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3. SEPARABLE EQUATIONS

The next simplest class of first-order equations to treat after linear ones is that of
so-called separable equations. These have the form

dy

== f(t .

FraAQKIC)

Here the derivative of y with respect to t is given as a function of ¢ times a function
of y. Equation (3.1) becomes explicit when g(y) is a constant, so we will exclude that
case.

(3.1)

3.1. Recipe for Autonomous Equations. Equation (3.1) is said to be autonomous
when f(t) is a constant. In that case f(t) can be absorbed into g(y) and (3.1) becomes

dy
3.2 — = )
(3.2) 3 = 9w
The word “autonomous” has Greek roots and means “self governing.” Equation (3.2) is
called autonomous because it depends only on y. Autonomous equations arise naturally
in applications when the laws governing dynamics are the same at every time.

If g(y,) = 0 at some point y, then it is clear that y(t) = y, is a solution of (3.2)
that is defined for every t. Because this solution does not depend on t it is called a
stationary solution. Every zero of g is also called a stationary point because it yields
such a stationary solution. These points are also sometimes called either equilibrium
points, critical points, or fized points.

Example. Consider the autonomous equation

Because 4y — v = y(2 —y) (2 +y), we see that y = 0, y = 2, and y = —2 are stationary
points of this equation.

Now let us consider how to find the nonstationary solutions of (3.2). Just as we did
for the linear case, we will reduce the autonomous case to the explicit case. The trick
to doing this is to consider ¢ to be a function of y. This trick works over intervals over
which the solution y(t) is a strictly monotonic function of ¢. This will be the case over
intervals where g(y(t)) is never zero — i.e. over intervals where the solution y(¢) does
not hit a stationary point. In that case, by the chain rule we have

a1 1
dy dy  g(y)
dt

This is an explicit equation for the derivative of ¢t with respect to y. It can be integrated
to obtain

dy 1 .
3.3 t:/—:G y) +c, where G'(y) = — and c is any constant .
(33) 9(y) ) ) 9(y)
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Equation (3.3) is called an implicit solution of equation (3.2) because if we solve equation
(3.3) for y as a differentiable function of ¢ then the result will be a solution of (3.2)
wherever ¢g(y) # 0. Indeed, suppose that Y (¢) is differentiable and satisfies

t=G(Y(t) +c.
Upon differentiating both sides of this equation with respect to ¢ we see that

dY'(t) 1 dY(¢)
1=G"(Y(¢t = h Y(t 0.
( ()) p; g(Y(t)) ATt wherever g( ())7&
It follows that y = Y (¢) satifies (3.2).
Being able to solve (3.3) for y means finding an inverse function of G — namely, a
function G~! with property that

G! (G(y)) =y for every y in some interval within the domain of G .

For every such an inverse function, a family of explicit solutions to (3.2) is then given
by

(3.4) y=G'(t—c).
As we will see in examples below, such a solution may not exist for every value of t — c,
or there may be more than one solution.

Remark. This recipe will fail to yield a family of explicit solutions to (3.2) if either we
are unable to find an expression for the primitive G(y) in order to obtain (3.3), or we
are unable find an explicit inverse function of G(y) in order to obtain (3.4) from (3.3).

Example. Find all solutions of
Q.
dt
Solution. This equation is autonomous. Its right-hand side is defined for every y. It
has the stationary point y = 0. Its nonstationary solutions are given implicitly by

t = d—‘g = 1 +c.
Y )
We can solve for y explicitly to find the family of solutions
1
Y=

Notice that this solution is not defined at t = ¢. Therefore it is really two solutions
— one for t < ¢ with interval of definition (—oo,¢) and one for ¢t > ¢ with interval of
definition (¢, 00). Because

. ) 1
lim = 400, lim = —00,
t—c— C — t—wct c—1
we say that the solution for ¢ < ¢ “blows-up” to oo as t — ¢~ while the solution for
t > ¢ “blows-up” to —oo as t — ¢*. (Here t — ¢~ means that ¢ approaches ¢ from
below while ¢t — ¢* means that ¢ approaches ¢ from above.) Also notice that none of
these solutions ever hits the stationary point y = 0.
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Remark. The above example already shows two important differences between non-
linear and linear equations. For one, it shows that solutions of nonlinear equations
can “blow-up” even when the right-hand side of the equation is continuous everywhere.
This is in marked contrast with linear equations where the solution will not blow-up
if the coefficient and forcing are continuous everywhere. Moreover, it shows that for
solutions of nonlinear equations the interval of definition cannot be read off from the
equation. This also is in marked contrast with linear equations where we can read off
the interval of definition from the coefficient and the forcing.

Example. Find all solutions of

dy 1

dt 2y’
Solution. This equation is autonomous. Because the right-hand side of this equation
is undefined when y = 0, no solution can take the value 0. Because its right-hand side

never vanishes, this equation has no stationary points. Its nonstationary solutions are
given implicitly by

t:/2ydy:y2—|—c.
We can solve for y explicitly to find two families of solutions
y==xVvt—c.

Notice that these functions are not defined for ¢ < ¢ and are not differentiable at ¢ = c.
Therefore they are solutions only when ¢ > ¢. One family gives positive solutions while
the other gives negative solutions. Their interval of definition is (¢, 00). The derivatives
of these solutions are given by

dy 1 1
dt 2y " 2v/t—c

Notice that these derivatives “blow-up” as t — ¢* while the solutions themselves ap-
proach the forbidden value 0.

Remark. The above example shows another important difference between nonlinear
and linear equations. Specifically, it shows that sometimes we need more than one
family of nonstationary solutions to give a general solution. This is in marked contrast
with linear equations where a general solution is always given by the single family 2.8. It
also shows that the derivative of a solution can “blow-up” at an endpoint of its interval
of definition even though the solution does not. This phenomenon does not happen for
linear equations so long as the coefficient and forcing are continuous.

The next example shows that finding explicit nonstationary solutions by recipe (3.4)
can get complicated even when ¢(y) is a fairly simple polynomial. In fact, it will show
that even the simpler task of finding the implicit relation (3.3) satisfied by nonstationary
solutions sometimes requires us to recall basic techniques of integration.

Example. Find all solutions of

dy _

=4y — 1.
z - Wy
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Solution. This equation is autonomous. Its right-hand side is defined for every y.
Because 4y — v = y(2 —y)(2+y), we see that y = 0, y = 2, and y = —2 are stationary
points for this equation. Its nonstationary solutions are given implicitly by

t—/ dy
) Ay -y

Because the factors of 4y — y* are simple, the numerators that appear in the partial
fraction identity of 1/(4y — y3) above the factors y, 2 — y, and 2 + y respectively can
be read off as

1 1
C-92+yl— * y2+y)

thereby yielding the partial fraction identity

1 1 1
1 1 4 8 8

1

1
o 2=yl

0|

= =+ - .
-y y2-yQ2+y) oy 2-y 24y
(You should be able to write down such partial fraction identities directly.) Therefore
nonstationary solutions are given implicitly by

1 1 1
t= [ L4 8 8 {qy=1] — 1y 9 _ — 1] 2
[ 2 = 5y = bloglul) - Hlos(12 - ul) — Hlos((2+u]) +

2
= tlog(y?) — §log(|12 — y|) — §log(|2+y|) + ¢ = %10g(|43y2|> e

where c is an arbitrary constant. This equation can be written as

y2
st =ton{ ).

2
Y S(t=0)

4=y
This can then be broken down into two cases.
First, if y? < 4 then

which leads to

which implies that

- 14+ e—8(t—c)’

4
y=t44)——
1+ e 80

These solutions exist for every time ¢t. They vanish as t — —oo and approach £2 as
t — 00.
On the other hand, if y* > 4 then

and finally that
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which implies that
s 4
Y =1 - =st—o"
So long as the denominator is positive, we find the solutions

4
The denominator is positive if and only if ¢ > ¢. Therefore these solutions exist for
every time t > c¢. They diverge (blow-up) to +00 as t — ¢* and approach +2 as t — oo.
Therefore we have found the three stationary points y = 0, y = 2, and y = —2, and
the four families of nonstationary solutions
4

— 17 when —co <y < —2andt > c,
_e— C

y==+

T —8(t ) when =2 <y <0,
e c

@/1+ g(t ) when 0 < y < 2,
e C

when 2 <y <ooandt>c,

(3.5)

y=+ 1 efS(tfc)

where ¢ is an arbitrary constant. Notice that none of these nonstationary solutions
ever hits one of the stationary points. This list includes every solution of the equation.
Members of these families are shown in the graph below. O

NN

e

-1 -0.5 0 0.5 1
t

FIGURE 3.1. Nonstationary solutions to v’ = 4y — y* are shown for
various values of ¢. The solution for ¢ = 0 is shown in red. Notice
that every nonstationary solution approaches one of the stationary points
y==22ast— 0.



7

3.2. Recipe for Separable Equations. Now let us consider the general separable
equation (3.1), which has the form

(3.6) % = f()g(y)-

The method for solving separable equations is a slight modification of the one for solving
autonomous equations. Indeed, the difficulties that arise are the same ones that arose
in the autonomous case. The difference will be that the recipe for implicitly solving
separable equations will require us to find two primitives, while recipe (3.3) for implicitly
solving autonomous equations requires us to find only one primitive.

If g(y,) = 0 at some point y, then it is clear that y(t) = y, is a solution of (3.6) that
is defined for every t. As before, this solution is called a stationary solution. Every zero
of g is called a stationary point because it yields such a stationary solution.

To find the nonstationary solutions of equation (3.6) we first put the equation into
its so-called separated differential form

1
@dy = f(t)dt.

Then integrate both sides of this equation to obtain
1
——dy = / f(t)dt.
/ 9(y) "
This is equivalent to

(3.7) F(t) = G(y) + ¢,
where F' and G satisfy

F'(t) = f(t), G'(y) =

——, and c is some constant .
9(y)

Equation (3.7) is called an implicit solution of (3.6).

Remark. The separated differential form gives a good recipe by which to construct
equation (3.7), but looks artificial. Fortunately, it is not needed to show that every
solution of the differential equation (3.6) also satisfies equation (3.7) for some c. Indeed,
if Y'(¢) solves (3.6) then whenever g(Y(t)) # 0 we have

d / ! / - . / _
3 (P = GOra) = F(0) = GOra)Y () = )~ s V(0 = 0.

This implies that F'(t) — G(Y (t)) = ¢ for some constant c. Therefore Y () also satisfies
equation (3.7) with this c.

We call (3.7) an implicit solution of (3.6) because if we solve equation (3.7) for y as a
differentiable function of ¢ then the result will be a solution of (3.6) whenever g(y) # 0.
Indeed, suppose that Y'(¢) is differentiable and satisfies

F(t)=G(Y () +c.




8

Upon differentiating both sides of this equation with respect to ¢t we see that

ft)y=F@1)=G(Y({)) digit) = g(Yl(t)) d};it) : wherever g(Y'(t)) #0.

It follows that y = Y (¢) satifies the differential equation (3.6).

Being able to solve (3.7) for y means finding an inverse function of G — namely, a
function G~1 with property that

G~ '(G(y)) =y for every y in some interval within the domain of G'.

For every such an inverse function, a family of explicit solutions to (3.6) is then given
by

(3.8) y=G ' (F(t)—¢).

As we will see in examples below, such a solution may not exist for every value of
F(t) — ¢, or there may be more than one solution.

Remark. This recipe will fail to yield a family of explicit solutions to (3.6) if either
we are unable to find expressions for the primitives F(t) and G(y) in order to obtain
(3.7), or we are unable find an explicit inverse function of G(y) in order obtain (3.8)
from (3.7).

Example. Find all solutions of

dy =«

de  y’
Solution. This equation is separable. Because its right-hand side is undefined when
y = 0, no solution can take the value 0. Because there is no value of y that makes its

right-hand side vanish, it has no stationary points. Its separated differential form is
2ydy = —2xdx.

(The factors of 2 make our primitives nicer.) Its solutions are given implicitly by

vt = —2%+c, for any constant c.

This can be solved explicitly to obain the families

y=+Vvec—a?, for any constant c.

These are solutions provided ¢ — 2? > 0, which implies that ¢ > 0. For every ¢ > 0 each
of these families gives a solution whose interval of definition is (—+/c, \/c).

Example. Find all solutions of

dz 3r 4 122

de ~ z+a2
Solution. This equation is separable. Because its right-hand side is undefined when
z = 0, no solution can take the value 0. Because there is no value of z that makes its
right-hand side vanish, it has no stationary points. Its separated differential form is

2z 2z

12Tl




(The factors of 2 make our primitives nicer.) Then because

2 2
F(z) = / 1 +xx2 dr =log(l +2%) +c, G(z)= / 3 —1—222 dz = log(3 4 2°) + ¢y,

its solutions are given implicitly by

log(3 + 2%) = log(1 + 2°) — ¢, for any constant c.
By exponentiating both sides of this equation we obtain
34+22=(1+az%e°,
which yields the families

z=4/(1+ax2)ec—3, for any constant c.
These are solutions provided (1 + z%)e™¢ — 3 > 0, or equivalently, provided
2 > 3ef — 1.
For ¢ < —log(3) each of the above families gives a single solution whose interval of

definition is (—o00,00). For ¢ > —log(3) each of the families gives two solutions, one
whose interval of definition is (—oo, —y/3e¢ — 1), and one whose interval of definition is

(v3e¢ —1,00).

3.3. Separable Initial-Value Problems. In order to pick a unique solution from
among all the solutions we impose an additional condition. As for linear equations,
we do this by imposing an initial condition of the form y(t;) = yr, where t; is called
the initial time while y; is called the initial value. Differential equation (3.6) combined
with this initial condition is the initial-value problem

Do e, wt) =

There are two possibilities: either g(y;) = 0 or g(y;) # 0.

(3.9)

e If g(yr) = 0 then it is clear that a solution of (3.9) is the stationary solution
y(t) = yr, which is defined for every ¢.
e If g(ys) # 0 then we can try to use recipe (3.6) to obtain an implicit relation

Flt) = Gly) +c, where F/(t)= f(t) and G/@):ﬁ.

In the second case the initial condition implies that
F(tl) = G(yf) +Ca

whereby ¢ = F(t;) — G(yr). The solution of the initial-value problem (3.9) thereby
satisfies

F(t)=G(y) + F(tr) — Gyr) -
To find the explicit solution, we must solve this equation for y as a function of t. There
may be more than one solution of this equation. If so, we must be sure to take the one
that satisfies the initial condition. This means we have to find the inverse function of
G that recovers y; — namely a function G~ with the property that

G (G(y)) =1y for every y in an interval within the domain of G that contains y; .
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In particular, G~ must satisfy G* (G(y])) = y;. There is a unique inverse function
with this property because

G’(y]) B 9(;1) 70

The solution of the initial-value problem (3.9) is then given by
y=G"(Glun)+F{) - F(tr) -

This will be valid for all times ¢ in some open interval that contains the initial time ¢;.
The largest such interval is the interval of definition for the solution.
Example. Find the solution to the initial-value problem
L,
dt ’

Identify its interval of definition.

y(O) =Y.

Solution. We see that y = 0 is the only stationary point of this equation. Hence, if
yr = 0 then y(¢) = 0 is a stationary solution whose interval of definition is (—o0, 00).
So let us suppose that y; # 0. The solution is given implicitly by

d 1
t= —‘;J =——+c.
Y Yy
The initial condition then implies that
1
0=——+c,
Yr

whereby ¢ = 1/y;. Therefore the solution is given implicitly by

1 1
t=——+ —.
Yy oy

This may be solved for y explicitly by first noticing that
1 1 11—yt
‘= Yr

Yy Yr Yr

and then taking the reciporical of each side to obtain

Yr
3.10 = .
(3.10) A -

This is graphed in Figure 3.2 below for y; = —2 and for y; = 2. It is clear from this
formula that the solution ceases to exist when ¢t = 1/y;. Therefore if y; > 0 then the
interval of definition of the solution is (—oo,1/y;) while if y; < 0 then the interval
of definition of the solution is (1/y;,00). Notice that both of these intervals contain
the initial time ¢ = 0. Finally, notice that our explicit solution recovers the stationary
solution when y; = 0 even though it was derived assuming that y; # 0.
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10 -

-10
-0.5 0 0.5

FIGURE 3.2. Solution of the initial-value problem y' = 4%, y(0) = y; for
yr = —2 and for y; =2.

We might think that the blow-up seen in the last example had something to do with
the fact that the stationary point y = 0 was bad for our recipe. However, the next
example shows that blow-up happens even when there are no stationary points.
Example. Find the solution to the initial-value problem

dy 2
— =14y, 0)=ys.
at Y y(0) = yr
Give its interval of definition.

Solution. Because 1 4 y? > 0, we see there are no stationary points for this equation.
Solutions are given implicitly by

d
t:/ Y =tan"!(y) +c.

1492
The initial condition then implies that 0 = tan~'(y;) + ¢, whereby

c=—tan"'(y;).
Here we adopt the usual convention that —% < tan™'(y;) < 5. Therefore the solution
is given implicitly by
t =tan"'(y) — tan"'(y;).
This may be solved for y explicitly by first noticing that
tan"'(y) =t + tan"*(y;),
and then taking the tangent of both sides to obtain

y = tan(t + tan""(yr)) .
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This solution is graphed for y; = 1 in Figure 3.3 below. Because tan becomes undefined
at —% and %, the interval of definition for this solution is (=5 —tan~"'(y;), 5 —tan™"(y;)).
Notice that this interval contains the initial time ¢ = 0 because —5 < tan™'(y;) < 5.
Remark. We can use the “tangent of a sum” identity to express this solution as

yr + tan(t) _1 1
= for =T —t <t< Tt .
1 - y[ tan(t) 9 or 2 an (yf) 2 an <y1>

FIGURE 3.3. Solution to the initial-value problem ¢’ = 1 + 2, y(0) = 1.

The next example shows another way solutions of nonlinear equations can break
down.
Example. Find the solution to the initial-value problem
dy 1
— = — 0) = 0.
Give its interval of definition.

Solution. This differential equation is autonomous. Because its right-hand side does is
undefined when y = 0, no solution may take that value. In particuluar, we require that
yr # 0. Because 1/(2y) # 0, we see there are no stationary points for this equation.
Therefore solutions are given implicitly by

t:/2ydy:y2—|—c.
The initial condition then implies that
0=yi +c,
whereby ¢ = —y?. Therefore the solution is given implicitly by

t=y"—yr.
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This may be solved for y explicitly by first noticing that
=ttty
and then taking the square root of both sides to obtain

y==+4/t+y?.

We must then choose the sign of the square root so that the solution agrees with the
initial data — i.e. positive when y; > 0 and negative when y; < 0. In either case we

obtain
y = sign(yr)\/t +y7,

where we define

1 ifx >0,
sign(z) =<0 ifz=0,
—1 ifx <0.

This solution is graphed for various values of y; in Figure 3.4 below. Finally, notice
that to keep the argument of the square root positive we must require that ¢ > —y?.
Therefore the interval of definition for this solution is (—y?, 00).

-06 -04 -02 0 02 04 06 08 1 1.2
t

FIGURE 3.4. Solutions to the inital-value problem S = ﬁ, y(0) = yr
are shown for various values of y;. The positive families are shown in blue
and the negative shown in red. The solution with initial value y; = 0.5

is highlighted. Its interval of definition is (—.25, c0).

Remark. In the above example the solution does not blow-up as ¢ approaches —y?.
Indeed, the solution y(t) approaches 0 as t approaches —y?. However, the derivative of
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the solution is given by

dy 1 sign(yy)

i~ ity
which does blow-up as ¢ approaches —y?. This happens because the solution approaches
the value 0 where the right-hand side of the equation is not defined.

Example. Find the solution to the initial-value problem

dy x

— = ——, 3)=—4.

-y y(3)
Give its interval of definition.
Solution. This equation is separable. Its right-hand side is undefined when y = 0. It
has no stationary points. Earlier we showed that its solutions are given implicitly by

y2 =z — c, for some constant c.
Members of this family of curves corresponding to various values of ¢ are shown in
Figure 3.4 below. The initial condition then implies that (—4)? = —3? — ¢, from which
we solve to find that ¢ = —(—4)% — 3> = —16 — 9 = —25. It follows that

y=—Vv25—2?,

where the negative square root is needed to satisfy the initial condition. This is a
solution when 25 — 2% > 0, so its interval of definition is (—5,5). It is highlighed in
Figure 3.5.

F1GURE 3.5. Solutions to g—z = —5 are shown as a family of implicit

curves. The solution satisfying the initial condition y(3) = —4 is high-
lighted. Its interval of definition is seen to be (—5,5).
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Example. Find the solution to the initial-value problem
dz 3z 4 xz?
dr 24222

Give its interval of definition.

, z(1) = -3.

Solution. This equation is separable. Its right-hand side is undefined when z = 0. It
has no stationary points. Earlier we showed that its solution is given implicitly by

log(3 + 2%) = log(1 + %) — ¢, for some constant c.

Members of this family of curves corresponding to various values of ¢ are shown in
Figure 3.6 below. The initial condition then implies that

log (34 (—3)%) =log (1+1%) —c,
which gives ¢ = log(2) — log(12) = —log(6). It follows that
log(3 + 2*) = log(1 + x*) + log(6) = log ((1 + z*) 6) = log(6 + 627),
whereby 3 + 22 = 6 + 622. Upon solving this for z we obtain

z2=—V3+ 622,

where the negative square root is needed to satisfy the initial condition. This is a
solution when 3 + 6x? > 0, so its interval of definition is (—o0o, 00). It is highlighed in

Figure 3.6.
N
0
X
FIGURE 3.6. Solutions to & = M are shown for various ¢. Here
dx z+x?z

¢ < —log(3) is shown in red and ¢ > —log(3) is shown in blue. The
solution satisfying the initial condition z(1) = —3 is highlighted.
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3.4. Theory for Separable Equations. Up until now we have mentioned that we
must be careful to check that the nonstationary solutions obtained from recipe (3.8)
do not hit any of the stationary points, but we have not said why this leads to trouble.
The next example illustrates the difficulty that arises.

Example. Find all solutions to the initial-value problem

dy _

3y5 (0) =0

Solution. We see that y = 0 is a stationary point of this equation. Therefore y(t) =0
is a stationary solution whose interval of definition is (—oo, 00). However, let us carry
out our recipe for nonstationary solutions to see where it leads. These solutions are

given implicitly by
dy 2
3y

Upon solving this for y we find y = (t — ¢)® where ¢ is an arbitrary constant. Notice
that each of these solutions hits the stationary point when ¢ = ¢. The initial condition
then implies that 0 = (0 — ¢)3> = —¢*, whereby ¢ = 0. We thereby have found two
solutions of the initial-value problem: y(¢) = 0 and y(t) = ¢*.

Wl

+c.

In fact, as we will now show, there are many more solutions of the initial-value
problem. Let a and b be any two numbers such that ¢ < 0 < b and define y(t) by

(t—a)® fort<a,
y(t) =140 fora <t <b,
(t—10)% forb<t.
We can understand such functions better by looking at their graph in Figure 3.7 below.
It is clearly a differentiable function with
dy 3(t—a)? fort<a,
—(t)=10 fora<t<b,
dt
3(t—0)? forb<t,
whereby it clearly satisfies the initial-value problem. Its interval of definition is (—o0, 00).

When a = b = 0 this reduces to y(t) = 3.
Similarly, for every a < 0 we can construct the solution

(1) = {(t—a)3 fort <a,

0 fora <t,
while for every b > 0 we can construct the solution

{O fort <b,

YO=Yt—bp forb<t.

The interval of definition for each of these solutions is also (—oo, 00).



17

0.5} i

(0,0)

-1 I I I I I I
-2 -15 -1 -0.5 0 0.5 1 1.5 2

Ficure 3.7. Hlustration of nonuniqueness of solutions for the initial-
value problem ¢’ = 3y?/3, y(0) = 0. The solution 3 = ¢ is shown in blue
while the solution given above with a = —1 and b = 1 is shown in red.

Remark. The above example shows a very important difference between nonlinear
and linear equations. Specifically, it shows that for nonlinear equations an initial-value
problem may not have a unique solution.

The nonuniqueness seen in the previous example arises because g(y) = 3y§ does not
behave nicely at the stationary point y = 0. It is clear that g is continuous at 0, but
because ¢'(y) = 2y_% we see that ¢ is not differentiable at 0. The following fact states
the differentiablity of ¢ is enough to ensure that the solution of the initial-value problem
exists and is unique.

Theorem 3.1. Let f(t) and g(y) be functions defined over the open intervals (tr,tg)
and (yr,yr) respecively such that

e f is continuous over (tp,tg),

e g is continuous over (yr,yr),

e g is differentiable at each of its zeros in (yr,yYr).
Then for every inital time tr in (tr,tg), and every initial value yr in (yr,yr) there
exists a unique solution y =Y (t) to the initial-value problem

(311) Vi), v =,
that is defined over the largest time interval (a,b) such that
e t; isin (a,b),
o {(t,Y(t)) : t € (a,b)} lies within the rectangle (tr,tr) X (YL, Yr)-
Moreover, this solution is continuously differentiable and is determined by our recipe.
This means that either g(y;) = 0 and Y (t) = y; is a stationary solution, or g(yr;) # 0
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and Y (t) is a nonstationary solution that satisfies
G(Y(t) =F(t), Y(tr) =vr,
where F(t) is defined for every t in (t,tr) by the definite integral

/f

while G(y) is defined by the definite integral

G(y)z/yﬁdx,

whenever the point y is in (yr,yr) and neither y nor any point between y and yr is a
stationary point of g.

In particular, if f is continuous over (—oo,00) while ¢ is differentiable over (—oo, 00)
then the initial-value problem (3.11) has a unique solution that either exists for all time
or “blows up” in a finite time. Moreover, this solution is continuously differentiable and
is determined by our recipe. We saw this “blow up” behavior in the examples above
with g(y) = y* and g(y) = 1+ % Indeed, it can be seen whenever g(y) is a polynomial
of degree two or more.

Remark. The above theorem implies that if the initial point y; lies between two
stationary points within (yg,yg) then the solution Y'(t) exists for all ¢ in (¢1,,tg). This
is because the uniqueness assertion implies Y (¢) cannot cross any stationary point, and
therefore is trapped within (yr,yg). In particular, if g is differentiable over (—oo, 00)
then the only solutions that might “blow up” in a finite time are those that are not
trapped above and below by stationary points.
Example. For ¢/ = y? the only stationary point is y = 0. Because g(y) = y* > 0 when
y # 0 we see that every nonstationary solution Y (¢) will be an increasing function of ¢.
This fact is verified by formula (3.10) that we derived for the initial condition y(0) = yj,

Yr

Y(t) = ——

When y; > 0 the interval of definition is (—oo,1/y;) and we see that Y (t) — +o0 as
t — 1/y; while Y(t) — 0 as t — —oo. In this case the solution is trapped below as
t — —oo by the stationary point y = 0. Similarly, when y; < 0 the interval of definition
is (1/yr, 00) and we see that Y(t) — —oo as t — 1/y; while Y(t) - 0 ast — oo. In
this case the solution is trapped above as t — co by the stationary point y = 0. Figure
3.2 shows these solutions for the initial values y; = —2 and y; = 2.

Example. For i = 4y — 13® the stationary points are y = —2, y = 0, and y = 2.
Explicit formulas for the nonstationary solutions in terms of an arbitary constant c¢ are
given by equation (3.5). For the initial condition y(0) = y; we obtain

Yr
—1
Og<\4 yfr)

Typical nonstationary solution are plotted in Figure 3.1. That figure shows that each
nonstationary solution Y'(¢) is trapped within one of the intervals (—oo, —2), (—2,0),
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(0,2), or (2,00). Notice that for the solutions trapped within either (—oo, —2) or (2, 00)
we have y? > 4, whereby ¢ < 0.

o If Y(¢) lies within (—oo, —2) then its interval of definition is (¢, 00). Moreover,
Y (t) is increasing with
limY(t) = —o0, lim Y (t) = —2.
t—c t—o0
e If Y(¢) lies within (—2,0) then its interval of definition is (—o0, 00). Moreover,
Y'(t) is decreasing with
lim V() =0,  limY()=-2.
e If Y (¢) lies within (0,2) then its interval of definition is (—oo,00). Moreover,
Y'(t) is increasing with
tEI_nOOY(t) =0, tllglo Y(t)=2.
o If Y (¢) lies within (2,00, ) then its interval of definition is (¢, 00). Moreover,
Y'(t) is decreasing with
}fl_rgcl Y(t) = o0, tliglo Y(t) =2.
Remark. Even in such cases where we cannot find an explicit inverse function of

G(y) we often can determine the interval of definition of the solution directly from the
equation

Gly) = F(t), where F(t) = /t f(s)ds, Gly) = /yﬁdx.

For example, if g(y) > 0 over [y, 00) then G(y) will be increasing over [yr,c0) and
the solution Y (¢) will be defined over the largest interval (a,b) such that ¢; is in (a, b),
(a,b) is contained within (¢,tg), and

F(t) < lim G(y).

Yy——+00

If the above limit is finite and equal to F(b) then the solution “blows up” ast — b~.

Similarly, if g(y) > 0 over (—oo,y;] then G(y) will be increasing over (—oo, y;] and
the solution Y'(¢) will be defined over the largest interval (a,b) such that ¢; is in (a, b),
(a,b) is contained within (¢, tg), and

lim G(y) < F(t).

Yy—+—00

If the above limit is finite and equal to F'(b) then the solution “blows down” ast — b~.

The same kind of analysis can be carried out to determine the times at which a
solution approaches a forbidden value. T'wo such examples are given in the next section.
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3.5. Analysis of Implicit Solutions. Even when we cannot obtain explicit solutions
by this recipe, often we can use the implicit solution to describe how all solutions behave
and to determine their intervals of definition. We begin with an autonomous example.
Example. Solve the general initial-value problem

dx e’

Solution. The differential equation is autonomous. Its right-hand side is undefined
when x = —1. It has no stationary point. Its separated differential form is

(14+x)e*de =dt.
One integration-by-parts yields

/(1 +z)e "der=—(1+x)e” +/e‘x de =—-2+x)e™ +c,

so that the solutions of the differential equation satisfy
t=—24+z)e " +c.
The initial condition implies 0 = —(2 4 x;)e "I 4 ¢, whereby
c= (24 xr)e .

Therefore the solution of the initial-value problem satisfies

t—2+x)e ™ =—2+x)e .
This equation cannot be solved for z to obtain explicit solutions.

Let G(z) = —(2+ x)e™*, so that the solution of the initial-value problem satisfies
t—c=G(x), where ¢ = —G(xy) .

Because G'(z) = (1 4+ z)e™", it can be seen that G’'(z) > 0 for x > —1 while G'(z) < 0

for < —1. This sign analysis shows that G(z) has a minimum value of G(—1) = —e
while
lim G(x) = +o0, lim G(z)=0.
T——00 T——+00
Because © = —1 is forbidden, there will be no solution unless t — ¢ > G(—1) = —e.

If we sketch a graph of G(z) = —(2 + z)e™" then we can see the following.

e The equation G(z) = t—c has one solution with z > —1 provided —e < t—c¢ < 0.
This gives the solution of the initial-value problem when z; > —1. It will be an
increasing function X (¢) with interval of definition (¢ — e, ¢) such that

lim X(t)=-1, lim X () = 0.
t—(c—e)t t—c~

e The equation G(x) =t — ¢ has one solution with z < —1 provided —e <t —c¢ <
oo. This gives the solution of the initial-value problem when x; < —1. It will
be a decreasing function X () with interval of definition (¢ — e, 00) such that

I t)=—-1 lim z(t) = —o0.
Hér_ne)glC() o Jima(t) = —o0
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All of this can be seen from the inverted plot of G(x) = —(2 + z)e™* shown below.

_3 | |
-3 -e -2 t—c -1

G(x)

o — 3+ - - - - — — — — — — — —

FIGURE 3.8. Inverted plot of function G(x) = —(2+ x)e~*. The part of
the curve with x > —1 is shown in red, while x < —1 is shown in blue.

A similar analysis can be carried out for separable equations, but more care is required
to determine the interval of definition.

Example. Solve the general initial-value problem

dz e cos(t)
E_l—l——m’ I(tI)—ﬁl?é—l‘

Solution. The differential equation is separable. Its right-hand side is undefined when
x = —1. It has no stationary point. Its separated differential form is

(14 x)e *dx = cos(t)dt.
Because

/(1 +z)e fdr=—-24+x)e "+, /cos(t) dt = sin(t) + ¢,

the solutions of the differential equation satisfy
sin(t) = —(2+z)e " +c.
The initial condition implies sin(¢;) = —(2 + xzy)e™*! + ¢, whereby
c=sin(t;) + (2+z7)e ™.
Therefore the solution of the initial-value problem satisfies
sin(t) —sin(t;) — 2+ z)e™ = —(2+xz)e .

This equation cannot be solved for x to obtain explicit solutions.
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Let G(z) = —(2+4 z)e™", so that the solution of the initial-value problem satisfies
sin(t) —c = G(x), where ¢ = sin(t;) — G(xy) .

This is the same G(z) we analyzed in the previous example. From the graph of G(x)
produced by that analysis we conclude the following.

e The equation G(z) = sin(t) — ¢ has one solution with z > —1 when —e <
sin(t) — ¢ < 0. This solves the initial-value problem when x; > —1. There are
three possibilities.

o If =1 < ¢ <1 then the solution X (t) > —1 exists for so long as sin(t) < c.
Its interval of definition is ( — 7 — sin™'(c),sin""(c)), where sin~'(c) is
chosen so the interval contains ;. We have X (t) — oo as t approaches
either endpoint.

oIf 1 < ¢ < e—1 then the solution X(t) > —1 exists for all time and is
oscillatory because —e < sin(t) — ¢ < 0 for every ¢. Its interval of definition
is (—00, 00).

olfe—1< ¢ < e+ 1 then the solution X(t) > —1 exists for so long as
¢ — e < sin(t). Its interval of definition is (sin™'(c —€),7 — sin™'(c — ¢)),
where sin~!(c—e) is chosen so the interval contains ;. We have X (t) — —1
as t approaches either endpoint.

e The equation G(z) = sin(t) — ¢ has one solution with z < —1 when —e <
sin(t) — ¢. This solves the initial-value problem when z; < —1. There are two
possibilites.

o If ¢ < e—1 then the solution X (¢) < —1 exists for all time and is oscillatory
because —e < sin(t) — ¢ for every ¢. Its interval of definition is (—o0, 00).
olfe—1 < ¢ < e+ 1 then the solution X () < —1 exists for so long as

¢ — e < sin(t). Its interval of definition is (sin~'(c —€),7 —sin™'(c —¢)),
where sin~!(c—e) is chosen so this interval contains ¢;. We have X (t) — —1
as t approaches either endpoint.
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EXERCISES ON SEPARABLE EQUATIONS

For #1 - 12 determine if the equation is separable, linear, or neither. If the function
18 separable or linear find a general solution. If you can make this solution explicit,
then do so.

(1) y =yt
ue Short Answer
Solution
(2) ty =y+1
ue Short Answer
Solution
(3) ty — y*sin(t) = €'
ue Short Answer
Solution
@ v = 2
uey o Short Answer
Solution
(5) yy + &8 =1
ue Short Answer
Solution
(6) 6 =§i
ue Short Answer
Solution
(7) 2’ + 2 =0
ue Short Answer
Solution
(8) tz = e*log(t)
ue Short Answer
Solution
(9) w'wt + sin(tw) =0
ue Short Answer
Solution
(10) =%y + zy = 2°
ue Short Answer
2 Solution
(11) & = =)
ue Short Answer
Solution

(12)
y —3y=ty
Solve the above differential equation using two different methods.
ue


http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol011.pdf
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Short Answer
Solution

For #13- 22 find solutions to the given initial value problem. If you can find an
explicit solution then do so.

(13) y' + y? cos(t) = 0 where y(0) = 3.

ue Short Answer
Solution
yl
14) L+ =0; y(-1) =1
(14) ; NG (=1)
ue Short Answer
Solution
(15) ' = e"** where x(0) = 0
ue Short Answer
Solution
(16) v’ = 52?&2 where y(0) = 2
ue Short Answer
Solution
(17) ' = %L where u(0) = 1
ue Short Answer
Solution
(18) e’y = == where y(1) =1
ue Short Answer
Solution

(19) ty' = y* where y(1) = yo. Your solution will depend on the value yg, be sure
you indicate how!
ue Short Answer
Solution
(20) ¢ = y(+_ﬁ); y(0) = yo Your solution will depend on the value y, be sure you
indicate how!

ue Short Answer

Solution

(21) ¥ = 1o§€y) where y(0) = yo. Your solution will depend on the value yg, be sure
you indicate how!

ue Short Answer

Solution

(22) t06' = 1 where (1) = 6y Your solution will depend on the value 6y, be sure you
indicate how!

ue Short Answer

Solution


http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol022.pdf
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In the following justify your responses.

(23) '

(24)

(25)

(26)

_ -3

where v(0) = vy Your solution will depend on the value yg, be

1+t2
sure you indicate how! Then indicate which value of vy makes the solution not
unique.
ue Short Answer

Solution

The goal of this problem is to analyze separable problems in a similar way to
how we analyzed explicit equations. Recall from chapter 2 that an equation is
explicit if it is of the form 3’ = f(¢). We solved such equations by applying the
Fundamental Theorem of Calculus to integrate both sides and get an explicit
solution for y.

Now consider the separable equation % o= Z; ((% so that the equation separates
as g(y)dy = f(t )dt

(a) Suppose G(y) + C; = [g(y)dy. Use implicit differentiation to find the
derivative of G(y ) Wlth respect to t.

(b) Suppose F(t)+Cy = [ f(t)dt. What does the FTC tell you the derivative
of F(t) with respect to t is?

(c) Use (a), (b) and the FTC to justify why G(y) = F(t) + C is an implicit
general solution to the given separable equation.

ue Solution
Suppose we deposit $1000 into a savings account with 5% interest compounded
continuously. After 5 years we start taking $200 out each year. How long will
the money last?

ue
Short Answer
Solution
What parameter values will guarantee that x(¢) will go to infinity as t — oco?
X~ aut - )
ue Short Answer

Solution
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http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Short026.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-ANAL-SEP/WORK/Sol026.pdf
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