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Transforms, especially the Laplace Transform

%Iln this lecture we shall study the concept of a transform
% and then specialize to the Laplace Transform Suppose you
% have sone coll ection of objects on which there are well

% defi ned operations. For exanple:

% **The set of all right triangles with various geonetric
% and al gebrai c operations; or

% **The set of Ri enmann Integrable functions on the
% interval [-pi,pi] with various analytic operations; or

% **The set of piecew se continuous functions on the
% positive t-axis with no nore than exponential growth and
% the operation of differentiation.

% The | ast exanple as exactly the set of functions for which we can
% take a Laplace Transform We'Ill conme back to that, but first
%let's consider the first two exanples to get a

% feel for what a transformcan do to help us solve concrete

% pr obl ens.

Right Triangles

% Gven a right triangle, we shall associate with it a pair
% of real nunbers in the set

% {(x, y): 0 <x <=y}

% by assigning x to be the length of the shortest |eg and
%y to be the length of the other |eg.

% Now certain operations on the set of right triangles can
% be converted into operations on the pair of real nunbers.
% For exanpl e, the operation of shrinking the size of each
% side of the triangle by the sane anbunt, say |anbda < 1,
% anounts to multiplying the coordinates (x, y) by |anbda.
% Simlarly with an expansion |anbda > 1. One could al so

% shrink or expand the two sides independently and that

% woul d correspond to nultiplying the coordinates by

% di stinct nunbers. (One would have to restrict the
%rmultipliers to ensure that the multiple of x is |less than
% or equal to the nultiple of y.)

% Here is sonething nore subtle. Gven a




%right triangle, how do you obtain a new triangle in which
% the length of the shortest leg remains the sane but the
% si ze of the angle between the shortest |eg and the

% hypotenuse is three quarters its original size. How nmuch
% shorter does the longer |eg have to be? Wll if theta is
% the angle in question, then first of all it needs to be
% greater than pi/4 radians in order for x to be the

% shorter side. And if it remains the shorter side in the new
%triangle, then (3/4)theta nust al so be greater than pi/4.
% So it nmust be that theta > pi/3. Now we multiply y

% by | anbda. Then the geonetric problemis transforned

% into the agebriac problem

% theta = arctan(y/x).
% Find | anbda < 1 so that
% (3/4) arctan(y/x) = arctan(lanmbda*y/x).

% Not an easy probl em by hand, but easy for Matl ab.
clear all
cl ose all

Toillustrate, supposex =1andy = 3. Then

x =1, y = 3; theta = atan(y/x)
lanbda = x * tan((3/4)*theta)l/y

% So you have to shorten the longer leg by a factor of 0.4533.
% in order to reduce the angle by 25%

theta =

1. 2490

| ambda =

0. 4533

Here's a harder problem. Find al the right triangles whose perimeter equals its area? After applying the
transform, that is, converting the triangle into a pair of real numbers, the problem becomes: solve the
equation (1L/2)xy = X +y + sgrt(x"2 + y*2).

% That is sone kind of quadratic curve.

% Let's see whether Matlab can sinplify the equation
clear all

syms x y; sinmplify(((1/2)*x*y - (x+y))"2 - (x"2+y"2))

ans =

-(xX*y*(4*x + 4*y - x*y - 8))/4

Since x and y are both non-zero, the equation further simplifiesto 4*x + 4*y - x*y - 8=0.




% That is actually a hyperbola as you can see by naking the

% substitution

%X =u+vVv, y=u- V.

Syms u Vv; expr = 4*x + 4*y - x*y - 8; subs(expr, [x y], [u+v u-v])
expand( ans)

ans =

8*u

(u+v)*(u-v) - 8

ans =

- ut2 + 8*u + v*2 - 8

Also alittle inspection revealsthat x = 6, y = 8 isapoint on the curve. So now we can draw it.

figure; %set(gcf, '"Position', [1 1 1920 1420])

[ X, Y] = meshgrid(4:0.1:8, 6:0.1:10);

contour(X, Y, 4.*X + 4.*Y - X*Y - 8, [00],..
"LineWdth',2,"Color',[.6 0 0])

set(gca, ' XTickLabel', get(gca, ' XTickLabel"),"' FontSize', 15)

% See the online help for an explanation of the
% option [0 O] in the contour comand.
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It's a very nice exercise to show algebraically that x = 4 is an asymptote of the hyperbola. It should be
clear then that y = 4 isthe other asymptote. Here is visual evidence:

figure; %set(gcf, '"Position', [1 1 1920 1420])

[ X, Y] = meshgrid(4:0.1:20, 4:0.1:20);

contour(X, Y, 4.*X + 4.*Y - X*Y - 8, [00O],...
"LineWdth',2,"Color',[.6 0 0])

set (gca, ' XTickLabel', get(gca, ' XTickLabel"),"' FontSize', 15)
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Another nice exercise isto show that the only isosceles triangle which has equal perimeter and area cor-
responds to x = 4 + sqrt(8).

% Here is howto do it:
[a, b] =sol ve([ x-y, expr])
% Wiy is only one answer legit?

a =

2%20(1/2) + 4
4 - 2*27(1/2)

2%20(1/2) + 4
4 - 2*27(1/2)




Now for the second example.

% We consider the functions on [-pi, pi] that are Ri enann
% integrable. You will have to | ook back at your cal cul us

% book if you don't renenber upper sunms and | ower sums, etc.
% Certainly all continuous functions are

% integrable, but there are others, I|ike
% f(x) = 1/ sqgrt(]|x]).

clear all

cl ose all

syns x

figure; %set(gcf, '"Position', [1 1 1920 1420])
ezplot(1l/sqgrt(x), [0 1])

set(get(gca, 'Title'), ' Fontsize', 15)

set (gca, ' XTickLabel', get(gca, ' XTickLabel")," FontSize', 15)
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Clearly the y-axisis avertical asymptote for the curve; Still, thereis afinite area under the curve:

int(1/sqrt(x), 0, pi)

ans =

2% pi 7 ( 1/ 2)




Now for the transform. To every such function we associate or transform it into a sequence of complex
numbers viathe following formula:

%a.n = (1/2*pi)int_-pi~*pi(er(-i nt) f(t) dt, -inf <n <inf

% This transformis bound up with the theory of

% Fourier Series that you will certainly neet in |later Math,
% Physi cs or Engi neering courses. There are many interesting
% properties that relate the function f(t) to the

% sequence {a_n}, which conprises in fact the

% Fourier Coefficients of f.

% The associ ated Fourier Series is nothing nore than

% sum{-inf}~{inf} a_n er{i nt}.

% We can use this observation and the transformto solve the
% follow ng problem Which functions are square integrable?
% That is, when is it true that

% int_-pi~pi [f(t)]"2 dt < inf.

%Ilt's not true always as you can see fromthe exanple
% f(t) = 1 sqrt(|t]).

int(1/x, 0, pi)

ans =

| nf

We compute as follows int_-pi®pi f (t) 2 dt = int_-pi~pi f(t)f(t) dt

% int_-pipi [sum{-inf}~{inf} an eri nt} sum{-inf}~{inf} a me"{i mt}dt
%

% But (1/2pi)*int_-pi~pi ei j t}dt =0 unless j = 0,

%in which case it is 1.

%

% So the above reduces to

%

% sum{-inf}~™{inf} |a_n|"2.

% This solves the problem An integrable function is

% square integrable precisely when its Fourier coefficients
% conpri se a square sunmabl e sequence.

The Laplace Transform

Finally we look at the collection of functions that we have identified for which we can take a Laplace
Transform, namely:

% The set of piecew se continuous functions on the positive




%t-axis with no nore than exponential growh.
% The Lapl ace Transform of such a function f(t) is then
% defi ned as

% L{f}(s) = F(s) = int_Orinf er-st} f(t) dt.

% The i nproper integral converges because of the assunptions
% on the growth of f. F(s) is a continuous function that

% decays to zero as s -> inf. The key property of the

% Lapl ace Transformthat makes it useful in the study

% of differential equations is that it converts the operation
% of differentiation into nutiplication by the Laplace

% Transform variable; thus analytic problens in differential

% equations are converted into al gebraic problens. The

% fornmul ai c expression of the conversion is

% conmputed in the text as:

% L{f'}(s) =s L(f}(s) - f(0)
% L{f''}(s) = s"2 L{f}(s) - s f(0) - f'(0),

% perfect for initial value problens; and especially suited
% to problens involving discontinuous functions for which
% Lapl ace transforns can be conputed.

A nice schemefor using Matlab to implement solutions viathe Laplace Transformis presented in DEwM.
Let's useit to solve the following explicit problem:

% y 't (t) + 2y (t) - 2y(t) =g9g(t) + delta_2(t),
% y(0) =1, y'(0) = -1,

% where delta 2 is the Dirac generalized function
% concentrated at t = 2, and g(t) is given as follows:

%g(t) =0, t <0; th2, O<=1t <1; 2, 1 <=t.

% Note that g is discontinuous at t = 1, but the full right side
% of the equation will also be discontinuous at t = 2, because
% of the Dirac delta function concentrated there.

clear all
cl ose all

Hereis the scheme presented in DEwWM:

syns st Y

g = ['heaviside(t)*t~2 + heaviside(t - 1)*(2 - t72)'];

rhs = strcat(g, '+ dirac(t-2)");

eqn = syn(['D(D(y))(t) + 2*D(y)(t) - 2*y(t) ="' rhs]);

Iteqn = | apl ace(egn, t, s);

newegn = subs(lteqgn, {'laplace(y(t),t,s)", "y(0)", "Dy)(0)"}, {VY,1,-1});
ytrans = sinplify(sol ve(neweqn,Y));

y = ilaplace(ytrans, s, t);

figure; %set(gcf, '"Position', [1 1 1920 1420])

ezplot(y, [0 3])




set(get(gca, 'Title'),  Fontsize', 15)
set (gca, ' XTickLabel ', get(gca, ' XTickLabel")," FontSize', 15)

% Mention that the "sinplify" command is missing in the book.
% Pl ease use it when enploying this tenplate for solving eqns
% by the Laplace transformw th Matl ab.

% The graph illustrates a point nmade in DEWM The sol ution
% function will be differentiable at t = 1, but only

% continuous at t = 2. That mght be a little hard to see
% fromthe graph, so

- 1) ((exp(1 - t) (cosh(3"? t - 1)) + (3" sinh(3"? ¢t - 1372 -

o B 7 L LI = B B = +

figure; %set(gcf, "Position', [1 1 1920 1420])

ezplot(y, [1.9 2.1])

set(get(gca, 'Title'),  Fontsize', 15)

set (gca, ' XTickLabel ', get(gca, ' XTickLabel")," FontSize', 15)




- 1) ((exp(1 - t) (cosh(3"? (t - 1)) + (3" sinh(3"? ¢t - 1372 -
3.5F ' ' ' ]
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Finally, the formulafor the solution has been computed, although not displayed. Let's take alook.

y

y:

heavi side(t - 1)*((exp(l - t)*(cosh(3*(1/2)*(t - 1)) + (3"(1/2)*sinh(3"(1/

Here's another example: y"(t) + y(t) = u_pi/2(t) + 3*delta_3*pi/2(t) - u_2*pi(t), y(0) =0, y'(0) = 0.

syms s t Y

g = ['heaviside(t-pi/2) - heaviside(t - 2*pi)'];

rhs = strcat(g, '+ 3*dirac(t-3*pi/2)");

eqn = syn(['D(D(y))(t) + y(t) =" rhs]);

Itegn = | apl ace(eqn, t, s);

neweqn = subs(lteqn, {'laplace(y(t),t,s)', "y(0)', "Dy)(0)"'}, {Y,0,0});
ytrans = sinplify(solve(neweqgn,Y));

y = ilaplace(ytrans, s, t);

figure; %set(gcf, '"Position', [1 1 1920 1420])

ezplot(y, [0 4*pi])

set(get(gca, 'Title'), ' Fontsize', 15)
set(gca, ' XTickLabel', get(gca, ' XTickLabel"),"' FontSize', 15)




wiside(t - (3 m)/2) sin(t - (3 m)/2) +.. .- heaviside(t - n/2) (cos(t - =

4+

Again, let'slook at the solution formula.

y

y:

3*heavi side(t - (3*pi)/2)*sin(t -
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(3*pi)/2) + heaviside(t -

2*pi)*(cos(t)
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