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Second Order Linear Equations and the Airy

Functions:

Why Special Functions are Really No Mdre Conplicated

t han Most

% We shal |

El ement ary Functi ons

consi der here the nobst inportant second order

% ordinary differential equations, nanely |inear equations.
% The standard format for such an equation is

%

y' 't (t) + p(t) y' (t) +q(t) y(t) = g(t),

% where y(t) is the unknown function satisfying the

% equation and p, q and g are given functions, all

% conti nuous on sone specified interval. W say that the
% equation i s honbgeneous if g = 0. Thus:

%

y''(t) + p(t) y'(t) +q(t) y(t) = 0.

% We have studi ed nethods for solving an i nhonbgeneous

% equation for which you have al ready sol ved the

% correspondi ng honbgeneous equati on. So we shall

% concentrate on honmbgeneous equations here. The equation
%is said to be a constant coefficient equation if the

% functions p and q are constant. Again we have studi ed

% met hods for dealing with those. Non-constant coefficient
% equations are nore problematic, but alas, they arise

% frequently in nature. In this | esson we shall study

% cl osely one of the best known exanples -- nanely,
% Airy's Equation. For the record, the solutions to that
% equation, i.e., the Airy functions, arise in

% diffraction problens in the study of optics,
% and also in relation to the fanmbus Schroedi nger equati on
% i n quantium nechani cs.

% Before proceeding, let's recall sone basic facts about
% the set of solutions to a |inear, honbgeneous second

% order differential equation. The nobst basic fact is that
%the set of solutions fornms a two-dinmensional vector




% space. This neans that you can find two sol utions,
%y _1 and y_2, neither of which is a nultiple of the
% other, so that all solutions are given by linear

% conbi nati ons of these two:

% ay 1 + by 2, where a and b are arbitrary constants.
% Just to help you get your bearings, let's mention two

% ot her two-di nensional vector spaces that you know very
% wel | :

% The Euclidean plane, where every vector can be

% expressed as

% ai->+bj->

% where i-> = (1,0) and j-> = (0,1);

% or all polynom als of degree at nost 1
% a+ b x.

% Now returning to second order |inear honbgenous

% differential equations with constant coefficients, we
% note, by way of exanples, that all solutions of

% y +y =0

% are given by

% a cos(t) + b sin(t);

% and all solutions of

% y''o#(1t)y + (1/tr2)y =0

% are given by

% a cos(In(t)) + b sin(In(t)).

% (The latter is an Euler equation.)

%In the first exanple, the interval of

% definition is the whole real |ine, whereas in the second,

% we nust restrict to t>0. In both instances,
% a and b are arbitrary real nunbers.

Airy's Equation
Thisisthe equation:
% y'' -ty = 0.
% In this presentation we shall solve it synbolically and

% nunerically. We shall also address it graphically.
% Furthernore, if you | ook at DEwM Problem 1, p. 157, you




%wll see a qualitative nmethod of dealing with the

% equation, which I shall briefly recall below Finally,
% al though it is not in the course syllabus, one can al so
% use the nmethod of series solution to solve Airy's

% Equation. So there are |lots of ways to skin this cat.

%Well, let's try dsolve first and see what happens.
clear all
cl ose all

dsolve(' D2y - t*y =0", 't')

% How about that, Matlab solves it. But what are those
% functions it reports as the answers? In fact, they are
% speci al functions, and if | nmay quote from DEWM p. 52:

% "By special functions we nean various non-el enentary

% functions that nathenmaticians give nanmes to, often

% because they arise as solutions of particularly inportant
%differential equations." Recall also that elenentary

% functions are "the standard functions of cal cul us:

% pol ynom al s, exponentials and | ogarithnmns,

%trigononetric functions and their inverses, and all

% conbi nati ons of these functions through al gebraic

% operati ons and conpositions." The sinpl est

% special function is the error function

% erf(t) = (2/sqgrt(pi))int_0"t exp(-s"2) ds.

% Many special functions have integral fornulas |ike the
% above and/ or are specified by a differential equation
% and/ or are given by a power series.

ans =

C2*airy(0, t) + C3*airy(2, t)

Graphing Airy functions

In order to do so, we must recognize that thereis still someissue in the reporting of symbolic information
in Matlab as a consequence of Matlab having "bought" its symbolic solver, i.e., MUPAD. We can see this

by typing
help airy

AIRY Airy functions.
W= AIRY(Z) is the Airy function, A (2Z2), of the elenments of Z.

W= AIRY(K,Z) returns various Airy functions specified by K
0 - (default) is the sane as Al RY(2)
1 - returns the derivative, A' (2




2 - returns the Airy function of the second kind, Bi(2)

3 - returns the derivative, Bi'(2)

W= AIRY(K, Z, SCALE) returns a scaled Al RY(K, Z) specified by SCALE:
0 - (default) is that same as Al RY(K 2)
1 - returns AIRY(K, 2Z2) scaled by EXP(2/3.*Z2.~(3/2)) for K

0, 1,
and scal ed by EXP(-ABS(2/3.*REAL(Z."(3/2)))) for K 3

2,3.

AIRY no | onger returns a second output. Use W= AIRY(K, Z) instead.

[WIERR] = AIRY(K, Z) also returns an array of error fl ags.
ierr =1 Il egal argunents.
ierr =2 Overflow. Return Inf.
ierr =3 Sonme | oss of accuracy in argument reduction.
ierr = 4 Conpl ete | oss of accuracy, z too |arge.
ierr =5 No convergence. Return NaN.

The rel ati onship between the Airy and nodified Bessel functions is:

A (z) 1/ pi*sqgrt(z/3)*K 1/ 3(zeta)
Bi (2) sqrt(z/3)*(1 _-1/3(zeta)+l _1/3(zeta))
where zeta = 2/3*z"(3/2)

See al so BESSELH, BESSELI, BESSELJ, BESSELK, BESSELY.

Over| oaded net hods:
symairy

Ref erence page in Hel p browser
doc airy

Note that thisis one of those cases wherein there is some trandation issue. In any event, the function that
is reported as airy(0,t) or more ssimply airy(t), is just the normal Airy function Ai(t) and the other Airy
function reported as airy(2,t) is the Airy function Bi(t). More on these below. But first let's graph these
functions.

figure;

ezplot('airy(t)")

set(get(gca, 'Title"),  Fontsize', 15)

set (gca, ' XTickLabel', get(gca, ' XTickLabel")," FontSi ze', 15)
% set(gcf, "Position', [1 1 1320 1020])




and on a bigger interval

figure; %set(gcf, '"Position', [1 1 1920 1420])
ezplot('airy(t)', [-10 10])

set(get(gca, 'Title'),' Fontsize', 15)

set (gca, ' XTickLabel ', get(gca, ' XTickLabel")," FontSize', 15)

% Looks like a mldly danped oscillation to the left, but
% wi th increasing frequency; and
% a rapid decay to zero to the right.
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And the second solution

figure; %set(gcf, 'Position',

ezplot('airy(2,t)")

[1 1 1920 1420])

set(get(gca, 'Title'),' Fontsize', 15)

set (gca, ' XTickLabel ', get(gca,

' XTi ckLabel "), ' Font Si ze', 15)
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Thistime | will readjust the interval in order to see the oscillation

figure; %set(gcf, '"Position', [1 1 1920 1420])
ezplot('airy(2,t)", [-10 2])

set(get(gca, 'Title'),' Fontsize', 15)

set (gca, ' XTickLabel ', get(gca, ' XTickLabel")," FontSize', 15)

% So both sol utions nmani fest decreasing oscillations
%toward mnus infinity, apparently with increasing
% frequencies, but as t -> +infinity, one solution
% grows wit hout bound and the other decays to zero.
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Some Qualitative Analysis

Now | recall Problem 1in PSD in DEwM. It leads the reader through the following reasoning. For alarge
negative value of t, say t = -K”2, Airy's Equation resembles

% y'' o+ K2y =0,

% whose solutions are sinusoidal oscillations with

% frequency K. Thus the oscillatory behavior on the

% negative axis of the Airy functions is not surprising.
% Moreover, as t nmoves toward -infty, and so has

% | arger absolute value (K is getting bigger), then

% the frequency is increasing. This analysis does not

% al l ow us to concl ude anyt hing about the anplitude.

% On the other hand, for t |large postive, say near K"2,
% t he equation resenbl es

% y'' - Kr2 y =0,
% whose solutions are e*(Kt) and e”(-Kt). Thus the growth
% at positive infinity is expected; and exactly as the

% functions

% aert + b er(-t)




% have exactly "one direction” in which the function

% decays at +infinity, whereas in all other directions
% the solutions grow quickly, it is again not surprising
% that the same behavior is nmanifested by the Airy

% functi ons.

% | ndeed, the basic Airy function airy(t) = airy(0,t) is
% exactly that special choice of the Airy functions.

Numerical solutions to yield a graphical pre-
sentation

% Now we inmtate the code on p. 142 of DEwWM As we saw

% above, there are two arbitrary constants to be specified
% in the choice of an Airy function. That corresponds to
%the fact that the second order Airy equation requires

% two pieces of initial data to deternmine a specific

% sol ution. Thus drawi ng a representative set of solutions
% does not, like in the case of first order equations,
%yield a set of non-intersecting curves. Still, sonetines
% the pictures are striking and reveal the general nature
% of solutions rather dramatically -- see e.g., the graph
% on p. 142 of DEwWM

rhs = @t, y) [y(2); t*y(1)];

figure;, %set(gcf, '"Position', [1 1 1920 1420])

hol d on

for yo = -2:2

for ypO = -1:0.5:

[tfor, yfor] oded5(rhs, [0 2], [yO, ypO0]);
[tbak, ybak] = ode45(rhs, [0 -2], [yO, ypO]);
plot(tfor, yfor(:,1))
pl ot (tbak, ybak(:,1))

[

end
end
title(" Airy Functions with Varying Initial Data', 'FontSize', 15)
set (gca, ' XTickLabel', get(gca, ' XTickLabel"),"' FontSize', 15)




Airy Functions with Varying Initial Data
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Stability

We have not considered stability of second order equations, but it is not hard to envision what we would
mean -- small perturbations in the initial data -- both position and velocity -- should lead to only small
perturbations in the solution curve over the long term. Given what we have learned about the Airy func-
tions, do you think the Airy equation is stable?

% Not likely; just the formof the equation y'' =ty and
% the derivative test suggests not. Let's see if we can

% justify that assertion. W know that airy(t) is the only
% solution of Airy's equation that decays at infinity.

% Let's solve the equation nunerically and conpare what

% we get (graphically) to the curve of airy(t):

figure; %set(gcf, '"Position', [1 1 1920 1420])

hol d on

ezplot('airy(t)', [0 10])

yy0 = airy(0);

yypo = airy(1, 0);

[tt, yy] = ode45(rhs, [0 10], [yyO yypO]);

plot(tt, yy(:,1), 'r")

title(' Synbolic Airy vs Nunerical Approximation','FontSize', 15)
set(gca, ' XTickLabel', get(gca, ' XTickLabel"),"' FontSize', 15)

% Can you explain the graph?




Symbolic Airy vs Numerical Approximation

0.15¢

0.1+t

0.05¢

Thismight help alittle.

airy(0)
airy(1,0)
axis([0 10 -0.1 0.4])

ans =

0. 3550

ans =

-0. 2588
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Symbolic Airy vs Numerical Approximation

0.2+

0.1+t

The Nature of Special Functions

Finally, | would like to convince you that special functions like the Airy Function are really no more
mysterious than many of our elementary functions -- like the sine, exponential or logarithm.

%Iln fact, how do you define sin(x)? In nost caclul us

% books, the function sin(x) is defined by saying: let x
% measure an angle in radians, then draw a right triangle
% wi th that angl e, whereupon sin(x) is the ratio of the
% | ength of the opposite side over the hypotenuse. If |

% ask you to tell nme what sin(sqrt(3)) is, do you really
% have a good feeling for that value? So, many advanced
% cal cul us books attenpt to put the definition of the

% sine function on a firnmer analytic footing. They define
%the sine function as follows. First define the function
% ArcSin(t) by the integral formula:

% ArcSin(t) =int_ O~ 1/sqrt(1-s72)) ds, -1 <t < 1.

% Then they engage in sone calculus to establish that this
%is a differentiable function, nonotone increasing,

% InvSin(-1) = -pi/2, InvSin(l) = pi/2,

% and the tangent line is vertical at the two endpoints.
% Finally, they define sin(x) to be the inverse function of
% ArcSin(t), which is then defined on [-pi/2, pi/2] and
%finally they extend it to the whole real |ine by invoking
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% periodicity.

% Now i s that any sinpler than the nethod we have used to
% define airy(t)? I won't go through the derivation

%but I will tell you that the basic Airy function can al so
% be obtained by an integral. Here is the fornul a:

% airy(t) = (1/pi) int_0"infty cos((1/3)s"3 + ts) ds.

% Not an easy integral, but we can deal with it nunerically
% when necessary. This process is perhaps a little nore
% conpl i cated technically than:

% In(t) = int_O0"t 1/s ds,
% exp(t) = inverse function of log(t);

% but aren't we tal king about nore or |ess the sane kind
% of obj ect.

% The noral of the story: we can deal with airy(t) and npst
% special functions in the same way that we deal with
% el enentary functions:

% graphically, nunmerically, analytically and even
% synbolically on occasion.
% You should not be intimdated by special functions.

% There are nore special functions than you can i nagine:

% Bessel functions, Legendre functions, hypergeonetric

% functions, the Ri emann Zeta function and a score nore.

% Many of these, but not all, are solutions of

% second order honmpbgeneous non-constant coefficient

% equations. You may encounter sonme of themin your

% physics or engineering courses. Let's just see if Matlab
% can deal with the Bessel functions. Those are the

% sol uti ons of the equation:

% th2 y () +t oy (t) + (t"2 - n™2) y(t) =0
% for different choices of an integer n.

dsol ve(' t"2*D2y + t*Dy +(t"2-n"2)*y=0")

ans =
Co*besselj(n, t) + C6*bessely(n, t)

| leaveit to you to explore other special functionsin Matlab, but let usjust draw the fundamental solutions

of the Bessel equation for n=0.

figure; %set(gcf, '"Position', [1 1 1920 1420])
ezpl ot (' besselj(0,t)")
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title(' Bessel function of first kind ,'FontSize' , 15)
set (gca, ' XTickLabel ', get(gca, ' XTickLabel")," FontSize', 15)

Bessel function of first kind

Lookslike asinusoidal; let's redraw on abigger interval.

ezpl ot (' besselj(0,t)", [-10 10])
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besselj(0,t)

0.5

-0.5

and even bigger interval

ezpl ot (' besselj(0,t)", [-100 100 -0.5 1])

10 5 0 5

10
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besselj(0,t)
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Damped oscillation clearly. Actually, the oscillatory behavior is not surprising. For t large, the middle
term in the equation

% ty' +y +ty =0

%is negligible and so the sinusoidal behavior is evident.
% Also, it looks |like the solution curve has the sane

% behavior in both directions. In fact bessel functions

% of order zero are even. That's a good exercise: show
%that if y(t) satisfies the Bessel equation (with n = 0),
% then so does y(-t).

% Now for the other solution:

figure; %set(gcf, "Position', [1 1 1920 1420])

ezpl ot (' bessel y(0,t)")

title(' Bessel function of second kind','FontSize', 15)

set (gca, ' XTickLabel ', get(gca, ' XTickLabel"),"' FontSize', 15)
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Bessel function of second kind
0_6_ T T T T T —

that's interesting; why no negative values?

ezpl ot (' bessely(0,t)", [-5 5])
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bessely(0,t)
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There are no negative values because bessely(0,t) has alogarithmic singularity at t = 0. So Matlab discards
the negative values, which arejust amirror reflection of the positive values. Let's see the singularity more
clearly.

figure; ezplot(' bessely(0,t)", [0 0.01])
figure; ezplot('bessely(0,t)", [0 0.00001])

18



bessely(0,1)
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Infact lim bessely(0,t) ast-> O+ is -Inf; although the divergence is very slow (logarithmic).
Let'slook at one more -- the hypergeometric equation:

dsolve('t*(1 - t)*D2y + (c-(1 + a + b)*t)*Dy - a*b*y=0")
pretty(ans)

% sol ves the hypergeonetric equation. | |eave further

% experimentation with special functions as solutions of
% second order honbgeneous equations to you; there are
%Il ots of exanples in Boyce & DiPrima. In fact, nost of
% t he exanpl es appear in the chapter on series solutions.
% Since that topic is not covered in our syllabus, | wll
% have to leave it to you to |l ook at on your own or to

% encounter in other math or engi neering courses.

ans =

C8*hypergeom([a/2 + b/2 - ((a + b + 1)*2 - 2*b - 4*a*b - 2*a - 1)~ (1/2)/2,

[/ -- a b a b -- \ 1-c
C8 hypergeom | - + - - #1, - + - + #1 |, [c], t | + COt
\ -- 2 2 2 2 -- /
[/ -- a b a b -- \
hypergeon{ | - +- - ¢c - #1 + 1, - +- - c +#1L +1 |, [2 - c], t |
\ -- 2 2 2 2 -- /
wher e
2 1/2
((a+b+1) - 2Db-4ab-2a-1)
g e e
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