ∈ R^n : w^±(x, t) = 0} to Σ(t) as α ↓ 0, even past singularities, along with a linear rate of convergence in a vicinity of regular points (3.3) [31] (3.9) dist ( x, Σ^±(t) ) ≤^{2G} |∇w(x,t)| α. This result sheds some light on stability properties of the flow (1.1) that make it computable.

Let d^±(·, t) be the signed distance to Σ^±(t) that is negative inside Σ^±(t). Upon replacing g by g^± in (3.2), we deduce the viscosity inequalities (3.10) H_g+ d^+(x, t) ≥ 0 in {d^+ > 0}, H_g− d^−(x, t) ≤ 0 in {d^− < 0}.

For smooth flows, let κ^±_s (x, t) denote the sum of the square of the principal curvatures of Σ^±(t) at x − d^±(x, t)∇d^±(x, t) ∈ Σ^±(t). Then d^± satisfies [27] (3.11) H_g± d^±(x, t) = d^±(x, t)κ^±_s (x, t) + O(d^±(x, t)^2). If W := min_{(x,t)∈Σ} |∇w(x, t)| > 0, then a simple consequence of (3.8), (3.9), and the fact that distance functions are Lipschitz in space with constant 1 reads (3.12) d −^{2G}_W α ≤ d^− ≤ d ≤ d^+ ≤ d +^{2G}_W α in Q.

4. Double obstacle problem: regularity and continuous barriers In this section we discuss regularity of (2.1) along with the construction of barriers for (2.1).

4.1. Intermediate regularity. The solution u_ε satisfies ‖u_ε‖_W 2,1_{p (Q)} ≤ Cpε^{−2} for all p < ∞ [31]. We stress that u_ε is not in W^{2,1}_∞ (Q) with norm of order O(ε^{−2}) because this would require higher regularity of ε^{−2}(u_ε +^π_4 εg) = O(ε^{−2}), and so of u_ε still with norms of order O(1), which we cannot expect. There exists, however, a modulus of continuity ω(s) := Cε^{−2}s| log s|, that precisely quantifies what is missing for ∂_tu_ε and D^2_xu_ε to be bounded [31]

‖∇u_ε(x_1, ·) − ∇u_ε(x_2, ·)‖_L∞_{(0,T )} ≤ ω(|x_1 − x_2|) ∀ |x_1 − x_2| ≪ 1, ‖u_ε(·, t_1) − u_ε(·, t_2)‖_L∞_{(Ω)} ≤ ω(|t_1 − t_2|) ∀ |t_1 − t_2| ≪ 1.

We now exploit this property to derive and intermediate regularity result. Lemma 4.1. ‖u_ε‖_C0,1;0,1/2_(¯_{Q)} ≤ Cε^{−1}| log ε|.

Proof. We denote v(·) = u_ε(·, t) for t fixed. Invoking the Mean Value Theorem we can write for n := ∇v(x)/|∇v(x)| and δ > 0,

v(x + δn) = v(x) + δ∇v(x) · n + δ

∫_1 0 ( ∇v(x + sδn) − ∇v(x) ) · n ds. This, in conjunction with ‖v‖_L∞_{(Ω)} ≤ 1 and the above expression for ω, yields |∇v(x)| ≤^2_δ + C^{δ| log δ|}_{ε2} ∀ 0 < δ ≪ 1, and the desired bound |∇v(x)| ≤ Cε^{−1}| log ε| follows for δ = ε. Similarly, we estimate the Hölder constant in time. We set z(·) = u_ε(x, ·) for x fixed and get δ^{−1/2}|z(t + δ) − z(t)| ≤ min (_2 δ1^/2 , C δ1^/2| log δ| ε2 ) ∀ δ > 0. If δ ≥ ε^2, then the right hand side is bounded by 2ε^{−1}. Otherwise the fact that s^{1/2}| log s| is increasing for s small yields the desired bound Cε^{−1}| log ε|. �

4.2. Viscosity barriers. We now review the construction of continuous barriers for u_ε, which are valid after the onset of singularities. There exist ε-approximate traveling waves Γ^±(·; x, t) ∈ C^{1,1}(R) of (2.1) with forcing terms g^± = g ±Θα, which are strictly increasing in (−^π_2 ,^π_2 ) from −1 to 1 and constant outside, and satisfy

(4.1) ∂^2_xΓ^± + Γ^± − εg^±(∂_xΓ^± −^π_4 ) = ∂_xΓ^±O(ε^2).

These functions can be written explicitly by using formal asymptotics as

(4.2) Γ^±(x; x, t) := γ(x) + εg^±(x, t) η(x) ∀ x ∈ R, (x, t) ∈ Q,

where η(x) :=^1_2 ( xγ(x)−^π_2 +γ^′(x) ) for |x| ≤^π_2 and zero elsewhere [30]. Convergence of Σ_ε(t) to Σ(t) as ε ↓ 0 even past singularities is based on the following result. Here we give a formal argument slightly different from that in [30], [31], and refer to [30] for a rigorous proof.

Lemma 4.2. Let g ∈ W^{2,1}_∞ (Q). Let α ≥ ε and let u^± be the solutions to (2.1) with forcing terms g ± α and initial trace γ(d_0/ε). Let v^± be

(4.3) v^±(x, t) := Γ^± (_d±_{(x,t)} ε ∓^π_2 ; x, t ) , with d^±(·, t) the signed distance to Σ^±(t). If θ = π and Θ ≥ 1 defined in (3.7) is sufficiently large, then v^± are viscosity barriers of (2.1) with forcing terms g ± α and satisfy

v^−(x, t) ≤ u^−(x, t) ≤ u_ε(x, t) ≤ u^+(x, t) ≤ v^+(x, t) ∀ (x, t) ∈ Q.

Proof (formal). We first set u = u^+, v = v^+, d = d^+, Γ = Γ^+, Γ^{(k)} = ∂^k_xΓ, and recall that g^+ = g + Θα. A standard comparison argument for variational inequalities implies u ≥ u_ε, because they satisfy the same problem with right hand sides g +α ≥ g. Since v ≥ −1, in order to show that u ≤ v we have to prove that

J v := ε∂_tv − εΔv −^1_ε v −^π_4 (g + α) ≥ 0 in {v < 1},

that is in {d < πε}. If d < 0, then Γ = −1 by construction, whence J v = 1 ε −^π_4 (g + α) > 0 for ε sufficiently small. If 0 < d < πε, instead, from (4.2) we have

ε∂_tv = Γ^′∂_td + ε^2η∂_tg, εΔv =^1_ε Γ^{′′} + Γ^′Δd + 2εη^′∇g · ∇d + ε^2ηΔg.

Since |g^+(x, t)−g^+(x−d(x, t)∇d(x, t), t)| ≤ ‖∇g‖_L∞_{(Q)}d(x, t), (3.10) and property Γ^′ ≥ 0 yield Γ^′(∂_td − Δd − g^+) ≥ −πεΓ^′‖∇g‖_L∞_{(Q)}. Using (4.1) and g ∈ W^{2,1}_∞ (Q), we thus obtain

J v = −^1_ε ( Γ^{′′} + Γ − εg^+(Γ^′ −^π_4 ) ) + Γ^′(∂_td − Δd − g^+) +^π_4 (Θ − 1)α + O(ε) ≥^π_4 (Θ − 1)α + O(ε) ≥ 0, provided Θ > 1 is sufficiently large, because α ≥ ε. Since Γ^{′′}(^{d(x,t)}_ε −^π_2 ; x, t) is a distribution without mass concentrated on {d = 0}, this shows that v is a (formal) viscosity supersolution. It only remains to check the values of v on the parabolic boundary of Q. Since the transition region {|v(·, t)| < 1} does not touch ∂Ω, we have v = 1 on ∂Ω × (0, T ). In addition, for θ = π we have d(·, 0) = d_0(·) + πα; hence Γ(x +^π_2 ; ·, 0) ≥ γ(x) and α ≥ ε yield

v(x, 0) = Γ

(_{d(x,0)} ε −^π_2 ; x, 0 ) ≥ Γ (_{d0(x)} ε +^π_2 ; x, 0 ) ≥ γ (_{d0(x)} ε ) = u(x, 0) ∀ x ∈ Ω.

Therefore we conclude that v ≥ u as a consequence of a viscosity comparison result for variational inequalities [30]. The proof is thus complete. �

4.3. Classical barriers. We now discuss a new construction of classical barriers based on the regularity of Σ^±(t) before the onset of singularities of Σ(t). If Σ(t) is smooth, then w is nondegenerate and d is smooth, and thus the question arises as to what regularity can be expected for d^±. Since w^± satisfies (1.3), with g^± in place of g, and the distance between Σ(t) and Σ^±(t) is small in view of (3.9), we would expect w^± and d^± to be as smooth as w and d. This is customary in regularity theory [7], but does not seem to be available in the existing literature on viscosity solutions.

Inspired by formal asymptotics, let Γ̃^±(·; x, t) ∈ C^{0,1}(R) be ε^2-approximate traveling waves of (2.1) with forcing term g^± = g ± Θε^2 given by

(4.4)

Γ̃^±(x; x, t) := min [1, max [ − 1, Γ^±(x; x, t) + ε^2(κ^±_s (x, t) +^1_2 g^±(x, t)^2 − 2∇g(x, t) · ∇d^±(x, t) ) μ^±(x) ]] ∀ x ∈ R, (x, t) ∈ Q, where μ^±(x) :=^1_{16} ( 4xγ^′(x) + (4x^2 − π^2)γ(x) ) ∓^π_8 γ^′(x) [25]–[27], [34]. Function Γ̃+(·; x, t) (resp. Γ̃−) is strictly increasing and satisfies |Γ̃±| < 1 in (−^π_2 , x_ε) (resp.

(−x_ε,^π_2 )) for a proper 0 ≤^π_2 − x_ε(x, t) = O(ε^2), ∂_xΓ̃^±(±x^∓_ε ; x, t) = O(ε^2), and

(4.5) ∂^2_xΓ̃^± + Γ̃^± − εg^±(∂_xΓ̃^± −^π_4 ) − ε^2(κ^±_s − 2∇g · ∇d^±)x∂_xΓ̃^± = ∂_xΓ^±O(ε^3).

The preceding construction leads to an optimal (quadratic) order of convergence of Σ_ε(t) to Σ(t) as ε ↓ 0 in the smooth regime [25]–[27]. It is simpler than the original one in [27] at the expense of using regularity of Σ^±(t).

Lemma 4.3. Let g ∈ W^{3,2}_∞ (Q). Let α = ε^2 and let u^± be the solutions to (2.1) with forcing terms g ± ε^2 and initial trace γ(d_0/ε). Let ṽ^± be

(4.6) ṽ^±(x, t) := Γ̃^±

(_d±_{(x,t)} ε ; x, t ) , with d^±(·, t) the signed distance to Σ^±(t). If θ, Θ ≥ 1 in (3.7) are sufficiently large and Σ^±(t) are smooth, then ṽ^± are variational barriers of (2.1) with forcing terms g ± ε^2 and satisfy

ṽ^−(x, t) ≤ u^−(x, t) ≤ u_ε(x, t) ≤ u^+(x, t) ≤ ṽ^+(x, t) ∀ (x, t) ∈ Q.

Proof (formal). We set u = u^+, v = ṽ^+, d = d^+, κ_s = κ^+_s , Γ = Γ̃^+, Γ^{(k)} = ∂^k_x Γ, and recall that g^+ = g + Θε^2. Since v ≥ −1 in Q and ∇v · ν ≥ 0 on the boundary of {v < 1}, to show that u ≤ v we must prove that J v ≥ 0 in {v < 1} = {d < x_εε}. If d < −^π_2 ε, then J v > 0 for ε small. Instead, if −^π_2 ε < d < x_εε, then (3.11) and (4.4) yield

∂_td − Δd = g^+ + d(κ_s − ∇g · ∇d) + O(ε^2),

ε∂_tv = Γ^′∂_td + O(ε^2), εΔv =^1_ε Γ^{′′} + Γ^′Δd + 2εη^′∇g · ∇d + O(ε^2),

respectively. From (4.5) we thus obtain

J v = −^1_ε ( Γ^{′′} + Γ − εg^+(Γ^′ −^π_4 ) − ε(κ_s − 2∇g · ∇d)dΓ^′ ) +^π_4 (Θ − 1)ε^2 + O(ε^2) ≥ 0,

for Θ > 1 sufficiently large. Since Γ^{′′}(^{d(x,t)}_ε ; x, t) is a distribution without mass concentrated on {d = −^π_2 ε}, this shows that v is a variational supersolution. Since v = 1 on ∂Ω × (0, T ) and, for θ sufficiently large [25],

v(x, 0) = Γ

(_{d(x,0)} ε ; x, 0 ) = Γ (_{d0(x)} ε + θε; x, 0 ) ≥ γ (_{d0(x)} ε ) = u(x, 0) ∀ x ∈ Ω,

a comparison principle for variational inequalities yields v ≥ u [25] . �

5. Discrete qualitative properties

In this section we discuss several important properties of the finite element approximation combined with forward differences and quadrature.

5.1. Finite speed of propagation. If x_i is a node of D_h such that U^{n−1}_j = 1 (resp. U^{n−1}_j = −1) for all adjacent nodes x_j to x_i, including x_i, then (2.6) yields U^{n−1/2} i > U^{n−1}_i = 1 (resp U^{n−1/2}_i < U^{n−1}_i = −1),

for ε so small that |g| ≤ 4/πε. Therefore U^n_i = U^{n−1}_i = 1 (resp. U^n_i = U^{n−1}_i = −1), which says that the discrete transition layer (or noncoincidence set)

T^{n−1} := {x ∈ Ω : |U^{n−1}(x)| < 1}

cannot move faster than one triangle per time step; this is reminiscent of hyperbolic conservation laws. Consequently, U^n does not have to be computed at vertices lying outside T̄^{n−1} and there is no need for the entire mesh D_h but just for a rather small part of it. That is why we introduced the dynamic mesh version of (2.5) in [29].

This property is still valid without mass lumping. To see this we let U^n_i < 1, and use (2.5) with exact integration and χ = U^n + (1 − U^n_i )ϕ_i, to arrive at ⟨U^n, ϕ_i⟩ ≥ ⟨(1 +^τ_{ε2} )U^{n−1} +^τ_ε^π_4 g^n, ϕ_i⟩ − τ ⟨∇U^{n−1}, ∇ϕ_i⟩, whence, since U^n ≤ 1, ⟨1, ϕ_i⟩ > ⟨U^n, ϕ_i⟩ ≥ ⟨1 +^τ_{ε2} +^τ_ε^π_4 g^n, ϕ_i⟩ ≥ ⟨1, ϕ_i⟩, which is a contradiction. Therefore mass lumping is not justified in light of finite speed of propagation but rather in terms of solvability. In fact M_h would be replaced by the nondiagonal M and thus an iterative procedure would be needed to compute U^n. Another important consequence of mass lumping is discussed next.

5.2. Discrete maximum principle. Note that, in view of (2.4), k_{ij} ≤ 0 for i ≠ j and A := τ^{−1}M_h − K ≥ 0 provided τ ≤ C^∗h^2, because M_h is diagonal. This positivity property is responsible for the validity of the following parabolic Discrete Maximum Principle (DMP) for noncylindrical discrete domains.

Let D be a connected union of stars Ω^n_i , or alternatively the sets of its space-time nodes. For internal nodes (x_i, t_n) to Q, the (explicit) stencil Ξ^n_i is given by

Ξ^n_i := {(x_i, t_n)} ∪ {(x_j , t_{n−1}) : x_j ∈ suppϕ_i} ∀ 1 ≤ i ≤ I, 1 ≤ n ≤ N,

and so comprises all nodes that dictate the value U^n_i in (2.5). The parabolic boundary ∂_pD of D is thus defined by

∂_pD := {(x_i, t_n) ∈ ∂D : Ξ^n_i ⊄ D or (x_i, t_n) ∈ ∂_pQ}.

Note that {U^n}^N_{n=0} is completely determined in D from its values on ∂_pD, and that ∂_pD is the minimal set where data must be prescribed. Lemma 5.1. Let {χ^n}^N_{n=0} ⊂ V_h satisfy (5.1) ⟨∂χ^n, ϕ_i⟩_h + ⟨∇χ^{n−1}, ∇ϕ_i⟩ ≤ 0 ∀ (x_i, t_n) ∈ D\∂_pD. If τ ≤ C^∗h^2, then max_{(xi,tn )∈D} χ^n_i ≤ max_{(xi,tn)∈∂p D} χ^n_i .

Proof. We first point out that (5.1) just relates values χ^n_i and χ^{n−1}_j for (x_j , t_{n−1}) ∈ Ξ^n_i ⊂ D. On subctracting μ := max{χ^n_i : (x_i, t_n) ∈ ∂_pD} from {χ^n}^N_{n=0}, we can assume μ = 0. We argue by induction and assume χ^{n−1}_i ≤ 0 for all (x_i, t_{n−1}) ∈ D; we can actually start because (x_i, t_n) ∈ ∂_pD for the smallest possible n. For each (x_i, t_n) ∈ D\∂_pD, we observe that (5.1) becomes

χ^n_i ⟨^1_τ , ϕ_i⟩_h =^1_τ ⟨χ^n, ϕ_i⟩_h ≤^1_τ ⟨χ^{n−1}, ϕ_i⟩_h − ⟨∇χ^{n−1}, ∇ϕ_i⟩ = (ϕ_i)^T Aχ^{n−1} ≤ 0,

because χ^{n−1}_j ≤ 0 for all (x_j , t_{n−1}) ∈ Ξ^n_i ⊂ D; hence χ^n_i ≤ 0 for all (x_i, t_n) ∈ D. � This result still holds if ∂_pD is replaced by a larger subset of D, e.g., by

∂^e_pD := {(x_i, t_n) ∈ ∂D : Ω^n_i ⊄ D or (x_i, t_n) ∈ ∂_pQ}.

5.3. Discrete nondegeneracy. The discrete solution U_{ε,h,τ} detaches from the obstacles −1 and 1 with a prescribed quadratic growth. To make this precise, we need some further notation. For any (x, t) ∈ Q and r > 0, we consider the cylinder Q_r(x, t) := {(y, s) ∈ Q : |y − x| < r, 0 < t − s < r^2} and its discrete counterpart Q^{h,τ}_r (x, t) of all sets Ω^n_i contained in Q̄_r (x, t). For r ≥ Ah with A ≥ 1 sufficiently large and h small, Q^{h,τ}_r (x, t) is nonempty and either |x − y| or (t − s)^{1/2} ≥ Cr for all (y, s) ∈ ∂_pQ^{h,τ}_r (x, t)\∂_pQ. The next result is a consequence of Lemma 5.1 and is similar to [31, Lemma 6.1]. We give a proof for completeness.

Lemma 5.2. There exist ε^∗, h^∗ > 0 such that for all h ≤ h^∗, τ ≤ C^∗h^2, ε^∗ ≥ ε ≥ r ≥ Ah, and any node (x_j , t_m) satisfying −1 < U^m_j ≤ −1/2 (resp. 1/2 ≤ U^m_j < 1) and either t_m ≥ r^2 or U^0_i = −1 (resp. U^0_i = 1) for all nodes x_i such that |x_i −x_j | < r, there exists a node (x_i, t_n) ∈ Q^{h,τ}_r (x_j , t_m) such that

(5.2) U^n_i ≥ U^m_j + C^{r2}_{ε2} ( resp. U^n_i ≤ U^m_j − C^{r2}_{ε2} ) . Proof. We only consider the case −1 < U^m_j ≤ −1/2, and assume U^n_i ≤ −1/4 for all nodes (x_i, t_n) ∈ Q^m_j := Q^{h,τ}_r (x_j , t_m) because otherwise (5.2) is trivial. We can take χ = U^n − (1 + U^n_i )ϕ_i in (2.5) to obtain, for ε sufficiently small,

(5.3) ⟨∂U^n, ϕ_i⟩_h + ⟨∇U^{n−1}, ∇ϕ_i⟩ ≤^1_{ε2} ⟨U^{n−1} + ε^π_4 g^n, ϕ_i⟩_h ≤ −^1_{8ε2} ⟨1, ϕ_i⟩, provided U^n_i > −1. Let D ⊂ Q^m_j be the (closed) set containing (x_j , t_m) which is the connected union of all those Ω^n_i ’s of Q^m_j such that U^n_i > −1. The enlarged parabolic boundary ∂^e_pD of D is made of those nodes (x_i, t_n) ∈ D such that Ω^n_i ⊄ D or (x_i, t_n) ∈ ∂_pQ, the latter reducing to t_n = 0 because dist(x_j , ∂Ω) > r. Consequently (x_i, t_n) ∈ ∂^e_pD satisfies either (a) U^n_i > −1 and (x_i, t_n) ∈ ∂_pQ^m_j \∂_pQ or (b) U^n_i = −1, which means that (x_i, t_n) belongs either to the discrete free boundary ∂{U^n > −1} or the initial coincidence set {U^0 = −1}.

Let σ(·, t) ∈ V_h be given by σ(x, t) := Π_h ( |x − x_j |^2 ) + t_m − t, and note that σ satisfies, for a constant β > 0 independent of h, τ , and (x_j , t_m) [6], (5.4) ⟨∂σ^n, ϕ_i⟩ + ⟨∇σ^{n−1}, ∇ϕ_i⟩ ≥ −β⟨1, ϕ_i⟩ ∀ 1 ≤ i ≤ I, 1 ≤ n ≤ N. Since U^n_i > −1 for all (x_i, t_n) ∈ D\∂^e_pD, combining (5.3) with (5.4), the functions {S^n := U^n − σ^n/8βε^2}^N_{n=0} satisfy ⟨∂S^n, ϕ_i⟩_h + ⟨∇S^{n−1}, ∇ϕ_i⟩ ≤ 0 ∀ (x_i, t_n) ∈ D\∂^e_pD. Lemma 5.1 yields the existence of (x_i, t_n) ∈ ∂^e_pD such that S^n_i ≥ S^m_j = U^m_j > −1. Since condition (b) above, namely U^n_i = −1, leads to the contradiction S^n_i < −1, then (a) applies, whence σ^n_i ≥ Cr^2. This, combined with U^n_i − σ^n_i /8βε^2 = S^n_i ≥ S^m_j = U^m_j , yields (5.2), as desired. The case 1/2 ≤ U^m_j < 1 is similar except that we cannot longer use dist(x_j , ∂Ω) > r but instead U^n = 1 on ∂Ω. � 5.4. Explicit parabolic projection with quadrature. The following explicit parabolic projection with quadrature in the time derivative will be essential in constructing discrete barriers in §6, but also bears some intrinsic interest. Given y ∈ C^{0,1;0,1/2}(Q̄), y = 0 on ∂Ω × (0, T ), let {Y^n}^N_{n=0} ⊂ V_h(0) be defined by (5.5) ⟨∂Y^n, χ⟩_h + ⟨∇Y^{n−1}, ∇χ⟩ = ⟨∂y^n, χ⟩ + ⟨∇ȳ^n, ∇χ⟩ ∀χ ∈ V_h(0), with Y^0 := Π_hy^0. Let H^0_{h,τ} be the parabolic projection operator defined by H^0_{h,τ} (y; ·, t) :=^{t−tn−1}_τ Y^n(·) +^{tn −t}_τ Y^{n−1}(·) ∀ t_{n−1} < t ≤ t_n, 1 ≤ n ≤ N. Continuity in time is immaterial except for Corollary 7.3.

The following error estimates extend the quasi-optimal L^∞ error estimates shown in [14], [31], [36] in 2D by allowing numerical integration. We also insist in minimal regularity requirements. It is worth stressing that this constitutes the sole restriction of our analysis to 2D. These estimates seem plausible in any space dimensions, as a recent result proven in [33] for caloric functions and without numerical integration suggests. Their extension is not immediate and thus requires further thought.

Theorem 5.1. There exists C^∗ > 0 such that, if τ ≤ C^∗h^2 is of order h^2, then

‖y − H^0_{h,τ} (y)‖_L∞_{(Q)} ≤ Ch| log h|^3‖y‖_C0,1;0,1/2_(¯_{Q)}.

This estimate is quasi-optimal according to the required regularity on y, but does not take full advantage of polynomial interpolation. To derive an optimal order error estimate we have to demand stronger regularity on y than expected without numerical integration, thereby revealing the possible degrading effect of quadrature. In §9 we will show that

(5.6) ‖y − H_{h,τ} (y)‖_L∞_{(Q)} ≤ C| log h|^3 ( τ ‖∂_ty‖_L∞_{(Q)} + max_{0≤n≤N} ‖y^n − Π_hy^n‖_L∞_{(Ω)}

+ max 1≤n≤N ‖∂y^n − Π_h∂y^n‖_L1_{(Ω)} + h^2 max_{1≤n≤N} ‖∇Π_h∂y^n‖_L∞_{(Ω)} ) . If we set

Y(y) := ‖∂_t∂_xy‖_L2_{(0,T ;L}∞_{(Ω))} + ‖∂_t∂^2_xy‖_L∞_{(0,T ;L}1_{(Ω))} + ‖y‖_C1,1;0,1_(¯_{Q)},

then the following result improves upon [8] in terms of regularity.

Theorem 5.2. There exists C^∗ > 0 such that, if τ ≤ C^∗h^2 is of order h^2, then ‖y − H^0_{h,τ} (y)‖_L∞_{(Q)} ≤ Ch^2| log h|^3Y(y). Both Theorems 5.1 and 5.2 will be proven in §9. Here we derive two projection estimates for both solutions u^± of (2.1) and classical barriers ṽ^±, that will be instrumental in our interface error analyses in §§7 and 8. They are proven here in 2D, but will be assumed valid in the sequel for dimension n ≥ 2.

Let H_{h,τ} denote the parabolic projection associated with the heat operator (5.5) and Dirichlet boundary condition 1: H_{h,τ} (1 + y) := 1 + H^0_{h,τ} (y).

Corollary 5.1. If u is a solution to (2.1) with forcing term of order at most ε^{−1}, and τ ≤ C^∗h^2 is of order h^2, then ‖u − H_{h,τ} (u)‖_L∞_{(Q)} ≤ C^h_ε | log h|^3| log ε|. Proof. Take y = u − 1 in Theorem 5.1 and use Lemma 4.1. �

Corollary 5.2. Let ṽ^± be the classical barriers for (2.1) defined in (4.6), and let τ ≤ C^∗h^2 be of order h^2 and h ≥ Cε^3. Then, for as long as Σ^±(t) are smooth,

‖ṽ^± − H_{h,τ} (ṽ^±)‖_L∞_{(Q)} ≤ C^{h2}_{ε2} | log h|^3.

Proof. Since Y(ṽ^±) = ∞ because ṽ^± is only globally Lipschitz, and thus Theorem 5.2 does not apply directly, we argue directly with (5.6). Set v = ṽ^+ and let T_ε := {(x, t) ∈ Q : x ∈ T_ε(t)} be the space-time transition region, where T_ε(t) := {|v(·, t)| < 1} = {−^π_2 ε < d^+(·, t) < x_εε}. We replace y = v − 1 into (5.6) and note that ‖∂_tv‖_L∞_{(Q)} ≤ Cε^{−1}, but the remaining terms cannot be handled directly because the first derivatives of v may jump across the boundary of T_ε. We then proceed elementwise and consider three cases according to whether or not a generic element K^n crosses ∂T_ε. If K^n belongs to the complement of T_ε, then it gives no contribution because v = ±1 is constant. If, instead, K^n belongs to T̄_ε, then v is smooth thereby leading to

‖v^n − Π_hv^n‖_L∞_{(K)} ≤ Ch^2‖∂^2_xv‖_L∞_{(K}n_) ≤ C^{h2}_{ε2} , ‖∂v^n − Π_h∂v^n‖_L1_{(K)} ≤ Ch^2|K|‖∂^2_x∂_tv‖_L∞_{(K}n_) ≤ C^{h2}_{ε3} |K|, ‖∇Π_h∂v^n‖_L∞_{(K)} ≤ C‖∂_x∂_tv‖_L∞_{(K}n_) ≤^C_{ε2} .

Upon adding the second estimate on K, we derive the asserted upper bound because |T_ε(t)| = O(ε) in the smooth regime. It remains to consider the elements K^n crossing ∂T_ε, for which v may only be Lipschitz. For any point (x, t) ∈ K^n ∩ T_ε, let (y, s) ∈ K^n ∩ ∂T_ε be a closest point to (x, t); hence (δx + (1 − δ)y, t) and (y, δt + (1 − δ)s) belong to K^n ∩ T_ε for all 0 < δ ≤ 1. Since v is smooth in T_ε and ∂_xΓ̃^+(x^−_ε ; y, s) = O(ε^2) (see right before (4.5)), we deduce

(5.7) |φ(x, t)| ≤ |φ(y, s)| + |φ(y, t) − φ(y, s)| + |φ(x, t) − φ(y, t)| ≤ Cε + C^τ_{ε2} + C^h_{ε2} ≤ C^h_{ε2} ,

for both φ := ∂_xv and φ := ∂_tv, because h ≥ Cε^3. Here φ(y, s) indicates the limit value of φ(y, δt + (1 − δ)s) as δ ↓ 0. Consequently,

‖v^n − Π_hv^n‖_L∞_{(K)} ≤ Ch‖∂_xv‖_L∞_{(K}n_) ≤ C^{h2}_{ε2} , ‖∂v^n − Π_h∂v^n‖_L1_{(K)} ≤ 2|K|‖∂_tv‖_L∞_{(K}n_) ≤ C|K|^h_{ε2} , ‖∇Π_h∂v^n‖_L∞_{(K)} ≤^C_h ‖∂_tv‖_L∞_{(K}n_) ≤^C_{ε2} .

Adding the second estimate over K, and exploiting the fact that the resulting strip has measure O(h), yields the desired estimates, thereby concluding the proof. �

6. Fully discrete barriers We now construct fully discrete supersolutions V^+_{ε,h,τ} and Ṽ^+_{ε,h,τ} to (2.5) and (2.7), respectively. Let u^+ be the solution to (2.1) with perturbed forcing term g + α and initial datum γ(d_0/ε), and let ṽ^+ be the supersolution defined in (4.6). Let V^+_{ε,h,τ} and Ṽ^+_{ε,h,τ} be defined as follows

(6.1) V^+_{ε,h,τ} := H_{h,τ} (u^+) + Λ ξ(ε, h, τ ), Ṽ^+_{ε,h,τ} := H_{h,τ} (ṽ^+) + Λ ξ̃(ε, h, τ ),

with Λ ≥ 1 to be chosen later. The expressions

ξ(ε, h, τ ) := ‖u^+ − H_{h,τ} (u^+)‖_L∞_{(Q)} ≤ C^h_ε | log h|^3| log ε|, ξ̃(ε, h, τ ) := ‖ṽ^+ − H_{h,τ} (ṽ^+)‖_{L∞ (Q)} ≤ C^{h2}_{ε2} | log h|^3,

valid for τ ≤ C^∗h^2 of order h^2, result from Corollaries 5.1 and 5.2.

Lemma 6.1. If Λ is sufficiently large and α ≥ 8Λξ/πε, then V^+_{ε,h,τ} is a supersolution of (2.5), namely V^+_{ε,h,τ} ≥ −1 and, for all nodes x_i such that V^{+,n}_{ε,h,τ} (x_i) < 1, (6.2) ε⟨∂V^{+,n}_{ε,h,τ} , ϕ_i⟩_h + ε⟨∇V^{+,n−1}_{ε,h,τ} , ∇ϕ_i⟩ −^1_ε ⟨V^{+,n−1}_{ε,h,τ} , ϕ_i⟩_h ≥^π_4 ⟨g^n, ϕ_i⟩_h. Proof. Since no confusion is possible we set u = u^+, V = V^+_{ε,h,τ} , H = H_{h,τ} (u), and ξ = ξ(ε, h, τ ). In view of Corollary 5.1 and (6.1), we see that, for all (x, t) ∈ Q, (6.3) −1 ≤ u ≤ H + ξ = V − (Λ − 1)ξ ≤ V ∀ Λ ≥ 1. If V^n_i < 1, there exists μ^n_i < 1 such that u(x, t) ≤ μ^n_i for all (x, t) ∈ Ω^n_i . In fact, for Λ sufficiently large, (6.3) and Lemma 4.1 yield u(x, t) = u(x_i, t_n)+ ( u(x, t_n)−u(x_i, t_n) ) + ( u(x, t))−u(x, t_n) ) < 1−(Λ−1−C)ξ < 1. Taking φ = u + (1 − μ^n_i )ϕ_i ∈ K in (2.1), with g replaced by g + α, leads to ε⟨∂_tu, ϕ_i⟩ + ε⟨∇u, ∇ϕ_i⟩ −^1_ε ⟨u, ϕ_i⟩ ≥^π_4 ⟨g + α, ϕ_i⟩ for a.e. t_{n−1} < t < t_n, whence, integrating on (t_{n−1}, t_n) and making use of (5.5) with y = u − 1, we get ε⟨∂H^n, ϕ_i⟩_h + ε⟨∇H^{n−1}, ∇ϕ_i⟩ ≥^1_ε ⟨ū^n, ϕ_i⟩ +^π_4 ⟨ḡ^n + α, ϕ_i⟩. Applying Corollary 5.1, (2.3) for p = 1, and Lemma 4.1 we find that ε⟨∂V^n, ϕ_i⟩_h + ε⟨∇V^{n−1}, ∇ϕ_i⟩ −^1_ε ⟨V^{n−1}, ϕ_i⟩_h −^π_4 ⟨g^n, ϕ_i⟩_h ≥^1_ε ⟨ū^n − V^{n−1}, ϕ_i⟩_h +^1_ε ( ⟨Π_hū^n, ϕ_i⟩ − ⟨Π_hū^n, ϕ_i⟩_h ) +^1_ε ⟨ū^n − Π_hū^n, ϕ_i⟩ +^π_4 ( ⟨Π_hg^n, ϕ_i⟩ − ⟨Π_hg^n, ϕ_i⟩_h ) +^π_4 ⟨ḡ^n − g^n, ϕ_i⟩ +^π_4 ⟨g^n − Π_hg^n, ϕ_i⟩ +^π_4 ⟨α, ϕ_i⟩ ≥ ⟨−(Λ + 2)^ξ_ε − C(^h_{ε2} | log ε| + h + τ ) +^π_4 α, ϕ_i⟩ ≥ ⟨−2Λ^ξ_ε +^π_4 α, ϕ_i⟩ ≥ 0, provided α ≥ 8Λξ/πε = Chε^{−2}| log h|^3| log ε|. This implies the assertion. � Lemma 6.2. Let Σ^+(t) be smooth for 0 ≤ t ≤ T . If Λ ≫ 1, α ≥ 8Λξ̃/πε, and h ≥ Cε^3, then Ṽ^+_{ε,h,τ} is a supersolution of (2.7), that is Ṽ^+_{ε,h,τ} ≥ −1 and, for all nodes x_i such that Ṽ^{+,n}_{ε,h,τ} (x_i) < 1, (6.4) ε⟨∂Ṽ^{+,n}_{ε,h,τ} , ϕ_i⟩_h + ε⟨∇Ṽ^{+,n−1}_{ε,h,τ} , ∇ϕ_i⟩ −^1_ε ⟨Ṽ^{+,n−1}_{ε,h,τ} , ϕ_i⟩ ≥^π_4 ⟨g^n, ϕ_i⟩_h. Proof. We set v = ṽ^+ and V = Ṽ^+_{ε,h,τ} and argue as in Lemma 6.1. We claim that if V^n_i < 1, then v(x, t) < 1 for all points (x, t) ∈ Ω^n_i . To see this, assume by contradiction that Ω^n_i intersects ∂T_ε and let (y, s) ∈ Ω^n_i ∩ ∂T_ε be a closest point to (x_i, t_n) where v(y, s) = 1. From (5.7) we thus have |∂_tv|, |∂_xv| ≤ Chε^{−2} in Ω^n_i and v(x_i, t_n) = v(y, s) + ( v(y, t_n) − v(y, s) ) + ( v(x_i, t_n) − v(y, t_n) ) ≥ 1 − C^h_{ε2} (τ + h), which contradicts v(x_i, t_n) < 1 − (Λ − 1)ξ̃ for Λ sufficiently large. The rest of the proof is the same as that of Lemma 6.1, with the only difference that the quadrature error hε^{−2}| log ε| for the potential is no longer present. �

We denote by U_{ε,h,τ} the continuous piecewise linear function in space and time determined from the discrete solution {U^n}^N_{n=0} of (2.5) or (2.7) by U_{ε,h,τ} (·, t) :=^{t−tn−1}_τ U^n(·) +^{tn−t}_τ U^{n−1}(·) ∀ t_{n−1} < t ≤ t_n, 1 ≤ n ≤ N.

Lemma 6.3. Under the assumptions of Lemma 6.1 (resp. Lemma 6.2) there holds U_{ε,h,τ} ≤ V^+_{ε,h,τ} (resp. U_{ε,h,τ} ≤ Ṽ^+_{ε,h,τ} ) in Q. Proof. For simplicity we set U = U_{ε,h,τ} and V = V^+_{ε,h,τ} . The first inequality is certainly true on ∂Ω, where V^n = 1 + Λξ, and for n = 0, because V^0 = U^0 + Λξ. We assume U^{n−1} ≤ V^{n−1} and argue by induction. If U^n_i = −1 or V^n_i = 1, then obviously U^n_i ≤ V^n_i . Instead, if U^n_i > −1 and V^n_i < 1, then from (2.5) we obtain (6.5) ε⟨∂U^n, ϕ_i⟩_h + ε⟨∇U^{n−1}, ∇ϕ_i⟩ −^1_ε ⟨U^{n−1}, ϕ_i⟩_h ≤^π_4 ⟨g^n, ϕ_i⟩_h, along with (6.2). Subtracting (6.2) from (6.5), and reordering, we get ⟨∂(U^n − V^n), ϕ_i⟩_h + ⟨∇(U^{n−1} − V^{n−1}), ∇ϕ_i⟩ ≤^1_{ε2} ⟨U^{n−1} − V^{n−1}, ϕ_i⟩_h ≤ 0. On invoking Lemma 5.1 we thus deduce U^n ≤ V^n, as desired. Since numerical integration on the potentail plays no role in this argument, the result for Ṽ^+_{ε,h,τ} follows from Ṽ^+_{ε,h,τ} (·, 0) ≥ U^0(·) + Λξ̃ and the use of (2.7) and (6.4). �

The fully discrete subsolutions V^−_{ε,h,τ} ≤ U_{ε,h,τ} and Ṽ^−_{ε,h,τ} ≤ U_{ε,h,τ} are defined as V^−_{ε,h,τ} := H_{h,τ} (u^−) − Λ ξ(ε, h, τ ), Ṽ^−_{ε,h,τ} := H_{h,τ} (ṽ^−) − Λ ξ̃(ε, h, τ ). 7. Error analysis past singularities Let Σ_{ε,h,τ} indicate the discrete interface and T_{ε,h,τ} the discrete transition region (or noncoincidence set) Σ_{ε,h,τ} (t) := {x ∈ Ω : U_{ε,h,τ} (x, t) = 0}, T_{ε,h,τ} (t) := { x ∈ Ω : |U_{ε,h,τ} (x, t)| < 1 } . Let thick(T_{ε,h,τ} (t); x, n) denote the thickness of T_{ε,h,τ} (t) in the direction n across x ∈ T_{ε,h,τ} (t). In this section we establish that both Σ_{ε,h,τ} (t) and T_{ε,h,τ} (t) converge to Σ(t) as ε, h, τ ↓ 0, provided Σ(t) does not develops interior. We also prove interface and layer thickness estimates for both regular and type I singular points. Corollary 7.1 (convergence past singularities). Let h = o(ε^2| log ε|^{−4}) and τ ≤ C^∗h^2 be of order h^2. Let x ∈ I(t) (resp. O(t)). There exists ε^∗ depending on (x, t) such that U_{ε,h,τ} (x, t) = −1 (resp. U_{ε,h,τ} (x, t) = 1) ∀ ε ≤ ε^∗. Proof. If x ∈ I(t), then w(x, t) < 0. If also α = o(1), then w^+(x, t) < 0 because of the continuous dependence of viscosity solutions with respect to perturbations of data. Since w^+ is continuous, there exists r > 0 such that w^+(y, s) < 0 ∀ |y − x|, |t − s|^{1/2} < r; this parabolic ball is denoted by B_r(x, t). We recall that d^+(y, s) stands for dist(y, ∂{w^+(·, s) < 0}) and coincides with the signed distance to Σ^+(s), provided

Σ^+(s) does not develop interior. We infer that d^+(y, s) < 0, and from Lemma 4.2 and properties of Γ^+ that

−1 ≤ u^+(y, s) ≤ v^+(y, s) = Γ^+

(_d+_{(y,s)} ε −^π_2 ; y, s ) = −1 ∀ (y, s) ∈ B_r(x, t). If α = 8Λξ/πε = o(1) for Λ large, Lemma 6.3 and Corollary 5.1 yield

U_{ε,h,τ} ≤ V^+_{ε,h,τ} ≤ u^+ + (Λ + 1)ξ ≤ −1 + C^h_ε | log h|^3| log ε| ≤ −^1_2

in B_r(x, t). If U_{ε,h,τ} (x, t) > −1, then Lemma 5.2 yields U_{ε,h,τ} (y, s) > −1 + Cr^2ε^{−2} for some (y, s) ∈ B_r(x, t). We arrive at a contradiction on choosing h and ε satisfying r ≥ R(hε)^{1/2}| log h|^{3/2}| log ε|^{1/2} for R large. This shows that U_{ε,h,τ} (x, t) = −1, provided h = o(ε^2| log ε|^{−4}). �

Corollary 7.1 shows convergence of Σ_ε(t) to Σ(t) whenever the latter does not develop interior. Without further assumptions on the flow, convergence of interfaces is the best we can expect. The next two improvements rely on the precise behavior of w(y, s) in a vicinity of (x, t) ∈ Σ.

Corollary 7.2 (error estimates for regular points). Let h = O(ε^3| log ε|^{−4}) and τ ≤ C^∗h^2 be of order h^2. Let Σ^♯ be a compact subset of Σ^∗. There exists ε^∗ depending on the smallest value of |∇w| in Σ^♯ but not on (x, t) such that

dist ( x, Σ_{ε,h,τ} (t) ) , thick ( T_{ε,h,τ} (t); x,^{∇w(x,t)} |∇w(x,t)| ) ≤^C_{|∇w(x,t)|} ε ∀ (x, t) ∈ Σ^♯, ε ≤ ε^∗.

Proof. We simply use the fact that w is C^1 and expand it in the direction n := ∇w(x, t)/|∇w(x, t)| to obtain w(x − δn, t) = w(x, t) − δ∇w(x, t) · n + o(δ) ≤ −^1_2 δ|∇w(x, t))| ∀ 0 < δ ≪ 1, because w(x, t) = 0. We take α = Cε ≥ 8Λξ/πε with C ≥ 1 and use (3.8) to get w^+(x − δn, t) ≤ w(x − δn, t) + CGε ≤ −^1_2 δ|∇w(x, t)| + CGε = −ε, provided δ = 2(CG+1)ε/|∇w(x, t)| ≤ 2(CG+1)ε/W , where W is a lower bound for |∇w| in Σ^♯. With the aid of (3.6), we see that w^+ < 0 in B_r(x−δn, t) for all r ≤ Cε. We then make use of Lemma 5.2, as in Corollary 7.1, to prove U_{ε,h,τ} (x−δn, t) = −1. This yields the assertion. �

We infer that both the distance between x and Σ_{ε,h,τ} (t) and the local thickness of T_{ε,h,τ} (t) are O(ε) for regular points. The local structure of the double obstacle formulation (2.1) is thus retained by the fully discrete problem (2.5), a key computational goal. The occurrence of singularities, and related loss of error control, does not affect this linear rate of convergence, which happens to be valid irrespective of whether (x, t) lies before or in between singularities. This assertion is rather unexpected but in the same spirit of (3.9).

Corollary 7.3 (error estimates for type I singular points). Let h = O(ε^3| log ε|^{−4}) and τ ≤ C^∗h^2 be of order h^2. Let x ∈ Σ(t) satisfy (3.4) with β, λ > 0. There exists ε^∗ depending on (x, t) such that, for all ε ≤ ε^∗,

U_{ε,h,τ} (x + y, t ± s) = ±1 for all C^ε_β ≤ s ≤ C^{ε∗}_β , |y|^2 < C^β_λ s;

there exists |s| ≤ C^ε_β for which x ∈ Σ_{ε,h,τ} (t + s);

thick ( T_{ε,h,τ} (t); x, e_i ) ≤ C (_ε λ )_{1/2} for all 1 ≤ i ≤ k.

Proof. From (3.4) and (3.8) we can write for α = Cε and C ≥ 1 large, w^+(x + y, t − s) ≤ −βs + λ|y|^2 + o(s) + CGε ≤ −^β_4 s + CGε ≤ −ε, provided s ≥ 4(CG + 1)ε/β and |y|^2 ≤ βs/2λ. The argument continues as in Corollary 7.2 to derive U_{ε,h,τ} (x + y, t − s) = −1 and U_{ε,h,τ} (x + y, t + s) = 1. Since

w^−(x + y, t) ≥ w(x + y, t) − CGε = λ|y|^2 + o(|y|^2) − CGε ≥^λ_2 |y|^2 − CGε = ε,

for |y|^2 = 2(CG + 1)ε/λ, use Lemma 5.2 once more to get U_{ε,h,τ} (x + y, t) = 1. �

This result partially explains why it is feasible to approximate the time at which type I singularities occur, and in particular the extinction time. It also quantifies a smearing effect observed in practice in the vicinity of singularities, which gives rise to a much more diffuse transition layer. To enhance resolution we may think of reducing locally the size of ε, along with that of h and τ , which would then become space-time dependent. This simple idea turns out to be extremely successful computationally [24], [28], [29], [34], but the ensuing fully discrete method is yet to be studied.

8. Error analysis for smooth flow

In view of extra regularity of the continuous barriers ṽ^± of §4, not necessarily valid for general solutions of (2.1), refined results for the smooth regime can be derived. Let U_{ε,h,τ} be the discrete solution of scheme (2.7). We show that the Hausdorff distance between Σ(t) and Σ_{ε,h,τ} (t) is O(ε^2), which is a fully discrete version of the quadratic rate of convergence of [25]–[27].

Corollary 8.1 (quadratic estimates for smooth flow). Let h = O(ε^{5/2}| log ε|^{−2}) and τ ≤ C^∗h^2 be of order h^2. Let Σ(t) and Σ^±(t) be smooth for all t ∈ [0, T ]. There exists ε^∗ such that

dist_H ( Σ(t), Σ_{ε,h,τ} (t) ) ≤ Cε^2 ∀ t ∈ [0, T ], ε ≤ ε^∗. Proof. Given ε > 0, let α = ε^2 ≥ 8Λξ̃/πε, τ ≤ C^∗h^2 be of order h^2, and h ≥ Cε^3, be enforced for Lemmas 4.3 and 6.3 and Corollary 5.2 to hold. Given x ∈ Σ(t) and n := ∇d(x, t), by virtue of (3.12) we infer that

d^+(x − δn, t) ≤ d(x − δn, t) +^{2G}_W ε^2 ≤ −^1_2 δ +^{2G}_W ε^2 = −ε^2, provided δ = (2 + 4G/W )ε^2. In light of definitions (4.2) and (4.6), and property ∂_xΓ^±(0; x, t) > 1/2, we deduce that ṽ^+(x − δn, t) = Γ^± (_d+_{(x−δn,t)} ε ; x − δn, t) ≤ −^ε_4 .

Invoking Corollary 5.2 and Lemma 6.3 we obtain the asymptotic relation U_{ε,h,τ} (x − δn, t) ≤ Ṽ^+_{ε,h,τ} (x − δn, t) ≤ −^ε_4 + C^{h2}_{ε2} | log h|^3 < 0.

The assertion is thus proven because δ = O(ε^2). � 9. Proof of Theorems 5.1 and 5.2 Both Theorems 5.1 and 5.2 are based on a parabolic duality argument [14], [23], [36]; see (9.11) below. It is worth stressing that all proofs below apply, and in fact are even simpler, for implicit time-stepping. Therefore Theorems 5.1 and 5.2 are also valid in such a case.

We start by recalling an interpolation estimate valid for s = 1 and 2 < r ≤ ∞ or s = 2 and 1 ≤ r ≤ ∞ [11, p.122], [5, p.104] (9.1) ‖φ − Π_hφ‖_Lr_{(Ω)} + h‖∇(φ − Π_hφ)‖_Lr_{(Ω)} ≤ Ch^s|φ|_W s_{r (Ω)}. Let R_h be the H^1_0 (Ω) projection onto V_h(0), namely (9.2) φ ∈ H^1_0 (Ω), R_hφ ∈ V_h(0) : ⟨∇(R_hφ − φ), ∇χ⟩ = 0 ∀ χ ∈ V_h(0). The following quasi-optimal pointwise error estimate is valid for R_h [37] (9.3) ‖φ − R_hφ‖_L∞_{(Ω)} ≤ C| log h|‖φ − Π_hφ‖_L∞_{(Ω)}.

With the notation ρ^n := Y^n − R_hȳ^{n+1}, η^n := y^n − R_hȳ^{n+1}, and the by-product of (9.3) and (9.1) for r = ∞ and s = 1, 2, respectively,

(9.4) ‖η^n‖_L∞_{(Ω)} ≤ C { ( h + τ^{1/2} ) | log h|‖y‖_C0,1;0,1/2_(¯_{Q)} ( h^2 + τ ) | log h|‖y‖_C1,1;0,1_(¯_{Q)}, we realize that it only remains to estimate the error ρ^n. We use weighted L^2-based estimates as an intermediate step in deriving pointwise bounds. Nitsche’s weight function for a generic x_0 ∈ Ω reads [5], [11], [22] (9.5) σ(x) := ( |x − x_0|^2 + h^2 )_{1/2} ∀ x ∈ Ω, and satisfies, independently of x_0,

(9.6) ∫ Ω σ^{−s}(x)dx ≤^C_{s−2} h^{2−s} as s ↓ 2, ∫ Ω σ^{−2}(x)dx ≤ C| log h|, |D^sσ^2(x)| ≤ 2σ^{2−s}(x) ∀ x ∈ Ω, s = 1, 2, max_K σ ≤ C min_K σ ∀ K ∈ D_h.

This, together with the elementwise inverse inequality ‖χ‖_L∞_{(K)} ≤ Ch^{−1}‖χ‖_L2_{(K)} for all χ ∈ V_h, yields the weighted inverse estimate ‖σ^s∇χ‖_L2_{(Ω)} ≤ Ch^{−1}‖σ^sχ‖_L2_{(Ω)} for s ∈ R, links weighted and maximum norms [5], [11], [22]

‖σ^{−1}φ‖_L2_{(Ω)} ≤ C| log h|^{1/2}‖φ‖_L∞_{(Ω)} ∀ φ ∈ L^∞(Ω),

(9.7) ‖χ‖_L∞_{(Ω)} = |χ(x_0)| ≤ C‖σ^{−1}χ‖_L2_{(Ω)} ∀ χ ∈ V_h,

(9.8)

and provides the equivalence of discrete and continuous weighted norms

(9.9) ‖σ^sχ‖_L2_{(Ω)} ≤ ‖σ^sχ‖_h ≤ C‖σ^sχ‖_L2_{(Ω)} ∀ χ ∈ V_h, |s| = 1.

In view of (9.2) we are able to rewrite (5.5) as an equation for ρ^n ∈ V_h(0),

(9.10) ⟨ρ^n − ρ^{n−1}, χ⟩_h + τ ⟨∇ρ^{n−1}, ∇χ⟩ = ⟨η^n − η^{n−1}, χ⟩_h + ( ⟨y^n − y^{n−1}, χ⟩ − ⟨y^n − y^{n−1}, χ⟩_h ) ∀ χ ∈ V_h(0). This error equation suggests considering the following (backward and explicit) dual discrete parabolic problem with mass lumping and terminal datum Z^m := ζ ∈ V_h(0) for 1 ≤ m ≤ N [14], [23]: for any m ≥ n ≥ 1 find Z^{n−1} ∈ V_h(0) satisfying (9.11) ⟨Z^{n−1} − Z^n, χ⟩_h + τ ⟨∇Z^n, ∇χ⟩ = 0 ∀ χ ∈ V_h(0). 9.1. Proof of Theorem 5.1. We take χ = Z^n ∈ V_h(0) in (9.10), sum by parts from n = 1 to n = m, and use (9.11) and the fact that ρ^n ∈ V_h(0), to arrive at

(9.12)

⟨ρ^m, ζ⟩_h = ⟨η^m, ζ⟩_h + ( ⟨y^m, ζ⟩ − ⟨y^m, ζ⟩_h ) + ⟨Y^0 − y^0, Z^0⟩_h − ( ⟨y^0, Z^0⟩ − ⟨y^0, Z^0⟩_h )

+ m∑ n=1 ⟨η^{n−1}, Z^{n−1} − Z^n⟩_h

+ m∑ n=1 ( ⟨y^{n−1}, Z^{n−1} − Z^n⟩ − ⟨y^{n−1}, Z^{n−1} − Z^n⟩_h ) .

In order to get an L^∞ bound for ρ^m we thus choose

ζ := Π_h(σ^{−2}ρ^m)

in (9.12) and examine each resulting contribution separately. First, (9.9) yields

⟨ρ^m, ζ⟩_h = ‖σ^{−1}ρ^m‖^2_h ≥ ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}.

Noting that ‖σζ‖_h = ‖σ^{−1}ρ^m‖_h, in light of (9.4), (9.7) for ‖ · ‖_h, and (9.9) we get

⟨η^m, ζ⟩_h ≤^C_δ ‖σ^{−1}η^m‖^2_h + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)} ≤^C_δ (h^2 + τ )| log h|^3‖y‖^2_{C0,1;0,1/2(Q̄)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}, for δ > 0 to be selected. For the next term in (9.12) we add and subtract ⟨Π_hy^m, ζ⟩. In view of (9.7), (9.9), and (9.1) for r = ∞ and s = 1, we obtain

⟨y^m − Π_hy^m, ζ⟩ ≤^C_δ ‖σ^{−1}(y^m − Π_hy^m)‖^2_L2_{(Ω)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)} ≤^C_δ h^2| log h|‖∂_xy‖^2_L∞_{(Q)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}, and, by virtue of ‖∇Π_hφ‖_L∞_{(Ω)} ≤ ‖∇φ‖_L∞_{(Ω)} and (2.3) for p = 2, ⟨Π_hy^m, ζ⟩ − ⟨Π_hy^m, ζ⟩_h ≤ Ch‖σ^{−1}∇Π_hy^m‖_L2_{(Ω)}‖σ^{−1}ρ^m‖_L2_{(Ω)} ≤^C_δ h^2| log h|‖∂_xy‖^2_L∞_{(Q)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}.

A similar argument can be used to bound the terms involving y^0 and Y^0, except that now we get the factor δ‖σZ^0‖^2_{L2(Ω)} instead of δ‖σ^{−1}ρ^m‖^2_{L2(Ω)}, together with C δ h^2| log h|^2‖∇y^0‖^2_L∞_{(Ω)}.

This, combined with the next two terms in (9.12), shows the need of a priori bounds for Z^0, Z^n − Z^{n−1}, and ∇(Z^n − Z^{n−1}) in weighted L^2-based norms. In this regard we enunciate the following key results, that extend those in [14; (5.3),(5.4)] and [36] to forward differences with quadrature.

Lemma 9.1. There exist constants C, C^∗ independent of 1 ≤ m ≤ N such that, if τ ≤ C^∗h^2 is of order h^2, then

‖σZ^0‖^2_L2_{(Ω)} + max_{1≤n≤m} t_{m−n+1}‖σ∇Z^n‖^2_L2_{(Ω)} + τ^{−1} m∑ n=1 t_{m−n+1}‖σ(Z^n − Z^{n−1})‖^2_L2_{(Ω)}

+ m∑ n=1 t_{m−n+1}‖σ∇(Z^n − Z^{n−1})‖^2_L2_{(Ω)} ≤ C| log h|^2‖σζ‖^2_L2_{(Ω)}.

We postpone the proof of this lemma until §9.3 and instead finish the previous argument. In light of (9.4), (9.7) for ‖ · ‖_h, and (9.9) we can write m∑ n=1 ⟨η^{n−1}, Z^{n−1} − Z^n⟩_h ≤ C ( τ m∑ n=1 t^{−1}_{m−n+1}‖σ^{−1}η^{n−1}‖^2_h )_{1/2}

× ( τ^{−1} m∑ n=1 t_{m−n+1}‖σ(Z^n − Z^{n−1})‖^2_L2_{(Ω)} )_{1/2}

≤^C_δ (h^2 +τ )| log h|^5| log τ |‖y‖^2_{C0,1;0,1/2(Q̄)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}, because τ ∑_m n=1 t^{−1}_{m−n+1} ≤ C| log τ |. We finally add and subtract ⟨Π_hy^{n−1}, Z^{n−1} − Z^n⟩ to last term in (9.12). Then use (9.7) and (9.1) for r = ∞ and s = 1, to get m∑ n=1 ⟨y^{n−1} − Π_hy^{n−1}, Z^{n−1} − Z^n⟩ ≤ ( τ m∑ n=1 t^{−1}_{m−n+1}‖σ^{−1}(y^{n−1} − Π_hy^{n−1})‖^2_L2_{(Ω)} )_{1/2}

× ( τ^{−1} m∑ n=1 t_{m−n+1}‖σ(Z^{n−1} − Z^n)‖^2_L2_{(Ω)} )_{1/2}

≤^C_δ h^2| log h|^3| log τ |‖∂_xy‖^2_L∞_{(Q)}+ δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}, and, in conjunction with the first bound in (2.3), to arrive at m∑ n=1 ( ⟨Π_hy^{n−1}, Z^{n−1} − Z^n⟩ − ⟨Π_hy^{n−1}, Z^{n−1} − Z^n⟩_h )

≤ Ch^2 m∑ n=1 ‖σ^{−1}∇Π_hy^{n−1}‖_L2_{(Ω)}‖σ∇(Z^n − Z^{n−1})‖_L2_{(Ω)}

≤ C^{h2}_{τ 1/2} | log h|^{1/2} ( τ m∑ n=1 t^{−1}_{m−n+1}‖∇y^{n−1}‖^2_L∞_{(Ω)} )_{1/2}

× (^m∑ n=1 t_{m−n+1}‖σ∇(Z^n − Z^{n−1})‖^2_L2_{(Ω)} )_{1/2}

≤^C_δ^{h4}_τ | log h|^3| log τ |‖∂_xy‖^2_L∞_{(Q)} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}.

Inserting the above estimates back into (9.12) and choosing δ appropriately, we readily obtain the key estimate

‖σ^{−1}ρ^m‖^2_L2_{(Ω)} ≤ C ( h^2 + τ +^{h4}_τ ) | log h|^5| log τ |‖y‖^2_{C0,1;0,1/2(Q̄)}.

To complete the proof, we note that, for all t_{m−1} < t ≤ t_m, 1 ≤ m ≤ N, y(·, t) − H^0_{h,τ} (y; ·, t) =^{t−tm−1}_τ ( y(·, t) − Y^m(·) ) +^{tm−t}_τ ( y(·, t) − Y^{m−1}(·) ) . Since ρ^m = Y^m − R_hȳ^{m+1} is piecewise linear, (9.8) yields

‖y(t) − Y^m‖_L∞_{(Ω)} ≤ ‖y(t) − R_hȳ^{m+1}‖_L∞_{(Ω)} + C‖σ^{−1}ρ^m‖_L2_{(Ω)},

for x_0 in (9.5) being the point at which ρ^m attains its maximum. We then resort to (9.4) to deduce

‖y(t) − R_hȳ^{m+1}‖_L∞_{(Ω)} ≤ C ( h + τ^{1/2} ) | log h|‖y‖_C0,1;0,1/2_(¯_{Q)},

whence ‖y(t) − Y^m‖_L∞_{(Ω)} ≤ C ( h + τ^{1/2} +^{h2}_{τ 1/2} ) | log h|^{5/2}| log τ |^{1/2}‖y‖_C0,1;0,1/2_(¯_{Q)}.

A similar estimate for ‖y(t)−Y^{m−1}‖_L∞_{(Ω)} completes the proof of Theorem 5.1. �

9.2. Proof of Theorem 5.2. We simply rewrite (9.12), this time without summation by parts for the last term in (9.10), that is

(9.13)

⟨ρ^m, ζ⟩_h = ⟨η^m, ζ⟩_h + ⟨Y^0 − y^0, Z^0⟩_h + m∑ n=1 ⟨η^{n−1}, Z^{n−1} − Z^n⟩_h

+ m∑ n=1 ( ⟨y^n − y^{n−1}, Z^n⟩ − ⟨y^n − y^{n−1}, Z^n⟩_h ) . The first three terms at the right hand side can be handled as in the proof of Theorem 5.1 with the only precaution of using full C^{1,1;0,1}(Q̄) regularity in the interpolation estimates (9.1) and (9.4). The remaining term, instead, requires an additional a priori bound, which will be shown in §9.4; see [36, p.284] for a semidiscrete version.

Lemma 9.2. There exist constants C, C^∗ independent of 1 ≤ m ≤ N such that, if τ ≤ C^∗h^2, then max 1≤n≤m t_{m−n+1}‖Z^n‖_L∞_{(Ω)} ≤ C| log h|^2‖σζ‖_L2_{(Ω)}.

We then add and subtract ⟨Π_h(y^n − y^{n−1}), Z^n⟩ from the last term in (9.13) and make use of (9.1), with r = 1 and s = 2, to deduce m∑ n=1 ⟨(y^n − y^{n−1}) − Π_h(y^n − y^{n−1}), Z^n⟩ ≤ ( max 1≤n≤m t_{m−n+1}‖Z^n‖_L∞_{(Ω)} )

× (^m∑ n=1 t^{−1}_{m−n+1}‖(y^n − y^{n−1}) − Π_h(y^n − y^{n−1})‖_L1_{(Ω)} )

≤^C_δ h^4| log h|^4| log τ |^2‖∂_t∂^2_xy‖^2_L∞_{(0,T ;L}1_{(Ω))} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}.

Using the first bound in (2.3), (9.7), and the second bound in Lemma 9.1, we get m∑ n=1 ( ⟨Π_h(y^n − y^{n−1}), Z^n⟩ − ⟨Π_h(y^n − y^{n−1}), Z^n⟩_h )

≤ Ch^2 m∑ n=1 ‖σ^{−1}∇Π_h(y^n − y^{n−1})‖_L2_{(Ω)}‖σ∇Z^n‖_L2_{(Ω)}

≤ Ch^2| log h|^{1/2} (^m∑ n=1 τ^{−1}‖∇(y^n − y^{n−1})‖^2_L∞_{(Ω)} )_{1/2}

× ( τ m∑ n=1 t^{−1}_{m−n+1} )_{1/2}( max 1≤n≤m t^{1/2}_{m−n+1}‖σ∇Z^n‖_L2_{(Ω)} )

≤^C_δ h^4| log h|^3| log τ |‖∂_t∂_xy‖^2_L2_{(0,T ;L}∞_{(Ω))} + δ‖σ^{−1}ρ^m‖^2_L2_{(Ω)}.

Replacing these estimates back into (9.13) and arguing as at the end of Theorem 5.1 yield the asserted estimate. � 9.3. Proof of Lemma 9.1. It will be convenient, but entirely equivalent, to deal with a dual problem with initial condition φ^0 := ζ ∈ V_h(0), instead of (9.11), (9.14) ⟨φ^n − φ^{n−1}, χ⟩_h + τ ⟨∇φ^{n−1}, ∇χ⟩ = 0 ∀ χ ∈ V_h(0). We prove various stability bounds for (9.14), which combined yield Lemma 9.1. Lemma 9.3. There exists C^∗ > 0 such that, if τ ≤ C^∗h^2, then m∑ n=1 τ ‖φ^n‖^2_L2_{(Ω)} ≤ C| log h|^2‖σζ‖^2_L2_{(Ω)}.

Proof. Add (9.14) over n, and set Φ^n = ∑_n k=0 φ^k, to obtain ⟨φ^n − ζ, χ⟩_h + τ ⟨∇Φ^n, ∇χ⟩ = τ ⟨∇φ^n, ∇χ⟩.

Take χ = τ φ^n ∈ V_h(0) as a test function and add again over n. Then (2.2) yields

(9.15) τ m∑ n=1 ‖φ^n‖^2_L2_{(Ω)} + τ^2 m∑ n=1 ⟨∇Φ^n, ∇(Φ^n − Φ^{n−1})⟩

≤ τ^2 m∑ n=1 ‖∇φ^n‖^2_L2_{(Ω)} + τ ⟨ζ, Φ^m⟩_h.

Since 2a · (a − b) = |a|^2 − |b|^2 + |a − b|^2 for all a, b ∈ R^2, the second term in (9.15) telescopes and thus gives rise to τ^2 m∑ n=1 ⟨∇Φ^n, ∇(Φ^n −Φ^{n−1})⟩ =^{τ 2}_2 ‖∇Φ^m‖^2_L2_{(Ω)} −^{τ 2}_2 ‖∇ζ‖^2_L2_{(Ω)} +^{τ 2}_2 m∑ n=1 ‖∇φ^n‖^2_L2_{(Ω)}.

For the first term on the right hand side of (9.15), use an inverse inequality to get τ^2 m∑ n=1 ‖∇φ^n‖^2_L2_{(Ω)} ≤ δτ m∑ n=1 ‖φ^n‖^2_L2_{(Ω)},

for δ = Cτ h^{−2}. This term can be absorbed into the left hand side of (9.15) provided δ < 1. We are thus left with the following two terms to be bounded τ^2‖∇ζ‖^2_L2_{(Ω)}, τ ⟨ζ, Φ^m⟩_h.

Using (9.5) together with an inverse inequality, we get (9.16) ‖ζ‖_L2_{(Ω)} ≤ h^{−1}‖σζ‖_L2_{(Ω)}, ‖∇ζ‖_L2_{(Ω)} ≤ Ch^{−2}‖σζ‖_L2_{(Ω)}. On the other hand, since (2.2) yields

τ ⟨ζ, Φ^m⟩_h ≤^1_{2δ} | log h|^2‖σζ‖^2_L2_{(Ω)} + δτ^2| log h|^{−2}‖σ^{−1}Φ^m‖^2_L2_{(Ω)}, it only remains to estimate the rightmost term. We resort to Hölder inequality with p large and Sobolev inequality in 2D [19, p.158], which combine with (9.6) to yield ‖σ^{−1}Φ^m‖_L2_{(Ω)} ≤ ‖σ^{−1}‖_L2p/(p−2)_{(Ω)}‖Φ^m‖_Lp_{(Ω)} ≤ Cph^{−2/p}‖∇Φ^m‖_L2_{(Ω)}.

On choosing p = | log h| we readily obtain the desired bound, because ‖∇Φ^m‖_L2_{(Ω)} can be hidden into the left hand side of (9.15) for δ small. � Lemma 9.4. There exists C^∗ > 0 such that, if τ ≤ C^∗h^2, then max 0≤n≤m t_{n+1}‖φ^n‖^2_L2_{(Ω)} + m∑ n=1 t_n‖φ^n − φ^{n−1}‖^2_L2_{(Ω)}

+ τ m∑ n=1 t_n‖∇φ^n‖^2_L2_{(Ω)} ≤ C| log h|^2‖σζ‖^2_L2_{(Ω)}.

Proof. Take χ = t_nφ^n ∈ V_h(0) in (9.14) and add over n. For 1 ≤ k ≤ m, we get

2 k∑ n=1 t_n⟨φ^n − φ^{n−1}, φ^n⟩_h = k∑ n=1 t_n⟨φ^n − φ^{n−1}, (φ^n + φ^{n−1}) + (φ^n − φ^{n−1})⟩_h

= t_{k+1}‖φ^k‖^2_h + k∑ n=1 t_n‖φ^n − φ^{n−1}‖^2_h − k∑ n=0 τ ‖φ^n‖^2_h.

On the other hand, we can write ⟨∇φ^{n−1}, ∇φ^n⟩ = ⟨∇φ^n, ∇φ^n⟩ + ⟨∇(φ^{n−1} − φ^n), ∇φ^n⟩ and, using an inverse inequality, we see that ⟨∇(φ^{n−1} − φ^n), ∇φ^n⟩ ≥ −^C_h ‖φ^n − φ^{n−1}‖_L2_{(Ω)}‖∇φ^n‖_L2_{(Ω)}.

Then 2τ k∑ n=1 t_n⟨∇φ^{n−1}, ∇φ^n⟩ ≥ τ k∑ n=1 t_n‖∇φ^n‖^2_L2_{(Ω)} − C^τ_{h2} k∑ n=1 t_n‖φ^n − φ^{n−1}‖^2_L2_{(Ω)}.

Combining the previous inequalities with (2.2) yields

t_{k+1}‖φ^k‖^2_L2_{(Ω)} + ( 1 − C^τ_{h2} )^k∑ n=1 t_n‖φ^n − φ^{n−1}‖^2_L2_{(Ω)} + τ k∑ n=1 t_n‖∇φ^n‖^2_L2_{(Ω)}

≤ C k∑ n=0 τ ‖φ^n‖^2_L2_{(Ω)},

and the asserted estimate follows from Lemma 9.3 and (9.16), for τ ≤ C^∗h^2. � Lemma 9.5. There exists C^∗ > 0 such that, if τ ≤ C^∗h^2, then max 0≤n≤m ‖σφ^n‖^2_L2_{(Ω)} + m∑ n=1 ‖σ(φ^n − φ^{n−1})‖^2_L2_{(Ω)}

+ τ m∑ n=1 ‖σ∇φ^n‖^2_L2_{(Ω)} ≤ C| log h|^2‖σζ‖^2_L2_{(Ω)}.

Proof. Take χ = Π_h(σ^2φ^n) ∈ V_h(0) in (9.14) and add over n. For k ≤ m, we get

2 k∑ n=1 ⟨φ^n − φ^{n−1}, σ^2φ^n⟩_h = ‖σφ^k‖^2_h − ‖σζ‖^2_h + k∑ n=1 ‖σ(φ^n − φ^{n−1})‖^2_h.

We next split ⟨∇φ^{n−1}, ∇Π_h(σ^2φ^n)⟩ and bound each term separately. In view of (9.6) we have ⟨∇φ^n, ∇(σ^2φ^n)⟩ = ‖σ∇φ^n‖^2_L2_{(Ω)} + ⟨∇φ^n, φ^n∇σ^2⟩ ≥^1_2 ‖σ∇φ^n‖^2_L2_{(Ω)} − 2‖φ^n‖^2_L2_{(Ω)}, and, invoking an inverse inequality, we get ⟨∇(φ^{n−1}−φ^n), ∇(σ^2φ^n)⟩ ≥ −^C_{δh2} ‖σ(φ^n−φ^{n−1})‖^2_L2_{(Ω)} −δ‖σ∇φ^n‖^2_L2_{(Ω)} −‖φ^n‖^2_L2_{(Ω)}. Finally, using (9.1) for r = s = 2, it follows that

⟨∇φ^{n−1}, ∇Π_h(σ^2φ^n) − ∇(σ^2φ^n)⟩ ≥ −Ch‖∇φ^{n−1}‖_L2_{(Ω)} ( ‖φ^n‖_L2_{(Ω)} + ‖σ∇φ^n‖_L2_{(Ω)} ) ≥ −δ‖σ∇φ^n‖^2_L2_{(Ω)} −^C_δ h^2‖∇φ^{n−1}‖^2_L2_{(Ω)} − ‖φ^n‖^2_L2_{(Ω)}.

Collecting the previous bounds, and using an inverse inequality and (9.9), we get

‖σφ^k‖^2_L2_{(Ω)} + ( 1 − C^τ_{h2} )^k∑ n=1 ‖σ(φ^n − φ^{n−1})‖^2_L2_{(Ω)} +^1_2 k∑ n=1 ‖σ∇φ^n‖^2_L2_{(Ω)}

≤ C‖σζ‖^2_L2_{(Ω)} + Cτ ‖ζ‖^2_L2_{(Ω)} + C k∑ n=1 τ ‖φ^n‖^2_L2_{(Ω)},

for δ = 1/8. Assertion then follows from Lemma 9.3 and (9.16), for τ ≤ C^∗h^2. � We see that the estimate for σZ^0 in Lemma 9.1 follows from the first term in Lemma 9.5. To derive the remaining estimates, take χ = τ^{−1}t_nΠ_h(σ^2(φ^n−φ^{n−1})) ∈ V_h(0) as a test function in (9.14). Upon summation on n ≤ k ≤ m, we obtain τ^{−1} k∑ n=1 t_n‖σ(φ^n − φ^{n−1})‖^2_h + k∑ n=1 t_n⟨∇φ^{n−1}, ∇Π_h(σ^2(φ^n − φ^{n−1}))⟩ = 0.

We split the second term and estimate each part separately. In view of (9.6) we get k∑ n=1 t_n⟨∇φ^{n−1}, (φ^n − φ^{n−1})∇σ^2⟩ ≥ −^1_2 τ^{−1} k∑ n=1 t_n‖σ(φ^n − φ^{n−1})‖^2_L2_{(Ω)}

− 2τ k∑ n=1 t_n‖∇φ^{n−1}‖^2_L2_{(Ω)}.

Upon writing 2φ^{n−1} = (φ^n + φ^{n−1}) + (φ^{n−1} − φ^n), we infer that k∑ n=1 t_n⟨∇φ^{n−1}, σ^2∇(φ^n − φ^{n−1})⟩ =^1_2 t_{k+1}‖σ∇φ^k‖^2_L2_{(Ω)} −^1_2 k∑ n=0 τ ‖σ∇φ^n‖^2_L2_{(Ω)}

−^1_2 k∑ n=1 t_n‖σ∇(φ^n − φ^{n−1})‖^2_L2_{(Ω)}.

For the remaining term we resort to (9.1), for r = s = 2, to arrive at k∑ n=1 t_n⟨∇φ^{n−1},∇(Π_h − I)(σ^2(φ^n − φ^{n−1}))⟩ ≥ −Ch^2 k∑ n=1 t_n‖∇φ^{n−1}‖^2_L2_{(Ω)}

− k∑ n=1 t_n‖φ^n − φ^{n−1}‖^2_L2_{(Ω)} − k∑ n=1 t_n‖σ∇(φ^n − φ^{n−1})‖^2_L2_{(Ω)}.

Since ‖σ∇(φ^n − φ^{n−1})‖_L2_{(Ω)} ≤ Ch^{−1}‖σ(φ^n − φ^{n−1})‖_L2_{(Ω)}, collecting the previous bounds and making use of (9.9) yield ( 1 − C^τ_{h2} ) τ^{−1} k∑ n=1 t_n‖σ(φ^n − φ^{n−1})‖^2_L2_{(Ω)} + t_{k+1}‖σ∇φ^k‖^2_L2_{(Ω)}

≤ C(τ + h^2) k∑ n=1 t_n‖∇φ^{n−1}‖^2_L2_{(Ω)} + k∑ n=0 τ ‖σ∇φ^n‖^2_L2_{(Ω)}

+ 2 k∑ n=1 t_n‖φ^n −φ^{n−1}‖^2_L2_{(Ω)}.

By virtue of Lemmas 9.4 and 9.5 and (9.16) we get the bound for second and third terms in Lemma 9.1, provided τ ≤ C^∗h^2 is of order h^2. Its proof is thus complete. �

9.4. Proof of Lemma 9.2. We again deal with (9.14) instead of (9.11). We first note that multiplying (9.14) by t_n leads to the equation satisfied by ψ^n := t_{n+1}φ^n (9.17) ⟨ψ^n − ψ^{n−1}, χ⟩_h + τ ⟨∇ψ^{n−1}, ∇χ⟩ = τ ⟨φ^n, χ⟩_h ∀ χ ∈ V_h(0). For any 1 ≤ k ≤ m, we introduce a fully discrete fundamental solution {Ψ^n}^k_{n=0} as follows. Let x_i be an interior node of D_h, and let δ_i := 3ϕ_i/|suppϕ_i| ∈ V_h(0). Here ϕ_i is the corresponding basis function, and δ_i is a discrete Dirac function, because ⟨1, δ_i⟩_h = 1. Let Ψ^k := δ_i and Ψ^{n−1} ∈ V_h(0), for k ≥ n ≥ 1, be given by ⟨Ψ^{n−1} − Ψ^n, χ⟩_h + τ ⟨∇Ψ^n, ∇χ⟩ = 0 ∀ χ ∈ V_h(0). Taking χ = Ψ^n in (9.17), adding over n and summing by parts the first term yield

(9.18) t_{k+1}φ^k_i = ψ^k_i = ⟨ψ^k, δ_i⟩_h = ⟨ψ^k, Ψ^k⟩_h = τ k∑ n=0 ⟨φ^n, Ψ^n⟩_h. By virtue of Lemma 9.4 we have

t^{1/2}_{n+1}‖φ^n‖_L2_{(Ω)} ≤ C| log h|‖σζ‖_L2_{(Ω)} ∀ 0 ≤ n ≤ k.

Invoking again Lemma 9.4, this time applied to (9.14) with φ^0 := δ_i and x_0 = x_i in the definition (9.5) of σ =: σ_i, since σ_i is of order h in suppϕ_i, we infer that

t^{1/2}_{k−n+1}‖Ψ^n‖_L2_{(Ω)} ≤ C| log h|‖σ_iδ_i‖_L2_{(Ω)} ≤ C| log h| ∀ 0 ≤ n ≤ k.

Inserting the last two estimates into (9.18), from (2.2) we realize that

|t_{k+1}φ^k_i | ≤ C| log h|^2‖σζ‖_L2_{(Ω)}τ k∑ n=0 t^{−1/2}_{k−n+1}t^{−1/2}_{n+1} ≤ C| log h|^2‖σζ‖_L2_{(Ω)},

because τ ∑_k n=0 t^{−1/2}_{k−n+1}t^{−1/2}_{n+1} ≤ ∫_{tk+2} 0 (t_{k+2} − t)^{−1/2}t^{−1/2}dt ≤ C. Since x_i is arbitrary, this concludes the proof of Lemma 9.2. �

References

1. S. Altschuler, S. Angenent, and Y. Giga, Mean curvature flow through singularities for surfaces of rotation, J. Geom. Anal. (1991) (to appear).

2. S. Angenent, T. Ilmanen, and J. Velasquez, Nonuniqueness of motion by mean curvature in dimensions four through seven, in preparation.

3. G. Barles, H.-M. Soner, and P.E. Souganidis, Front propagation and phase field theory, SIAM J. Control Optim. 31 (1993), 439–469.

4. G. Bellettini and M. Paolini, Two examples of fattening for the curvature flow with a driving force, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. (9) Mat. Appl. 5 (1994), 229– 236.

5. S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, New York, 1994.

6. F. Brezzi and L.A. Caffarelli, Convergence of the discrete free boundaries for finite element approximations, RAIRO Modél. Math. Anal. Numér. 17 (1983), 385–395.

7. L.A. Caffarelli, Private communication.

8. Chen and V. Thomée, The lumped mass finite element method for a parabolic problem, J.

Austral. Math. Soc. B 26 (1985), 329–354.

9. X. Chen and C.M. Elliott, Asymptotics for a parabolic double obstacle problem, Proc. Roy.

Soc. London Ser. A 444 (1994), 429–445.

10. Y.G. Chen, Y. Giga, and S. Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow equation, J. Differential Geom. 33 (1991), 749–786.

11. P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.

12. P.G. Ciarlet and P.A. Raviart, Maximum principle and uniform convergence for the finite element method, Comput. Methods Appl. Mech. Engrg. 2 (1973), 17–31.

13. M.G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 1–67.

14. K. Eriksson and C. Johnson, Adaptive finite element methods for parabolic problems II: optimal error estimates in L1L2 and L1L1, SIAM J. Numer. Anal. 32 (1995), 706–740.

15. L.C. Evans, H.-M. Soner, and P.E. Souganidis, Phase transitions and generalized motion by mean curvature, Comm. Pure Appl. Math. 45 (1992), 1097–1123.

16. L.C. Evans and J. Spruck, Motion of level sets by mean curvature. I, J. Differential Geom.

33 (1991), 635–681.

17. Y. Giga and S. Goto, Geometric evolution of phase-boundaries, On the evolution of phase boundaries, (M.E. Gurtin and G.B. MacFadden, eds.), vol. IMA VMA 43, Springer-Verlag, New York, 1992, pp. 51–65.

18. Y. Giga, S. Goto, H. Ishii, and M.H. Sato, Comparison principle and convexity preserving properties for singular degenerate parabolic equations on unbounded domains, Indiana Univ. Math. J. 40 (1991), 443–470.

19. D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, Berlin, 1983.

20. G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential Geom. 31 (1990), 285–299.

21. T. Ilmanen, Generalized flow of sets by mean curvature on a manifold, Indiana Univ. Math.

J. 41 (1992), no. 3, 671–705.

22. J.A. Nitsche, L1-convergence of finite element approximations, Mathematical Aspects of Finite Element Methods, vol. LNM 606, Springer-Verlag, New York, 1977, pp. 261–274.

23. R.H. Nochetto, Error estimates for multidimensional singular parabolic problems, Japan J.

Appl. Math. 4 (1987), 111–138.

24. R.H. Nochetto, M. Paolini, S. Rovida, and C. Verdi, Variational approximation of the geometric motion of fronts, Motion by Mean Curvature and Related Topics (G. Buttazzo and A. Visintin, eds.), Gruyter, Berlin, 1994, pp. 124–149.

25. R.H. Nochetto, M. Paolini, and C. Verdi, Sharp error analysis for curvature dependent evolving fronts, Math. Models Methods Appl. Sci. 3 (1993), 771–723.

26. R.H. Nochetto, M. Paolini, and C. Verdi, Optimal interface error estimates for the mean curvature flow, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 21 (1994), 193–212.

27. R.H. Nochetto, M. Paolini, and C. Verdi, Quadratic rate of convergence for curvature dependent smooth interfaces: a simple proof, Appl. Math. Letters 7 (1994), 59–63.

28. R.H. Nochetto, M. Paolini, and C. Verdi, Double obstacle formulation with variable relaxation parameter for smooth geometric front evolutions: asymptotic interface error estimates, Asymptotic Anal. 10 (1995), 173–198.

29. R.H. Nochetto, M. Paolini, and C. Verdi, A dynamic mesh method for curvature dependent evolving interfaces, J. Comput. Phys., to appear.

30. R.H. Nochetto and C. Verdi, Convergence of double obstacle problems to the generalized geometric motion of fronts, SIAM J. Math. Anal. (to appear).

31. R.H. Nochetto and C. Verdi, Convergence past singularities for a fully discrete approximation of curvature driven interfaces, SIAM J. Numer. Anal. (to appear).

32. S. Osher and J.A. Sethian, Fronts propagating with curvature dependent speed: algorithms based on Hamilton-Jacobi formulations,, J. Comput. Phys. 79 (1988), 12–49.

33. C. Palencia, Maximum norm analysis of completely discrete finite element methods for parabolic problems, SIAM J. Numer. Anal. (to appear).

34. M. Paolini and C. Verdi, Asymptotic and numerical analyses of the mean curvature flow with a space-dependent relaxation parameter, Asymptotic Anal. 5 (1992), 553–574.

35. P.A. Raviart, The use of numerical integration in finite element methods for solving parabolic equations, Topics in Numerical Analysis (J.J.H. Miller ed.), Academic Press, London, 1973, pp. 233–264.

36. A.H. Schatz, V. Thomée, and L.B. Wahlbin, Maximum norm stability and error estimates in parabolic finite element equation, Comm. Pure Appl. Math. 23 (1980), 265–304.

37. A.H. Schatz and L.B. Wahlbin, On the quasi-optimality in L1 of the H10 -projection into finite element spaces, Math. Comp. 38 (1982), 1–22.

38. H.-M. Soner and P.E. Souganidis, Singularities and uniqueness of cylindrically symmetric surfaces moving by mean curvature, Comm. Partial Differential Equations 18 (1993), 859– 894.

Department of Mathematics and Institute for Physical Science and Technology, University of Maryland, College Park, MD 20742, USA.

E-mail address: rhn@math.umd.edu

Dipartimento di Matematica, Università di Milano, 20133 Milano, Italy. E-mail address: verdi@paola.mat.unimi.it