DOUBLE OBSTACLE FORMULATION WITH VARIABLE RELAXATION PARAMETER FOR SMOOTH GEOMETRIC FRONT EVOLUTIONS: LOCAL INTERFACE ERROR ESTIMATES*

R. H. NOCHETTO† M. PAOLINI‡ and C. VERDI‡

Abstract. A singularly perturbed double obstacle problem is examined as a variational tool for the approximation of the geometric motion of fronts. The relaxation parameter is space-time dependent, thereby allowing the control of transition layer thickness and related interface pointwise accuracy. Optimal order interface error estimates of local character, namely depending on the relaxation parameter local magnitude, are derived for smooth evolutions. The proof is based on constructing suitable sub and supersolutions, which incorporate a number of shape corrections to the basic standing wave profile, and using a modified distance function to the front. Numerical simulations illustrate how such a local property can be exploited in dealing with large curvatures and ultimately in resolving singularities.

1991 Mathematics Subject Classification: 35K57, 35B25, 35A35, 49Q05.

1. Introduction. We study the geometric motion of a front Σ(t) ⊂ R^n that propagates in its normal direction with velocity V = κ^m +g; hereafter κ^m is the sum of the principal curvatures and g = g(x, t), (x, t) ∈ R^n ×[0, T ], is a given forcing term. In contrast to its simple classical formulation, such an evolution exhibits a complex structure because topological changes, such as breaking and merging, and extinction may occur. Geometric front motions can be defined in a generalized (viscosity) sense, even past singularities, via the so-called level set approach [7,10]. In addition to its intrinsic geometric interest, this problem has relevant applications in the theory of phase transitions in material sciences, flame propagation, crystal growth, etc.; we refer to [4] for references and applications.

Based on the Landau-Ginzburg theory of phase transitions, Σ(t) can be recovered as a limit as ε ↓ 0 of the zero level set Σ_ε(t) of the solution u_ε to the singularly perturbed reaction-diffusion PDE

(1.1) ε∂_t(au_ε) − ε∇ · (a∇u_ε) +^1_{2εa} Ψ^′(u_ε) =^{c0}_2 g in R^n × (0, +∞).

Here Ψ(s) is a double well potential, with wells of equal depth located at s = ±1, and c_0 =

∫_1 −1 √ Ψ(s)ds is a convenient scaling factor. The density function a = a(x, t) is space-time dependent and satisfies 0 < a_0 ≤ a(x, t) < +∞. For a = 1, convergence of Σ_ε(t) to Σ(t) as ε ↓ 0 has been proved in [5] for smooth evolutions, and in [2,9] even past

*This work was partially supported by NSF Grant DMS-9008999, and by MURST (Progetto Nazionale “Equazioni di Evoluzione e Applicazioni Fisico-Matematiche” and “Analisi Numerica e Matematica Computazionale”) and CNR (IAN and Contract 92.00526.01) of Italy.

†Department of Mathematics, University of Maryland, and Institute for Physical Science and Technology, College Park, MD 20742, USA.

‡Dipartimento di Matematica, Università di Milano, 20133 Milano, and Istituto di Analisi Numerica del CNR, 27100 Pavia, Italy.

singularities. Since formal asymptotics reveals that the limit of Σ_ε(t) as ε ↓ 0 is insensitive to the details of Ψ, the precise form of Ψ is just a matter of convenience [17]. Motivated by numerical considerations, we propose the following double obstacle potential:

(1.2) Ψ(s) = { 1 − s^2 if s ∈ [−1, 1] +∞ if s ∉ [−1, 1]. The virtue of this choice lies on the simple but crucial facts that |u_ε(x, t)| ≤ 1 irrespective of g and that u_ε(x, t) attains the values ±1 outside a narrow transition layer T_ε(t). Both formal asymptotics and numerics indicate that the local thickness of T_ε(t) is of order O(εa(x, t)), thereby justifying the use of a variable relaxation parameter εa(x, t) as a means of controling layer thickness and related interface pointwise accuracy. Since u_ε has to be computed only in T_ε(t), which is a relatively small region, the double obstacle formulation retains the local character of the geometric problem at hand while taking advantage of the variational structure of (1.1). These properties are exploited numerically by the dynamic mesh algorithm of [14], which is a finite element method that solely triangulates T_ε(t) according to a mesh density function proportional to a(x, t), and then updates the resulting graded mesh to follow the layer motion. Singularity formation does not require any special care!

The function a(x, t) should be designed so as to become progressively small in a spacetime vicinity of singularities, thereby enhancing resolution. A number of numerical experiments illustrate the gains in computing time and local resolution obtained upon using a suitably designed variable relaxation parameter εa(x) for the motion by mean curvature (g = 0) [14,17]. Because of the parabolic nature of (1.1), a(x, t) can in principle be adjusted as time evolves to meet the above requirement. We then expect that by the time a singularity develops, the value of a(x, t) will already be the minimum a_0 and, therefore, the full strength of the method will be used to enhance the resolution of the singulatity and investigate its structure. These issues make the dynamic mesh algorithm quite an attractive and effective numerical tool, with a lot of potential to be explored in connection with phase transitions. In the present discussion, however, a(x, t) is assumed to be given in advance and smooth. Its adaptive design and implementation deserves further analysis and experimentation.

In spite of numerical evidence [14,17], the local effect of a variable relaxation parameter still lacks of solid mathematical basis. The main purpose of this paper is to provide a rigorous justification to the crucial fact that, for smooth evolutions, the local magnitude of εa(x, t) dictates the local distance between Σ(t) and Σ_ε(t). We in fact prove the following optimal local interface error estimate:

(1.3) dist ( x, Σ_ε(t) ) (resp. Σ(t)) ≤ C_∗ε^2a^2(x, t) ∀ x ∈ Σ(t) (resp. Σ_ε(t)),

where C_∗ > 0 is independent of ε, x, t, and a_0. This estimate is shown under the numerically reasonable assumption that a number of derivatives of a can be bounded in terms of a. Since singularity formation should be preceded by the condition a(x, t) = a_0, we realize that only small oscillations of a could be expected in the vicinity of singularities. The fact that the interface error in (1.3) is proportional to ε^2a^2(x, t) shows that several extra digits of accuracy can be gained when most needed. This result extends our previous investigations valid for a(x, t) = 1 [16,15], and leads to an optimal global interface error estimate without structural assumptions on a as well. The proof is based on explicitly constructing sub and supersolutions of (1.1) which incorporate a number of shape corrections to the basic standing wave γ(x) = sin x. They, in turn, account for g ≠ 0 and variations of a. An important tool, as in [16,15], is the use of a modified signed distance function to the front consisting of a shift and shape correction.

An outline of the paper follows. In §2 we set some further notation and state the local error estimate precisely (see Theorem 2.1). In §3 we prove a comparison lemma which extends those in [6,16] to variable a. In §4 we introduce several shape corrections to γ along with the candidate for subsolution γ_−. We omit any reference to formal asymptotics because it will not clarify the already technical discussion. The effect of shape corrections is apparent in §5, where a number of parameters of γ_− are chosen according to g, a, and their derivatives in order to compensate several terms and eventually give rise to subsolutions. We prove Theorem 2.1 in §6, and finally conclude in §7 with a numerical simulation that illustrates the practical significance of (1.3).

2. Setting and Results. Let Ω ⊂ R^n be a bounded Lipschitz domain. Let Σ(t) ⊂ Ω for t ∈ [0, T ] be an oriented closed manifold of codimension 1, and set

Σ = {(x, t) ∈ Ω × [0, T ] : x ∈ Σ(t)}, O(t) = Outside of Σ(t), I(t) = Inside of Σ(t).

For any x ∈ Σ(t), we denote by n(x, t) the inward unit vector normal to Σ(t) at x ∈ Σ(t). In addition, we indicate with κ^m(x, t) the sum of the principal curvatures (positive if I(t) is convex at x ∈ Σ(t)) and with κ^s(x, t) the sum of the squares of the principal curvatures of Σ(t) at x ∈ Σ(t). The signed distance d(·, t) is defined, for all t ∈ [0, T ], by

d(x, t) = dist ( x, Σ(t) ) if x ∈ O(t) 0 if x ∈ Σ(t) −dist ( x, Σ(t) ) if x ∈ I(t). We introduce a neighborhood T of Σ defined by T = {(x, t) ∈ R^n × [0, T ] : |d(x, t)| ≤ D} for some fixed 0 < D ≪ 1 so that T ⊂ Ω × [0, T ]. Throughout the paper we assume that (2.1) ∂^{i,j}_{x,t}d ∈ L^∞(T ), j = 0, i ≤ 4; j = 1, i ≤ 2. It follows that, for any (x, t) ∈ T , there is a unique s(x, t) ∈ Σ(t) such that dist ( s(x, t), x ) =

|d(x, t)|. For any function φ sufficiently regular, we introduce the notation

(2.2) φ(x, t) = φ ( s(x, t), t ) φ^′(x, t) = (∇φ) ( s(x, t), t ) · ∇d(x, t) = (∇φ)(x, t) · ∇d(x, t) (∇φ)^′(x, t) = (Hφ) ( s(x, t), t ) ∇d(x, t) φ^{′′}(x, t) = ( (Hφ) ( s(x, t), t ) ∇d(x, t) ) · ∇d(x, t) = (∇φ)^′(x, t) · ∇d(x, t) for all (x, t) ∈ T , where Hφ stands for the Hessian matrix of φ. Since ∇φ(x, t) is tangent to the front Σ(t) whereas ∇d(x, t) = −n(x, t) is normal [13], both at s(x, t), we obtain the crucial orthogonality property (2.3) ∇d(x, t) · ∇φ(x, t) = 0 ∀ (x, t) ∈ T . In addition, since x − s(x, t) = d(x, t)∇d(x, t) for all (x, t) ∈ T , we have

(2.4) φ(x, t) = φ(x, t) + d(x, t)φ^′(x, t) +^1_2 d^2(x, t)φ^{′′}(x, t) + O_{‖∂}3_{xφ‖L∞ (T )} ( d^3(x, t) ) . Hereafter, the notation ζ = O_θ(ξ) stands for |ζ| ≤ Cξ, where C > 0 is a constant independent of 0 < ξ ≤ X ≪ 1 but dependent on θ, that may change at the various occurrences.

Let the forcing term g satisfy (2.5) ‖∂^{i,j}_{x,t}g‖_L∞_{(Ω×(0,T ))} ≤ G < ∞, j = 0, i ≤ 3; j = 1, i ≤ 1. Assuming that Σ(t) moves with normal velocity V = κ^m + g, it follows that

(2.6)

∂_td(x, t) = κ^m(x, t) + g(x, t) Δd(x, t) = κ^m(x, t) − d(x, t)κ^s(x, t) + O_{‖κ}s_{‖L∞ (Σ)} ( d^2(x, t) )

for all (x, t) ∈ T ; see [8,17] and [12,§14.6;13], respectively. We also stress that (2.1) yields

(2.7) ‖κ^s‖_W 2,1_{∞ (T )} = K < ∞.

We now deal with the variational approximation to Σ(t) via a singularly perturbed double obstacle problem. In view of (1.2), the unique absolute minimizer of the functional F(φ) = ∫ R ( |φ^′(x)|^2 + Ψ(φ(x)) ) dx, such that γ(0) = 0, |γ(x)| ≤ 1 in R, and lim_{x→±∞} γ(x) = ±1, is given by [6,14,16,15,17]

γ(x) = −1 if x < −^π_2 sin x if x ∈ [−^π_2 ,^π_2 ] +1 if x >^π_2 .

Hence, γ ∈ C^{1,1}(R) and solves the (elliptic) double obstacle problem γ^{′′}(x)+^1_2 Ψ^′(γ(x)) ∋ 0

in R. In particular,

(2.8) γ^{′′}(x) + γ(x) = 0 ∀ x ∈ (−^π_2 ,^π_2 ).

Let the density function a ∈ W^{4,2}_∞ (Ω × (0, T )) satisfy 0 < a_0 ≤ a(x, t) ≤ A for all (x, t) ∈ Ω × (0, T ) together with

(2.9) | |^{∂i,jx,t a(x,t)} a(x,t) | | ≤ A j = 0, i = 1, 2, 3, 4; j = 1, i = 0, 1, 2; j = 2, i = 0,

where A is a constant independent of a_0. This relative boundedness of derivatives of a guarantees that only small variations of a are allowed whenever a becomes small, and is quite acceptable for numerical purposes, as observed in §1. Let

c_0 = ∫ R (γ^′(x))^2dx =

∫_1 −1 √ Ψ(s)ds =^π_2 ,

be a scaling factor and u_ε ∈ W^{2,1}_2 (Ω × (0, T )) be the solution to the singularly perturbed (0 < ε ≪ 1) parabolic double obstacle problem [11]:

(2.10) ε∂_t(au_ε) − ε∇ · (a∇u_ε) +^1_{2εa} Ψ^′(u_ε) ∋^{c0}_2 g in Ω × (0, T ) u_ε(x, 0) = u^0_ε(x) = γ

(_{d(x,0)} εa(x,0) ) ∀ x ∈ Ω u_ε = 1 on ∂Ω × (0, T ).

Let Σ_ε(t) = {x ∈ Ω : u_ε(x, t) = 0} be the zero level set of u_ε. The purpose of this paper is to prove the following local sharp interface error estimate between Σ(t) and Σ_ε(t).

Theorem 2.1. Let d, g and a satisfy (2.1), (2.5), and (2.9) respectively. Then there exist 0 < E ≪ 1 and a constant C_∗, both depending on T , G, K, and A but not on a_0, x, and t, such that for all 0 < ε ≤ E the following optimal estimate holds:

(2.11) dist ( x, Σ_ε(t) ) (resp. Σ(t)) ≤ C_∗ε^2a^2(x, t) ∀ t ∈ [0, T ], x ∈ Σ(t) (resp. Σ_ε(t)).

We stress the local character of (2.11), expressed through the dependence of C_∗ only on A and not on the minimum a_0 of the density function a: the estimate becomes more accurate where a(x, t) is small.

3. Comparison Lemma. We now extend the Comparison Lemma of [6,16] to the case of variable a.

Lemma 3.1. Let v ∈ W^{1,1}_2 (Ω × (0, T )), v ≤ 1, and f ∈ L^2(Ω × (0, T )) satisfy the auxiliary problem

(3.1) ε∂_t(av) − ε∇ · (a∇v) − f ≤ 0 in D^′(Ω × (0, T )) v(·, 0) ≤ u^0_ε(·) in Ω v = 1 on ∂Ω × (0, T ),

with f ≤^1_{εa} v +^{c0}_2 g a.e. in {v > −1}. Then v is a subsolution of the double obstacle problem (2.10), that is,

(3.2) v ≤ u_ε a.e. in Ω × (0, T ).

Proof. For any s ∈ R, set [s]^+ = max(s, 0). Let S denote the sign graph, namely,

S(s) = −1 if s < 0, S(0) = [−1, 1], S(s) = 1 if s > 0,

and H(s) =^1_2 (S(s) + 1) indicate the Heaviside graph; note that ψ =^1_2 Ψ^′ = S^{−1} − I. We now introduce a convenient regularization of ψ that, for any ρ > 0, is defined by

ψ_ρ = S^{−1}_ρ − I where S_ρ(s) = 1 + ρ[s]^+ − 2 tanh

(_{[−s]}+ ρ ) . Let u^ρ_ε ∈ W^{2,1}_2 (Ω × (0, T )) be a smooth approximation of u_ε which satisfies the following (classical) initial boundary value problem [11]:

(3.3) ε∂_t(au^ρ_ε) − ε∇ · (a∇u^ρ_ε) +^1_{εa} ψ_ρ(u^ρ_ε ) =^{c0}_2 g in Ω × (0, T ) u^ρ_ε(·, 0) = u^0_ε(·) + ρ[−u^0_ε(·)]^+ in Ω u^ρ_ε = 1 on ∂Ω × (0, T );

thus u^ρ_ε > −1 in Ω × (0, T ). Note that the modified initial datum is compatible with the nonlinearity ψ_ρ and converges to u^0_ε as ρ ↓ 0. Set e_ρ = v − u^ρ_ε and take the difference between the PDEs in (3.1) and (3.3) to obtain

(3.4) ε∂_t(ae_ρ) − ε∇ · (a∇e_ρ) ≤ f +^1_{εa} ψ_ρ(u^ρ_ε) −^{c0}_2 g in D^′(Ω × (0, T )).

For any σ > 0, let H_σ(s) = tanh

(_{[s]}+ σ ) be a regularization of H. Multiply (3.4) by 0 ≤ H_σ (e_ρ) ∈ H^1(Ω) and integrate on Ω × (0, t). We get ε ∫ Ω ∫_t 0 ∂_t(ae_ρ)H_σ (e_ρ) + ε ∫_t 0 ∫ Ω a|∇e_ρ|^2H^′_σ(e_ρ) ≤ ∫_t 0 ∫ Ω 1 εa e_ρH_σ(e_ρ) + ∫_t 0 ∫ Ω ( f −^1_{εa} v −^{c0}_2 g ) H_σ (e_ρ) + ∫_t 0 ∫ Ω 1 εa S^{−1}_ρ (u^ρ_ε )H_σ(e_ρ).

We see that H_σ(e_ρ) > 0 yields −1 < u^ρ_ε < v ≤ 1, whence f −^1_{εa} v −^{c0}_2 g ≤ 0 by assumption and S^{−1}_ρ (u^ρ_ε) ≤ 0 by construction. Therefore ∫ Ω ∫_t 0 ∂_t(ae_ρ)H_σ(e_ρ) ≤^1_{ε2a0} ∫_t 0 ∫ Ω [e_ρ]^+ ≤^1_{ε2a20} ∫_t 0 ∫ Ω [ae_ρ]^+.

Since lim_{σ↓0} H_σ(e_ρ) = H(e_ρ) = H(ae_ρ), we can take σ ↓ 0 and use the Dominated Convergence Theorem to get ∫ Ω [ae_ρ]^+(·, t) = ∫ Ω ∫_t 0 ∂_t[ae_ρ]^+(·, τ )dτ ≤^1_{ε2a20} ∫_t 0 ∫ Ω [ae_ρ]^+(·, τ )dτ, because [ae_ρ]^+(·, 0) = 0. Finally we use Gronwall’s Lemma to conclude ∫ Ω[ae_ρ]^+(·, t) = 0 for all t ∈ [0, T ]. The assertion (3.2) then follows easily upon letting ρ ↓ 0, and using the fact that u^ρ_ε → u_ε a.e. in Ω × (0, T ).

4. Shape Corrections. Let us consider the linear operator Lφ(x) = φ^{′′}(x) + φ(x) for x ∈ (−^π_2 ,^π_2 ), subject to vanishing Dirichlet boundary conditions at x = ∓^π_2 . For the problem Lφ = q to be solvable, the compatibility condition ∫_{π/2} −π/2 q(x)γ ′(x)dx = 0 must be enforced (Fredholm alternative), because span{γ^′} is the kernel of L. So we set P = { φ ∈ C^{0,1}(R) : ∫_{π/2} −π/2φ(x)γ ′(x)dx = 0 } , and let χ_{[−} π_{2 ,} π_{2 ]} be the characteristic function of the interval [−^π_2 ,^π_2 ]. Then, we introduce the following auxiliary functions η_1, η_2, ξ_1, ξ_2, ξ_3, ξ_4, ξ_5 ∈ C^{0,1}(R), defined by η_1(x) =^1_2 ( xγ(x) − c_0(1 − γ^′(x) ) χ_{[−} π_{2 ,} π_{2 ]}(x)

η_2(x) =^1_2 x^2γ^′(x) ξ_1(x) = −^1_2 xγ^′(x) ξ_2(x) =^1_{16} ( 4xγ^′(x) + (4x^2 − π^2)γ(x) ) χ_{[−} π_{2 ,} π_{2 ]}(x)

ξ_3(x) =^1_{48} ( 3(4x^2 − π^2)γ(x) + 4x(3 − 2x^2)γ^′(x) ) χ_{[−} π_{2 ,} π_{2 ]}(x)

ξ_4(x) =^1_{32} (( π^2(3 −^{π2}_4 ) + 4x^2(x^2 − 3) ) γ(x) + 4x(2x^2 − 3)γ^′(x) ) χ_{[−} π_{2 ,} π_{2 ]}(x)

ξ_5(x) = ( x −^π_2 γ(x) ) χ_{[−} π_{2 ,} π_{2 ]}(x),

which are solution of the following problems for x ∈ (−^π_2 ,^π_2 ):

(4.1)

Lη_1(x) = q_1(x) = γ^′(x) −^{c0}_2 ∈ P Lη_2(x) = q_2(x) = γ^′(x) − 2xγ(x) ∈ P Lξ_1(x) = q_3(x) = γ(x) ∈ P Lξ_2(x) = q_4(x) = xγ^′(x) ∈ P Lξ_3(x) = q_5(x) = x^2γ(x) ∈ P Lξ_4(x) = q_6(x) = x^3γ^′(x) ∈ P Lξ_5(x) = q_7(x) = x ∈ P.

Despite these functions are suggested by formal asymptotics, we do not insist in such a connection. Their effect though will become clear in §5. It is important to realize that they are not better than Lipschitz continuous:

[[η^′_1]](∓^π_2 ) =^1_2 (c_0 − 1), [[η^′_2]](∓^π_2 ) =^{π2}_8 , [[ξ^′_1]](∓^π_2 ) = ±^π_4 , [[ξ^′_2]](∓^π_2 ) = ±^π_8 , [[ξ^′_3]](∓^π_2 ) = ±^π_{48} (6 + π^2), [[ξ^′_4]](∓^π_2 ) = ±^π_{32} (π^2 − 6), [[ξ^′_5]](∓^π_2 ) = ±1.

We also need the auxiliary functions ^η_i, ξ^−_j ∈ C^{0,1}(R), which can be interpreted as suitable shifts of η_i, ξ_j . They are defined, for all x ∈ R, by

^η_i(x) = η_i(x) + η^′_i (^π_2^−)γ^′(x), ξ^−_j (x) = ξ_j(x) + ξ^′_j (^π_2^−)γ^′(x),

and still solve (4.1). These further corrections amount to eliminating discontinuities of η^′_i at x = ∓^π_2 and ξ^′_j at x =^π_2 , because ^η^′_i (∓^π_2 ) = 0 and (ξ^−_j )^′(^π_2 ) = 0 but [[(ξ^−_j )^′]](−^π_2 ) = 2[[ξ^′_j]](−^π_2 ) ≠ 0. Finally, we will also need the relations

(4.2)

^η^′_1(x) =^1_2 q_4(x), ^η^′_2(x) =^{π2}_8 q_3(x) + q_4(x) −^1_2 q_5(x), x ( ^η^{′′}_1 (x) − ^η_1(x) ) = −q_5(x) +^{c0}_2 q_7(x), x ( ^η^{′′}_2 (x) − ^η_2(x) ) = (1 +^{π2}_4 )q_4(x) − 2q_5(x) − q_6(x).

We then introduce the candidate for subsolution γ_− that incorporates several shape corrections to γ. Let γ_−( · ; ε, α_1, α_2, β_1, β_2, β_3, β_4, β_5) : R → R be defined, for any ε > 0 and α_i, β_j ∈ R, by

(4.3) γ_−(x; ε, α_1, α_2, β_1, β_2, β_3, β_4, β_5) = γ(x) + ε

∑_2 i=1α_i ^η_i(x) + ε^2

∑_5 j=1β_j ξ^−_j (x), and note that γ_−(x) = 1 (−1) for all x ≥^π_2 (x ≤ −^π_2 ), γ^′_−(^π_2 ) = 0, and, for ε ≤ E ≪ 1 (depending on the α_i’s and β_j ’s), γ^{′′}_−(^π_2^−) ≤ −^1_2 , γ^{′′}_−(−^π_2^+) ≥^1_2 . Hence, γ_− is strictly convex in a right neighborhood of −^π_2 uniformly in ε ≤ E, which in turn shows the existence of at most one point x_ε ∈ (−^π_2 , 0) such that γ_−(x_ε) = −1. If such point does exist, then γ^′_−(x_ε) > 0. Otherwise we set x_ε = −^π_2 and point out that in any event γ_−(x_ε) = −1, γ^′_−(x^+_ε ) ≥ 0, and γ^′_−(x) > 0, |γ_−(x)| < 1 for all x ∈ (x_ε,^π_2 ). Since no confusion is possible, we henceforth denote by γ_− the function max(−1, γ_−).

Finally, note that γ(x), γ^′(x), γ^{′′}(x), ^η_i(x), ^η^′_i (x), ^η^{′′}_i (x), ξ^−_j (x), (ξ^−_j )^′(x), (ξ^−_j )^{′′}(x) = O(1) for all x ∈ R, whence γ_−(x), γ^′_−(x), γ^{′′}_−(x) = O(1) for ε ≤ E.

5. Subsolution. In this section we construct a subsolution for the double obstacle problem (2.10), and just indicate how to get a supersolution. In doing so there are two crucial issues involved. The first one is to mimic the shape of u_ε as well as possible. The second ingredient is the use of a modified distance function, which combines a shift with a shape correction. This idea was already exploited in [16,15] for a = 1.

Hereafter, we will assume that 0 < ε ≤ E ≪ 1, where we will use the symbol E to indicate an upper bound of ε that will be chosen sufficiently small depending on T , G, K, and A but not on a_0. The constants G, K, and A are defined in (2.5), (2.7), and (2.9), respectively. Upon restricting ε ≤ E beforehand, we will sistematically resort to the replacement

(5.1) ζ = O(ε^α) + O_{G,K,A,T} (ε^{α+1}) → ζ = O(ε^α),

thereby eliminating the explicit dependence on G, K, A, and T .

We start out by introducing the modified distance function. For all (x, t) ∈ T , set

(5.2) ε(x, t) = εa(x, t) = εa ( s(x, t), t ) and define

(5.3) d^−_ε (x, t) = d(x, t) − ( σ_1(t)d^2(x, t) + σ_2(t) ) ε^2(x, t),

where σ_i(t) = C_ie^{2Ht} for i = 1, 2; H > 0 and C_1, C_2 ≥ 1 are suitable constants, to be determined later, depending on G, K, and A, but independent of a_0 and ε. We stress that the effect of the shape correction d^2(x, t) cannot be replaced by a simpler vertical shift in the definition of subsolution, which is in striking contrast with the case of regular potential [3,9]. Let

(5.4) y^−_ε (x, t) =^{d−ε (x,t)}_{ε(x,t)}

be the stretched variable. Since no confusion is possible, we will use the notation d_ε = d^−_ε and y = y^−_ε . Note that |y(x, t)| ≤^π_2 implies |d(x, t)| ≤ D, i.e., (x, t) ∈ T , and

(5.5) d = εy + σ_2ε^2 + O_{A,σi(T )}(ε^4) = O(ε).

Our first task is to write a number of asymptotic expansions for quantities of interest, starting with d_ε. In view of (2.3), (2.6), (5.4), and (5.5), we have

(5.6)

∇d_ε = (1 − 2σ_1ε^3y)∇d − 2σ_2ε^{2 ∇a}_a + O_{A,σi(T )}(ε^4) |∇d_ε|^2 = 1 − 4σ_1ε^3y + O_{A,σi (T )}(ε^4) ∂_td_ε = κ^m + g − 2Hσ_2ε^2 − 2σ_2ε^{2 ∂t a}_a + O_{A,σi(T )}(ε^3) Δd_ε = κ^m − εyκ^s − 2σ_1ε^2 − σ_2κ^sε^2 − 2σ_2ε^2 (_{Δa} a +^{|∇a|2}_{a2} ) + O_{‖κ}s_{‖L∞ (Σ)} (ε^2),

which lead to the following modifications of (2.3) and (2.4) in terms of d_ε and y: ∇d_ε · ∇φ = −2σ_2ε^{2 ∇a}_a · ∇φ + |∇φ|O_{A,σi(T )}(ε^4) (5.7) φ = φ + εyφ^′ +^1_2 ε^2y^2φ^{′′} + σ_2ε^2(φ^′ + εyφ^{′′}) + O_{‖∂}3_{xφ‖L∞ (T )} (ε^3),

(5.8) together with

(5.9) 1 φ =^1_φ − εy^{φ ′}_{φ2} + ε^2y^2

(_{(φ} ′_)2

φ3 −^1_2^{φ ′′}_{φ2} ) − σ_2ε^2 (_{φ ′} φ2 − 2εy (_{(φ} ′_)2

φ3 −^1_2^{φ ′′}_{φ2} )) + O‖_{∂3x} 1_φ ‖_{L∞(T )} (ε^3).

We also have the following expansions, which result from (5.4), (5.6), and (5.7),

(5.10)

∇y =^1_ε ∇d_ε − y^{∇a}_a |∇y|^2 =^1_{ε2} + y^{2 |∇a|2}_{a2} − 4σ_1εy + 4σ_2εy^{|∇a|2}_{a2} + O_{A,σi (T )}(ε^2) ∂_ty =^1_ε (κ^m + g) − y^{∂t a}_a − 2Hσ_2ε − 2σ_2ε^{∂t a}_a + O_{A,σi (T )}(ε^2) Δy =^1_ε κ^m − yκ^s − y (_{Δa} a − 2^{|∇a|2}_{a2} ) − 2σ_1ε − σ_2κ^sε − 2σ_2ε (_{Δa} a −^{|∇a|2}_{a2} ) + O_{‖κ}s_{‖L∞ (Σ)} (ε), whence, from (2.3) and (2.2), we get, respectively, (5.11) ∇y · ∇φ = −y^{∇a}_a · ∇φ + O_{A,σi(T )}(ε), and (5.12)

∇y · (∇φ) =^1_ε φ^′ − y^{∇a}_a · (∇φ) − 2σ_2ε^{∇a}_a · (∇φ) + O_{A,σi (T )}(ε^2) ∇y · (∇φ)^′ =^1_ε φ^{′′} + O_A(1).

We are now ready to define the subsolution for (2.10). To this end, we set

(5.13) α_1(x, t) = g α_2(x, t) = −^{a ′}_a β_1(x, t) =^{(∂t a)}_a −^{π2}_8^{a ′}_a (g −^{a ′}_a ) β_2(x, t) = κ^s +^1_2 g ( g −^{a ′}_a ) +^{∇a·(∇a)}_{a2} −^{(∂t −Δ)a}_a − 2^{|∇a|2}_{a2} −^{a ′′}_a + (2 +^{π2}_4 )^{(a ′)2}_{a2} β_3(x, t) =^{a ′′}_a −^7_2^{(a ′ )2}_{a2} +^{|∇a|2}_{a2} +^3_2 g^{a ′}_a β_4(x, t) = −^{(a ′ )2}_{a2} β_5(x, t) = −^{c0}_2 (_a ′ a g + g^′ ) for all (x, t) ∈ T . It is easy to check that (5.14) ‖α_i‖_W 2,1_{∞ (T )} = O_{A,G}(1), ‖β_j ‖_W 2,1_{∞ (T )} = O_{A,K,G}(1). Having defined γ_− by (4.3) and truncation with −1, and recalling that |y(x, t)| ≤^π_2 implies (x, t) ∈ T , the subsolution v_ε = v^−_ε is given by (5.15) v_ε(x, t) = γ_− ( y(x, t); ε(x, t), α_1, α_2, β_1 + 2^{a ′}_a σ_2, β_2, β_3, β_4, β_5 ) for all (x, t) ∈ T , and is extended by ±1 outside of T according to whether x ∈ O(t) or x ∈ I(t). Therefore, we get v_ε ∈ W^{1,1}_∞ (Ω × (0, T )) and |v_ε| ≤ 1 in Ω × [0, T ], together with

(5.16) v_ε = γ(y) + ε

∑_2

i=1α_i^η_i(y) + 2^{a ′}_a σ_2ε^2ξ^−_1 (y) + O_{A,K,G}(ε^2) = γ(y) + O_{A,G}(ε)

in T . It is convenient now to introduce the transition region T_ε(t) = T_ε(t)^−, namely T_ε(t) = {x ∈ R^n : |v_ε(x, t)| < 1} ∀ t ∈ [0, T ], and note that |y(x, t)| <^π_2 for x ∈ T_ε(t).

We now intend to prove that v_ε is in fact a subsolution for the double obstacle problem (2.10). We first observe that

(5.17) v_ε = 1 on ∂Ω × (0, T ).

Then we check, for t = 0, that

(5.18) v_ε(x, 0) ≤ u^0_ε(x) ∀ x ∈ Ω.

Set z(x) =^{d(x,0)}_{ε(x,0)} and note that for x ∈ T_ε(0), y = z − C_2ε + O_{A,σi (T )}(ε^3) < z −^1_2 C_2ε. Since we only have to consider −^π_2 ≤ x_ε(x, 0) < y < z <^π_2 , we use the inequality [16]

γ(z) − γ(y) >^1_{2π} C_2ε

(_1

2 C_2ε + min (_π 2 + y,^π_2 − z ))

to conclude that, for C_2 sufficiently large but independent of ε,

v_ε(x, 0) = γ_−(y) < γ(z) − ε

(_1

8π C^2_2 ε +^1_{2π} C_2 min (_π 2 + y,^π_2 − z ) − ∑_2 i=1α_i ^η_i(y) )

− ε^2 (_1

8π C^2_2 −

∑_5 j=1β_j ξ^−_j (y) − 2^{a ′}_a C_2ξ^−_1 (y) ) ≤ γ(z) = u^0_ε(x).

We point out that the last inequality results from the property ^η_i(y) = O(ε) for z =^π_2 .

To demonstrate the first inequality in (3.1) we would like to integrate ∇ · (a∇v_ε) by parts. This would involve regularity of ∂T_ε(t), which is not a priori guaranteed. To circumvent such a difficulty, we introduce a set T^ρ_ε (t) slightly smaller than T_ε(t), namely,

T^ρ_ε (t) = {x ∈ T_ε(t) : −1 + ρ < v_ε(x, t) < 1},

along with its boundaries

∂^−T^ρ_ε (t) = {x ∈ ∂T_ε(t) : v_ε(x, t) = −1 + ρ} ∂^+T^ρ_ε (t) = ∂T_ε(t)\∂^−T^ρ_ε (t), where 0 < ρ ≪ ε will tend to 0. Since ^η_i(^π_2 ) = ξ^−_j (^π_2 ) = 0, it turns out that ∂^+T^ρ_ε (t) is also the^π_2 –level set of y(·, t) which, in view of (5.10), is a smooth function with nonvanishing gradient. The Implicit Function Theorem yields the existence of an outward unit vector ν^ρ_ε (independent of ρ) normal to ∂^+T^ρ_ε (t). Moreover, the expression

(5.19) ∇v_ε = γ^′_−(y)∇y + ε

∑_2

i=1^η_i(y)∇(aα_i) + 2ε^2ξ^−_1 (y)∇(aa^′) + ε^2

∑_5 j=1ξ^−_j (y)∇(a^2β_j)

in T_ε(t) shows that ∇v_ε = 0 on ∂^+T^ρ_ε (t), because γ^′_−(^π_2 ) = ^η_i(^π_2 ) = ξ^−_j (^π_2 ) = 0. On the other hand, recalling that γ_−(x_ε) = −1, if x^ρ_ε > x_ε is defined by γ_−(x^ρ_ε ) = −1 + ρ, then we infer that γ^′_−(x^ρ_ε ) ≥ C(x^ρ_ε − x_ε) with C > 0 independent of ε. This is certainly a consequence of the strict convexity of γ_− in a right neighborhood of x_ε. With the aid of (5.19), we deduce | |∇v_ε(x, t)| ≥^1_ε C(x^ρ_ε(x, t) − x_ε(x, t))(1 − O(ε)) ≠ 0 ∀ x ∈ ∂^−T^ρ_ε (t). The Implicit Function Theorem applies again and shows the existence of a unit outward vector ν^ρ_ε orthogonal to ∂^−T^ρ_ε (t). We then realize that ∇v_ε · ν^ρ_ε = −|∇v_ε| < 0 on ∂^−T^ρ_ε (t), because ∂^−T^ρ_ε (t) is the (−1 + ρ)–level set of v_ε and v_ε > −1 + ρ in T^ρ_ε (t). Set

(5.20) f(x, t) =

{_{1εa} v_ε(x, t) +_{c02} g(x, t) if v_ε(x, t) > −1

0 if v_ε(x, t) = −1

and observe that f(x, t) > 0 in {v_ε(x, t) = 1} (for ε ≤ E). Integration by parts in T^ρ_ε (t) for all t ∈ (0, T ) leads to

(5.21)

∫ Ω ( ε∂_t(av_ε)φ + εa∇v_ε · ∇φ − fφ ) = ∫ T_ε(t) J v_εφ + ε ∫ ∂T^ρ_ε (t) a∇v_ε · ν^ρ_ε φ − ∫ Ω\T_ε (t) fφ + ε ∫ T_ε(t)\T^ρ_ε (t) ( a∇v_ε · ∇φ + ∇ · (a∇v_ε)φ ) = I + II^ρ + III + IV^ρ

for all 0 ≤ φ ∈ H^1(Ω), where J v_ε = ε∂_t(av_ε) − ε∇ · (a∇v_ε) −^1_{εa} v_ε −^{c0}_2 g. In the sequel we examine each term separately. Since ∇v_ε · ν^ρ_ε ≤ 0 on ∂T^ρ_ε (t), we get II^ρ ≤ 0. From (5.20) we also have III ≤ 0. Hence, it only remains to establish that the first term is nonpositive, because |IV^ρ| ≤^C_ε |T_ε(t)\T^ρ_ε (t)|^{1/2}‖φ‖_H1_{(Ω)} ↓ 0 as ρ ↓ 0. Since (5.22) J v_ε = εa∂_tv_ε + εv_ε∂_ta − εaΔv_ε − ε∇a · ∇v_ε −^1_{εa} v_ε −^{c0}_2 g, we will proceed to evaluate the above summands. We first use the definition (5.15) of v_ε, in conjunction with (5.14) and (5.11), to arrive at

(5.23) ∇v_ε = γ^′_−(y)∇y + O_{A,G}(ε) ∂_tv_ε = γ^′_−(y)∂_ty + O_{A,G}(ε) Δv_ε = γ^{′′}_−(y)|∇y|^2 + γ^′_−(y)Δy + O_{A,G}(ε), for all x ∈ T_ε(t) and t ∈ [0, T ]. Next, we use (5.8) and (5.9) to derive

(5.24) a = a ( 1 + εy^{a ′}_a +^1_2 ε^2y^{2 a ′′}_a + σ_2ε^2 (_{a ′} a + εy^{a ′′}_a ) + O_A(ε^3) ) = a ( 1 + εy^{a ′}_a + σ_2ε^{2 a ′}_a + O_A(ε^2) ) 1 a =^1_a ( 1 − εy^{a ′}_a + ε^2y^2

(_{(a} ′_)2

a2 −^1_2^{a ′′}_a )

− σ_2ε^2 (_{a ′} a − 2εy (_{(a} ′_)2

a2 −^1_2^{a ′′}_a )) + O_A(ε^3) )

∇a = (∇a) + εy(∇a)^′ + σ_2ε^2(∇a)^′ + aO_A(ε^2)

∂_ta = (∂_ta) + aO_A(ε) and (5.25) g = g + εyg^′ + σ_2ε^2g^′ + O_G(ε^2).

Tedious calculations based on (5.10), (5.12), (5.16), (5.23), (5.24), and (5.25) lead to the

following asymptotic expressions for each of the summands in (5.22): εa∂_tv_ε = ε ( 1 + εy^{a ′}_a + σ_2ε^{2 a ′}_a + O_A(ε^2) )( γ^′_−(y)∂_ty + O_{A,G}(ε) ) = (κ^m + g)γ^′(y) + ε ( (κ^m + g)

∑_2

i=1α_i^η^′_i (y) + (κ^m + g)yγ^′(y)^{a ′}_a − yγ^′(y)^{∂t a}_a ) + ε^2σ_2 (_{a ′} a (κ^m + g)(2(ξ^−_1 )^′(y) + γ^′(y)) − 2Hγ^′(y) − 2γ^′(y)^{∂t a}_a ) + O_{A,G}(ε^2); εv_ε∂_ta = ε ( γ(y) + O_{A,G}(ε) )(_{(∂t a)} a + O_A(ε) ) = εγ(y)^{(∂t a)}_a + O_{A,G}(ε^2); −εaΔv_ε = −ε ( 1 + εy^{a ′}_a +^1_2 ε^2y^{2 a ′′}_a + σ_2ε^2(^{a ′}_a + εy^{a ′′}_a ) + O_A(ε^3) ) × ( γ^{′′}_−(y)|∇y|^2 + γ^′_−(y)Δy + O_{A,G}(ε) ) = −^1_ε γ^{′′}(y) − (∑_2 i=1α_i ^η^{′′}_i (y) + yγ^{′′}(y)^{a ′}_a + κ^mγ^′(y) ) − ε (∑_5 j=1β_j (ξ^−_j )^{′′}(y) + 2σ_2^{a ′}_a (ξ^−_1 )^{′′}(y) + y^{a ′}_a

∑_2 i=1α_i ^η^{′′}_i (y) + κ^m ∑_2

i=1α_i ^η^′_i (y) + y^2γ^{′′}(y) (_{|∇a|}2 a2 +^1_2^{a ′′}_a ) + σ_2γ^{′′}(y)^{a ′}_a + κ^myγ^′(y)^{a ′}_a − κ^syγ^′(y) − yγ^′(y) (_{Δa} a − 2^{|∇a|2}_{a2} ))

− ε^2 ( − 2σ_1 ( 2yγ^{′′}(y) + γ^′(y) ) + σ_2 ( yγ^{′′}(y) ( 4^{|∇a|2}_{a2} +^{a ′′}_a ) − κ^sγ^′(y) + κ^mγ^′(y)^{a ′}_a − 2γ^′(y) (_{Δa} a −^{|∇a|2}_{a2} ) +^{a ′}_a

∑_2 i=1α_i^η^{′′}_i (y) + 2^{a ′}_a κ^m(ξ^−_1 )^′(y) + 2y^{(a ′ )2}_{a2} (ξ^−_1 )^{′′}(y) )) + O_{A,K,G}(ε^2);

−ε∇a · ∇v_ε = −ε (_{(∇a)} a + εy^{(∇a) ′}_a + σ_2ε^{2 (∇a) ′}_a + O_A(ε^2) )( γ^′_−(y)∇y + O_{A,G}(ε) ) = −γ^′(y)^{a ′}_a − ε ( yγ^′(y) (_a ′′ a −^{∇a·(∇a)}_{a2} ) +^{a ′}_a

∑_2

i=1α_i ^η^′_i (y) )

− ε^2σ_2 ( 2^{(a ′)2}_{a2} (ξ^−_1 )^′(y) + γ^′(y) (_{a ′′} a − 2^{∇a·(∇a)}_{a2} )) + O_{A,G}(ε^2);

−^1_{εa} v_ε = −^1_ε γ(y) − (∑_2 i=1α_i ^η_i(y) − yγ(y)^{a ′}_a ) − ε (∑_5 j=1β_j ξ^−_j (y) + 2σ_2^{a ′}_a ξ^−_1 (y) − y^{a ′}_a

∑_2 i=1α_i ^η_i(y) + y^2γ(y)

(_{(a} ′_)2

a2 −^1_2^{a ′′}_a ) − σ_2γ(y)^{a ′}_a )

− ε^2σ_2 ( 2yγ(y) (_{(a} ′_)2

a2 −^1_2^{a ′′}_a ) − 2y^{(a ′)2}_{a2} ξ^−_1 (y) −^{a ′}_a

∑_2 i=1α_i ^η_i(y) ) + O_{A,K,G}(ε^2). We now collect all the summands in (5.22) with the same power ε^i, and label them S_i.

The effect of shape corrections is now quite apparent in the vanishing of S_i for i = −1, 0, 1!

In fact, by virtue of (2.8), (4.1), (4.2), and (5.13), we have:

Order ε^{−1}:

S_{−1} = − ( γ^{′′}(y) + γ(y) ) = 0;

Order ε^0:

S_0 = −

∑_2 i=1α_i ( ^η^{′′}_i (y) + ^η_i(y) ) + g ( γ^′(y) −^{c0}_2 ) −^{a ′}_a ( γ^′(y) − 2yγ(y) ) = 0;

Order ε:

S_1 = −

∑_5 j=1β_j ( (ξ^−_j )^{′′}(y) + ξ^−_j (y) ) − 2σ_2^{a ′}_a ( (ξ^−_1 )^{′′}(y) + ξ^−_1 (y) ) + γ(y) ( 2σ_2^{a ′}_a +^{(∂ta)}_a ) + yγ^′(y) ( κ^s +^{a ′}_a g +^{∇a·(∇a)}_{a2} −^{(∂t−Δ)a}_a − 2^{|∇a|2}_{a2} −^{a ′′}_a ) + y^2γ(y) (_{|∇a|}2 a2 −^{(a ′)2}_{a2} +^{a ′′}_a ) −^{c0}_2 yg^′ + ( g −^{a ′}_a )∑_2 i=1α_i ^η^′_i (y) −^{a ′}_a ∑_2 i=1α_iy ( ^η^{′′}_i (y) − ^η_i(y) ) = 0;

Order ε^2:

S_2 = − 2σ_1 ( 2yγ(y) − γ^′(y) ) − 2σ_2Hγ^′(y) − σ_2 (_{c0} 2 g^′ − 2^{a ′}_a ( g −^{a ′}_a ) (ξ^−_1 )^′(y) + 2^{(a ′)2}_{a2} y ( (ξ^−_1 )^{′′}(y) − ξ^−_1 (y) ) +^{a ′}_a

∑_2 i=1α_i ( ^η^{′′}_i (y) − ^η_i(y) ) − 2yγ(y) (_a ′′ a + 2^{|∇a|2}_{a2} −^{(a ′ )2}_{a2} ) − γ^′(y) ( κ^s + g^{a ′}_a − 2^{(∂t−Δ)a}_a − 2^{|∇a|2}_{a2} + 2^{∇a·(∇a)}_{a2} −^{a ′′}_a )) + O_{A,K,G}(1) = − 2σ_1 ( 2yγ(y) − γ^′(y) ) − 2σ_2Hγ^′(y) − σ_2ζ(·; A, K, G) + O_{A,K,G}(1);

here, in view of (2.9) and (5.14), ζ ( (x, t); A, K, G ) is a function independent of a_0, ε, and C_1, C_2. Thus, on selecting H = ‖ζ(·; A, K, G)‖_L∞_{(Ω×(0,T ))}, we clearly obtain J v_ε ≤ −ε^2e^{2Ht} ( 4C_1yγ(y) + 2HC_2γ^′(y) − 2C_1γ^′(y) − C_2H ) + O_{A,K,G}(ε^2), and, owing to yγ(y) + γ^′(y) ≥ 1, J v_ε ≤ −ε^2e^{2Ht} ( yγ(y) ( 4C_1 − C_2H ) + γ^′(y) ( C_2H − 2C_1 )) + O_{A,K,G}(ε^2). Recalling our convention (5.1), the choice C_2H = 3C_1 then leads to J v_ε ≤ −ε^2e^{2Ht} ( C_1 + O_{A,K,G}(1) + O_{A,K,G,σi (T )}(ε) ) ≤ 0, for C_1 sufficiently large but independent of ε ≤ E and E ≪ 1 depending on C_1, C_2 and exponentially on K, G, A, and T ; thus I ≤ 0. We point out that neither C_1, C_2 nor E depend on a_0, x, or t.

Upon taking ρ ↓ 0 in (5.21), and recalling (5.18) and (5.17), we conclude that v^−_ε = v_ε satisfies (3.1). Finally, applying the Comparison Lemma of §3 we end up with

v^−_ε (x, t) ≤ u_ε(x, t) ∀ (x, t) ∈ Ω × [0, T ].

Based on v^−_ε , a supersolution v^+_ε can be defined as follows. Let d̃^−_ε and ṽ^−_ε indicate the modified distance function and the subsolution of the auxiliary problem corresponding to g̃ = −g and d̃ = −d. We clearly obtain that v^+_ε = −ṽ^−_ε is a supersolution and d^+_ε = −d̃^−_ε is the modified distance function for the original problem.

6. Local Interface Error Estimates. The proof of Theorem 2.1 is a simple consequence of the above construction and relies on the following properties of the function γ_− defined in §4: γ^′_−(x) > 0 for all x ∈ (x_ε,^π_2 ) and γ^′_−(0) >^3_4 for ε sufficiently small. These properties, indeed, combined with (5.19), (5.3), (5.4), (2.3), and (5.5) in this order, lead to

(6.1) ( ∇v^∓_ε · ∇d ) (z, t) = γ^′_∓ (_d∓_{ε (z,t)} εas(z,t) ) ∇ (_d∓_{ε (z,t)} εas(z,t) ) · ∇d(z, t) = γ^′_∓ (_d∓_{ε (z,t)} εas(z,t) )(_1 εas(z,t) + O(1) ) > 0 ∀ z ∈ T_ε(t), as well as to the crucial nondegeneracy property

(6.2) ( ∇v^∓_ε · ∇d ) (x, t) ≥^1_{2εa(x,t)} ∀ x ∈ Σ(t).

For any x ∈ Σ(t) and t ∈ [0, T ], let N(x, t) denote a straight segment of size 2D perpendicular to Σ(t), namely N(x, t) = {z = x + s∇d(x, t) : |s| ≤ D}. For a given y ∈

Σ_ε(t) and t ∈ [0, T ], we claim that (y, t) ∈ T = {|d(z, t)| ≤ D}, whence x = s(y, t) ∈ Σ(t) is uniquely defined. In fact, otherwise (y, t) ∉ T and −1 = v^−_ε (y, t) ≤ u_ε(y, t) = 0 ≤ v^+_ε (y, t) = 1, which because of the definition of v^∓_ε yields the contradiction y ∈ I(t) ∩ O(t). Consider now the problem of finding y^∓ ∈ N(x, t) such that v^∓_ε (y^∓, t) = 0. In light of (5.3) and (5.16), we see that v^∓_ε (x, t) = O(εa(x, t)) for x ∈ Σ(t). Upon invoking (6.2) we not only realize that such y^∓ do in fact exist but also that they satisfy

|x − y^∓| = d(y^∓, t) = O(ε^2a^2(x, t)).

Moreover both y^∓ are unique in that (6.1) implies monotonicity of v^∓_ε on N(x, t). With the aid of v^−_ε ≤ u_ε ≤ v^+_ε , we conclude that all the zeros of u_ε(·, t) on N(x, t) must lie between y^− and y^+, which in turn applies to the original y ∈ Σ_ε(t) because |y − x| = |d(y, t)| ≤ D. Therefore, we readily get

dist ( x, Σ_ε(t) ) , dist ( y, Σ(t) ) ≤ |x − y| ≤ max_∓ | |x − y^∓| ≤ C_∗ε^2a^2(x, t).

To conclude the argument we just have to notice that, by virtue of (2.9), a^2(x, t) ≤ a^2(y, t) + A^3|x − y|, which leads to the desired estimate for y ∈ Σ_ε(t) provided ε is sufficiently small depending on C_∗ and A.

Optimality of (2.11) has been already proved in [16] for the radially symmetric case with a vanishing forcing term g = 0 and a = 1. The proof of Theorem 2.1 is thus complete.

We finish our discussion with two comments about the structural assumption (2.9).

Remark6.1. If (2.9) is no longer valid but ‖a‖_W 4,2_{∞ (Ω×(0,T ))} ≤ A_∗, then the above analysis clearly indicates that H = ‖ζ‖_{L∞(Ω×(0,T ))} ≤ CA^2_∗/a^2_0. In view of (5.3), (5.13), and (5.15) we infer that v^∓_ε (x, t) = O(exp(^{CA2∗ t}_{a20} )εa(x, t)) for x ∈ Σ(t). This leads to the following global interface error estimate in terms of the Hausdorff distance dist_H(·, ·):

(6.3) dist_H ( Σ_ε(t), Σ(t) ) ≤ C_∗ exp(^{CA2∗ t}_{a20} )ε^2 ∀ t ∈ [0, T ].

This pessimistic result is in the same vein as those in [16,15] for a = 1, but the proof for variable a is certainly much more involved.

Remark6.2. It is relatively easy in practice to construct a density function a satisfying (2.9) if A is allowed to depend logarithmically on a_0; see §7.

7. Numerical Results. We present a numerical experiment for the motion by mean curvature (g = 0) that illustrates the significance of the local estimate of Theorem 2.1. We consider the evolution of the axially symmetric dumbbell studied in [1], with

Σ_c(0) = {x^2_1 + x^2 = (1 − x^2_3)(1 − c + cx^2_3)^2} ⊂ R^3 being the initial front. We see that the surface Σ_0(0) is a sphere whereas Σ_1(0) consists of two tear shaped parts with a singularity at the origin. There exists a critical 0 < c^∗ < 1 for which Σ_c∗ (t) remains regular and nonconvex until it shrinks to the origin [1]. For c < c^∗, Σ_c(t) becomes convex and shrinks to the origin at t^†_c, whereas for c > c^∗, Σ_c(t) focuses at the origin and breaks at t^∗_c and eventually disappears at t^†_c > t^∗_c . For the critical value c^∗ we thus have t^†_c∗ = t^∗_c∗ . The purpose of our simulation is to compute c^∗ along with Σ_c∗ .

In view of the axial symmetry, we introduce the cylindrical coordinates r = (x^2_1 +x^2)^{1/2} and z = x_3. Thus, we can use the 2D dynamic mesh algorithm of [14] over the domain Ω = {(r, z) ∈ (0, 4)^2} with the time-independent density function a(r, z) = ( 1 +^1_{10} (r^3 + z^3) ) exp ( −^1_{4r2+z2+α} ) , where α = −^1_{log a0} ,

where a_0 = 0.05. Note that this function satisfies the assumption (2.9) but with a constant A depending on | log a_0| to some power. It turns out that the local interface error estimates in Theorem 2.1 is quasi-optimal because of the logarithm.

Space discretization is based on piecewise linear finite elements over a graded mesh. Figure 7.1 shows the graded mesh corresponding to the mesh density h(r, z) = 0.07a(r, z). It has to be stressed that the dynamic algorithm actually triangulates only the transition region, which is significantly smaller than a full mesh and the sole partition present at any time, and then updates the mesh to follow the transition region motion. Time stepping is explicit, but stability constraints force small time steps only when singularities develop, whereas relatively large time steps are allowed at the beginning or past singularities, when the evolution is smooth. Explicit time discretization guarantees that at most one layer of boundary elements of the transition region has to be either added or deleted, thereby making dynamic mesh updating feasible and overruling the use of implicit methods. This method thus retains the local character of the geometric problem at hand while taking advantage of the variational structure of (1.1), and exhibits potential to be exploited in connection with phase transitions.

Our numerical results, obtained with the mesh density h(r, z) = 0.07a(r, z), suggest that c^∗ = 0.654. The sequences of interfaces for c = 0.653, c^∗ = 0.654, c = 0.655, and c = 0.656 are depicted in Figure 7.2a-d, where we observe the nonconvexity of Σ_c∗ (t) for the entire evolution. The boundary elements of the actual graded meshes for c = c^∗ are drawn in Figure 7.3a-h together with the corresponding interfaces for a number of time steps. We point out that the thickness of the transition regions varies along the front and is dictated by the local size of a. This remarkable effect is of great importance in resolving singularities.

REFERENCES

[1] S. Altschuler, S. Angenent, and Y. Giga, Mean curvature flow through singularities for surfaces of rotation, J. Geom. Anal. (1991) (to appear).

Figure 7.1. Graded mesh over the whole domain, for h(r, z) = 0.07a(r, z).

Figure 7.2. Front evolution for c = 0.653, c� = 0.654, c = 0.655, and c = 0.656; t = 0.025i, 0 ≤ i ≤ 30, and t�_c (bold line).

[2] G. Barles, H.M. Soner, and P.E. Souganidis, Front propagation and phase field theory, SIAM J. Control Optim., 31 (1993), pp. 439–469.

[3] G. Bellettini and M. Paolini, Quasi-optimal error estimates for the mean curvature flow with a forcing term, Differential Integral Equations (1993) (to appear).

[4] J.W. Cahn, C.A. Handwerker, and J.E. Taylor, Geometric models of crystal growth, Acta Metall., 40 (1992), pp. 1443–1474.

[5] X. Chen, Generation and propagation of interfaces in reaction-diffusion equations, J. Differential Equations, 96 (1992), pp. 116–141.

[6] X. Chen and C.M. Elliott, Asymptotics for a parabolic double obstacle problem, Proc. Roy. Soc.

London Ser. A, 444 (1994), pp. 429–445.

[7] Y.G. Chen, Y. Giga, and S. Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow equation, J. Differential Geom., 33 (1991), pp. 749–786.

[8] P. De Mottoni and M. Schatzman, Geometrical evolution of developped interfaces, Trans. Amer.

Figure 7.3. Graded meshes over the transition region at t = 0.01i, 0 ≤ i ≤ 7, for c� = 0.654.

Math. Soc. (to appear).

[9] L.C. Evans, H. Soner, and P.E. Souganidis, Phase transitions and generalized motion by mean curvature, Comm. Pure Appl. Math., 45 (1992), pp. 1097–1123.

[10] L.C. Evans and J. Spruck, Motion of level sets by mean curvature. I, J. Differential Geom., 33 (1991), pp. 635–681.

[11] A. Friedman, Variational Principles and Free Boundary Problems, Wiley, New York, 1982. [12] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer- Verlag, Berlin, 1983.

[13] E. Giusti, Minimal Surface and Functions of Bounded Variation, Birkhäuser, Boston, 1984. [14] R.H. Nochetto, M. Paolini, S. Rovida, and C. Verdi, Variational approximation of the geometric motion of fronts, in Motion by Mean Curvature and Related Topics (G. Buttazzo and A. Visintin, eds.), Gruyter, Berlin, 1994, pp. 124–149.

[15] R.H. Nochetto, M. Paolini, and C. Verdi, Sharp error analysis for curvature dependent evolving fronts, Math. Models Methods Appl. Sci., 3 (1993), pp. 771–723.

[16] R.H. Nochetto, M. Paolini, and C. Verdi, Optimal interface error estimates for the mean curvature flow, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 21 (1994), pp. 193-212.

[17] M. Paolini and C. Verdi, Asymptotic and numerical analyses of the mean curvature flow with a space-dependent relaxation parameter, Asymptotic Anal., 5 (1992), pp. 553–574.