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3. SUPPLEMENT: LINEAR ALGEBRAIC SYSTEMS AND DETERMINANTS

This chapter is a supplement to Chapter 2 that reviews the material about linear
algebraic systems that is used therein. In particular, it covers the relationship between
linear algebraic systems and determinants that is used in Section 2.3. This material
should be understood before covering that section.

3.1. Linear Algebraic Systems. In each of the examples in Section 2.2 we were able
to find a unique solution ¢y, co, - - -, ¢, to the linear algebraic system 2.5 which enabled
us to solve the initial-value problem for any choice of initial data yo, y1, - - -, y,—1 by the
method of superposition. In this supplement we will characterize when such a linear
algebraic system has a unique solution.

A linear algebric system of n equations for n unknowns z1, xs, - - -, z, has the general
form

1171 + a12%2 + - + a1y = by,

2171 + A22%2 + - -+ + Aop Ty = ba,

(3.1)

Ap1T1 + Ap2Ta + -+ + Xy = bn .
The n? numbers {a;; : 4,7 = 1,2,--- ,n} are called the coefficients of the system and
the n numbers by, by, -- -, b, are called the forcing. The system is called homogeneous
if by =0y =---=10, =0, and is called nonhomogenous otherwise.

There are two questions regarding the existence of solutions that we want to address.

The first question is:

When does system (3.1) have a unique solution for every forcing by, by, «--, b, ?

The second question is:
When does system (3.1) with by = by = -+ = b, = 0 have a nonzero solution?
Here “nonzero solution” means a solution with x; # 0 for some index k — i.e. a solution

that is not the “trivial solution” xy = 29 = --- = z,, = 0. Such a solution is also called
a “nontrivial solution.”

These questions are clearly related. Let us suppose that system (3.1) has two different

solutions for some set of numbers by, by, ---, b,. We denote one of these solutions by
x1, T, + -+, x, and the other by y1, y2, -+, yn. Set

21 =71 — Y1, 29 = T2 — VY2, Ty Zp = Tp — Yn -
Then we can show that zy, 29, - -+, 2, is a nonzero solution of

a1z + a12292 + -+ Aipln — O,

ag121 + A229 + - + agpzy =0,

(3.2)

p121 + Apazo + -+ Appzy = 0.

But this is system (3.1) with by = by =--- = b, = 0.
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Conversely, if system (3.2) has a nonzero solution zj, 23, -+, z, then no solution of
(3.1) is unique for any forcing by, by, - -, b,. To see this, suppose that yi, yo, - -, Yy is
a solution of system (3.1) for some forcing by, by, - -, by:

a1y + areys + -+ a1y = by,
a21y1 + a2y + - -+ + a2Yn = ba,

Ap1Y1 + ApoYo + -+ - + ApplYn = bn .

Then for every a # 0 we can construct another solution zy, xs, - - -, z, of system (3.1)
with the same forcing by, by, - -+, b, by setting

1= +az, To = Yo + 29, T Ty = Yn + QZy .

Hence, the existence of a nonzero solution zy, zy, ---, z, of (3.2) implies that for
every forcing by, by, - -+, by, system (3.1) either has no solution or has many solutions.
Therefore it does not have a unique solution for any forcing.

3.2. Determinants. Answers to our questions can depend only on the coefficients

{aij + 1,7 =1,2,--- ,n}. It is helpful to write these coefficients as an nxn matrix A:
a1 a2 - Qin
A a'21 a'22 cr Q2p
Qp1 Ap2 - Gpp

The answers will be given in terms of a quantity det(A), called the determinant of A.
It is likely that you have seen determinants of 2 x 2 or 3 x 3 matrices in earlier courses.
Here we review some methods for computing determinants that work well when either
n is not too large or the matrix A has a special structure. These are most cases that
you will face in this course.

3.2.1. Special Formulas for Small Matrices. Formulas for det(A) when n =1, 2, and 3
are

det(@n) =ai,

a1;p a2
det = 11022 — A12021 ,
Q21 Q22

(3.3)

ainl a2 a3
det | a1 aga ag3 | = ai11az00a33 + a12a23a31 + 13021032
asy asz2 ass
— (130224031 — 411023032 — 412021033 -
The best way to remember these formulas is visually.
The formula for the 2x2 determinant can be remembered as the product of the terms

on the \, diagonal minus the product of the terms on the ,/ diagonal. (Draw these
two diagonal arrows on the above 2x2 matrix.)



The formula for the 3x3 determinant can be remembered by first augmenting the
matrix by repeating the first two columns, thereby creating the 3x5 augmented matrix

aip G2 a3 G11 A2

Q21 G22 G23 G21 (22

31 a2 433 A3l (32
The formula is then the sum of the products of the terms on the \/\/\, diagonals
minus the sum of the products of the terms on the /" diagonals. (Draw these six
diagonal arrows on the above 3x5 augmented matrix.)

3.2.2. Laplace Ezpansions for General Matrices. The determinant of the nxn matrix

@11 Az - Qip

Q21 Qg2 -+ Q2p
A= . .

An1 Gp2 "+ Gpp

can be expanded in terms of the determinants of (n—1)x(n — 1) submatrices of A. Let
A ;. denotes the (n — 1)x(n — 1) submatrix of A obtained by crossing out the j™ row
and k' column of A. Then for any j we can expand det(A) about the j* row of A as

n

(3.4) det(A) = (—1)ay, det(Ay),
k=1

while for any k we can expand det(A) about the & column of A as

n

(3.5) det(A) = (1) a, det(Ayy).
j=1
These are the Laplace expansions for expanding a determinant. The computation can
be reduced by expanding det(A) about a row or column with the most zero entries.
For n = 2 using formula (3.4) to expand about the first row (j = 1) gives

a1l Q12
det (Ggl a99 - det(a22) — (12 det(a21) = Q11022 — Q12021 -

This is the formula for 2 x 2 determinants given in (3.3).
For n = 3 using formula (3.4) to expand about the first row (j = 1) gives

@11 a2 13

Q22 A2 Q21 A2 a1 Qa22
det o1 Q22 Q923 = all det( a 3) — a2 det a 3 + a3 det
33 33

a32 a31 asp Aasg
a31 dzz (33

= a1 (a22a33 - a23a32) — Q12 (a21a33 - a23a31)
+ a3 (a21a32 - 022%1)

= 11022033 — Q11023032 — 12021033 + Q12023031
+ @13021G32 — A13022031 -

This is the formula for 3 x 3 determinants given in (3.3).



For n = 4 using formula (3.4) to expand about the first row (j = 1) gives

11 a2 @13 A4

Gy Gy (3 Gy Q22 A23 (24 Q21 A23 Q24
det = a1 det a3z Q33 Q34 | — A12 det as] Q33 Q34
G1 sz Qss s Q42 A43 Q44 Q41 QA43 Q44
Q41 Q42 Q43 Q44
G21 Q22 Q24 21 Q22 (23
+ajgdet| asi asy ags | —aysdet| azi asx ass
Qg1 Q42 Q44 (g1 Q42 Q43

Each of the 3 x 3 deterninants above can be expanded further. The resulting formula
for 4 x 4 determinants is a sum of 24 products.

Fully expanded, a similar formula for nxn determinants is a sum of n! products.
There is no simple “diagonal” picture that can be used to remember these formulas
visually when n > 3. However the Laplace formulas (3.4) and (3.5) allow us to compute
determinants without difficulty provided that either n is not too large or A has a simple
structure.

Exercise. Prove the following evaluation of the determinant of a triangular nxn matrix

an 0 . 0
a1 Q22 ' .
det = A11Q22 * * * App -
0
anp1 - Apn-1) Adnn

Hint: Use the Laplace formula (3.4) and induction on n.

Remark. There are other ways to compute determinants that are much more efficient
than the Laplace formulas (3.4) and (3.5) when n is not small and A does not have
a simple structure. While these methods are not required for this course, they can be
helpful. Therefore they are presented in Section 3.4.

3.3. Existence of Solutions. We now address the two questions posed in Section 3.1.
3.3.1. Two Theorems. Answers to the questions are given by the following theorems.

Theorem 3.1. System (3.1) has a unique solution for every forcing by, by, - -, b,
if and only if det(A) # 0.

Theorem 3.2. System (3.2) has a nonzero solution if and only if det(A) = 0.

Remark. These theorems are used throughout the remainder of this course. Theorem
3.1 is used in Sections 2.3 — 2.5 to construct solutions of initial-value problems from
general solutions of homogeneous linear differential equations. Theorem 3.2 is used in
Section 2.6 to charaterize when solutions of homogeneous linear differential equations
are linearly independent. They will be used again when we study first-order systems of
differential equations.



Half of Theorem 3.1 is implied by Theorem 3.2. Indeed, Theorem 3.2 implies that if
det(A) = 0 then system (3.2) has a nonzero solution. As we showed in Section 3.1, the
existence of such a solution implies that system (3.1) does not have a unique solution
for any forcing. Therefore we will establish Theorem 3.2 first, after which all that we
need to do to establish Theorem 3.1 is show that if det(A) # 0 then system (3.1) has a
unique solution.

Proofs of Theorem 3.1 and Theorem 3.2 for general n are beyond the scope of this
course, so are not given here. They are covered in sufficiently advanced linear algebra
courses. However, we give proofs of these theorems for the cases n = 1 and n = 2 below.
You should be able to follow these proofs. While you are not expected to replicate these
proofs, you are expected to know both theorems.

3.3.2. Proof of Theorem 3.2. When n = 1 system (3.2) is simply the single equation

(3.6) a;1z1 =0.

Clearly, if det(A) = a;; = 0 then every z; satisfies (3.6). Conversely, if det(A) = ay; # 0

then z; = 0 is the only solution of (3.6). Therefore Theorem 3.2 holds for n = 1.
When n = 2 system (3.2) is the two equations

a1121 + ajpze =0,
(3.7)

92121 + A9229 — O .
Clearly, if det(A) = ay1a22 — ajpaz; = 0 then both
21 = Ag22, 22 = —G21, and 21 = —Q12, 22 =411,

give solutions of (3.7), at least one of which is nonzero unless a;; = ajo = as; = ag = 0.
However, when ay; = a1 = a91 = agg = 0 then any values of z; and z satisfy (3.7).
Hence, system (3.7) has a nonzero solution in either case.

Conversely, assume that det(A) = aj1a92 — a12a91 # 0. Eliminate zo by multiplying
the first equation in (3.7) by agg, the second by aq2, and then subtracting the results to
obtain

(38&) (&11&22 — algagl)zl =0.

Similarly, eliminate z; by multiplying the second equation in (3.7) by a1, the second
by as1, and then subtracting the results to obtain

(38b) (CL116L22 - a12a21)22 =0.
It follows from (3.8) that z; = zp = 0 is the only solution of system (3.7) because
det(A) = aj1a22 — ajgag # 0. Therefore Theorem 3.2 holds for n = 2. O

3.3.3. Proof of Theorem 3.1. As remarked earlier, one direction of Theorem 3.1 follows
from Theorem 3.2. Indeed, Theorem 3.2 implies that if det(A) = 0 then system (3.2)
has a nonzero solution. As we showed in Section 3.1, the existence of such a solution
implies that system (3.1) does not have a unique solution for any forcing. Therefore
all remains to be done in order to establish Theorem 3.1 is to show that if det(A) # 0
then system (3.1) has a unique solution.



When n = 1 system (3.1) is simply the single equation
111 = b1 .
If det(A) = ay; # 0 then this clearly has the unique solution
by
Xr1 = —.
an

Therefore Theorem 3.1 holds for n = 1.

When n = 2 system (3.1) is the two equations
a1y + a2 = by,
(3.9)
2121 + Q222 = bg .

First eliminate xo by multiplying the first equation in (3.9) by ags, the second by a2,
and then subtracting the results to obtain

(3.10&) (a11a22 - a12<l21)$1 = byage — a12bs .

Similarly, eliminate x; by multiplying the second equation in (3.9) by a1, the second
by as1, and then subtracting the results to obtain

(310b) (a11a22 — algagl).’ﬂg = allbg — blagl .

It is clear from (3.10) that if det(A) = aj1a92 — ajzas; # 0 then for any choice of by and
by the system (3.9) has the unique solution

b — a9b by — b
(3.11) £ = 1A22 — (1202 7 £y = a1102 1a21 .
a11G22 — A12G21 a11Q20 — A12G21
Therefore Theorem 3.1 holds for n = 2. O

Remark. Formula (3.11) for the solution of system (3.9) can be expressed in terms of
ratios of determinants as

det by det an by
by age . as bo

) 2 — .
det aix a2 det ail Az
a21 A2 ag1 A2

This is a special case of a more general formula called Cramer’s rule that expresses
the solution of the general nxn system (3.1) in terms of ratios of determinants. For
example, the Cramer rule for n = 3 is

I =

bi a2 a3 a1 by ags a;n a2 b
det bQ 92 Q923 det asq b2 923 det a21 22 bg
bs asy as3 as; bz ass as; asy b3
Ty = ) Ty = ) T3 =
11 a1z 413 ailz a2 ais aix aiz Aais
det 921 Q922 Q923 det 21 Q29 (a23 det 21 Q929 23
31 Aazz ass ag1 asz ass a31 aszz 33

This is an inefficient way to find the solution of a linear algebraic system because each
determinant has many terms in it that need to be computed. It is always faster to solve
the linear system directly!
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3.4. Column and Row Operations. The task of computing the determinant of a
3 x 3 or larger matrix can be eased by viewing it as an array of columns or rows.

3.4.1. Column Operations. A matrix A can be viewed as an array of columns as

@11 Q12 -+ Qip
Q21 Q22 -+ QA2p

A= T T | =(c1 e - oc)
An1 Ap2 - App

where ¢, is the £™ column of A, which is given by

A1k

azk
c.=1 . , fork=1,2,--- ,n.

(nk
We consider three types of column operations on the matrix.
o If j < k then the j* and k" columns can be interchanged, so that the matrix
(3.12a) ( c; - ) becomes ( cr ¢y ) .
This is the column interchange operation that we denote by c; <+ cy.
e The j** column can be multiplied by a nonzero scalar 3, so that the matrix
(3.12b) (- ¢ ---) becomes (--- fBec; 1),

where the column fc; is given by

Bay;
Baz;

Bc; = .

Banj

This is the column multiplication operation that we denote by c; < Sc;.

o If j # k then any multipule of the j* column by a scalar v can be added to the
k" column, so that when j < k the matrix

and when £ < j the matrix
(312d) ( SR T A cj .. ) becomes ( R + ’YC] e Cj .. ) ,
where in each case the column ¢, + vyc; is given by
a1k + yay;
Qgp + YQ2;
Cy +C; = .
Qnk + Y

This is the column addition operation that we denote by cj < ¢ + 7c;.
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The useful fact is that determinants behave simply when a matrix is modified by any
of these operations.
For the column interchange c¢; <+ ¢, we have
(3.13a) det(--- ¢; -+ ¢ ) =—det(-+ ¢ -+ ¢ --) forj<k.
In other words, a column interchange changes the sign of the determinant.

For the column multiplication c¢; < Bc; we have
1

In other words, a column multiplication changes the determinant by a factor of 3.
For the column addition ¢ - ¢ + yc; we have

313) det(... C]' ceo Cp ):det( Cj e Ck_|_f}/cj ) forj<k7
(' ¢ det( cp - Cj ):det( ck_|_rycj cj ) fork<j,

In other words, a column addition does not change the determinant.
These rules are derived in linear algebra courses. They will not be derived here.
Rather we will show how they can be used to compute determinants. The idea is to use

them to reduce the matrix to the (easy) triangular case. For a lower trangular matrix
we have

a;; 0 e 0
g1 Q22 ' :
det| = 11092 * ** App
0
An1 -+ Apn-1) 0dnn

while for an upper triangular matrix we have

aip Qi2 -+ Qip
0 ax - az
det = _ | = anage - ann,
0 - 0 a
Example. Here we evaluate a 3 x 3 determinant using column operations.
21 1 11 1
det{4 3 4| =2det|2 3 4 cle%cl
8§ 8 14 4 8 14
L oo CoCy—C
=2det(2 1 2 .
4 4 10 A
100
=2det|2 1 0 C3 < C3 — Cy
4 4 2
=2-2=4.
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The first step uses rule (3.13b) with g = % to pull a factor of 2 from the first column.
The second step uses rule (3.13¢) with v = —1 to make the top entries of the second
and third columns zero. The third step uses rule (3.13c) with v = —2 to make the
middle entry of the third column zero. Finally, the determinant of the resulting lower
triangular matrix was evaluated and answer was simplified.

Remark. Similar rules for row operations are given in the next subsection. Sometimes
column operations are more useful for computing Wronskians, which are covered in
Section 2.3.

Example. Compute the Wronskian Wr[Uy, Us, Us(t) for Uy (t) = €*, Uy(t) = t €*, and
Us(t) = t*e*". We have

Ui(t) Ua(t) Us(?)
WUy, Us, Us|(t) = det | Ui(t) Us(t) Us(t)
Ur(t) Uyt U()

€2t t th thQt
= det | 2% et + 2t 2 2t €2t + 222t
4e?t  4e? 4 At et 2e2t + 8t e 4 4t2e*
1 t 12 c, — e %y
=¥ ? . eMdet|2 142t 2t +282 cy — e ey
4 A44t 2+ 8t+4t? c3 < e %Iy
L0 0 Cy < Cy — 1IC
=c%det|2 1 2t I,
4 4 248t 370 !
1 00
=e%det[2 1 0 C3 < c3 — 2tcy
4 4 2
= 25t

3.4.2. Row Operations. A matrix A can be viewed as an array of rows as

113 a2 -+ Aip ry

Q21 Q22 --° QA2p ry
A= . . . . - ’

An1 Ap2 -+ App r,

where 1y, is the &*™ row of A, which is given by
I'k:(am agy - akn), fork=1,2,---.n.

We consider three types of row operations on the matrix.
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o If j < k then the ;' and k" rows can be interchanged, so that the matrix

(3.14a) : becomes
T r;

This is the row interchange operation that we denote by r; <> ry.

e The j** row can be multiplied by a nonzero scalar 3, so that the matrix
(3.14b) r; becomes Br; |,

where the row fr; is given by
frj = (Baj Pajz -+ PBaj) .
This is the row multiplication operation that we denote by r; < fr;.

e If j # k then any multipule of the j*® row by a scalar  can be added to the k'"
row, so that when j < k the matrix

j Ly
(3.14c) : becomes : :
I ri + ry
and when £ < j the matrix
I ri + r;
(3.14d) : becomes : ,
Ty Ly
where in each case the row r, + 7r; is given by
ri 4+ = (ar 7051 G +ya5 0 Qg+ YA)

This is the row addition operation that we denote by rj < r, + vyr;.

Determinants behave simply when a matrix is modified by any of these operations.
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For the row interchange r; <> r; we have

r; ry
(3.15a) det| : | = —det]| : for j < k.
T r;

In other words, a row interchange changes the sign of the determinant.

For the row multiplication r; <- Sr; we have
: 1 :
(315b) det r | = E det 61']'

In other words, a row multiplication changes the determinant by a factor of 3.

For the row addition rj < r; + vr; we have

rj rj
det]| @ | =det : for j < k,
T ri +r;
(3.15¢)
I ri +r;
det] @ | =det : for k < j,
L r;

In other words, a row addition does not change the determinant.
We now use these rules to compute the determinant of a 3 x 3 matrix.

Example. Here we evaluate a 3 X 3 determinant using column operations.

2 1 1 2 1 1 o or
det[4 3 4 | =det|0 1 2 I,
8 8 14 0 4 10 3 3 !
2 11
=det{0 1 2 Is < rs — 4ry
00 2
=2.2=4.

The first step uses rule (3.15¢) with v = —2 and v = —4 to make the first entries of
the second and third row zero. The second step uses rule (3.15¢) with 7 = —4 to make
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the middle entry of the third row zero. Finally, the determinant of the resulting upper
triangular matrix was evaluated and answer was simplified.

The Wronskian computed earlier with column operations can be computed just as
easily with row operations.

Example. Compute the Wronskian Wr[U;, Us, Us|(t) for Uy (t) = €*, Uy(t) = t €*, and
Us(t) = t?e*. We have
Ui(t) Us(t) Us(t)
Wr[Uy, Uy, Us](t) = det | Ui(t)  Us(t) Us(t)
Ui(t) U3(t) U3(t)

th tth t2€2t
= det | 2e%* e + 2t 2 2t e + 222
4e?t 4e?t + 4t e? 2e + 8t et + 4t%e?!
1 t 2 r| < 672)&['1
—e2.e? Mdet|2 142t 2t +2£2 ry — e 2'r,
4 444t 2+ 8t+4t? rs — e 2rg
Lt t? Iy < Iy — 21
=e%det| 0 1 2t r2 - r2 B 4r1
0 4 248t 5008 !
1t t?
= €6t det|0 1 2t r3 < Iz — 4cy
00 2

= 2¢5%
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EXERCISES ON LINEAR ALGEBRAIC SYSTEMS AND DETERMINANTS

(1) Calculate det(A) for the following matrices.

a1 1)

ma-(27)

—1

(c) A= 1

|
—

(1) A=

— DN = RN W
|
ot
DD~ N W N

(2) Calculate det(B) for the following matrices.

2 3 4
a)B=[0 -5 7
0 0 19
1 4 0
b)yB=|0 0 2
4 -2 5
3 3 3
()B=[ -1 -1 -1
10 4 1
0100
1000
(MB=117 901
0010

(3) Decide whether the following systems have nonzero solutions.

(a) { 2r + 4y =0

3z +2y =20
10x +5y+72=0
(b) 6r+y+92=0
204+2y—2=0
[E1+2$2:0
(¢) § xa+223=0
$3+2I1:0

Short Answer
Solution

Short Answer
Solution

Short Answer
Solution


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol003.pdf
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(4) Decide whether the following systems have unique solutions.

(a) { 4z + 10y = 6

—2z — 5y = -3
r4+y=0

(b) y+2=0
r+y+z=1

2ZE1 — 31‘2 + 5$3 =38
(c) 31 — 3x9 + 913 = 12
$1—2£E2—|—21‘3:6
Short Answer
Solution
(5) As suggested in the text, show that the determinant of a lower triangular matrix
is the product of its diagonal entries. Is the same true of upper triangular

matrices?
Solution
(6) Suppose that the system of equations
a1121 + apze + -+ apzp =0
Q2121 + Q229 + + -+ + QopZn = 0
an121 + Gp2zo + -+ App 2y =0
has a nonzero solution (z1,- -, z,). Let (b1, - ,b,) be n real numbers (this will
be our forcing terms), and suppose that the list of numbers (yi, - - - ,y,) satisfies
the equations
anyr + apys + - -+ @y, = by
ag1y1 + Azya + -+ + A2pYn = ba
(%) .
Ap1Y1 + Ap2Yo + -+ + AppYn = bn
The goal of this problem is to show that the solution (y1,- - ,¥,) is necessarily
not unique. To do this, we’ll actually produce infinitely many other solutions
of (x). Let o be any real number, and let x; = y; + az;. Show that (1, -+, z,)
also satisfies (x). [This was a step in the proof of Theorems 2.16 and 2.17.]
Solution

(7) Let A be an n X n matrix, say

aix Q2 - Aip
A21 Q22 -+ QA2p

A = . . . . 9

Anp1 QAp2 "+ Gpp


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol006.pdf
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(10)

(11)

and suppose that A has a column of zeros. For concreteness let it be the first
column: a;; = as; = -+ = a,; = 0. Show that the system

anry + apxrs + -+ a1, = 0

a21T1 + Q22%2 + + - - + A2p Ty, = 0

Ap1T1 + ApaZo + -+ - + AppTy = 0

has a nonzero solution by explicitly giving one. [Note. This implies by Theo-
rem A.2 that det(A) = 0.]

Solution
Let A be an nxn matrix as in the previous problem, say

aix Qi -+ Aip

a1 Q22 -+ QAagp
A= . . . ,

An1 QAp2 - Qpp

and this time suppose that A has a row of zeros. For concreteness let it be the
first row: a;; = ajo =+ -+ = ay, = 0. Explain why det(A) = 0.

[Note. This time the solution to the system of linear equations is not straight-
forward to write down, but we know from this problem that one is out there
somewhere.|

Solution
One might naively hope that the determinant function is linear, i.e., det(A +
B) = det(A) + det(B). For 2x2 matrices, this is the hope that

il a2 bir bz \ 2 ap +bi a2 + bio
det( a1 a2 ) * det< a1 bao ) B det< a1 + b1 ags + by ) '
Unfortunately, this is flagrantly false. Find two 2 x 2 matrices A and B for
which det(A + B) # det(A) + det(B).
Solution
One might also naively hope that you can pull scalars through a determinant in
the sense that det(kA) = kdet(A). For 2x2 matrices, this is the hope that

s 80 ) 2 (20 02,
kag  kag Qg1 Q22
This too is false, but this time something similar is true. What is the relationship
between det(kA) and det(A) if A is a 2x2 matrix? (What if A is an nxn
matrix?)

Solution
Calculate the determinant for the following matrices:

wx=(57).

<MY:(§§>,


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol010.pdf
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where «, z, y, and t are scalar parameters. Under what conditions is the deter-

minant nonzero for each matrix?
Short Answer

Solution

(12) Calculate the determinant for the following matrices:

9

O WyEawo Q9 © +—

—

o

N—

I
PFoORFP ke N oo o
OSWN N o — o

where a, b, c, e, f,a, and [ are scalar parameters.

Under what conditions is the determinant in (c¢) nonzero?
Short Answer

Solution

(13) Decide under which conditions the following systems have unique solutions (here,
a,b, and « are scalars, while x and y are the unknowns).

(a)

a-r+b-y=0,
r+y=1.
(b)
x4y =0,
y+z2=0,

a-r+y+z=0.
Short Answer
Solution


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-HOMO-ALG/WORK/Sol013.pdf
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