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5. Graphical Methods

Sometimes the best way to understand the solution of a differential equation is by
graphical methods. Of course sometimes these methods can be applied when analytic
methods fail to yield explicit solutions. But even when analytic methods can yield
explicit solutions, it is often better to gain some understanding of the solutions through
a graphical method. Often we can find out everything we need to know graphically,
thereby saving ourselves from a complicated analytic calculation.

5.1. Phase-Line Portraits for Autonomous Equations. This method can be ap-
plied to autonomous equations of the form

(5.1)
dy

dt
= g(y) .

It has the virtue that it can often be carried out quickly without the aid of a calculator
or computer. It requires that g be continuous wherever it is defined over an interval
(yL, yR) and that g be differentiable at each of its zeros in that interval. Then Theorem
4.1 asserts that every point of (yL, yR) has a unique solution of (5.1) passing through
it.

Any solution y = Y (t) of (5.1) can be viewed as giving the position of a point moving
along the interval (yL, yR) as a function of time. We can determine the direction that
this point moves as time increases from the sign of g(y):

• where g(y) = 0 the point does not move because Y ′(t) =
dy

dt
= 0,

• where g(y) > 0 the point moves to the right because Y ′(t) =
dy

dt
> 0,

• where g(y) < 0 the point moves to the left because Y ′(t) =
dy

dt
< 0.

We can present the sign analysis of g(y) on a graph of the interval (yL, yR) as follows.

1. Identify all points where g(y) is undefined. Theses points are often isolated.
Check that g(y) is continuous elsewhere. Plot these isolated points on the
interval (yL, yR) with a ◦.

2. Find all the zeros of g(y). These are the stationary points of the equation. They
are usually isolated. Check that g(y) is differentiable at each of them. Plot these
isolated points on the interval (yL, yR) with a •.

3. These undefined and stationary points partition (yL, yR) into subintervals. De-
termine the sign of g(y) on each of these subintervals. Plot right arrows on each
subinterval where g(y) is positive and left arrows on each subinterval where g(y)
is negative. These arrows indicate the direction that solutions of the equation
will move along (yL, yR) as time increases.

The resulting graph is called the phase portrait for equation (5.1) along the interval
(yL, yR) of the phase-line. It gives a rather complete picture of how all solutions of (5.1)
behave when they take values in (yL, yR).
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Remark. Often g(y) is differentiable everywhere it is defined. In that case it is
continuous everywhere it is defined and is differentiable at each of its zeros.

Example. Describe the behavior of all solutions of the equation

dy

dt
= 4y − y3 .

Solution. This equation is autonomous and is defined and differentiable everywhere.
Because 4y − y3 = y(2 + y)(2 − y), the stationary points of this equation are y = −2,
y = 0, and y = 2. To get a complete picture we should sketch a phase-line portrait over
an interval that includes all of these points, say (−4, 4). Clearly g(y) is positive over
(−4,−2), negative over (−2, 0), positive over (0, 2), and negative over (2, 4). Therefore
the phase-line portrait is

+ − + −
→→→→ • ←←←← • →→→→ • ←←←← y

−2 0 2
It is clear from this phase-line portrait that:

• every solution y(t) that initially lies within (−∞,−2) will move towards −2 as
t increases with y(t)→ −2 as t→∞;
• every solution y(t) that initially lies within (−2, 0) will move towards −2 as t

increases with y(t)→ −2 as t→∞;
• every solution y(t) that initially lies within (0, 2) will move towards 2 as t in-

creases with y(t)→ 2 as t→∞;
• every solution y(t) that initially lies within (2,∞) will move towards 2 as t

increases with y(t)→ 2 as t→∞.

Of course, all of this information can be read off from the analytic general solution
we had worked out earlier. But if this is all we wanted to know, sketching the phase
portrait is certainly a faster way to get it.

Remark. The relationship between the above phase-line portrait and the sign of
g(y) = 4y − y3 can be seen from the graph of g(y) over the interval [−4, 4].
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Figure 5.1. Plot of g(y) vs y for g(y) = 4y−y3, showing its relationship
to the phase-line portrait.

However, as the above example illustrates, there is no need to sketch a graph g(y) in
order to sketch a phase-line portrait. The only information needed to sketch a phase-
line portrait is the sign of g(y), which is much less information than is needed to sketch
a graph of g(y).

Remark. The dynamics of y(t) that we inferred from the above phase-line portrait
can be visualized by plotting the graph of y(t) for various initial data.
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Figure 5.2. Several solutions of dy
dt

= 4y − y3 plotted versus time. The
phase-line portrait corresponds to the vertical axis of this graph.
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The phase-line portrait in the foregoing example shows that all solutions near −2
and 2 move towards them while all solutions near 0 move away from it. We say that
the stationary points −2 and 2 are stable or attracting, while the stationary point 0 is
unstable or repelling. A stationary point that has some solutions that move towards
it and others that move away from it is called semistable. Phase portraits allow us to
quickly classify the stability of every stationary point.

Example. Classify the stability of all the stationary points of

dx

dt
= x(2− x)(4− x)2 .

Describe the behavior of all solutions.

Solution. The stationary points of this equation are x = 0, x = 2, and x = 4. A sign
analysis of x(2− x)(4− x)2 shows that the phase portrait for this equation is

− + − −
←←←← • →→→→ • ←←←← • ←←←← x

0 2 4
unstable stable semistable

We thereby classify the stability of the stationary as indicated above. Moreover:

• every solution x(t) that initially lies within (−∞, 0) will move towards −∞ as
t increases with x(t)→ −∞ as t→ t∗, where t∗ is some finite “blow-up” time;
• every solution x(t) that initially lies within (0, 2) will move towards 2 as t in-

creases with x(t)→ 2 as t→∞;
• every solution x(t) that initially lies within (2, 4) will move towards 2 as t in-

creases with x(t)→ 2 as t→∞;
• every solution x(t) that initially lies within (4,∞) will move towards 4 as t

increases with x(t)→ 4 as t→∞.

Perhaps the only one of these statements that might be a bit surprising is the last
one. By just looking at the arrows on the phase-line you might have thought that such
solutions would move past 4 and continue down to 2. But we have to remember that
Theorem 4.1 tells us that nonstationary solutions never hit the stationary solutions.
They merely approach them as t→∞.

Example. Sketch the phase-line portrait of the differential equation

dv

dt
=

(v2 − 1)(v − 3)2

(v2 + 1)(v + 3)2
.

Classify each stationary point as being either stable, unstable, or semistable.

Solution. This equation is autonomous. Its right-hand side is undefined at v = −3
and is differentiable elsewhere. Its stationary points are found by setting

(v2 − 1)(v − 3)2

(v2 + 1)(v + 3)2
= 0 .

Because v2 − 1 = (v + 1)(v − 1), the stationary points are v = −1, v = 1, and v = 3.
(Notice that v2 + 1 > 0.) Because the right-hand side is differentiable at each of these
stationary points, no other solutions will touch them. (Uniqueness!)
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A sign analysis of the right-hand side shows that the phase-line portrait is

+ + − + +
→→ +→→ ◦ →→→→ • ←←←← • →→→→ • →→ +→→ v
−4 −3 −1 1 3 4

undefined stable unstable semistable

Remark. The terms stable, unstable, and semistable are applied only to solutions.
The point v = −3 is not a solution, so these terms should not be applied to it.

The above phase-line portrait shows that as t increases the solutions v(t) will move in
the direction of the arrows. Moreover, uniqueness implies that a nonstationary solution
will not touch any stationary one. Much information about the solutions can be read
off from the phase-line portrait. For example, for each stationary point we can identify
the set of initial-values v(0) such that the solution v(t) converges to that stationary
point as t→∞.

• We see that for the stable stationary point −1 we have v(t)→ −1 as t→∞ if
and only if v(0) is in the interval (−3, 1).

• We see that for the unstable stationary point 1 we have v(t) → 1 as t → ∞ if
and only if v(0) = 1.

• We see that for the semistable stationary point 3 we have v(t)→ 3 as t→∞ if
and only if v(0) is in the interval (1, 3].

5.2. Plots of Explicit Solutions. This method can be applied whenever we can
obtain an explicit formula for a solution or a family of solutions. For example, if we
want to see what a solution y = Y (t) looks like over the time interval [tL, tR] and we
already have an explicit formula for Y (t) then the simplest thing to do is to use the
MATLAB command fplot. We can plot Y (t) over a time interval [tL, tR] by

>> fplot(@(t) Y (t), [tL tR])
>> xlabel ’t’, ylabel ’y’
>> title ’Plot of y = Y (t)’

Remark. You should get into the habit of labeling each axis and titling each graph.

Example. Consider the linear initial-value problem

dy

dt
+ y = 5 sin(2t) , y(0) = 1 .

We have found that its solution is

y = 3e−t − 2 cos(2t) + sin(2t) .

Plot this solution over the time interval [0, 5].

Solution. We can input the explicit expression directly into fplot as a function handle.
For example,
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>> fplot(@(t) 3*exp(−t) − 2*cos(2*t) + sin(2*t), [0 5])
>> xlabel ’t’, ylabel ’y’
>> title ’Plot of y = 3 exp(−t) − 2 cos(2t) + sin(2t)’

The resulting graph is shown below.

Remark. The @(t) indicates to Matlab that the expression following it is a function
of t. The combination of @(t) and an expression is called a function handle. Here we
used t as the variable, but any other variable will produce the same graph.
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Plot of y = 3 exp(−t) − 2 cos(2t) + sin(2t)

y

Alternative Solution. Modern versions of Matlab allow us to input the explicit
expression into fplot as a symbolic expression. For example,

>> syms t; sol = 3*exp(−t) − 2*cos(2*t) + sin(2*t);
>> fplot(sol, [0 5])
>> xlabel ’t’, ylabel ’y’
>> title ’Plot of y = 3 exp(−t) − 2 cos(2t) + sin(2t)’

Remark. We will take this approach when plotting members of a family of solutions.

We can also use fplot when the input is a symbolic solution generated by the MAT-
LAB command dsolve.

Example. Consider the linear initial-value problem

dy

dt
+ y = 5 sin(2t) , y(0) = 1 .

Plot its solution over the time interval [0, 5].

Solution. We can input the initial-value problem into dsolve as character strings. For
example,
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>> sol = dsolve(’Dy + y = 5*sin(2*t)’, ’y(0) = 1’, ’t’);
>> fplot(sol, [0 5])
>> xlabel ’t’, ylabel ’y’
>> title ’Solution of Dy + y = 5 sin(2t), y(0) = 1’

Remark. The semicolon after the dsolve command suppresses its explicit output.

If y = Y (t, c) is a family of solutions to a differential equation and we want to see
how these solutions look over the time interval [tL, tR] for several different values of c
then we can change the values of c in fplot by having the function handle include c and
changing the values of c inside a loop.

Example. Consider the general initial-value problem

dy

dt
+ y = 5 sin(2t) , y(0) = c .

We have found that its solution is

y = (c+ 2)e−t − 2 cos(2t) + sin(2t) .

Plot this solution over the time interval [0, 5] for c = −3, −1, 1, and 3.

Solution. We can define the family outside the loop as a function handle with two
variables, t and c, as

>> gensol = @(t,c) (c + 2)*exp(−t) − 2*cos(2*t) + sin(2*t);
>> figure; hold on
>> for cval = −3:2:3

fplot(@(t) gensol(t,cval), [0 5])
end

>> axis tight, xlabel ’t’, ylabel ’y’
>> title ’Plot of y = (c + 2) exp(−t) − 2 cos(2t) + sin(2t) for c = −3, −1, 1, 3’
>> hold off

The resulting graph is shown below.

Remark. Notice that we have plotted the general solution for only four values of c.
Plotting the solution for many more values of c can make the resulting graph look
cluttered.
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We can do a similar thing when the input is a symbolic family of solutions generated
by the MATLAB command dsolve. In this case we use the MATLAB command subs
to substitute specific numerical values into the variable c.

Example. Consider the general linear initial-value problem

dy

dt
+ y = 5 sin(2t) , y(0) = c .

Plot its solution over the time interval [0, 5] for c = −3, −1, 1, and 3.

Solution. This time the solution uses symbolic expressions instead of function handles,
because dsolve produces symbolic expressions as its output.

>> gensol = dsolve(’Dy + y = 5*sin(2*t)’, ’y(0) = c’, ’t’);
>> figure; hold on
>> for cval = −3:2:3

fplot(subs(gensol, ’c’, cval), [0 5])
end

>> axis tight, xlabel ’t’, ylabel ’y’
>> title ’Solution of Dy + y = 5 sin(2t), y(0) = c for c = −3, −1, 1, 3’
>> hold off

Remark. More examples of how to use fplot to graph explicit solutions of first-order
differential equations can be found in our MATLAB book, Differential Equations with
MATLAB by Hunt, Lipsman, Osborn, and Rosenberg.

5.3. Contour Plots of Implicit Solutions. This method can be applied anytime the
solutions of a differential equation are implicitly given by an equation of the form

(5.2) H(x, y) = c .
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This situation might arise when solving a separable equation for which we can analyt-
ically find the primitives F (x) and G(y), but G(y) is so complicated that we cannot
analytically compute the inverse function G−1. In that case (5.2) takes on the special
form

F (x)−G(y) = c .

We will soon learn other methods that can lead to implicit solutions of the form (5.1)
for any function H(x, y) with continuous second partial derivatives. We will assume
that H(x, y) has continuous second partial derivatives.

5.3.1. Rendered by Computer. Given a value for c, solutions of the differential equation
lie on the set in the xy-plane given by{

(x, y) : H(x, y) = c
}
.

This is the so-called level set of H(x, y) associated with c. The idea is to plot one or
more level sets of H within a bounded rectangle in the xy-plane that is of interest.
When many level sets are used the result is called a contour plot of H.

Remark. If we consider H(x, y) to give the height of the graph of H over the xy-plane
then a contour plot shows the height of this graph in exactly the same way a contour
map shows the elevation of topographical features.

We can produce a contour plot of a function H(x, y) over the rectangle [xL, xR] ×
[yL, yR] by using the MATLAB commands meshgrid and contour as follows.

>> [X, Y] = meshgrid(xL:h:xR,yL:k:yR);
>> contour(X, Y, H(X,Y))
>> axis square, xlabel ’x’, ylabel ’y’
>> title ’Contour Plot of H(x, y)’

Here h and k are the resolutions of the intervals [xL, xR] and [yL, yR] respectively, which
should have values of the form

h =
xR − xL

m
, k =

yR − yL
n

, where m and n are positive integers.

The meshgrid command creates an array of grid points in the rectangle [xL, xR]×[yL, yR]
given by (xi, yj) where

xi = xL + ih for i = 0, 1, · · · m, yj = yL + jk for j = 0, 1, · · · n .
More precisely, meshgrid creates two arrays; the array X contains xi in its ijth-entry
while the array Y contains yj in its ijth-entry.

The contour command computes H(xi, yj) at each of these grid points, uses these
values to construct an approximation to H(x, y) over [xL, xR]×[yL, yR] by interpolation,
selects nine values for c that are evenly spaced between the minimum and maximum
values of this interpolation, and then constructs an approximation to the level set of
each c based on this interpolation. Exactly how contour does all this is beyond the
scope of this course, so we will not discuss it further. You can learn more about such
algorithms in a numerical analysis course. Here all we need to know is that MATLAB
produces an approximation to each level set. This appoximation can be improved by
making h and k smaller. The resulting contour plot will give us a good idea of what
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H(x, y) looks like over the rectangle [xL, xR] × [yL, yR] provided h and k are small
enough. Typical values for m and n run between 50 and 200.

Example. Consider the differential equation

dy

dx
= −x

y
.

Earlier we showed that this equation has an implicit general solution given by

x2 + y2 = c .

Produce a contour plot of H(x, y) = x2 + y2 in the rectangle [−5, 5]× [−5, 5].

Solution. If we select m = n = 100, so that h = k = .1, then our MATLAB program
becomes

>> [X, Y] = meshgrid(−5:0.1:5,−5:0.1:5);
>> contour(X, Y, X.̂ 2 + Y.̂ 2)
>> axis square, xlabel ’x’, ylabel ’y’
>> title ’Contour Plot of x̂ 2 + ŷ 2’

Remark. The dots that appear in X.̂ 2 + Y.̂ 2 tell MATLAB that we want to square
each entry in the arrays X and Y rather than square the arrays themselves by matrix
multiplication.

Because the minimum and maximum of x2+y2 over the rectangle [−5, 5]×[−5, 5] are 0
and 50 respectively, the values of c MATLAB will choose are 5l where l = 0, 1, 2, · · · , 10.
The resulting graph is shown below. It shows a point at the origin plus the intersections
of the rectangle [−5, 5]× [−5, 5] with ten concentric circles centered at the origin that
have radii

√
5,
√

10,
√

15, 2
√

5, 5,
√

30,
√

35, 2
√

10, 3
√

5, and 5
√

2.

No solutions of the differential equation can cross the line y = 0. The circles in the
contour plot show the graphs of different solutions above and below the x-axis. It shows
that every solution has a bounded interval of definition. Moreover, these solutions have
derivatives that blow-up at the endpoints of this interval but they do not blow-up
themselves.
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Remark. A very similar contour plot can be produced using the MATLAB command
ezcontour. You can find out how from on-line MATLAB documentation. When used
in its simplest form, “ezcontour” does not give as much control as the combination of
“meshgrid” and “contour.”

Remark. The previous example was so simple that we could have generated a good
sketch of the resulting contour plot by hand. When programming it is a good idea to
start with such simple examples in order to verify that the basic coding works. The
subsequent examples are more substantial.

If we are investigating an initial-value problem with initial data (xI , yI) inside a
recangle [xL, xR] × [yL, yR] then the only level set that we want to plot is the one
corresponding to c = H(xI , yI). This level set might show more solutions than the one
we seek, so be careful! We can plot just this level set by the following.

>> c = H(xI , yI);
>> [X, Y] = meshgrid(xL:h:xR,yL:k:yR);
>> contour(X, Y, H(X,Y), [c c])
>> axis square, xlabel ’x’, ylabel ’y’
>> title ’Level Set for H(x, y) = H(xI , yI)’
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Example. Consider the initial-value problem

dx

dt
=
ex cos(t)

1 + x
, x(0) = −2 .

Graph its solution over the time interval [−4, 4].

Solution. In Section 3.5 we used the fact this equation is separable to show that the
solution of this initial-value problem satisfies

sin(t) = −(2 + x)e−x .

The analysis in Section 3.5 showed moreover that there is a unique oscillatory solution
x = X(t) < −1 to this equation with interval of definition (−∞,∞). However, other
solutions lie on this level set in the region x > −1. We can plot the level set by the
following.

>> [T, X] = meshgrid(−4:0.1:4,−4:0.1:4);
>> contour(T, X, sin(T) + (2 + X).*exp(−X), [0 0])
>> axis square, xlabel ’t’, ylabel ’x’
>> title ’Solution of dx/dt = exp(x) cos(t) / (1 + x), x(0) = −2’

The resulting plot is shown below. The lower curve is the graph of the solution. The
upper curves lie on the level set but have nothing to do with the solution of this initial-
value problem.

t

x

Solution of dx/dt = exp(x) cos(t) / (1 + x), x(0) = −2
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We can plot the level sets for the c values c1, c2, and c3 on a single graph by the
following.

>> [X, Y] = meshgrid(xL:h:xR,yL:k:yR);
>> contour(X, Y, H(X,Y), [c1 c2 c3])
>> axis square, xlabel ’x’, ylabel ’y’
>> title ’Level Sets for H(x, y) = c1, c2, c3’

Example. Consider the general initial-value problem

dx

dt
=
ex cos(t)

1 + x
, x(0) = xI .

Graph its solutions over the time interval [−4, 4] for xI = −2, 0, 1, and 2.

Solution. In Section 3.5 we showed that the solution of this initial-value problem
satisfies

sin(t) = (2 + xI)e
−xI − (2 + x)e−x .

This equation has the form

sin(t) + (2 + x)e−x = c ,

where the values of c corresponding to xI = −2, 0, 1, and 2 are c = 0, 2, 3/e and 4/e2

respectively. We can plot these level sets by the following.

>> [T, X] = meshgrid(−4:0.1:4,−4:0.1:4);
>> contour(T, X, sin(T) + (2 + X).*exp(−X), [0 2 3/exp(1) 4/exp(2)])
>> axis square, xlabel ’t’, ylabel ’x’
>> title ’Solutions of dx/dt = exp(−x) cos(t) / (1 + x), x(0) = x I’

The resulting plot is shown below. Remember that no solutions of this equation can
cross the line x = −1. The curves that cross this line show the graphs of different
solutions above and below this line. The plot shows that some solutions of this equation
exist for all time and some solutions have bounded intervals of definition. Moreover, it
shows that some of the solutions with bounded intervals of definition blow-up at the
endpoints of the interval while others have derivatives that blow-up at the endpoints of
the interval but do not blow-up themselves. In the next subsection we will show that
the separation between these different behaviors is given by components of the level
sets corresponding to the values c = 1 and c = −1 + e.
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5.3.2. Critical Points and Values. Some level sets are more important than others. The
contour plot produced in the last example of the previous subsection missed level sets
that separated solutions with different behaviors. Here we show how to identify such
level sets. We begin with a review of some ideas from multivariable calculus.

Recall from multivariable calculus that the critical points of H are those points in
the xy-plane where the gradient of H vanishes — i.e. those points (x, y) where

∂xH(x, y) = 0 , and ∂yH(x, y) = 0 .

The value of H(x, y) at a critical point is called a critical value of H.

Example. Find all critical points and critical values of H(x, y) = x2 + y2.

Solution. Because ∂xH(x, y) = 2x and ∂yH(x, y) = 2y, we see that (x, y) is a critical
point of H(x, y) if 2x = 0 and 2y = 0. Therefore the only critical point of H(x, y) is
(0, 0) and the only critical value is H(0, 0) = 02 + 02 = 0.

Remark. There is nothing special about x and y in our definitions. Any two variables
can play the roles of the independent variables. We illustrate this in the next example.

Example. Find all critical points and critical values of H(t, x) = sin(t) + (2 + x)e−x.

Solution. Because ∂tH(t, x) = cos(t) and ∂xH(t, x) = −(1 + x)e−x, we see that (t, x)
is a critical point of H if

cos(t) = 0 , and − (1 + x)e−x = 0 .
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The first equation implies that t = nπ+ π
2

for some integer n, while the second implies
that x = −1. Therefore the critical points of H are

(nπ + π
2
,−1) , where n is any integer ,

and the associated critical values are

H(nπ + π
2
,−1) = sin(nπ + π

2
) + (2− 1)e1 = (−1)n + e , where n is any integer .

We see that there are an infinite number of critical points of H(t, x), one specified by
each integer n, but only two critical values: 1 + e when n is even and −1 + e when n is
odd.

We will assume that each critical point of H is nondegenerate. This means that at
each critical point of H the Hessian matrix ∂2H(x, y) of second partial derivatives has
a nonzero determinant — i.e. at every critical point (x, y) we have

det
(
∂2H(x, y)

)
6= 0 , where ∂2H(x, y) =

(
∂xxH(x, y) ∂xyH(x, y)
∂yxH(x, y) ∂yyH(x, y)

)
.

Nondegenerate critical points of H are isolated. This means that each critical point of
H is contained within a rectangle (a, b) × (c, d) that contains no other critical points.
This is a consequence of the Implicit Function Theorem of multivariable calculus.

Nondegenerate critical points of H can be classified as follows.

• If det
(
∂2H(x, y)

)
> 0 and ∂xxH(x, y) > 0 then (x, y) is a local minimizer of H.

• If det
(
∂2H(x, y)

)
> 0 and ∂xxH(x, y) < 0 then (x, y) is a local maximizer of H.

• If det
(
∂2H(x, y)

)
< 0 then (x, y) is a saddle point of H.

We illustrate these facts from multivariable calculus with two examples.

Example. Classify all critical points of H(x, y) = x2 + y2.

Solution. We have already shown that (0, 0) is the only critical point of H(x, y).
Because the Hessian matrix is

∂2H(x, y) =

(
∂xxH(x, y) ∂xyH(x, y)
∂yxH(x, y) ∂yyH(x, y)

)
=

(
2 0
0 2

)
,

we see that

det
(
∂2H(0, 0)

)
= det

(
2 0
0 2

)
= 2 · 2− 0 · 0 = 4 .

Because det
(
∂2H(0, 0)

)
= 4 > 0 and ∂xxH(0, 0) = 2 > 0 we see that (0, 0) is a

nondegenerate critical point of H and that it is a local minimizer.

Example. Classify all critical points of H(t, x) = sin(t) + (2 + x)e−x.

Solution. We have already shown that the critical points of H(t, x) are

(nπ + π
2
,−1) , where n is any integer ,

Because the Hessian matrix is

∂2H(t, x) =

(
∂ttH(t, x) ∂txH(t, x)
∂xtH(t, x) ∂xxH(t, x)

)
=

(
− sin(t) 0

0 xe−x

)
,
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we see that

∂2H(nπ + π
2
,−1) =

(
−(−1)n 0

0 −1e1

)
=

(
−(−1)n 0

0 −e

)
,

whereby

det
(
∂2H(nπ + π

2
,−1)

)
= det

(
−(−1)n 0

0 −e

)
= −(−1)n · (−e)− 0 · 0 = (−1)ne .

Because det
(
∂2H(nπ + π

2
,−1)

)
= (−1)ne 6= 0 for every n we see that every critical

point of H(t, x) is nondegenerate. Moreover,

• (nπ + π
2
,−1) is a local maximizer when n is even because

det
(
∂2H(nπ + π

2
,−1)

)
= e > 0 , and ∂ttH(nπ + π

2
,−1) = −1 < 0 ;

• (nπ + π
2
,−1) is a saddle point when n is odd because

det
(
∂2H(nπ + π

2
,−1)

)
= −e < 0 .

The local maximizers are the critical points with critical value 1 + e while the saddle
points the critical points with critical value −1 + e.

We are now ready to apply these notions to identifying important level sets for contour
plots. Given a value for c, solutions of the differential equation lie on the level set of
H(x, y) in the xy-plane given by{

(x, y) : H(x, y) = c
}
.

Whenever this set has at least one point in it, the Implicit Function Theorem of multi-
variable calculus tells us the following.

• If c is not a critical value then its level set will look like one or more curves in
the xy-plane that never meet. These curves will either be loops that close on
themselves or extend to infinity. They will not have endpoints.
• If c is a critical value then its level set will look like one or more local extremizers

of H plus some curves in the xy-plane that might meet only at saddle points.
These curves will either be loops that close on themselves, extend to infinity, or
have an endpoint at a saddle point.

This suggests that important values of c to consider when making a contour plot are
the critical values of H(x, y) associated with saddle points.

5.4. Direction Fields. This is the crudest tool in our toolbox. Its virtue is that it
can be applied to almost any first-order equation

(5.3)
dy

dt
= f(t, y) .

We assume that the function f(t, y) is defined over a set S in the ty-plane such that

• f is continuous over S,
• f is differentiable with respect to y over S,
• ∂yf is continuous over S.
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Moreover, we assume that every point in a rectangle [tL, tR]× [yL, yR] is in the interior
of S. Then by Theorem 4.1 every point (tI , yI) in [tL, tR]× [yL, yR] has a unique curve
(t, Y (t)) passing through it such that y = Y (t) is a solution of (5.3). This curve can
be extended to the largest time interval [a, b] such that (t, Y (t)) remains within the
rectangle [tL, tR]× [yL, yR].

If we cannot find an explicit or implicit solution of (5.3) then we cannot plot the
curve (t, Y (t)) by the methods of the previous two sections. However, if f(t, y) meets
the criteria given above then we know by Theorem 4.1 that the curve exists and has a
tangent vector given by

d

dt

(
t , Y (t)

)
=
(
1 , Y ′(t)

)
=
(
1 , f(t, Y (t))

)
.

In other words, the unique solution that goes through any point (t, y) in the rectangle
[tL, tR]× [yL, yR] has the tangent vector (1, f(t, y)). A direction field for equation (5.3)
over the rectangle [tL, tR] × [yL, yR] is a plot that shows the direction of this tangent
vector with an arrow at each point of a grid in the rectangle [tL, tR]× [yL, yR]. The idea
is that these arrows might give us a correct picture of how the orbits move inside the
rectangle.

5.4.1. Rendered by Computer. We can produce such a direction field by using the MAT-
LAB commands meshgrid and quiver as follows.

>> [T, Y] = meshgrid(tL:h:tR,yL:k:yR);
>> S = f(T, Y);
>> L = sqrt(1 + S.̂ 2);
>> quiver(T, Y, 1./L, S./L, `)
>> axis tight, xlabel ’t’, ylabel ’y’
>> title ’Direction Field for dy/dt = f(t, y)’

Here h and k are the grid spacings for the intervals [tL, tR] and [yL, yR] respectively,
which should have values of the form

h =
tR − tL
m

, k =
yR − yL

n
, where m and n are positive integers.

The meshgrid command creates an array of grid points in the rectangle [tL, tR]× [yL, yR]
given by (ti, yj) where

ti = tL + ih for i = 0, 1, · · · m, yj = yL + jk for j = 0, 1, · · · n .
More precisely, meshgrid creates two arrays; the array T contains ti in its ijth-entry
while the array Y contains yj in its ijth-entry. Next, an array S is computed that
contains the slope f(ti, yj) in its ijth-entry. Then an array L is computed that contains
the length of the tangent vector (1, f(ti, yj)) in its ijth-entry.

Finally, the quiver command plots an array of arrows of length ` so that the ijth-
arrow is centered at the grid point (ti, yj) and is pointing in the direction of the unit
tangent vector (

1√
1 + f(ti, yj)2

,
f(ti, yj)√

1 + f(ti, yj)2

)
.
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The length ` should be smaller than h or k so that the plotted arrows will not overlap.
Typically m and n will be about 20 to insure there will be enough arrows to give a
complete picture of the direction field, but not so many that the plot becomes cluttered.

Remark. Often it is hard to figure out how the orbits move from the arrows in a
direction field. Therefore they should be used only as a tool of last resort. They should
never be used for autonomous equations because phase-line portraits are much easier
to use.

Example. Describe the solutions of the equation

dy

dt
=
√

1 + t2 + y2 .

Solution. This equation is not linear or separable, so it cannot be solved by the
analytic methods we have studied. Earlier we showed that this equation meets the
criteria of Theorem 4.1, so there is a unique solution that passes through every point in
the ty-plane. Therefore the only method we have discussed that applies to this equation
is direction fields.

Before applying the method of direction fields, we should see what information can
be seen directly from the equation. Its right-hand side satifies

√
1 + t2 + y2 ≥ 1. This

means its solutions will all be increasing functions of t. If our direction fields are not
consistent with this observation then we will know we have made a mistake in our
MATLAB program.

We can produce a direction field for this equation in the rectangle [−5, 5] × [−5, 5]
with a grid spacing of 0.5 (by taking m = n = 20) and arrows of length 0.35 as follows.

>> [T, Y] = meshgrid(−5:0.5:5,−5:0.5:5);
>> S = sqrt(1 + T.̂ 2 + Y.̂ 2);
>> L = sqrt(1 + S.̂ 2);
>> quiver(T, Y, 1./L, S./L, 0.35)
>> axis tight, xlabel ’t’, ylabel ’y’
>> title ’Direction Field for dy/dt = sqrt(1 + t̂ 2 + ŷ 2)’

The resulting plot is below. In this case it is easy to figure out how the orbits move
from the direction field.
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Direction Field for dy/dt = sqrt(1 + t2 + y2)

5.4.2. Sketched by Hand. When f(t, y) is sufficiently simple it is easy to sketch a di-
rection field of equation (5.3) by hand using the method of isoclines. Here “sufficiently
simple” means that we are able to sketch by hand the sets in the ty-plane that satisfy
the equation f(t, y) = m for several values of m. Recall that the level set of f(t, y)
associated with a given value m is the set in the ty-plane given by{

(t, y) : f(t, y) = m
}
.

Whenever this set has at least one point in it, the Implicit Function Theorem of multi-
variable calculus tells us the following.

• If m is not a critical value then its level set will look like one or more curves in
the ty-plane that never meet. These curves will either be loops that close on
themselves or extend to infinity. They will not have endpoints.
• If m is a critical value and each of its associated critical points is nondegenerate

then its level set will look like one or more local extremizers of f plus some
curves in the ty-plane that might meet at only saddle points. These curves will
either be loops that close on themselves, extend to infinity, or have an endpoint
at a saddle point.

The significance of these level sets is as follows. Let (to, yo) be any point on the level
set associated with m. Let Y (t) be the unique solution of the differential equation (5.3)
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that passes through this point — i.e. the solution that satisfies the initial condition
Y (to) = yo. Then

Y ′(to) = f
(
to, Y (to)

)
= f(to, yo) = m.

In other words, at every point (to, yo) on this level set the curve (t, Y (t)) passing through
it has the tangent vector (1,m). This means that every solution Y (t) of the differential
equation has the property that Y ′(t) = m whenever (t, Y (t)) is on this level set. Because
every solution of the differential equation has the same slope on these level sets, they
are called isoclines — a name that means “same slope”.

At every point in the ty-plane that lies on the isocline associated with m the direction
field is an arrow with slope m pointing in the direction of increasing time. This arrow
shows the direction of the tangent vector (1,m). The idea is that if the isoclines are
easy to identify for enough values of m then sketching a few appropriate arrows along
each of them might give us a good idea of what the direction field looks like everywhere
nearby. Let us illustrate this approach by examples.

Example. Sketch the direction field of the equation

dy

dt
=
√

1 + t2 + y2 .

Solution. The isocline associated with any m > 1 satisfies

1 + t2 + y2 = m2 .

This is the circle centered at the origin with radius
√
m2 − 1. By setting m equal to√

2,
√

5, and
√

10 we see that the direction field arrows on the circle of radius 1 have
slope

√
2, the arrows on the circle of radius 2 have slope

√
5, and the arrows on the

circle of radius 3 have slope
√

10. By sketching a few such arrows on each of these circle
we get a fairly clear idea of what the direction field looks like.

Example. Sketch the direction field of the equation

dy

dt
= (y − t2)3 .

Solution. The isocline associated with any m satisfies

y − t2 = m
1
3 .

This is the parabola y = t2 + m
1
3 . By setting m equal to −8, −1, 0, 1, and 8 we see

that the direction field arrows on the parabola y = t2− 2 have slope −8, the arrows on
the parabola y = t2 − 1 have slope −1, the arrows on the parabola y = t2 have slope
0, the arrows on the parabola y = t2 + 1 have slope 1, and the arrows on the parabola
y = t2 + 2 have slope 8. By sketching a few such arrows on each of these parabolas we
get a fairly clear idea of what the direction field looks like.
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Exercises on Graphical Methods

For problems #1–#5a, describe the behavior of the solutions of the autonomous equa-
tions by drawing a phase-line portrait. Be sure to comment on the nature of the sta-
tionary points.

(1)
dy

dt
= y2 − 1

Short Answer
Solution

(2) ẏ = 3y3 + 6y2

Short Answer
Solution

(3)
dy

dt
= −y2(1− y)(3− y)

Short Answer
Solution

(4)
dz

dt
= (z − 3)2(z + 3)2

Short Answer
Solution

(5) (a)
dy

dt
= ey

(b) The equation in part (a) is separable; solve it. Comment on whether the
explicit solution agrees with your phase line.

Short Answer
Solution

(6) (a) Suppose f(t) is the solution to

dy

dt
= (y − 2)(y − 1)2(y + 1)(y + 3)3

with f(0) = −2. What is limt→∞ f(t)?
(b) Same differential equation, but change the initial condition to f(5) = 0.

What is limt→−∞ f(t)?
(c) Change again to f(−3) = 2. What is limt→∞ f(t)?

Short Answer
Solution

For problems #7–#9, solve the given initial value problem, then plot the solution you
get over the interval given.

(7) ẇ + w = 2et, w(0) = 3, t ∈ [−5, 5]
Short Answer

Solution
(8) x′ − x = t2, x(0) = 1, t ∈ [−4, 4]

Short Answer

http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short008.pdf


23

Solution
(9) y′ − 2y = 5 sin(x), y(0) = 0, t ∈ [−5, 2]

Short Answer
Solution

For problems #10–#12, find the general solution to the differential equation, then
plot the solutions for the suggested values of q. Do the various solutions all have the
same end behavior (i.e., their limits as t→∞)?

(10) y′ + y = 2et, y(0) = q, q = −2,−1, 0, 1, t ∈ [−5, 5]
Short Answer

Solution
(11) ẏ − y = t2, y(0) = q, q = −6,−2, 2, 6, t ∈ [−4, 4]

Short Answer
Solution

(12) y′ − 2y = 5 sin(x), y(0) = q, q = −3,−1, 1, 3, t ∈ [−5, 2]
Short Answer

Solution
(13) Produce a contour plot of H(x, y) = sin(xy) on [−2, 2]× [−2, 2].

Short Answer
Solution

(14) Produce a contour plot of H(x, y) = x2+y3+2xy+1 on [−1.5, 1.5)×[−1.5, 1.5].
Short Answer

Solution
(15) Consider the initial value problem

dx

dt
=

2t+ 2tex

ex
, x(1) = 0 .

(a) Separate the equation and show that the solution to this differential equa-
tion satisfies ln(1 + ex) = t2 + ln(2)− 1.

(b) Use a contour plot to graph this solution on [0.75, 5]. [Hint. While the
range for x is [0.75, 5], the range for t should be between −3 and 25 or so
in order to get the full picture. Take this into account when you build your
meshgrid.]

(c) As a check, solve the equation from part (a) and get an explicit formula for
x, then graph it on [0.75, 5]. [hopefully they match!]

Short Answer
Solution

(16) (a) Check that solutions to the equation

dx

dt
=

e2x

1 + t2

satisfy e−2x = −2 arctan(t) + c.
(b) What values of the constant c correspond to the initial conditions x(0) = 0,

ln(2), and 1?

http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol015.pdf
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(c) Produce a contour plot of the solutions of the three initial value problems
considered in part (b). Plot them on [0, 1]. [Hint. The vertical range should
be [0, 5] or so. The inverse tangent function is implemented in MATLAB
by the command atan.]

Solution

For problems #17–19, perform the following tasks.
(a) Separate the differential equation to get an implicit relationship that x and t

satisfy, then
(b) determine what values of the constant of integration will give the requested initial

conditions, and finally
(c) plot those solutions on the ranges of t and x specified.

(17)
dx

dt
=
t cos(t)

1 + 2x
, x(0) = 1, 3

2
, 2, x ∈ [−2, 2], t ∈ [−5, 5]

Solution

(18)
dx

dt
=
x(log(x))2

t2
, x(1) = e, e2, e3 x ∈ [−3, 1], t ∈ [0, 5]

Solution

(19)
dx

dt
=

4tx

1 + x
, x(1) = 1, 3, 5 x ∈ [−3, 3], t ∈ [0, 10]

Solution

(20) Plot a direction field for the equation y′ = cos(x+ y) on [−2, 2]× [−2, 2].
Solution

(21) Plot a direction field for the differential equation y′ = − t
y

on [−5, 5] × [−5, 5].

The directions in the field should seem to rotate around the origin if you have
the correct picture; how do you know that’s the right behavior? [Note. If you
want practice drawing direction fields by hand, this is a good one to work on.]

Solution
(22) Consider the differential equation

dy

dx
=

2 cos(x)− 3y

x+ y + 1
.

(a) Where could solutions of this equation fail to exist, or fail to be unique?
(b) Plot the direction field for this equation on [0, 10] × [−5, 5]. Do you see

some evidence supporting your answer to part (a)?
Solution

(23) Let f(x) be the solution to the initial value problem y′ = e−x
2
, y(0) = 0. [This

function is essentially the error function, up to a constant.] Is limx→∞ f(x)
finite or is it infinite? Explain how the direction field of the differential equation
offers evidence of this.

Solution

(24)
dx

dt
= x2 − µx

Is the stability different if µ changes sign? Plot the phase lines for µ < 0 and
µ > 0.

http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol023.pdf
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Short Answer
Solution

(25)
du

dt
= (5− u)µ

Find u(t) as t→∞. For what values of µ is it different?
Short Answer

Solution

http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Short025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/FIRST-GRAPHICAL/WORK/Sol025.pdf
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