A P^1 − P^0 FINITE ELEMENT METHOD FOR A MODEL OF POLYMER CRYSTALLIZATION*

X. JIANG† R.H. NOCHETTO‡ and C. VERDI♯

Abstract. We consider a practical finite element approximation of a 3D model for the crystallization of polymers. The model is a system consisting of a parabolic PDE for the thermal balance coupled with several nonlinear ODEs for the crystallization kinetics. The isokinetic assumption implies a non-Lipschitz continuous dependence of the kinetic equations on the crystalline volume fraction. Piecewise linear elements are used for temperature and piecewise constants for the kinetic variables. The numerical algorithm is simple, easy to implement on a computer, and a linear system with the same symmetric positive definite matrix has to be solved per time step. We prove optimal linear L1L1 a priori error estimates in terms of both discretization parameters, using monotonicity and L1 techniques. A relevant simulation in 3D with axial symmetry shows qualitative agreement of the mathematical model with experimental results.

Key words. polymer crystallization, parabolic equations, finite elements, error estimates AMS subject classification. 80A22, 65M60, 65M15, 35K55, 35Q80.

1. Introduction. This paper examines a practical finite element method for a 3D model of crystallization of polymers, which was introduced in [4] and further studied in [5,17]. For 3-dimensional growth, the model couples the thermal balance equation (heat equation) with a system of non-Lipschitz ODEs for the crystallization kinetics, which models the growth of the crystalline phase in terms of (averaged) number and sizes of crystals.

Assuming that the polymer fills a (smooth) bounded domain Ω ⊂ R^3, and setting Ω_t∗ = Ω × (0, t^∗) for t^∗ > 0, the heat equation in Ω_t∗ takes the form (1.1) cρ∂_tT − kΔT = λρ∂_tχ, where T is the temperature, c the specific heat, ρ the density, and k the thermal conductivity. Moreover, λ is the latent heat of crystallization per unit of mass, and χ is the crystalline volume fraction, χ ∈ [0, 1]. The term λρ∂_tχ represents the heat released by the crystallization process. The system of ODEs for the crystallization kinetics in Ω_t∗ reads

∂_tχ = 4G(T )(1 − χ)^β M_2,

(1.2) ∂_tM_2 = πG(T )(1 − χ)^β M_1,

(1.3) ∂_tM_1 = 2G(T )(1 − χ)^βM_0,

(1.4) ∂_tM_0 = F (T )(1 − χ)^β,

(1.5)

*This work was partially supported by NSF Grant DMS-9305935, by MURST (PN “Problemi non lineari nell’analisi e nelle applicazioni fisiche, chimiche e biologiche: aspetti analitici, modellistici e computazionali” and “Analisi numerica e matematica computazionale”) and CNR Contract 93.00506.01.

†Department of Mathematics, University of California, Davis, CA 95616, USA. ‡Department of Mathematics and Institute for Physical Science and Technology, University of Maryland, College Park, MD 20742, USA.

♯Dipartimento di Matematica, Università di Milano, 20133 Milano, Italy.

where 0 < β < 1 depends on the polymeric species. The variables M_i have the following geometrical meaning: M_0 is the number of crystals (assumed to be spherical) per unit of volume, while 4M_2/M_0 and M_1/M_0 are the averaged surface area and the averaged diameter of the crystals, respectively. The factors G and F are non-negative growth rate coefficients, typically vanishing outside a finite temperature range, so that crystallization can take place only if T belongs to such a range. The corrective term (1 − χ)^β slows down the crystal growth as χ approaches χ = 1, which accounts for the effect of impingement, namely collisions between expanding crystals. This obviously becomes more significant as the crystalline fraction increases, and so the non-Lipschitz structure of (1 − χ)^β may allow χ to reach the value χ = 1 in a finite time. However we do not expect, in general, the crystallization to be complete (i.e., χ = 1), after T has dropped below the crystallization temperature range. Instead, the asymptotic value of χ will be determined by the history of the process.

The PDE (1.1) must be supplied with suitable initial and boundary conditions, namely

T (·, 0) = T_0(·) in Ω,

(1.6) −k∂_νT = H(T − T_a) on Σ_t∗ = ∂Ω × (0, t^∗),

(1.7)

whereas vanishing initial conditions are given for the ODEs (1.2)-(1.5)

(1.8) χ(·, 0) = M_2(·, 0) = M_1(·, 0) = M_0(·, 0) = 0 in Ω.

Both existence and continuous dependence on the data of a weak solution to the problem introduced above have been proved in [5], using the monotonicity intrinsic to (1.1)-(1.8), to by-pass the lack of smoothness, combined with classical L^1 techniques.

We refer to [3,4,12,14,16,17], and to the references quoted therein, for further discussion of the physical phenomenon and of the model, as well as of related models. Let us focus here on the parameter β. The identification of the value of β has been undertaken either by means of comparison with experimental data or by theoretical approach [1,16,17]. It turns out that, invoking the isokinetic assumption along with the Hoffman theory of regimes of crystallization [12], values β < 1 are predicted [17]. Also, in [2] the classical model of Avrami [6,7,8] is shown to be approximated by the model investigated here for values β ≃ 0.7. Therefore, it seems interesting to consider (1.1)-(1.8) for β ∈ (0, 1).

We study a P^1 − P^0 finite element approximation of problem (1.1)-(1.8). The ODEs (1.2)-(1.5), being space independent, are discretized with piecewise constant elements in space and advanced explicitly in time. This entails an elementwise algebraic calculation per time step, and is equivalent to assuming an isothermal crystallization over small time intervals. The heat equation (1.1) is instead discretized implicitly, which guarantees the scheme to be inconditionally stable. The corresponding space discretization of (1.1) is based on piecewise linear finite elements and leads to a symmetric positive definite linear system, which is solved with a preconditioned conjugate gradient method. The resulting numerical algorithm is simple and effective [17]. Our primary goal here is to prove optimal first-order a priori error estimates in L^∞(0, t^∗; L^1(Ω)) for all discrete variables. The main difficulty is the lack of regularity associated with the non-Lipschitz structure of the ODEs. We compensate with discrete monotonicity. A special parabolic duality argument is also used to deal with L^1(Ω), a non-standard space in the finite element literature.

In §2 we introduce the discrete problem along with notation. Essential discrete properties, such as monotonicity, are discussed in §3. In §4 we derive basic stability estimates for the fully discrete problem. They are subsequently applied in §5 to prove error estimates. A relevant simulation in 3D with axial symmetry, which shows qualitative agreement of the mathematical model with experimental results, is presented in §6. Conclusions are finally drawn in §7.

2. Fully Discrete Model. The following regularity properties will be assumed c, ρ, k, λ ∈ (0, +∞), 0 < β < 1, (2.1) G, F ≥ 0, G, F ∈ W^1_∞(R),^{F (s)}_{G(s)} ≤ μ ∀ s ≥ 0, (2.2) T_0 ∈ H^3(Ω), T_0 ≥ 0,

(2.3) T_a ∈ W^2_1 (0, t^∗; L^2(∂Ω))∩H^1(0, t^∗; H^{1/2}(∂Ω))∩L^∞(0, t^∗; H^{3/2}(∂Ω)) ∩ W^1_1 (0, t^∗; W^1_∞(∂Ω)), T_a ≥ 0,

(2.4)

− k∂_ν T_0 = H(T_0 − T_a) at ∂Ω × {0},

(2.5) H ∈ W^1_∞(∂Ω), H ≥ 0. (2.6)

In view of (2.4) and (2.6) we may consider T_a and H extended in Ω to functions T_a ∈ W^1_1 (0, t^∗; W^1_∞(Ω)) and H ∈ W^1_∞(Ω). We denote by L_f the Lipschitz constant of any function f, and by C_f the L^∞ norm of f (whenever such quantities are finite). We also indicate by γ a positive constant depending on the data, that may change at the various occurrences; in particular, γ will be independent of the discretization parameters τ and h. We denote by ⟨·, ·⟩ the inner product in L^2(Ω) and by ⟨⟨·, ·⟩⟩ the inner product in L^2(∂Ω).

We consider the following weak formulation of problem (1.1)-(1.8): Find

T ∈ H^1(0, t^∗; L^2(Ω)) ∩ L^2(0, t^∗; H^2(Ω)) ∩ L^∞(Ω_t∗ ),

(2.7) χ, M_0, M_1, M_2 ∈ W^1_∞(0, t^∗; L^∞(Ω)),

(2.8)

such that (1.6) and (1.8) hold a.e. in Ω, (1.2)-(1.5) are fulfilled a.e. in Ω_t∗ , and for a.e. t ∈ (0, t^∗) and for all φ ∈ H^1(Ω) it holds (2.9) cρ⟨∂_tT, φ⟩ + k⟨∇T, ∇φ⟩ + ⟨⟨H(T − T_a), φ⟩⟩ = λρ⟨∂_tχ, φ⟩.

Note that the initial conditions (1.6) and (1.8) are meaningful because H^1(0, t^∗; L^2(Ω)) ∩ L^2(0, t^∗; H^2(Ω)) ⊂ C^0([0, t^∗]; H^1(Ω)) [15]. Existence and uniqueness of the weak solution have been proved in [5], along with the extra regularity (2.10) ∂_{tt}T, ∂_{txjxl} T, ∂_{tt}χ, ∂_{tt}M_i ∈ L^p(0, t^∗; L^p(Ω)), i = 0, 1, 2, j, l = 1, 2, 3, for all 1 < p <^{1−β}_{1−2β} if 0 < β ≤^1_3 and p = 2 if^1_3 < β < 1. In particular

(2.11) T ∈ L^∞(0, t^∗; W^2_p (Ω)) ∩ W^1_∞(0, t^∗; L^p(Ω)).

All variables exhibit Lipschitz dependence in L^∞(0, t^∗; L^1(Ω)) with respect to data [5]. This strongly suggests that the error analysis is to be carried out in L^∞(0, t^∗; L^1(Ω)), a non-standard Banach space in the finite element literature.

Let {S_h}_h be a family of regular partitions of Ω into simplexes [10, p.132]; as usual h > 0 stands for the meshsize. We assume, for simplicity, that Ω = Ω_h = ∪_{S∈Sh} S. Since quasi-uniformity [10, p.140] is not required, local refinements are allowed. In addition we assume S_h is acute, which guarantees the validity of the discrete maximum principle and helps compensate for the lack of regularity in several occasions [11].

The finite element spaces we deal with are V^1_h ⊂ W^1_∞(Ω) and V^0_h ⊂ L^∞(Ω) given by

V^1_h |_S = P^1(S), V^0_h |_S = P^0(S), ∀ S ∈ S_h.

Let {x_S }_{S∈Sh} be the barycentres of S_h. Let {ϕ_j}^J_{j=1} denote the canonical basis of V^1_h and {ψ_k}^K_{k=1} the canonical basis of V^0_h . Let Π_h be the local Lagrange interpolation operator Π_h|_S : C^0(S) → P^1(S) for all S ∈ S_h. We associate with ⟨·, ·⟩ and ⟨⟨·, ·⟩⟩ discrete bilinear forms which, for piecewise uniformly continuous functions ζ and ϕ, are defined by ⟨ζ, ϕ⟩_h = ∑ S∈S_h ∫ S Π_h|_S (ζϕ)dx, ⟨⟨ζ, ϕ⟩⟩_h = ∑ S∈S_h ∫ S∩∂Ω Π_h|_S(ζϕ)dσ.

Note that ⟨ζ, ϕ⟩_h and ⟨⟨ζ, ϕ⟩⟩_h can be evaluated elementwisely by the vertex quadrature rule, which is exact for piecewise linear functions [10]. We can define the following stiffness and mass matrices: K = { k⟨∇ϕ_j, ∇ϕ_l⟩ }_J j,l=1, M = { cρ⟨ϕ_j, ϕ_l⟩_h }_J j,l=1, B = { ⟨⟨Hϕ_j , ϕ_l⟩⟩_h }_J j,l=1, N = { λρ⟨ϕ_j , ψ_k⟩ }_{J K} j=1,k=1. Note that K is symmetric and positive definite, whereas M and B are diagonal.

We finally denote by τ =^{t∗}_N the (uniform) time step; hereafter N ≥ 1 indicates the number of time steps.

The fully discrete approximations to problem (1.1)-(1.8) read as follows: Set

T^0_h = Π_hT_0, χ^0_h = M^0_{2h} = M^0_{1h} = M^0_{0h} = 0 in Ω

and, for any 1 ≤ n ≤ N, find T^n_h ∈ V^1_h and χ^n_h, M^n_{2h}, M^n_{1h}, M^n_{0h} ∈ V^0_h such that (2.12) cρ⟨T^n_h −T^{n−1}_h , ϕ⟩_h + kτ ⟨∇T^n_h , ∇ϕ⟩ + τ ⟨⟨H(T^n_h −T^n_a ), ϕ⟩⟩_h = λρ⟨χ^n_h −χ^{n−1}_h , ϕ⟩ for all ϕ ∈ V^1_h and, on each element S ∈ S_h,

χ^n_h = min ( 1, χ^{n−1}_h + 4τ G(T^{n−1}_h (x_S ))(1 − χ^{n−1}_h )^βM^{n−1}_{2h} ) , (2.13) M^n_{2h} = M^{n−1}_{2h} + πτ G(T^{n−1}_h (x_S ))(1 − χ^{n−1}_h )^β M^{n−1}_{1h} ,

(2.14) M^n_{1h} = M^{n−1}_{1h} + 2τ G(T^{n−1}_h (x_S ))(1 − χ^{n−1}_h )^βM^{n−1}_{0h} ,

(2.15) M^n_{0h} = M^{n−1}_{0h} + τ F (T^{n−1}_h (x_S ))(1 − χ^{n−1}_h )^β.

(2.16)

Existence and uniqueness of the discrete solution {(T^n_h , χ^n_h , M^n_{2h}, M^n_{1h}, M^n_{0h})}_{0≤n≤N} are obvious. In fact, (2.13)-(2.16) can be solved elementwise explicitly for χ^n_h and M^n_{ih}, i = 2, 1, 0, in terms of the solution at previous time step (T^{n−1}_h , χ^{n−1}_h , M^{n−1}_{2h} , M^{n−1}_{1h} , M^{n−1}_{0h} ), whereas (2.12) reduces to the symmetric positive definite linear system:

(M + τ K + τ B)T^n_h = MT^{n−1}_h + N(χ^n_h − χ^{n−1}_h ) + τ BT^n_a ,

whose matrix is invariant in time. This algebraic problem is solved via a conjugate gradient method preconditioned with an incomplete Choleski factorization. Note the truncation min(1, ·) used in (2.13), so that 0 ≤ χ^n_h ≤ 1 ∀ S ∈ S_h, ∀ 1 ≤ n ≤ N. 3. Preliminary Properties. The following simple lemma is the crucial tool used in [5] for proving Lipschitz dependence and will be instrumental also in our numerical analysis.

Lemma 3.1. Assume (2.1)-(2.6). Then for any weak solution (T, χ, M_2, M_1, M_0) to (1.1)-(1.8) and all χ ∈ [0, 1] we have

(3.1) |(1−χ)^β −(1−χ)^β| ≤ 4|χ−χ| + 8C_Gt^∗M_2|(1−χ)^β −(1−χ)^β| a.e. (x, t) ∈ Ω_t∗ .

Proof. we repeat the argument of [5] for completeness. First we claim that χ(x, t) ≥^1_2 implies M_2(x, t) ≥^1_{8CGt} . Indeed, integrating (1.2) we have 4C_G ∫_t 0 M_2(x, s)ds ≥ 4 ∫_t 0 G(T (x, s))M_2 (x, s)(1 − χ(x, s))^β ds = χ(x, t) ≥^1_2 , which, employing also ∂_tM_2 ≥ 0, i.e., M_2(x, t) ≥ M_2(x, s) for s ≤ t, proves the claim. Then, if χ(x, t) ≥^1_2 it follows that (3.2) |(1 − χ)^β − (1 − χ)^β| ≤ 8C_Gt^∗M_2|(1 − χ)^β − (1 − χ)^β|. It remains to consider the case χ(x, t) <^1_2 . We distinguish between the cases: (i) χ ≥^3_4 , (ii) χ <^3_4 . In case (i), (3.3) |χ − χ| ≥^1_4 ≥^1_4 |(1 − χ)^β − (1 − χ)^β|. If (ii) holds, we note that, from Lagrange’s mean value theorem, (3.4) |(1 − χ)^β − (1 − χ)^β| ≤ β ( min(1 − χ, 1 − χ) )_{β−1} |χ − χ| ≤ 4|χ − χ|. Collecting (3.2)-(3.4), we obtain (3.1).

For any 0 ≤ n ≤ N, set t^n = nτ and f^n(·) = f(·, t^n), ∂_tf^n(·) = ∂_tf(·, t^n), for a given function f defined in Ω_t∗ . If f satisfies ∂_{tt}f ∈ L^1(Ω_t∗ ), then it easily follows

(3.5) N∑ n=1 ∫ Ω | ∂_tf^n −^1_τ (f^n − f^{n−1}) | dx ≤ ‖∂_{tt}f‖_L1_{(Ωt∗ )}. Using the elementary identity 2a(a − b) = a^2 − b^2 + (a − b)^2, for a, b ∈ R, we get the following discrete integration by parts formulae which will be used later: for a_n, b_n ∈ R, 2 m∑ n=1 a_n(a_n − a_{n−1}) = a^2_m − a^2_0 + m∑ n=1 (a_n − a_{n−1})^2 ≥ a^2_m − a^2_0,

(3.6) m∑ n=1 a_n(b_n − b_{n−1}) = a_mb_m − a_0b_0 − m∑ n=1 (a_n − a_{n−1})b_{n−1}. (3.7) We now collect some useful properties of finite elements. We first observe that ⟨·, ·⟩_h and ⟨⟨·, ·⟩⟩_h are equivalent to ⟨·, ·⟩ and ⟨⟨·, ·⟩⟩ when restricted to V^1_h , namely (3.8) ‖ϕ‖^2_L2_{(Ω)} ≤ ⟨ϕ, ϕ⟩_h ≤ C^∗‖ϕ‖^2_L2_{(Ω)}, ⟨⟨ζ, ϕ⟩⟩_h ≤ C^∗‖ζ‖_H 1_{(Ω)}‖ϕ‖_H 1_{(Ω)}, ∀ ζ, ϕ ∈ V^1_h . Moreover, using a well known local estimate for the Lagrange interpolation operator Π_h, their discrepance can be bounded as follows, for all ζ, ϕ ∈ V^1_h [19, p.260]: ‖ζϕ − Π_h(ζϕ)‖_L1_{(Ω)} ≤ C^∗h‖∇ζ‖_L1_{(Ω)}‖ϕ‖_L∞_{(Ω)},

(3.9) ‖ζϕ − Π_h(ζϕ)‖_L1_{(∂Ω)} ≤ { C^∗h‖∇ζ‖_L2_{(Ω)}‖∇ϕ‖_L2_{(Ω)}, C^∗h^{3/2}‖∇ζ‖_L∞_{(Ω)}‖∇ϕ‖_L2_{(Ω)}.

(3.10)

In deriving (3.10) we have also used the following local inverse inequality, where h_S denotes the diameter of S ∈ S_h: ‖f‖_L1_{(∂S)} ≤ C^∗h^{−1}_S ‖f‖_L1_{(S)} for all f ∈ P^2(S), S ∈ S_h. In addition to Π_h we will also need some projection operators associated with the above discrete spaces. The L^2-projection operator P^0_h onto V^0_h is defined, for all φ ∈ L^2(Ω), by ⟨P^0_h φ, ψ⟩ = ⟨φ, ψ⟩ ∀ ψ ∈ V^0_h , and satisfies the following approximation property [10]: (3.11) ‖P^0_h φ − φ‖_L2_{(Ω)} ≤ C^∗h‖φ‖_H 1_{(Ω)} ∀ φ ∈ H^1(Ω). Note that P^0_h ϕ|_S = ϕ(x_S ) for all S ∈ S_h and ϕ ∈ V^1_h . Hence, in (2.13)-(2.16) we are using P^0_h T^{n−1}_h . The Riesz projection operator R_h onto V^1_h is defined, for all φ ∈ H^1(Ω), by (3.12) k⟨∇R_hφ, ∇ϕ⟩+⟨⟨HR_hφ, ϕ⟩⟩+⟨R_hφ, ϕ⟩ = k⟨∇φ, ∇ϕ⟩+⟨⟨Hφ, ϕ⟩⟩+⟨φ, ϕ⟩ ∀ ϕ ∈ V^1_h , and satisfies the following error estimate for φ ∈ W^2_p (Ω) [9, Chapter 7]: (3.13) ‖R_hφ − φ‖_Lp_{(Ω)} + h‖∇(R_hφ − φ)‖_Lp_{(Ω)} ≤ C^∗h^2‖φ‖_W 2_{p (Ω)} ∀ 1 < p < ∞. We observe that (3.13) results from the stability bound ‖R_hφ‖_W 1_{p (Ω)} ≤ C^∗‖φ‖_W 1_{p (Ω)}, which could be derived for the Robin boundary condition (1.7) invoking weighted Sobolev norms as in [9]. Since S_h is weakly acute, the discrete maximum principle holds, that is (3.14) ⟨∇ϕ, ∇ϕ_j⟩ ≥ 0 if ϕ ∈ V^1_h attains its maximum at the node x_j .

In dealing with estimates in L^1(Ω) in §5 we will resort to a parabolic duality technique [13,18]. For any 1 ≤ m ≤ N, let {z^n}^{m+1}_{n=1} ⊂ V^1_h be the solution to the following dual problem: let z^{m+1} = ζ ∈ V^1_h be given and, for m ≥ n ≥ 1, let z^n solve (3.15) cρ⟨z^{n+1} − z^n, ϕ⟩_h − kτ ⟨∇z^n, ∇ϕ⟩ − τ ⟨⟨Hz^n, ϕ⟩⟩_h = 0 ∀ ϕ ∈ V^1_h . It is then easy to prove the following stability result.

Lemma 3.2. Let {z^n}^{m+1}_{n=1} be the solution to the dual problem (3.15). Then (3.16) max_{1≤n≤m} ‖z^n‖_L∞_{(Ω)} ≤ ‖ζ‖_L∞_{(Ω)}, m∑ n=1 τ ‖∇z^n‖^2_L2_{(Ω)} ≤ C^{∗ cρ}_{2k} ‖ζ‖^2_L2_{(Ω)}.

Proof. Let x_M be a node such that z^n(x_M ) = max_x z^n(x). Applying (3.14) for ϕ = ϕ_M , we get ⟨∇z^n, ∇ϕ_M ⟩ ≥ 0. Since H ≥ 0, we obtain from (3.15) max_x z^n(x) ≤ ( 1 +^τ_{cρ} H(x_M ) ∮ ∂Ω ϕ_M dσ ∫ Ω ϕ_M dx ) z^n(x_M ) ≤ max_x z^{n+1}(x);

a similar argument applies to the minimum. To prove the second stability estimate, we simply take ϕ = z^n, add over n from 1 to m, and eventually use (3.6) and (3.8).

4. Stability. We establish here some a priori estimates for the discrete solutions that will be used in §5 to derive the error estimates. Before proving L^∞ bounds, we recall that γ > 0 stands for a constant depending on data but independent of τ and h.

Lemma 4.1. Assume (2.1)-(2.6) and let {(T^n_h , χ^n_h , M^n_{2h}, M^n_{1h}, M^n_{0h})}_{0≤n≤N} be the discrete solution to (2.12)-(2.16). Then we have, for all x ∈ Ω and 1 ≤ n ≤ N, 0 ≤ T^n_h ≤ γ, (4.1) 0 ≤ M^n_{ih} ≤ γ, i = 0, 1, 2, (4.2) 0 ≤ χ^n_h − χ^{n−1}_h ≤ γτ, 0 ≤ M^n_{ih} − M^{n−1}_{ih} ≤ γτ, i = 0, 1, 2. (4.3)

Proof. Since 0 ≤ χ^n_h ≤ 1, we add (2.14)-(2.16) over n from 1 to any m ≤ N, to get 0 ≤ M^m_{0h} ≤ C_F t^m, 0 ≤ M^m_{1h} ≤ C_GC_F (t^m)^2, 0 ≤ M^m_{2h} ≤^π_3 C^2_GC_F (t^m)^3, that is (4.2). Noting that (2.13) yields (4.4) 0 ≤ χ^n_h − χ^{n−1}_h ≤ 4τ G(P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^βM^{n−1}_{2h} ≤^{4π}_3 C^3_GC_F (t^{n−1})^3τ, inserting (4.2) into (2.14)-(2.16) we obtain (4.3). In order to prove (4.1), we assume by induction that

0 ≤ T^{n−1}_h ≤ ‖T_0‖_L∞_{(Ω)} + ‖T_a‖_L∞_{(Σt∗ )} +^λ_c^π_3 C^3_GC_F (t^{n−1})^4 = C^{n−1}.

Let x_M be a node where T^n_h attains its maximum, which we may suppose to satisfy T^n_h (x_M ) > C^{n−1} for otherwise there is nothing to prove. Taking ϕ = ϕ_M in (2.12), and using (3.14), it follows that k⟨∇T^n_h , ∇ϕ_M ⟩ + ⟨⟨H(T^n_h − T^n_a ), ϕ_M ⟩⟩_h ≥ 0, because T^n_h (x_M ) > C^{n−1} ≥ ‖T_a‖_L∞_{(Σt∗ )} and H ≥ 0. Hence, using (4.4) we get T^n_h (x_M ) ≤ T^{n−1}_h (x_M ) +^λ_c ‖χ^n_h − χ^{n−1}_h ‖_{L∞(Ω)} ≤ C^{n−1} +^λ_c^{4π}_3 C^3_GC_F (t^{n−1})^3τ, which yields T^n_h (x_M ) ≤ C^n. Similarly we obtain T^n_h ≥ 0.

Next lemma reproduces the energy a priori estimates for the discrete temperature. Lemma 4.2. Assume (2.1)-(2.6) and let {(T^n_h , χ^n_h , M^n_{2h}, M^n_{1h}, M^n_{0h})}_{0≤n≤N} be the discrete solution to (2.12)-(2.16). Then we have (4.5) N∑ n=1 1 τ ‖T^n_h − T^{n−1}_h ‖^2_{L2(Ω)} + max_{1≤n≤N} ‖T^n_h ‖_H 1_{(Ω)} ≤ γ.

Proof. We take ϕ =^1_τ (T^n_h − T^{n−1}_h ) in (2.12) and add the resulting expression over n from 1 to any m ≤ N. Using (3.8) we get

(4.6) cρ m∑ n=1 1 τ ‖T^n_h −T^{n−1}_h ‖^2_{L2 (Ω)} + k m∑ n=1 ⟨∇T^n_h , ∇(T^n_h −T^{n−1}_h )⟩+ m∑ n=1 ⟨⟨HT^n_h , T^n_h −T^{n−1}_h ⟩⟩_h

≤ m∑ n=1 ⟨⟨HT^n_a , T^n_h − T^{n−1}_h ⟩⟩_h + λρ n∑ n=1 1 τ ⟨χ^n_h − χ^{n−1}_h , T^n_h − T^{n−1}_h ⟩,

which can be written as I+II+III=IV+V. Now we estimate each term separately. Owing to (3.6), (3.8) and (2.3), (2.6), and noting that H^3(Ω) ⊂ C^{1,1/2}(Ω) by Sobolev embedding, we have ‖T_0‖_W 1_{∞ (Ω)} ≤ γ and

2 k II ≥ ‖∇T^m_h ‖^2_L2_{(Ω)} − ‖∇T^0_h ‖^2_L2_{(Ω)} ≥ ‖∇T^m_h ‖^2_L2_{(Ω)} − γ,

2III ≥ ⟨⟨HT^m_h , T^m_h ⟩⟩_h − ⟨⟨HT^0_h , T^0_h ⟩⟩_h ≥ −C^∗C_H ‖T^0_h ‖^2_H 1_{(Ω)} ≥ −γ.

We have also used the stability property of Π_h in W^1_∞(Ω). On using the elementary inequality 2ab ≤ εa^2 +^1_ε b^2, for a, b ∈ R, ε > 0, (3.7), (3.8), and (2.3), (2.4), (2.6), we get

IV = ⟨⟨HT^m_a , T^m_h ⟩⟩_h − ⟨⟨HT^0_a , T^0_h ⟩⟩_h − m∑ n=1 ⟨⟨H(T^n_a − T^{n−1}_a ), T^{n−1}_h ⟩⟩_h ≤ ‖T_0‖^2_W 1_{∞(Ω)} +^1_ε γ‖T_a‖^2_W 1_{1 (0,t}∗_{;W} 1_{∞ (Ω))} + ε max_{1≤n≤m} ‖T^n_h ‖^2_H 1_{(Ω)},

where ε > 0 is to be selected. Finally, owing to the estimate for χ^n_h − χ^{n−1}_h in (4.3),

2V ≤ cρ m∑ n=1 1 τ ‖T^n_h − T^{n−1}_h ‖^2_{L2 (Ω)} + γ.

Now we insert the preceding estimates into (4.6). Since

max 1≤n≤m ‖T^n_h ‖^2_L2_{(Ω)} ≤ 2‖T^0_h ‖^2_L2_{(Ω)} + 2 m∑ n=1 1 τ ‖T^n_h − T^{n−1}_h ‖^2_{L2 (Ω)},

on selecting ε > 0 sufficiently small we get (4.5).

We conclude this section by proving L^1(0, t^∗; L^∞(Ω)) a priori estimates for time derivatives of the discrete momenta.

Lemma 4.3. Assume (2.1)-(2.6) and let {(T^n_h , χ^n_h , M^n_{2h}, M^n_{1h}, M^n_{0h})}_{0≤n≤N} be the discrete solution to (2.12)-(2.16). Then we have, for all x ∈ Ω and i = 0, 1, 2, N∑ n=1 | (1 − χ^n_h)^β − (1 − χ^{n−1}_h )^β | ≤ 1, (4.7) N∑ n=1 ∫ Ω | G(P^0_h T^n_h )(1−χ^n_h)^βM^n_{ih} −G(P^0_h T^{n−1}_h )(1−χ^{n−1}_h )^βM^{n−1}_{ih} | dx ≤ γ, (4.8) N∑ n=1 ∫ Ω | F (P^0_h T^n_h )(1 − χ^n_h )^β − F (P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^β | dx ≤ γ. (4.9)

Proof. Since χ^{n−1}_h ≤ χ^n_h , we readily have (4.7) because N∑ n=1 | (1−χ^n_h)^β −(1−χ^{n−1}_h )^β | = N∑ n=1 ( (1−χ^{n−1}_h )^β −(1−χ^n_h)^β ) = 1−(1−χ^N_h )^β ≤ 1.

In order to prove (4.8), for i = 0, we decompose the integrand as follows:

G(P^0_h T^n_h )(1 − χ^n_h)^βM^n_{0h} − G(P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^βM^{n−1}_{0h} = G(P^0_h T^n_h ) ( (1 − χ^n_h)^β − (1 − χ^{n−1}_h )^β ) M^n_{0h} + ( G(P^0_h T^n_h ) − G(P^0_h T^{n−1}_h ) ) (1 − χ^{n−1}_h )^βM^n_{0h} + G(P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^β(M^n_{0h} − M^{n−1}_{0h} ),

and then use (2.2), (4.2), (4.3), (4.5), and (4.7). The remaining estimates in (4.8) and (4.9) can be proved similarly.

5. Error Analysis. In this section we prove a first-order error estimate between continuous and fully discrete solutions in the L^∞(0, t^∗; L^1(Ω)) norm. The result is optimal because time discretization is based on a first-order finite difference scheme and the momenta are approximated by piecewise constant functions. The proof combines the main idea used in [5] for proving Lipschitz dependence of solutions and a parabolic duality argument used in [13,18]. The error e_W corresponding to a quantity W is defined by e_W (·, t) = W (·, t) − W^n_h (·) ∀ t ∈ (t^{n−1}, t^n], 1 ≤ n ≤ N. Theorem 5.1. Assume (2.1)-(2.6). Let (T, χ, M_2, M_1, M_0) be the weak solution to the continuous problem (1.1)-(1.8) and let {(T^n_h , χ^n_h, M^n_{2h}, M^n_{1h}, M^n_{0h})}_{0≤n≤N} be the solution to the discrete problem (2.12)-(2.16). Then there exists γ > 0 solely depending on data such that

(5.1) ‖e_T ‖_L∞_{(0,t}∗_{;L}1_{(Ω))} + ‖e_χ‖_{L∞ (0,t∗;L1 (Ω))} + 2∑ i=0 ‖e_{Mi} ‖_L∞_{(0,t}∗_{;L}1_{(Ω))} ≤ γ(τ + h).

Proof. In view of (2.10), we first write (1.2) at time t^n as follows:

(5.2) χ^n − χ^{n−1} = (χ^n − χ^{n−1} − τ ∂_tχ^n) + 4τ G(T^n)(1 − χ^n)^βM^n_2 a.e. x ∈ Ω.

Then we subtract χ^n_h − χ^{n−1}_h from (5.2) and multiply the resulting equation by sign(e^n_χ), where the sign function is taken to be 0 for a vanishing argument. Integrating over Ω, adding over n from 1 to any m ≤ N, and reordering, we get

(5.3) m∑ n=1 ⟨e^n_χ − e^{n−1}_χ , sign(e^n_χ)⟩ = m∑ n=1 ⟨χ^n − χ^{n−1} − τ ∂_tχ^n, sign(e^n_χ)⟩

+ m∑ n=1 ⟨4τ G(P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^β M^{n−1}_{2h} − (χ^n_h − χ^{n−1}_h ), sign(e^n_χ)⟩

+ m∑ n=1 τ ⟨4G(P^0_h T^n_h )(1 − χ^n_h )^βM^n_{2h} − 4G(P^0_h T^{n−1}_h )(1 − χ^{n−1}_h )^β M^{n−1}_{2h} , sign(e^n_χ)⟩

+ m∑ n=1 τ ⟨4(G(T^n_h ) − G(P^0_h T^n_h ))(1 − χ^n_h)^β M^n_{2h}, sign(e^n_χ)⟩

+ m∑ n=1 τ ⟨4G(T^n)(1 − χ^n)^β M^n_2 − 4G(T^n_h )(1 − χ^n_h)^βM^n_{2h}, sign(e^n_χ)⟩,

which we write as I=II+III+IV+V+VI. Since e^0_χ(·) = χ(·, 0) − χ^0_h(·) = 0, we have at once

I ≥ m∑ n=1 ∫ Ω ( |e^n_χ| − |e^{n−1}_χ | ) dx = ∫ Ω |e^m_χ |dx.

Owing to (2.10), (3.5), and to (4.8) for i = 2, we readily see that II ≤ τ ‖∂_{tt}χ‖_L1_{(Ωt∗ )} ≤ γτ, IV ≤ γτ. For a.e. x ∈ Ω, let n^∗(x) be the first time step for which χ^n_h(x) reaches 1, i.e., n^∗(x) = min { 1 ≤ n ≤ N : χ^{n−1}_h (x) < χ^n_h (x) = 1 } , and note that χ^n_h(x) = 1 for all n ≥ n^∗(x).

Then (2.13) yields 4τ G ( P^0_h T^{n−1}_h (x) )( 1 − χ^{n−1}_h (x) )_β M^{n−1}_{2h} (x) − ( χ^n_h(x) − χ^{n−1}_h (x) ) = 0 for all n < n^∗(x) and n > n^∗(x). This, together with (4.4), implies

0 ≤ III ≤ ∫ Ω 4τ G(P^0_h T^{n∗−1}_h )(1 − χ^{n∗ −1}_h )^βM^{n∗ −1}_{2h} dx ≤ γτ.

Using (3.11), (4.2), and (4.5) we infer that

V ≤ m∑ n=1 τ 4L_G‖M^n_{2h}‖_L∞_{(Ω)}‖T^n_h − P^0_h T^n_h ‖_L1_{(Ω)} ≤ γh.

Finally, we set

e_β(t) = ( 1 − χ(t) )_β − (1 − χ^n_h)^β for t ∈ (t^{n−1}, t^n], 1 ≤ n ≤ N,

and note that monotonicity yields e^n_β sign(e^n_χ) = −|e^n_β|. Then, owing to (2.2), (2.8), and

positivity of M_2, we can write

VI = m∑ n=1 τ ⟨4G(T^n)M^n_2 e^n_β , sign(e^n_χ)⟩

+ m∑ n=1 τ ⟨4 ( G(T^n) − G(T^n_h ) ) M^n_2 (1 − χ^n_h )^β, sign(e^n_χ)⟩

+ m∑ n=1 τ ⟨4G(T^n_h )e^n_{M2} (1 − χ^n_h)^β , sign(e^n_χ)⟩

≤ m∑ n=1 τ ( −4‖G(T^n)M^n_2 e^n_β‖_{L1 (Ω)} + 4L_GC_{M2} ‖e^n_T ‖_L1_{(Ω)} + 4C_G‖e^n_{M2} ‖_{L1 (Ω)} ) .

Inserting the preceding estimates into (5.3) we obtain

(5.4)

‖e^m_χ ‖_{L1 (Ω)} + 4 m∑ n=1 τ ‖G(T^n)M^n_2 e^n_β ‖_{L1(Ω)}

≤ γ m∑ n=1 τ ( ‖e^n_T ‖_L1_{(Ω)} + ‖e^n_{M2} ‖_{L1(Ω)} ) + γ(τ + h).

By similar arguments, and using also that^{F (s)}_{G(s)} ≤ μ for s > 0, we find

‖e^m_{M2} ‖_{L1(Ω)} ≤ γ m∑ n=1 τ ( ‖G(T^n)e^n_β‖_{L1 (Ω)} +‖e^n_T ‖_L1_{(Ω)} +‖e^n_{M1} ‖_{L1(Ω)} ) + γ(τ + h), (5.5)

‖e^m_{M1} ‖_{L1(Ω)} ≤ γ m∑ n=1 τ ( ‖G(T^n)e^n_β‖_{L1 (Ω)} +‖e^n_T ‖_L1_{(Ω)} +‖e^n_{M0} ‖_{L1(Ω)} ) + γ(τ + h), (5.6)

‖e^m_{M0} ‖_{L1(Ω)} ≤ γ m∑ n=1 τ ( μ‖G(T^n)e^n_β ‖_{L1(Ω)} + ‖e^n_T ‖_L1_{(Ω)} ) + γ(τ + h). (5.7)

In view of (1.2), (2.10), and (3.12) we can write (2.9) at time t^n as follows:

(5.8) cρ⟨R_hT^n − R_hT^{n−1}, ϕ⟩_h + τ k⟨∇R_hT^n, ∇ϕ⟩ + τ ⟨⟨H(R_hT^n − T^n_a ), ϕ⟩⟩_h = τ ⟨T^n −R_hT^n, ϕ⟩ + cρ⟨T^n −T^{n−1}−τ ∂_tT^n, ϕ⟩ + 4τ λρ⟨G(T^n)(1−χ^n)^βM^n_2 , ϕ⟩ + cρ ( ⟨R_hT^n − R_hT^{n−1}, ϕ⟩_h − ⟨T^n − T^{n−1}, ϕ⟩ ) + τ ( ⟨⟨H(R_hT^n − T^n_a ), ϕ⟩⟩_h − ⟨⟨H(R_hT^n − T^n_a ), ϕ⟩⟩ ) ∀ ϕ ∈ V^1_h . We then subtract (2.12) from (5.8), take ϕ = z^n ∈ V^1_h , and add the resulting expression over n from 1 to any m ≤ N; here {z^n}^{m+1}_{n=1} is the solution of the dual problem (3.15). We employ (3.7) to integrate by parts the first term, that is m∑ n=1 ⟨R_he^n_T −R_he^{n−1}_T , z^n⟩_h = ⟨R_he^m_T , ζ⟩_h − ⟨R_he^0_T , z^1⟩_h − m∑ n=1 ⟨R_he^n_T , z^{n+1}−z^n⟩_h. Let ζ = Π_h[sign(R_he^m_T )] ∈ V^1_h and note that ζ is well defined because sign(0) = 0. Inserting ϕ = R_he^n_T ∈ V^1_h into (3.15), we obtain

(5.9) cρ⟨R_he^m_T , Π_h[sign(R_he^m_T )]⟩_h = cρ⟨R_he^0_T , z^1⟩_h + m∑ n=1 τ ⟨T^n − R_hT^n, z^n⟩

+ m∑ n=1 cρ⟨T^n − T^{n−1} − τ ∂_tT^n, z^n⟩

+ m∑ n=1 λρ⟨4τ G(T^n)(1 − χ^n)^βM^n_2 − (χ^n_h − χ^{n−1}_h ), z^n⟩

+ m∑ n=1 cρ ( ⟨R_h(T^n −T^{n−1}), z^n⟩_h − ⟨T^n −T^{n−1}, z^n⟩ )

+ m∑ n=1 τ ( ⟨⟨H(R_h T^n − T^n_a ), z^n⟩⟩_h − ⟨⟨H(R_h T^n − T^n_a ), z^n⟩⟩ ) . We write the above equation as VII = VIII + IX + X + XI + XII + XIII and estimate each term separately. Using (3.13) and (2.11) it follows that 1 cρ VII = ⟨R_he^m_T , sign(R_he^m_T )⟩_h = ∫ Ω Π_h[|R_he^m_T |]dx ≥ ‖R_he^m_T ‖_L1_{(Ω)} ≥ ‖e^m_T ‖_L1_{(Ω)} − ‖T^m − R_hT^m‖_L1_{(Ω)} ≥ ‖e^m_T ‖_L1_{(Ω)}−C^∗h^2‖T ‖_L∞_{(0,t}∗_{;W} 2_{p (Ω))} ≥ ‖e^m_T ‖_L1_{(Ω)} −γh^2.

Since e^0_T = T_0 − Π_hT_0, (2.3), (3.13), (3.16) and interpolation properties of Π_h lead to 1 cρ VIII ≤ ‖R_hT_0 − Π_hT_0‖_L2_{(Ω)}‖z^1‖_L2_{(Ω)} ≤ |Ω|^{1/2} ( ‖R_hT_0 −T_0‖_L2_{(Ω)}+‖T_0 −Π_hT_0‖_L2_{(Ω)} ) ≤ |Ω|^{1/2}C^∗h^2‖T^0‖_H 2_{(Ω)} ≤ γh^2.

By (2.11), (3.13), and (3.16), we have

IX ≤ C^∗h^2 m∑ n=1 τ ‖T^n‖_W 2_{p (Ω)}‖z^n‖_L∞_{(Ω)} ≤ C^∗t^∗h^2‖T ‖_L∞_{(0,t}∗_{;W} 2_{p (Ω))} ≤ γh^2.

Arguing as for the right hand side of (5.3), and using (3.16) and (2.10), we find X ≤ cρτ ‖∂_{tt}T ‖_L1_{(Ωt∗ )} ≤ γτ, XI ≤ γ m∑ n=1 τ ( ‖G(T^n)e^n_β ‖_{L1 (Ω)} + ‖e^n_T ‖_L1_{(Ω} + ‖e^n_{M2} ‖_{L1 (Ω)} ) + γ(τ + h).

We split term XII as follows: 1 cρ XII = m∑ n=1 ( ⟨R_h(T^n − T^{n−1}), z^n⟩_h − ⟨R_h(T^n − T^{n−1}), z^n⟩ )

+ m∑ n=1 ( ⟨R_h(T^n − T^{n−1}), z^n⟩ − ⟨T^n − T^{n−1}, z^n⟩ ) = XII_1 + XII_2.

Since ‖∇R_hφ‖_Lp_{(Ω)} ≤ C^∗‖φ‖_W 1_{p (Ω)}, (2.10), (3.9), and (3.16) yield

XII_1 ≤ C^∗h m∑ n=1 ‖∇R_h(T^n − T^{n−1})‖_Lp_{(Ω)}‖z^n‖_L∞_{(Ω)}

≤ C^∗h m∑ n=1 ‖T^n − T^{n−1}‖_W 1_{p (Ω)} ≤ C^∗h‖∂_tT ‖_L1_{(0,t}∗_{;W} 1_{p (Ω))} ≤ γh.

Using (2.10), (3.13), and (3.16) we get

XII_2 ≤ C^∗h^2 m∑ n=1 ‖T^n − T^{n−1}‖_W 2_{p (Ω)}‖z^n‖_L∞_{(Ω)} ≤ C^∗h^2‖∂_tT ‖_L1_{(0,t}∗_{;W} 2_{p (Ω))} ≤ γh^2.

We split term XIII as follows:

XIII = m∑ n=1 τ ( ⟨⟨H(R_hT^n − T^n_a ), z^n⟩⟩_h − ⟨⟨Π_h[Π_hH(R_hT^n − Π_hT^n_a )], z^n⟩⟩ )

+ m∑ n=1 τ ( ⟨⟨Π_h[Π_hH(R_hT^n − Π_hT^n_a )], z^n⟩⟩ − ⟨⟨Π_hH(R_hT^n − Π_hT^n_a )], z^n⟩⟩ )

+ m∑ n=1 τ ⟨⟨Π_hH(T^n_a − Π_hT^n_a ), z^n⟩⟩ + m∑ n=1 τ ⟨⟨(Π_hH − H)(R_hT^n − T^n_a ), z^n⟩⟩ = XIII_1 + XIII_2 + XIII_3 + XIII_4.

For XIII_1, we resort to (3.10) and (3.16), in conjunction to (2.4), (2.6), and (2.7), to derive

XIII_1 ≤ C^∗h m∑ n=1 τ ‖∇[Π_hH(R_hT^n − Π_hT^n_a )]‖_L2_{(Ω)}‖∇z^n‖_L2_{(Ω)}

≤ C^∗h‖H‖_W 1_{∞ (Ω)} ( m∑ n=1 τ ‖R_hT^n −Π_hT^n_a ‖^2_H 1_{(Ω)} )_{1/2}( m∑ n=1 τ ‖∇z^n‖^2_L2_{(Ω)} )_{1/2}

≤ γh‖H‖_W 1_{∞(Ω)} ( ‖T ‖_L∞_{(0,t}∗_{;H} 1_{(Ω))} + ‖T_a‖_L∞_{(0,t}∗_{;W} 1_{∞ (Ω))} ) ≤ γh. We have used the fact that ‖∇Π_hf‖_L2_{(Ω)} ≤ C^∗‖∇f‖_L2_{(Ω)} if f is piecewise polynomial.

Since ‖z^n‖_L∞_{(∂Ω)} ≤ 1, we get similarly

XIII_2 ≤ m∑ n=1 τ ‖Π_h[Π_hH(R_hT^n − Π_hT^n_a )] − Π_hH(R_hT^n − Π_hT^n_a )‖_L1_{(∂Ω)}‖z^n‖_L∞_{(∂Ω)} ≤ γh^{3/2}‖∇H‖_L∞_{(Ω)} ( ‖T ‖_L∞_{(0,t}∗_{;H} 1_{(Ω))} + ‖T_a‖_L∞_{(0,t}∗_{;W} 1_{∞ (Ω))} ) ≤ γh^{3/2}. On using standard interpolation estimates and (2.6), (3.16), we have for XIII_3

XIII_3 ≤C^∗h‖H‖_L∞_{(Ω)}|Ω|^{1/2} m∑ n=1 τ ‖T^n_a ‖_W 1_{∞ (Ω)}‖z^n‖_L2_{(∂Ω)} ≤γh‖H‖_L∞_{(Ω)}‖T_a‖_L∞_{(0,t}∗_{;W} 1_{∞ (Ω))} ≤ γh, and likewise for XIII_4

XIII_4 ≤C^∗h‖H‖_W 1_{∞(Ω)} m∑ n=1 τ ( ‖R_hT^n‖_L2_{(∂Ω)} + ‖T^n_a ‖_L2_{(∂Ω)} ) ‖z^n‖_L2_{(∂Ω)} ≤γh‖H‖_W 1_{∞ (Ω)} ( ‖T ‖_L∞_{(0,t}∗_{;H} 1_{(Ω))} + ‖T_a‖_L∞_{(0,t}∗_{;H} 1_{(Ω))} ) ≤ γh. Hence, inserting the preceding estimates into (5.9), we get

(5.10) ‖e^m_T ‖_L1_{(Ω)} ≤ γ m∑ n=1 τ ( ‖G(T^n)e^n_β ‖_{L1 (Ω)} + ‖e^n_T ‖_L1_{(Ω)} + ‖e^n_{M2} ‖_L1_{(Ω)} ) + γ(τ + h).

Let us multiply (5.4) by a constant Λ > 1 to be chosen. Adding the resulting inequality

together with (5.5)-(5.7) and (5.10) it follows that

(5.11)

‖e^m_T ‖_L1_{(Ω)} + Λ‖e^m_χ ‖_{L1 (Ω)} + 2∑ i=0 ‖e^m_{Mi} ‖_{L1(Ω)} ≤ γΛ(τ + h) + γΛ m∑ n=1 τ ‖e^n_T ‖_L1_{(Ω)}

+ γΛ 2∑ i=0 m∑ n=1 τ ‖e^n_{Mi} ‖_{L1 (Ω)} + m∑ n=1 τ ∫ Ω G(T^n) ( γ|e^n_β| − 4ΛM^n_2 |e^n_β| ) dx.

By means of Lemma 3.1, we estimate the last term in (5.11), say XIV, as follows:

(5.12)

XIV ≤ m∑ n=1 τ ∫ Ω G(T^n) ( 4γ|e^n_χ| + 8C_Gt^∗γM^n_2 |e^n_β| − 4ΛM^n_2 |e^n_β| ) dx

≤ 4γC_G m∑ n=1 τ ‖e^n_χ‖_{L1 (Ω)},

provided we choose, e.g., Λ = 2γC_Gt^∗. Using (5.12) in (5.11), we find a discrete integral inequality to which we may apply the discrete Gronwall’s lemma, thereby obtaining

max 1≤n≤N ‖e^n_T ‖_L1_{(Ω)} + max_{1≤n≤N} ‖e^n_χ‖_{L1 (Ω)} + 2∑ i=0 max 1≤n≤N ‖e^n_{Mi} ‖_{L1(Ω)} ≤ γ(τ + h).

The assertion (5.1) finally follows from (2.8) and (2.11) because max 1≤n≤N ‖f^n − f‖_L∞_{(t}n−1_{,t}n_{;L}1_{(Ω))} ≤ τ ‖∂_tf‖_L∞_{(0,t}∗_{;L}1_{(Ω))} ∀ f ∈ W^1_∞(0, t^∗; L^1(Ω)).

6. Simulation. We present a numerical simulation for the crystallization of a screw typically used in orthopaedics. The advantage of prostheses in polylactic acid, a biodegradable semicrystalline polymer, is mainly due to the fact that they do not need to be removed but, instead, they are simply consumed and absorbed as lactic acid by the body. On the other hand, the mechanical properties as well as the consumption kinetics of prostheses depend strongly on the crystalline structure developed during their solidification. It turns out that they have to be balanced in order to allow for bone healing right before consumption. The cost and complexity of lab experimentation explain the increasing interest in modeling and simulation of polymer crystallization processes.

Figure 6.1 shows the longitudinal section of the screw which is roughly assumed to be axially symmetric. The finite element mesh S_h is quasi-uniform with h = 0.25 mm whereas τ = 0.25 sec is the time step. Termodynamic and kinetic constants are taken from [17]. In particular, the growth rate factors G and F are given by F (T ) = F_0Φ(T ) and G(T ) = G_0Φ(T ), where

Φ(T ) = exp ( −^{U ∗} R(T −T_g) ) exp ( −^{Kg (T 0m+T )} 2T^2(T^0_m−T ) ) . and F_0 = 1.494 × 10^{17} m^2sec^{−1}, G_0 = 3.241 × 10^4 m sec^{−1}. Here T_g = 261.2 K is the glass transition temperature, T^0_m = 464.2 K is the equilibrium melting temperature, K_g = 4.87 × 10^5 K^2 is the thermodynamic nucleation constant, U^∗/R = 6280/8.314 K is a universal constant related to polymer chain mobility energy activation over the gas constant. The crystalline volume fraction is normalized to the equilibrium value χ^∗ = 0.440

Figure 6.1. Longitudinal section of the screw.

Figure 6.2. Crystalline volume fraction (0 ≤ χNh χ� ≤ 0.265).

Figure 6.3. Number of spherulites per mm3 (0 ≤ MN0h ≤ 480).

Figure 6.4. Mean radius of spherulites (0 ≤ MN1h/2MN0h ≤ 0.0526 mm).

and exponent β is β = 0.765. Finally we have ρ = 903 kg m^{−3}, c = 2140 J kg^{−1}K^{−1}, k = 0.23 W m^{−1}K^{−1}, and λ = 209300 J kg^{−1}. The initial temperature of the melt polymer is T_0 = 494.2 K and the boundary heat exchange efficiency is given by H = 41860 W m^{−2}K^{−1} for T_a = 310.2 K. We assume an adiabatic condition H = 0 only on the screw’s head, where the melt is injected from into the mould, and next packed to compensate for volume reduction during solidification. Lab experiments show a core of relatively high crystallized material, whereas size and number of spherulites decrease toward the thread. This structure is confirmed by our numerical experiments. After t^∗ = 200 sec the polymer rests at T = T_a and crystallization becomes complete. Figures 6.2-6.4 show the isoclines for crystalline volume fraction χ^N_h χ^∗, number of nuclei M^N_{0h} per unit of volume (mm^3) and mean radius of spherulites M^N_{1h}/2M^N_{0h}, respectively. Note the low crystalline volume fraction in the screw core of about 10% of the maximum value χ^∗ = 0.440.

Orthopaedic screws must hold fractured bones together until complete healing, and only after be dissolved and absorbed by the body. However the fastest heat diffuses during solidification the smaller and fewer spherulites will grow, thereby leading to a soft material with short biological decomposition time. To achieve a proper balance between mechanical properties for stress resistance and time scale, the rate of heat diffusion must be carefully controlled. This entails acting on the efficiency of heat exchange on the thread, and numerics may be a rather cheap complement to more expensive lab experiments.

7. Conclusions. We have introduced and discussed a rather simple, easy to implement, P^1 − P^0 finite element method for a realistic model of polymer crystallization. We have examined its mathematical properties, and derived optimal linear error estimates in the natural L^∞L^1 space, which provides solid basis to our approach. The analysis accounts for the lack of regularity associated with non-Lipschitz kinetic equations. Since our numerical simulation agrees qualitatively with experimental results [16,17], the above relatively simple model seems to be able to capture the essence of the crystallization process. Numerical simulation might then be able to complement a much more expensive lab experimentation. In improving local resolution, and making the method adaptive, a P^1 − P^1 scheme would be more desirable. This issue is under investigation.

REFERENCES

[1] D. Andreucci, M. Bianchini, and A. Pasquali. To appear.

[2] D. Andreucci, L. Borrelli, V. Capasso, P. Li, and M. Primicerio, Polymer crystallization kinetics: the effect of impingement, J. Math. Engrg. (1993) (to appear).

[3] D. Andreucci, A. Fasano, M. Paolini, M. Primicerio, and C. Verdi, Numerical simulation of polymer crystallization, Math. Models Methods Appl. Sci., 4 (1994), pp. 135–145.

[4] D. Andreucci, A. Fasano, and M. Primicerio, On a mathematical model for the crystallization of polymers, in Proc. ECMI IV (Hj. Wacker and W. Zulehner, eds.), Teubner, Stuttgart, 1991, pp. 3–16.

[5] D. Andreucci and C. Verdi, Existence, uniqueness, and error estimates for a model of polymer crystallization, Adv. Math. Sci. Appl. (1994) (to appear).

[6] M. Avrami, Kinetics of phase change I: general theory, J. Chem. Phys., 7 (1939), pp. 1103–1112. [7] M. Avrami, Kinetics of phase change II: transformation time relations for random distribution of nuclei, J. Chem. Phys., 8 (1940), pp. 212–224.

[8] M. Avrami, Kinetics of phase change III: granulation phase change and microstructure, J. Chem.

Phys., 9 (1941), pp. 177–184.

[9] S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, Springer -Verlag, New York, 1994.

[10] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978. [11] P.G. Ciarlet and P.A. Raviart, Maximum principle and uniform convergence for the finite element method, Comput. Methods Appl. Mech. Engrg., 2 (1973), pp. 17–31.

[12] G.T. Davis, J.D. Hoffman, and J.I. Lauritzen, The rate of crystallization of linear polymers with chain folding, in Treatise on Solid State Chemistry, vol. 3, ch. 7 (N.B. Hannay ed.), Plenum Press, New York, 1976, pp. 497–614.

[13] K. Eriksson and C. Johnson, Adaptive finite element methods for parabolic problems II: optimal error estimates in L1L2 and L1L1, SIAM J. Numer. Anal. (to appear).

[14] A. Fasano, Modelling the solidification of polymers: an example of an ECMI cooperation, in Proc.

ICIAM 91 (R.E. O’Malley, Jr. ed.), SIAM, Philadelphia, 1992, pp. 99–118.

[15] J.L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, Springer-Verlag, Berlin, 1972.

[16] S. Mazzullo, Modello di granulazione, accrescimento e arresto della cristallizzazione nei polimeri semicristallini, Report Himont Italia, n.512, Ferrara, 1990, pp. 1–23.

[17] S. Mazzullo, M. Paolini, and C. Verdi, Modelli, esperimenti e simulazione di cristallizzazione di polimeri, Quaderni Dip. Mat. Univ. Milano, 20 (1992), pp. 1–37.

[18] R.H. Nochetto, Error estimates for multidimensional singular parabolic problems, Japan J. Appl.

Math., 4 (1987), pp. 111–138.

[19] P.A. Raviart, The use of numerical integration in finite element methods for solving parabolic equations, in Topics in Numerical Analisis, J.J.H. Miller ed. (1973), pp. 233–264, Academic Press.