SIAM J. MATH. ANAL. © 1995 Society for Industrial and Applied Mathematics Vol. 26, No. 1, pp. 1–13, February 1995 001

CONVERGENCE OF DOUBLE OBSTACLE PROBLEMS TO THE GENERALIZED GEOMETRIC MOTION OF FRONTS�

RICARDO H. NOCHETTO^† and CLAUDIO VERDI^‡

Abstract. The connection between generalized geometric motion of interfaces, interpreted in the viscosity sense, and a singularly perturbed parabolic problem with double obstacle �1 and small parameter ” is examined. This approach retains the local character of the limit problem because the noncoincidence set, where all the action takes place, is a thin transition layer of thickness O(”) irrespective of the forcing term. Zero level sets are shown to converge past singularities to the generalized motion by mean curvature with forcing, provided no fattening occurs. If the underlying viscosity solution satisfies a nondegeneracy property, namely its gradient does not vanish, then our results yield interface error estimates and layer width estimates of order O(”). The proofs are based on constructing viscosity sub and supersolutions to the double obstacle problem in terms of the signed distance function and approximate traveling waves dictated by formal asymptotics.

Key words. reaction-diffusion, double obstacle, generalized curvature driven motion, interface convergence, interface error estimates

AMS(MOS) subject classifications. 35B25, 35K55, 35K57, 35K85, 49Q05

1. Introduction. In this paper we investigate the relation between the generalized curvature driven motion of interfaces and a singularly perturbed parabolic double obstacle problem. The zero level set of u_ε, solution to the singularly perturbed reaction-diffusion PDE

(1.1) ε∂_tu_ε − εΔu_ε +^1_{2ε} Ψ^′(u_ε) =^{c0}_2 g in Ω × (0, T ),

with quartic-like double equal well potential Ψ and c_0 :=

∫_1 −1 √ Ψ(s)ds, is known to converge to an interface Σ(t) that moves (formally) in the normal direction with velocity

(1.2) V (x, t) = κ(x, t) + g(x, t) ∀ x ∈ Σ(t);

hereafter κ(x, t) indicates the sum of the principal curvatures of Σ(t) at x and g is a forcing term defined in Ω × (0, T ). This connection has been rigorously established in [3], [9] in case of no fattening, that is provided Σ(t) has empty interior. Equation (1.1), in turn, arises in the Landau-Ginzburg theory of phase transitions [1]. A typical example of potential is the quartic Ψ(s) = (s^2 − 1)^2, but there is no physical reason why Ψ has to be of that form, or even smooth. The key condition on Ψ, to achieve the geometric law (1.2) in the limit, is that the two wells possess equal depth. Exploiting such a freedom of choice, we consider the double obstacle potential

(1.3) Ψ(s) := { 1 − s^2 if s ∈ [−1, 1] +∞ if s ∉ [−1, 1]. In contrast to the usual reaction-diffusion approach with a quartic-like nonlinearity, the coupling of (1.1) and (1.3) exhibits a narrow transition region of order O(ε), outside

� This work was partially supported by NSF Grant DMS-9305935, MURST, and CNR Contracts

92.00833.01, 93.00564.01.

† Department of Mathematics and Institute for Physical Science and Technology, University of Maryland, College Park, MD 20742, USA.

‡ Dipartimento di Matematica, Università di Milano, 20133 Milano, Italy. 1

2 ricardo h. nochetto and claudio verdi

of which u_ε = ±1 irrespective of g. Since the resulting problem has to be solved within such a thin noncoincidence set, where all the action takes place, we realize that this approach retains the geometric (or local) structure of the original problem while being insensitive to singularity formation. This property is essential for numerical purposes, and it bears some intrinsic interest as well. There is, however, no complete theoretical justification of this formulation because the optimal interface error estimates of [14]– [16], of order O(ε^2 ), are only valid before the onset of singularities, that is provided the motion is smooth. The convergence results past singularities of [3], [9], on the other hand, apply to smooth quartic-type potentials but not to the (singular) double obstacle (1.3).

In this paper we demonstrate that the zero level sets Σ_ε(t) of u_ε converge to Σ(t) past singularities provided no fattening occurs. The proof is based, as in [3], [9], on constructing viscosity supersolutions to the reaction-diffusion PDE in terms of the signed distance function d to suitable level sets of the viscosity solution ω to the generalized geometric motion (1.2) [7], [10], [12]. The novelties here are the presence of obstacles, that entail lack of regularity of u_ε even for smooth initial data, and the use of an explicit traveling wave dictated by formal asymptotics. Inspired by [19], the first issue is tackled with a suitable notion of viscosity supersolution and corresponding comparison principle. On the other hand dealing with an approximate explicit traveling wave with fixed transition layer width πε, thereby independent of g, makes the construction of supersolutions simpler than in [3], [9] and certainly more transparent. It also avoids considering generalized flows (1.2) corresponding to perturbed forcing terms g ± O(1), as in [3], and yields a new (local) linear rate of convergence O(ε) for interfaces, along with layer width estimates, under a further nondegeneracy assumption on ω. In fact, if |∇ω(x, t)| > 0 for x ∈ Σ(t), then

dist ( x, Σ_ε(t) ) ≤ C|∇ω(x, t)|^{−1}ε. Since this requirement is always valid before the onset of singularities, our results extend those in [6] past singularities. It is remarkable that the linear rate is preserved between singularities, which applies to a number of geometric flows [2], [18].

The local character of the double obstacle formulation, together with its convergence properties even beyond singularities, leads to a robust but effective numerical tool: the dynamic mesh algorithm of [13]. This is a finite element solver that solely triangulates the transition layer and then updates it, after having solved the discrete problem, to advance the algorithm in time. Such a simple but crucial idea results in savings of computing time and memory allocation, along with enhanced singularity resolution via a space-time dependent relaxation parameter ε(x, t). This claim has been confirmed both theoretically and numerically [13]–[17], and is further supported here with a rigorous convergence result and error estimates past singularities.

This paper is organized as follows. We recall in §2 key properties of d and introduce the notion of viscosity supersolutions to the double obstacle problem. We show in §3 how to obtain an explicit representation of an approximate traveling wave via formal asymptotics. With the candidate for supersolution at hand, we perform a formal calculation in §4 that presumes regularity of d and confirms the desired properties of our supersolution. This is useful in understanding the main idea behind the quite technical rigorous discussion of §5. A (viscosity) comparison lemma, adequate for obstacle problems, is fully discussed in §6. Both the explicit form of supersolutions and the comparison principle are key ingredients in proving convergence of Σ_ε(t) to Σ(t) together with interface and layer width estimates; this is carried out in §7.

convergence to curvature driven fronts 3

2. Viscosity solutions. Let Ω ⊂ R^n be a bounded Lipschitz domain and set Q = Ω × (0, T ) for T > 0. Let the forcing term g satisfy

(2.1) g ∈ W^{2,1}_∞ (Q).

Remark 2.1. A weaker condition, meaningful whenever g = g_ε depends on ε, reads

(2.2) ε‖∂_tg_ε − Δg_ε‖_L1_{(Q)} + ‖∇g_ε‖_L1_{(Q)} ≤ C.

This could happen if g_ε is the solution of another PDE, as in the phase field model for solidification [5], or just a regularized version of a rougher g.

Let Σ_0 ⊂ Ω be a closed oriented manifold of codimension 1 and class C^1, and let d_0 denote the signed distance function to Σ_0 that is positive outside Σ_0. Let ω denote the (continuous) viscosity solution of the nonlinear degenerate parabolic PDE

(2.3) ∂_tω − ( δ_{ij} − ∂_{xi} ω ∂_{xj} ω |∇ω|^2 ) ∂_{xixj} ω − g|∇ω| = 0 in R^n × (0, T ), satisfying ω(·, 0) = d_0(·) [7], [8], [10], [12]. Such an expression says that level sets of ω evolve formally in their normal direction with velocity V =^{∂tω}_{|∇ω|} = κ + g, as stated in (1.2). Let Σ(t) indicate the zero level set of ω. Since Σ(t) is independent of the special form of ω(·, 0), provided {ω(·, 0) < 0} = Interior (Σ_0), Σ(t) is called a generalized geometric evolution for (1.2) [7], [10], [12]. Let I(t) be the inside and O(t) the outside of Σ(t) defined in terms of ω by

I(t) := {x ∈ Ω : ω(x, t) < 0}, O(t) := {x ∈ Ω : ω(x, t) > 0}.

Assume Σ(t) remains within Ω for all t ∈ [0, T ], whence Ω = Σ(t) ∪ I(t) ∪ O(t). This condition is guaranteed, for g = 0, whenever Ω contains the convex hull of Σ_0 [10]. Let d(·, t) denote the signed distance function to the front Σ(t) that is positive in O(t); thus d(·, 0) = d_0(·). Such a function d satisfies the following property in the viscosity sense [3, p.446]:

(2.4) ∂_td − Δd − g ( x − d(x, t)∇d(x, t), t ) ≥ 0 in {d > 0}, at least provided Σ(t) has empty interior (no fattening). When Σ(t) has a nonempty interior, d(x, t) must be replaced by the distance between x and Ω^−(t) := {ω(·, t) < 0} for all x ∈ Ω\Ω^−(t). Equation (2.4) is also valid, but with ≤ 0, for −dist ( x, Ω^+(t) ) for all x ∈ Ω\Ω^+(t). In what follows we will use d(x, t) instead of dist ( x, Ω^−(t) ) or −dist ( x, Ω^+ (t) ) for notational simplicity. Inequality (2.4) means that whenever φ ∈ C^∞(Q) is so that d−φ has a minimum at (x_0, t_0) ∈ Q where d(x_0, t_0) = φ(x_0, t_0) > 0, then

(2.5) ∂_tφ(x_0, t_0) − Δφ(x_0, t_0) − g ( x_0 − φ(x_0, t_0)∇φ(x_0, t_0), t_0 ) ≥ 0. In addition the following regularity properties of d hold [9, p.1101]:

(2.6) d is lower semicontinuous in {d > 0}, upper semicontinuous in {d < 0}, continuous from below in time, and Lipschitz continuous in space.

The variational approximation to Σ(t) via a singularly perturbed double obstacle problem reads as follows. We consider the (singular) potential Ψ defined in (1.3) and

4 ricardo h. nochetto and claudio verdi

let c_0 =

∫_1 −1 √ Ψ(s)ds =^π_2 . The subdifferential Ψ^′ of Ψ is the maximal graph 1 2 Ψ^′(s) := sign^{−1}(s) − s =

(−∞, 1] if s = −1 −s if s ∈ (−1, 1) [−1, +∞) if s = 1.

Let u_ε be the solution to the parabolic double obstacle PDE

(2.7) ε∂_tu_ε − εΔu_ε −^1_ε u_ε + sign^{−1}(u_ε) ∋^{c0}_2 g in Q,

subject to the initial and boundary conditions u_ε(x, 0) = sign ( d_0(x) ) for x ∈ Ω and u_ε = 1 on ∂Ω × (0, T ), respectively. Although this problem has both a variational [11] and viscosity interpretation [8], [19], the latter turns out to be more convenient in this setting.

We thus conclude this section with a definition of viscosity solutions for obstacle problems [8], [19]. We say that a function u^+_ε is a viscosity supersolution to the double obstacle problem (2.7) if and only if u^+_ε ≥ −1 and, if u^+_ε − φ attains a minimum at (x_0, t_0) ∈ Q for φ ∈ C^∞(Q) and u^+_ε (x_0, t_0) = φ(x_0, t_0) < 1, then

(2.8) J φ := ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g ≥ 0 at (x_0, t_0).

Similarly we can define a viscosity subsolution. A function u_ε is called viscosity solution of (2.7) if it is both a super and a subsolution.

3. Traveling waves and asymptotics. We study the traveling wave q_α, solution of the boundary value problem: given α, |α| ≪ 1, we seek v_α, x_α ∈ R and q_α ∈ C^{1,1}(R) such that |q_α(x)| = 1 for all x ∈ R\(−x_α, x_α), q^′_α(x) > 0 for all x ∈ (−x_α, x_α), and

q^{′′}_α (x) + q_α(x) − v_αq^′_α(x) = −α in (−x_α, x_α);

v_α is the velocity of the traveling wave. It is easy to see that there exists only one v_α

v_α =^1_{xα} log

(_{1+α} 1−α ) =^2_{c0} α + O(α^3)

such that x_α =^π_2√_{1−v2α/4} >^π_2 , and the corresponding explicit expression of q_α is

q_α(x) = exp ( v_α^{x+xα}_2 ) (1 − α) ( sin (√ 1−v^2_α/4 x ) +^{vα} 2 √_{1−v2α/4} cos (√ 1−v^2_α/4 x )) − α. Note that q_α(∓x_α) = ∓1, q^′_α(∓x_α) = 0, q^{′′}_α (∓x^±_α ) = ±1 − α.

In the sequel we will choose α(x, t) := ε^{c0}_2 g(x, t), and denote the corresponding traveling waves by q_ε(x; x, t). We stress that v_{α(}x_{,t)} and x_{α(}x_{,t)} depend implicitly on (x, t) via g(x, t). An explicit and simpler representation of q_ε can be obtained as follows by means of asymptotics [14], [15], [17].

The unique absolute minimizer γ of the functional F(φ) := ∫R^{(|φ ′(x)|2+Ψ(φ(x)))} dx, such that γ(0) = 0, |γ(x)| ≤ 1 in R, and lim_{x→±∞} γ(x) = ±1, is given by

γ(x) :=

−1 if x < −^π_2 sin x if x ∈ [−^π_2 ,^π_2 ] +1 if x >^π_2 .

Hence, γ ∈ C^{1,1}(R) and solves the (elliptic) double obstacle problem γ^{′′}(x)−^1_2 Ψ^′ ( γ(x) ) ∋ 0 in R. In particular,

(3.1) γ^{′′}(x) + γ(x) = 0 ∀ x ∈ (−^π_2 ,^π_2 ).

convergence to curvature driven fronts 5

In addition, let us define the function η ∈ C^{1,1}(R)

η(x) :=

{_1 2 ( xγ(x) − c_0 + γ^′(x) ) if |x| ≤^π_2 0 if |x| >^π_2 , which satisfies |η(x)|, |η^′(x)| < γ^′(x) in (−^π_2 ,^π_2 ) and solves the problem (3.2) η^{′′}(x) + η(x) = γ^′(x) −^{c0}_2 ∀ x ∈ (−^π_2 ,^π_2 ). Asymptotics suggests the following approximation Γ of the traveling wave q_ε [14], [15], [17]:

(3.3) Γ(x; x, t) := γ(x) + εg(x, t)η(x) ∀ x ∈ R, (x, t) ∈ Q; Γ is written without subscript ε for notational simplicity. Note that Γ(·; x, t) ∈ C^{1,1}(R) is strictly increasing in (−^π_2 ,^π_2 ), because Γ^′(x) >^1_2 γ^′(x) for small ε, and satisfies (3.4) Γ^{′′}(x) + Γ(x) − εg ( Γ^′(x) −^{c0}_2 ) = −ε^2g^2η^′(x) = γ^′(x)O(ε^2) in (−^π_2 ,^π_2 ), as results from (3.1) and (3.2); hereafter we use the notation Γ^{(k)} = ∂^k_x Γ. In view of (2.2), the following (formal) property of Γ holds in Q:

(3.5) ε(∂_tΓ − ΔxΓ) − 2∇xΓ^′ · ∇xd = ε^2η(∂_tg − Δxg) − 2εη^′∇xg · ∇xd = γ^′O(ε). This illustrates the advantage of having the explicit expression (3.3) and corresponding uniform transition region (−^π_2 ,^π_2 ) independent of (x, t) ∈ Q. Compare with [3].

4. Supersolution: formal discussion. We intend to use (2.4) to motivate the construction of supersolutions u^+_ε to the double obstacle problem (2.7). Set G := ‖∇g‖_L1_{(Q)} + 1 and σ(t) := Λe^{2G(T −t)}, where Λ > 0 is to be selected. With Γ as in (3.3), our candidate for supersolution reads (4.1) u^+_ε (x, t) := Γ ( y(x, t); x, t ) = γ ( y(x, t) ) + εg(x, t)η ( y(x, t) ) ∀ (x, t) ∈ Q, where y denotes the stretched variable, with time-dependent shift^π_2 + σ(t),

(4.2) y(x, t) :=^{d(}x^{,t)}_ε −^π_2 − σ(t).

Lemma 4.1. For Λ > 0 sufficiently large, u^+_ε is a (formal) supersolution to (2.7). Proof. Since no confusion is possible, we set u := u^+_ε . We have to show that J u = ε∂_tu − εΔu −^1_ε u −^{c0}_2 g ≥ 0. Since

ε∂_tu = Γ^′∂_td − εσ^′(t)Γ^′ + ε^2η∂_tg, εΔu =^1_ε Γ^{′′} + Γ^′Δd + 2εη^′∇g · ∇d + ε^2ηΔg, we have J u = −^1_ε ( Γ^{′′} + Γ − εg(Γ^′ −^{c0}_2 ) ) + Γ^′ ( ∂_td − Δd − g ) − εσ^′(t)Γ^′ − 2εη^′∇g · ∇d + ε^2η(∂_tg − Δg). We only have to examine the case −1 ≤ u(x, t) < 1, that is y <^π_2 . If y < −^π_2 , then Γ = −1 and η = η^′ = Γ^′ = Γ^{′′} = 0, whence J u =^1_ε −^{c0}_2 g > 0 for ε sufficiently small. If −^π_2 < y <^π_2 , instead, then 0 < d(x, t) < ε(σ(t) + π) and (4.3) | |g(x, t) − g(x − d(x, t)∇d(x, t), t) | | ≤ ‖∇g‖_L1_{(Q)}d(x, t) ≤ εG(σ(t) + π).

6 ricardo h. nochetto and claudio verdi

In view of (2.4), we infer that Γ^′(∂_td − Δd − g) ≥ −εGΓ^′ ( σ(t) + π ) . Owing to the definition of σ(t), (3.4), (3.5) and property Γ^′ >^1_2 γ^′, we thus have

(4.4) J u ≥ εΓ^′ ( − Gσ(t) − σ^′(t) + O(1) ) = εΓ^′ ( Gσ(t) + O(1) ) ≥ εΓ^′ ( GΛ + O(1) ) ≥ 0, for a suitable choice of Λ > 0. Since Γ(·; x, t) ∈ C^{1,1}(R) by construction, we conclude that Γ^{′′} ( y(x, t); x, t ) is a bounded function and so a distribution without mass concentrated on { y(x, t) = −^π_2 } . The proof is thus complete.

Remark 4.1. We see that the effect of shift σ is the term Gσ(t) that controls O(1) in (4.4). A similar effect is obtained in [3] upon considering the distance to a perturbed motion V = κ + g + O(1), instead of (1.2), but with a time-independent shift. This is only feasible in proving convergence without error estimates; see Remark 7.4 below.

Remark 4.2. It is apparent from (4.3) that the exponential form of σ cannot be avoided unless g is independent of x. In such a case, we could consider the linear shift σ(t) := Λ(T − t), with Λ > 0 to be chosen sufficiently large for u^+_ε to be again a formal supersolution. When g = 0, the shift becomes constant, namely σ(t) = 0. The above argument in Lemma 4.1 still applies and is much simpler than those in [3], [9].

Remark 4.3. A subsolution can be constructed along the same lines, namely

(4.5) u^−_ε := Γ

(_{d(}x_{,t)}

ε +^π_2 + σ(t); x, t ) ∀ (x, t) ∈ Q. 5. Supersolution: rigorous discussion. We want to prove that u := u^+_ε defined in (4.1) is a viscosity supersolution of (2.7). Since u ≥ −1, we only have to demonstrate (2.8). That is, suppose φ ∈ C^∞(Q) is such that u − φ attains a minimum at (x_0, t_0) ∈ Q and u(x_0, t_0) = φ(x_0, t_0) < 1. Hence, in view of (4.1) and (4.2),

y_0 := y(x_0, t_0) <^π_2 that is d(x_0, t_0) < ε ( σ(t_0) + π ) . We have to show that

(5.1) J φ = ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g ≥ 0 at (x_0, t_0),

which, in turn, we split into several steps.

1. First of all we point out that we can always assume that the minimum of u − φ at (x_0, t_0) is strict, that is

(5.2) U (x, t) := (u − φ)(x, t) > 0 for (x, t) ≠ (x_0, t_0).

In fact, for 0 < α ≪ 1, we have φ_α(x, t) := φ(x, t) − α ( |x − x_0|^2 + |t − t_0|^2 ) < φ(x, t) for (x, t) ≠ (x_0, t_0);

thus u − φ_α > U ≥ 0. If we obtain (5.1) for φ_α, then

ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g ≥ 2nα at (x_0, t_0).

Taking now α ↓ 0 leads to (5.1) for φ.

2. Let y_0 < −^π_2 . By virtue of (4.2) and the last two properties in (2.6), there exists α > 0 such that, for all |x − x_0| ≤ α and 0 ≤ t_0 − t ≤ α,

y(x, t) < −^π_2 whence − 1 ≤ u(x, t) = Γ ( y(x, t); x, t ) ≤ −1.

convergence to curvature driven fronts 7

The facts that u is constant for all those (x, t), and U attains a minimum at (x_0, t_0) imply −Δφ ≥ 0, ∂_tφ ≥ 0, at (x_0, t_0).

Therefore φ(x_0, t_0) = −1 yields

ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g ≥^1_ε −^{c0}_2 g ≥ 0 at (x_0, t_0),

for ε sufficiently small, and (5.1) follows.

3. Let y_0 ≥ −^π_2 , that is d(x_0, t_0) ≥ εσ(t_0) > 0. We first point out that, because of the lower semicontinuity of d (see (2.6)), for β > 0 sufficiently small there is a neighborhood of (x_0, t_0) where y(x, t) > −^π_2 − β and d(x, t) > ε ( σ(t) − β ) > 0; in addition, y_0 <^π_2 − β. We would like to use the fact that d satisfies (2.4). To do so, we must be able to construct a smooth function δ(x, t), close to d(x, t), via inversion of Γ. Since Γ is not strictly increasing we define δ as follows. Let γ_α and η_α be regularizations of γ and η by convolution with a smooth kernel ζ_α, whose support is contained in (−α, α), and 0 < α ≤ β is sufficiently small; thus |η_α|, |η^′_α| ≤ γ^′_α in R. Similarly g_α ∈ C^∞(Q) is a smooth approximation of g verifying ‖g_α − g‖_L1_{(Q)} ≤ C^α_ε , which is consistent with (2.2). Let

(5.3) Γ_α(x; x, t) := γ_α(x) + αx + εg_α(x, t)η_α(x)

and observe that

Γ^′_α(x; x, t) ≥^1_2 γ^′_α(x) + α ≥ α > 0 for all x ∈ R, (x, t) ∈ Q,

(5.4)

Γ_α(x; x, t) →_{α↓0} Γ(x; x, t) uniformly for x in compact sets of R, (x, t) ∈ Q.

(5.5)

Consider the function

U_α(x, t) := Γ_α ( y(x, t); x, t ) − φ(x, t). Using again that d is lower semicontinuous, in conjunction with (5.2), (5.4), and (5.5), we infer the existence of a point (x_α, t_α) where U_α attains a local minimum, say ν_α, such that (x_α, t_α) →_{α↓0} (x_0, t_0) and

(5.6) −^π_2 − β < y_α := y(x_α, t_α) <^π_2 − β.

The rightmost inequality in (5.6) is a consequence of y_α →_{α↓0} y_0 <^π_2 − β. If this were not true, then there would exist 0 < ξ ≤ β and a subsequence, still labeled y_α, satisfying y_α ≥ y_0 + ξ and, in view of the minimality of (x_α, t_α) and (5.4),

Γ_α(y_0; x_0, t_0) − φ(x_0, t_0) = U_α(x_0, t_0) ≥ U_α(x_α, t_α) ≥ Γ_α(y_0 + ξ; x_α, t_α) − φ(x_α, t_α).

Upon taking α ↓ 0 and using (5.5), (x_α, t_α) →_{α↓0} (x_0, t_0), −^π_2 < y_0 + ξ <^π_2 and that Γ is strictly increasing in (−^π_2 ,^π_2 ), we derive the contradiction

Γ(y_0; x_0, t_0) ≥ Γ(y_0 + ξ; x_0, t_0) > Γ(y_0; x_0, t_0).

Since Γ_α(·; x, t) is strictly increasing, the following relation uniquely defines δ ∈ C^∞(Q):

φ(x, t) = Γ_α ( z(x, t); x, t ) − ν_α, where z(x, t) =^{δ(}x^{,t)}_ε −^π_2 − σ(t).

Moreover

Γ_α ( y(x, t); x, t ) − φ(x, t) = U_α(x, t) ≥ ν_α = Γ_α ( z(x, t); x, t ) − φ(x, t),

8 ricardo h. nochetto and claudio verdi

and equality holds at (x_α, t_α). We thus deduce that (x_α, t_α) is also a minimum for d − δ and 0 < d(x_α, t_α) = δ(x_α, t_α). Consequently,

(5.7) ∂_tδ(x_α, t_α) − Δδ(x_α, t_α) − g ( x_α − δ(x_α, t_α)∇δ(x_α, t_α), t_α ) ≥ 0, as results from (2.5). Since φ, δ ∈ C^∞, the following pointwise calculation makes sense:

∂_tφ = Γ^′_α

(_1 ε ∂_tδ − σ^′(t) ) + ∂_tΓ_α,

Δφ =^1_ε Γ^′_αΔδ +^1_{ε2} Γ^{′′}_α |∇δ|^2 +^2_ε ∇xΓ^′_α · ∇δ + ΔxΓ_α.

Property σ^′(t) = −2Gσ(t) thus yields

(5.8) ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g = Γ^′_α ( ∂_tδ − Δδ − g(· − δ∇δ, ·) ) −^1_ε ( Γ^{′′}_α |∇δ|^2 + Γ_α − εg(Γ^′_α −^{c0}_2 ) ) + 2εGσ(t)Γ^′_α + ε^2η_α ( ∂_tg_α − Δg_α ) − 2εη^′_α∇g_α · ∇δ + Γ^′_α ( g(· − δ∇δ, ·) − g ) . We now intend to show, upon suitably selecting Λ > 0, that the right hand side of (5.8) is almost nonnegative at (x_α, t_α). With the aid of (5.4) and (5.7), we readily get

Γ^′_α ( ∂_tδ − Δδ − g(· − δ∇δ, ·) ) ≥ 0 at (x_α, t_α).

Since (x_α, t_α) is a minimum for d − δ we have |∇δ(x_α, t_α)| = 1 [9, p.1104]. In light of (5.6), we distinguish two cases according to whether −^π_2 − β < y_α < −^π_2 + β or not.

4. Let −^π_2 + β < y_α <^π_2 − β. We invoke (3.4) along with (2.2) and (5.3), to arrive at

Γ^{′′}_α (y_α; x_α, t_α) + Γ_α(y_α; x_α, t_α) − εg(x_α, t_α) ( Γ^′_α(y_α; x_α, t_α) −^{c0}_2 )

= ∫_{π/2} −π/2 ( Γ^{′′}(s; x_α, t_α) + Γ(s; x_α, t_α) − εg(x_α, t_α) ( Γ^′(s; x_α, t_α) −^{c0}_2 )) × ζ_α(y_α − s)ds + O(α) = γ^′_αO(ε^2) + O(α).

Hereafter functions are evaluated at y_α, x_α, and t_α. Owing to (2.2) we get

ε^2η_α ( ∂_tg_α − Δg_α ) − 2εη^′_α∇g_α · ∇δ = γ^′_αO(ε). Since |y_α| = | |^{δ(}x^{α,tα)}_ε −^π_2 − σ(t_α) | | <^π_2 , we have 0 < δ(x_α, t_α) < ε(σ(t_α) + π) and

Γ^′_α ( g(· − δ∇δ, ·) − g ) ≤ GδΓ^′_α ≤ εGΓ^′_α ( σ(t_α) + π ) . Therefore, owing to (5.4), we can choose Λ sufficiently large in such a fashion that (5.8) becomes

(5.9) ε∂_tφ − εΔφ −^1_ε φ −^{c0}_2 g ≥ εΓ^′_α ( GΛ + O(1) ) + O(^α_ε ) ≥ −C^α_ε at (x_α, t_α).

5. Let −^π_2 − β < y_α ≤ −^π_2 + β. The fact Γ(·; x, t) ∈ C^{1,1}(R) can be used to write again the above integral representation of the second term in (5.8), but now computed in (−^π_2 − 2β, −^π_2 + 2β). We easily see that such an integral is of order O(β). Choosing Λ = O(1) appropriately, we again conclude (5.9) but with β instead of α.

The assertion (5.1) is just a consequence of φ ∈ C^∞(Q), (x_α, t_α) → (x_0, t_0) as α ≤ β ↓ 0, and (5.9). We finally summarize the preceding derivation as follows. Note that we can construct a subsolution along the same lines.

Theorem 5.1. The function u^+_ε defined in (4.1) is a viscosity supersolution of the double obstacle problem (2.7).

convergence to curvature driven fronts 9

6. Comparison. The following result is a crucial tool in comparing viscosity barriers of (2.7), which in particular implies uniqueness for (2.7).

Comparison Lemma 6.1. Let u^+_ε be a lower semicontinuous viscosity supersolution and u^−_ε be an upper semicontinuous viscosity subsolution. If u^+_ε ≥ u^−_ε at t = 0 and on ∂Ω × (0, T ), then u^+_ε ≥ u^−_ε for all (x, t) ∈ Q.

Proof. We split the proof into several steps.

1. Let û^±_ε := exp(−λt)u^±_ε , ĝ := exp(−λt)g, and λ̂ := ελ −^1_ε > 0 for λ > 0 to be chosen later. Then û^+_ε satisfies

ε∂_tû^+_ε − εΔû^+_ε + λ̂û^+_ε −^{c0}_2 ĝ ≥ 0 in { û^+_ε < exp(−λt) } , in the viscosity sense [9, p.1116], and so does û^−_ε but with reversed inequalities. Since no confusion is possible, we set u^± = û^±_ε and g = ĝ.

2. We argue by contradiction. Suppose u^+ < u^− somewhere and set

ν := sup_( x,t)∈Q (u^− − u^+ ) > 0.

Since u^− − u^+ is upper semicontinuous and Q is bounded, such a sup is attained in Q, say at (x_0, t_0). The fact that u^− − u^+ ≤ 0 on ∂Ω × (0, T ) and Ω × {0}, implies x_0 ∈ Ω and t_0 > 0. We do not know whether u^− and u^+ are smooth at (x_0, t_0) (not even the solution u_ε of (2.7) because u_ε is not better than W^{2,1}_∞ (Q) [11]). We use then a standard argument in the theory of viscosity solutions [8], namely we double the number of variables and at the same time penalize the doubling. Consider the upper semicontinuous function

U (x, y, t, s) := u^−(x, t) − u^+(y, s) −^1_α ( |x − y|^2 + |t − s|^2 ) for α ↓ 0. Since U (x, x, t, t) = u^−(x, t) − u^+(x, t), we see that

2 ≥ ν_α := sup (x,y,t,s)∈Q^2 U (x, y, t, s) ≥ ν > 0. Since Q is bounded, we conclude that there exists a point (x_α, y_α, t_α, s_α) ∈ Q^2 at which the sup is attained, U (x_α, y_α, t_α, s_α) = ν_α. An application of Lemma 3.1 in [8, p.15] yields 1 α ( |x_α − y_α|^2 + |t_α − s_α|^2 ) →_{α↓0} 0, (6.1)

ν_α ↓_{α↓0} ν = (u^− − u^+)(x_0, t_0).

(6.2)

We report here the argument for completeness. As α ↓ 0 we clearly have that {ν_α} is decreasing, which, in turn, shows the existence of lim_{α↓0} ν_α. Since

ν_{2α} ≥ u^−(x_α, t_α) − u^+(y_α, s_α) −^1_{2α} ( |x_α − y_α|^2 + |t_α − s_α|^2 ) = ν_α +^1_{2α} ( |x_α − y_α|^2 + |t_α − s_α|^2 ) , we get_1 α ( |x_α − y_α|^2 + |t_α − s_α|^2 ) ≤ 2(ν_{2α} − ν_α) →_{α↓0} 0.

This proves (6.1). Since (x_α, y_α, t_α, s_α) belongs to a compact set, we can extract a subsequence, still labeled as before, such that

(x_α, y_α, t_α, s_α) →_{α↓0} (x, y, t, s) = (x, x, t, t).

10 ricardo h. nochetto and claudio verdi

Since u^− − u^+ is upper semicontinuous we deduce

ν ≥ u^−(x, t) − u^+(x, t) ≥ limsup_{α↓0}U (x_α, y_α, t_α, s_α) = lim_{α↓0}ν_α ≥ ν.

So (6.2) follows, and (x, t) can be identified with (x_0, t_0) above; thus x ∈ Ω, t > 0. Moreover, from (6.1) we see that

x_α, y_α ∈ Ω, t_α, s_α > 0,

(6.3)

u^−(x_α, t_α) > − exp(−λt_α), u^+ (y_α, s_α) < exp(−λs_α).

(6.4)

3. Set

U^+(x, t) := u^+(y_α, s_α) +^1_α ( |x − y_α|^2 + |t − s_α|^2 ) + ν_α and note that U (x, y_α, t, s_α) = u^−(x, t) − U^+(x, t) + ν_α. We then realize that u^− − U^+ attains a maximum at (x_α, t_α), and from (2.8), (6.3), and (6.4) we infer that

ε∂_tU^+ − εΔxU^+ + λ̂U^+ −^{c0}_2 g ≤ 0 at (x_α, t_α);

thus

(6.5)^{2ε}_α (t_α−s_α) −^{2nε}_α + λ̂ ( u^+ (y_α, s_α) +^1_α ( |x_α−y_α|^2 + |t_α−s_α|^2 ) + ν_α ) ≤^{c0}_2 g(x_α, t_α).

4. Set

U^−(y, s) := u^−(x_α, t_α) −^1_α ( |x_α − y|^2 + |t_α − s|^2 ) − ν_α and note that U (x_α, y, t_α, s) = U^−(y, s)−u^+ (y, s)+ν_α. The function u^+ −U^− attains a minimum at (y_α, s_α), which in view of (2.8), (6.3), and (6.4) yields

ε∂_sU^− − εΔyU^− + λ̂U^− −^{c0}_2 g ≥ 0 at (y_α, s_α).

This can be written as

(6.6)^{2ε}_α (t_α−s_α) +^{2nε}_α + λ̂ ( u^−(x_α, t_α) −^1_α ( |x_α−y_α|^2 + |t_α−s_α|^2 ) − ν_α ) ≥^{c0}_2 g(y_α, s_α).

5. Subtract now (6.5) from (6.6) to get

(6.7) 4nε α + λ̂ ( U (x_α, y_α, t_α, s_α) −^1_α ( |x_α − y_α|^2 + |t_α − s_α|^2 ) − 2ν_α ) +^{c0}_2 ( g(x_α, t_α) − g(y_α, s_α) ) ≥ 0. In view of (6.1) and (6.2), we can choose α so small that

U (x_α, y_α, t_α, s_α) −^1_α ( |x_α − y_α|^2 + |t_α − s_α|^2 ) − 2ν_α = −ν_α + O(1) < −^1_2 ν

and^{c0}_2 | |g(x_α, t_α) − g(y_α, s_α) | | ≤^{4nε}_α . Select finally λ >^{16n}_{αν} +^1_{ε2} , which yields^1_2 λ̂ν = 1 2 ( ελ −^1_ε ) ν >^{8nε}_α . Then (6.7) reads

0 <^{8nε}_α −^1_2 ( ελ −^1_ε ) ν < 0, which is a contradiction. This proves the assertion u^+ ≥ u^− in Q.

7. Convergence and error estimates. Our goal is to prove convergence of the zero level sets Σ_ε(t) to the generalized geometric motion Σ(t). Key ingredients are the explicit form of supersolutions of §5 and the comparison lemma of §6.

convergence to curvature driven fronts 11

Let l_ε := (Λe^{2GT} + π)ε = (σ(0) + π)ε and Σ^±_{0,ε} := {x ∈ Ω : d_0(x) = ∓l_ε}, which is of class C^1. We designate by Σ^±_ε (t) the generalized evolving fronts that starting from Σ^±_{0,ε} are governed by (1.2), namely

Σ^±_ε (t) = {x ∈ Ω : ω(x, t) = ∓l_ε},

where ω is the (unique) continuous viscosity solution of (2.3). Let d^±_ε (·, t) be the corresponding signed distance functions to Σ^±_ε (t), and u^±_ε be the barriers just constructed in §4 in terms of d^±_ε (see (4.1) and (4.5)). If Σ^±_ε (t) develops interior, then d^+_ε (·, t) must be replaced by dist(·, {ω(·, t) < −l_ε}) and d^−_ε (·, t) by −dist(·, {ω(·, t) > l_ε}) for the argument below to apply (see (2.4)). We would like to prove that

(7.1) u^−_ε (x, t) ≤ u_ε(x, t) ≤ u^+_ε (x, t) ∀ (x, t) ∈ Q.

In light of Lemma 6.1 and the fact that u^+_ε is lower semicontinuous and u^−_ε is upper semicontinuous, because of (2.6), we solely have to show that (7.1) is valid on the parabolic boundary of Q. This is certainly the case on ∂Ω × (0, T ), simply because u^−_ε = u^+_ε = u_ε = 1 in this set. In addition, since d^±_ε (x, 0) = d_0(x) ± l_ε, we have for t = 0 and x ∈ Ω:

u^+_ε (x, 0) = Γ

(_d+_{ε (}x_{,0)} ε −^π_2 − σ(0) ) = Γ (_{d0(}x_) ε +^π_2 ) ≥ sign ( d_0(x) ) = u_ε(x, 0) ≥ u^−_ε (x, 0).

The desired inequality (7.1) then follows immediately from Lemma 6.1.

Theorem 7.1. For x ∈ I(t) (resp. x ∈ O(t)), there exists ε_0(x, t) > 0 such that

u_ε(x, t) = −1 (resp. u_ε(x, t) = +1) ∀ ε ≤ ε_0(x, t).

Proof. Let x ∈ I(t) = {ω(·, t) < 0}. For ε sufficiently small, ω(x, t) < −l_ε, whence d^+_ε (x, t) < 0. This implies^{d+ε (}x^{,t)}_ε −^π_2 − σ(t) < −^π_2 and therefore −1 ≤ u_ε(x, t) ≤ u^+_ε (x, t) = −1, because of (7.1). Similar reasoning for u^−_ε completes the proof.

Remark 7.1. If Σ(t) has empty interior, then Theorem 7.1 establishes convergence of Σ_ε(t) to Σ(t). As far as we know, whether such a condition is always valid for the evolution of smooth initial surfaces by mean curvature, namely g = 0, remains a conjecture [10]. If g ≠ 0, instead, then Σ(t) may develop interior [4].

In order to derive interface error estimates we are forced to assume more regularity of Σ(t). We say that x ∈ Σ^∗(t), the regular part of Σ(t), if x ∈ Σ(t) and ω(·, t) is of class C^1 in a neighborhood of x and satisfies the nondegeneracy condition |∇ω(x, t)| > 0. Note that ω is only known to be Lipschitz continuous in Q and also that Σ(t) = Σ^∗(t) for as long as the motion is classical, that is before the onset of singularities. Nevertheless, Σ(t) = Σ^∗(t) is known to hold between consecutive singularities for a number of flows, e.g., for surfaces of rotation [2], [18].

Let thick ( T_ε(t); x, n ) denote the thickness of the transition region T_ε(t) := {x ∈ Ω : |u_ε(x, t)| < 1} in the normal direction n := ∇ω(x, t)/|∇ω(x, t)| across x ∈ Σ(t).

Theorem 7.2. For x ∈ Σ^∗(t), there exists ε_0(x, t) > 0 such that

(7.2) dist ( x, Σ_ε(t) ) ,^1_2 thick ( T_ε(t); x, n ) ≤ 2(Λe^{2GT} +π)|∇ω(x, t)|^{−1}ε ∀ ε ≤ ε_0(x, t). Proof. Since u^±_ε (·, t) = ∓1 on Σ^±_ε (t) and (7.1) is valid, it suffices to estimate the distance between Σ^±_ε (t) and x ∈ Σ^∗(t). Using Taylor’s formula about x, we obtain for x + δn ∈ Σ^−_ε (t), and so δ > 0, and ε sufficiently small depending on (x, t),

l_ε = ω ( x + δn, t ) = ω(x, t) + |∇ω(x, t)|δ + O(δ) ≥^1_2 |∇ω(x, t)|δ. Hence δ ≤ 2l_ε|∇ω(x, t)|^{−1}, as asserted in (7.2).

12 ricardo h. nochetto and claudio verdi

Remark 7.2. The exponential blow-up of the constant in (7.2) can only be avoided if g is independent of x (see Remark 4.2). In fact, (7.2) cannot be improved without additional assumptions, as the following radially symmetric flow in two dimensions reveals. Let g(r, t) = r and consider the initial condition r_δ(0) = 1 + δ. The corresponding evolution is given by r_δ(t) = ( 1 + (r^2_δ (0) − 1)e^{2t} )_{1/2} , which yields r_δ(t) − r_0(t) = O ( δe^{2t} ) . Remark 7.3. Chen and Elliott [6] derived a linear rate of convergence for interfaces before the onset of singularities, say in [0, t^∗), valid for the mean curvature flow (g = 0):

dist_H ( Σ(t), Σ_ε(t) ) ≤ C_t# ε ∀ t ≤ t^# < t^∗;

here dist_H stands for the Hausdorff distance. In such a regime, however, optimal error estimates of order O(ε^2 ) were established in [14], [15]. The virtue of (7.2) is thus its validity even beyond singularities if the motion is locally smooth.

Remark 7.4. We stress that perturbing the original motion (1.2) as in [3], that is replacing g by g ± O(1), would not immediately lead to (7.2). This is because d^±_ε would depend on the viscosity solutions ω^±_ε of the resulting perturbed problems rather than on ω. Even though convergence of ω^±_ε to ω is known as ε ↓ 0, we would also need uniform nondegeneracy of ω^±_ε to hold, which does not seem to be available.

Remark 7.5. We can summarize Theorem 7.2 by simply saying that Σ_ε(t) lies between the surfaces ω(·, t) = ±l_ε = ±O(ε). It is then the profile of ω near a singularity, or equivalently how far the level sets Σ^±_ε (t) may become apart in the vicinity of a singular point, that determines the rate of convergence.

REFERENCES

[1] S.M. Allen and J.W. Cahn, A macroscopic theory for antiphase boundary motion and its application to antiphase domain coarsing, Acta Metall., 27 (1979), pp. 1085–1095.

[2] S. Altschuler, S. Angenent, and Y. Giga, Mean curvature flow through singularities for surfaces of rotation, J. Geom. Anal., to appear.

[3] G. Barles, H.-M. Soner, and P.E. Souganidis, Front propagation and phase field theory, SIAM J. Control Optim., 31 (1993), pp. 439–469.

[4] G. Bellettini and M. Paolini, Two examples of fattening for the curvature flow with a driving force, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. (9) Mat. Appl., 5 (1994), pp. 229–236.

[5] G. Caginalp, An analisys of a phase field model of a free boundary, Arch. Rational Mech.

Anal., 92 (1986), pp. 205–245.

[6] X. Chen and C.M. Elliott, Asymptotics for a parabolic double obstacle problem, Proc. Roy.

Soc. London Ser. A, to appear.

[7] Y.G. Chen, Y. Giga, and S. Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow equation, J. Differential Geom., 33 (1991), pp. 749–786.

[8] M.G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. (N.S.), 27 (1992), pp. 1–67.

[9] L.C. Evans, H.-M. Soner, and P.E. Souganidis, Phase transitions and generalized motion by mean curvature, Comm. Pure Appl. Math., 45 (1992), pp. 1097–1123.

[10] L.C. Evans and J. Spruck, Motion of level sets by mean curvature. I, J. Differential Geom., 33 (1991), pp. 635–681.

[11] A. Friedman, Variational Principles and Free Boundary Problems, Wiley, New York, 1982. [12] Y. Giga, S. Goto, H. Ishii, and M.H. Sato, Comparison principle and convexity preserving properties for singular degenerate parabolic equations on unbounded domains, Indiana Univ. Math. J., 40 (1991), pp. 443–470.

[13] R.H. Nochetto, M. Paolini, S. Rovida, and C. Verdi, Variational approximation of the geometric motion of fronts, in Motion by Mean Curvature and Related Topics (G. Buttazzo

convergence to curvature driven fronts 13

and A. Visintin, eds.), Gruyter, Berlin, 1994, pp. 124–149.

[14] R.H. Nochetto, M. Paolini, and C. Verdi, Optimal interface error estimates for the mean curvature flow, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 21 (1994), pp. 193–212.

[15] , Sharp error analysis for curvature dependent evolving fronts, Math. Models Methods Appl. Sci., 3 (1993), pp. 771–723.

[16] , Double obstacle formulation with variable relaxation parameter for smooth geometric front evolutions: asymptotic interface error estimates, Asymptotic Anal., 10 (1995), pp. 173–198.

[17] M. Paolini and C. Verdi, Asymptotic and numerical analyses of the mean curvature flow with a space-dependent relaxation parameter, Asymptotic Anal., 5 (1992), pp. 553–574.

[18] H.-M. Soner and P.E. Souganidis, Singularities and uniqueness of cylindrically symmetric surfaces moving by mean curvature, Comm. Partial Differential Equations, 18 (1993), pp. 859–894.

[19] N. Yamada, Viscosity solutions for a system of elliptic inequalities with bilateral obstacles, Funkcial. Ekvac., 30 (1987), pp. 417–425.