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5. Nonhomogeneous Equations: General Methods and Theory

We are now ready to study nonhomogeneous linear equations. An nth-order nonho-
mogeneous linear ordinary differential equation in the normal form can be expressed
as

(5.1) L(t)y = f(t) ,

where the linear differential operator L(t) has the form

(5.2) L(t) = Dn + a1(t)D
n−1 + · · · + an−1(t)D + an(t) , where D =

d

dt
.

We will assume throughout this chapter that the coefficients a1, a2, · · · , an and the
forcing f are continuous over an interval (tL, tR), so that Therorem 1.1 can be applied.

Remark. Here we indicate that the differential operator above might depend upon
t through its coefficients by writing L(t). In cases when the coefficients a1, a2, · · · , an
are all constants we will write L. This was the case in the previous chapter where the
operator notation was used to develop the Key Identity.

5.1. Particular and General Solutions. Here we will use the linearity of L(t) to
develop a general framework for solving nonhomogeneous linear equations in the form
(5.1). Specifically, the operator L(t) has the property that if Y1(t), Y2(t), · · · , Ym(t) are
any n-times differentiable functions and c1, c2, · · · , cm are any constants then

(5.3) L(t)
(
c1Y1(t)+c2Y2(t)+·+cmYm(t)

)
= c1L(t)Y1(t)+c2L(t)Y2(t)+·+cmL(t)Ym(t) .

This is the property of linearity that we introduced in Chapter 2.

Remark. The linearity of L(t) was used in Chapter 2 to developed the method of linear
superposition for constructing general solutions of homogeneous linear equations.

We will develop a general framework for solving nonhomogeneous linear equations in
the form (5.1) by exploiting the following facts.

Theorem 5.1. If Y1(t) and Y2(t) are solutions of (5.1) then Z(t) = Y1(t) − Y2(t)
is a solution of the associated homogeneous equation L(t)Z(t) = 0.

Proof. Because L(t)Y1(t) = f(t) and L(t)Y2(t) = f(t), the linearity (5.3) of L(t) implies

L(t)Z(t) = L(t)
(
Y1(t) − Y2(t)

)
= L(t)Y1(t) − L(t)Y2(t) = f(t) − f(t) = 0 .

Theorem 5.2. If YP (t) is a solution of (5.1) and YH(t) is a solution of the asso-
ciated homogeneous equation L(t)YH(t) = 0 then Y (t) = YH(t) + YP (t) is also a
solution of (5.1).

Proof. Because L(t)YH(t) = 0 and L(t)YP (t) = f(t), the linearity (5.3) of L(t) implies

L(t)Y (t) = L(t)
(
YH(t) + YP (t)

)
= L(t)YH(t) + L(t)YP (t) = 0 + f(t) = f(t) .

Theorem 5.2 suggests that we can construct general solutions of the nonhomogeneous
equation (5.1) as follows.

(1) Find a general solution YH(t) of the associated homogeneous equation L(t)y = 0.
(2) Find a particular solution YP (t) of equation (5.1).
(3) Then YH(t) + YP (t) is a general solution of equation (5.1).
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Of course, step (1) reduces to finding a fundamental set of solutions of the associated
homogeneous equation, Y1, Y2, · · · , Yn. Then

YH(t) = c1Y1(t) + c2Y2(t) + · · · + cnYn(t) .

If L(t) has constant coefficients (so that L(t) = L) then this can be done by the recipe
of Chapter 4.

Example. We can check that 1
4
t is a particular solution of

y′′ + 4y = t .

This equation has constant coefficients. Its characteristic polynomial is p(z) = z2 + 4,
which has roots ±i2. Therefore a general solution is

y = c1 cos(2t) + c2 sin(2t) + 1
4
t .

Example. We can check that −1
2
et is a particular solution of

v′′ − v′ − 2v = et .

This equation has constant coefficients. Its characteristic polynomial is p(z) = z2− z−
2 = (z − 2)(z + 1), which has roots −1 and 2. Therefore a general solution is

v = c1e
−t + c2e

2t − 1
2
et .

These examples show that when L(t) has constant coefficients (so that L(t) = L),
finding YP (t) becomes the crux of matter. In Chapter 6 we will study methods for find-
ing YP (t) for equations with constant coefficients. If L(t) has variable coefficients then
a fundamental set of solutions of the associated homogeneous equation will generally be
given to you. In that case, finding YP (t) again becomes the crux of matter. In Chapter
7 we will study methods for finding YP (t) for equations with variable coefficients when
a fundamental set of solutions of the associated homogeneous equation is known.

5.2. Solutions of Initial-Value Problems. An initial-value problem associated with
an nth-order nonhomogeneous linear equation has the form

(5.4)
Dny + a1(t)D

n−1y + · · · + an−1(t)Dy + an(t)y = f(t) ,

y(tI) = y0 , y′(tI) = y1 , · · · y(n−1)(tI) = yn−1 ,

where tI is the initial time and y0, y1, · · · , yn−1 are the initial data.
Given a particular solution YP (t) of the nonhomogeneous equation and a fundamen-

tal set of solutions of the associated homogeneous equation, Y1, Y2, · · · , Yn, we first
construct a general solution of the nonhomogeneous equation as

Y (t) = c1Y1(t) + c2Y2(t) + · · · + cnYn(t) + YP (t) .
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We then determine the values of the parameters c1, · · · , cn by requiring that this solution
satisfy the initial conditions. This leads to a linear algebraic system of the form

(5.5)

c1Y1(tI) + c2Y2(tI) + · · · + cnYn(tI) = y0 − YP (tI) ,

c1Y
′
1(tI) + c2Y

′
2(tI) + · · · + cnY

′
n(tI) = y1 − Y ′P (tI) ,

...

c1Y
(n−1)
1 (tI) + c2Y

(n−1)
2 (tI) + · · · + cnY

(n−1)
n (tI) = yn−1 − Y

(n−1)
P (tI) .

Because Y1, Y2, · · · , Yn, is a fundamental set of solutions of the associated homogeneous
equation, their Wronskian Wr[Y1, Y2, · · · , Yn] is always nonzero. Therefore we can solve
the linear algebraic system (5.5) for any initial time tI and any initial data y0, y1, · · · ,
yn−1, and thereby always find the unique solution of the initial-value problem (5.4).

Remark. It is important to notice that the linear algebraic system (5.5) that deter-
mines the values of c1, c2, · · · , cn differs from the linear algebraic system 2.5 for solving
homogeneous initial-value problems by the terms involving YP appearing on the right-
hand side. This means that generally we will get the wrong answer if we apply the
initial conditions to YH(t), which is the general solution of the associated homogeneous
equations, rather than applying it to Y (t) = YH(t)+YP (t), which is the general solution
to the nonhomogeneous equation.

Example. Solve the initial-value problem

y′′ + 4y = t , y(0) = 3 , y′(0) = −1 .

Solution. We saw earlier that a general solution of the nonhomogeneous equation is

y(t) = c1 cos(2t) + c2 sin(2t) + 1
4
t .

Because

y′(t) = −2c1 sin(2t) + 2c2 cos(2t) + 1
4
,

the initial conditions yield

y(0) = c1 = 3 , y′(0) = 2c2 + 1
4

= −1 .

These can be solved to find c1 = 3 and c2 = −5
8
. Therefore the solution of the initial-

value problem is

y(t) = 3 cos(2t) − 5
8

sin(2t) + 1
4
t .
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Figure 5.1. Solution to the initial-value problem y′′+ 4y = t, y(0) = 3,
y′(0) = −1.

Example. Solve the initial-value problem

v′′ − v′ − 2v = et , v(0) = −2 , v′(0) = 5 .

Solution. We saw earlier that a general solution of the nonhomogeneous equation is

v(t) = c1e
−t + c2e

2t − 1
2
et .

Because
v′(t) = −c1e

−t + 2c2e
2t − 1

2
et ,

the initial conditions yield

v(0) = c1 + c2 − 1
2

= −2 , v′(0) = −c1 + 2c2 − 1
2

= 5 ,

which is equivalent to the system

c1 + c2 = −3
2
, −c1 + 2c2 = 11

2
.

This can be solved to find c1 = −17
6

and c2 = 4
3
. Therefore the solution of the initial-

value problem is
v(t) = −17

6
e−t + 4

3
e2t − 1

2
et .

Remark. It is worth repeating that when solving an initial-value problem for a non-
homogeneous equation, the initial conditions should be applied to a general solution of
the nonhomogeneous equation! The solution YH(t) + YP (t) will not satisfy the initial
conditions when the solution YH(t) of the associated homogeneous equation does un-
less the particular solution YP (t) happens to satisfy the so-called homogeneous initial
conditions

YP (tI) = Y ′P (tI) = · · · = Y
(m−1)
P (tI) = 0 .
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Exercises on Nonhomogeneous Equations

For this first group of problems:
(a) Show the given YP is a solution to the non-homogeneous equation
(b) Find a general solution to the equation.

(1) ẅ − ẇ − 2w = 2eu with WP (u) = −eu.
Solution

(2) y′′ + 4y = sin(t) with YP (t) = 1
3

sin(t).
Solution

(3) w′′ + w = 2 cos(x) with WP (x) = x sin(x).
Solution

(4) y′′ + 2y′ + y = 3e2t with YP (t) = 1
3
e2t.

Solution
(5) x′′ + 2x′ + 2x = e−t with XP (t) = e−t.

Solution
(6) y′′ − 6y′ + 9y = 2e3t with YP (t) = t2e3t.

Solution
(7) ẅ − 2ẇ + w = −ez/z2 with WP (z) = ez log(z).

Solution
(8) t2y′′ − (t2 + 2t)y′ + (t + 2)y = 2t3 with YP (t) = −2t2 (For part (b) note that

y1(t) = t and y2(t) = tet are both solutions to the homogeneous equation).
Solution

In the next group of problems show the solution given is a solution to the equation
and then use it to find the solution to the given initial value problem.

(9) y′′ + 4y′ + 4y = 9ex with YP (x) = ex where y(0) = 3 and y′(0) = 4.
Short Answer

Solution
(10) y′′ − 4y = 5e3t with YP (t) = e3t where y(0) = 3 and y′(0) = 0.

Short Answer
Solution

(11) w′′ − 2w′ − 3w = 3e2u with WP (u) = e3u − e2u where w(0) = 2 and w′(0) = 1.
Short Answer

Solution
(12) y′′ − 2y′ + 6y = −29 cos(t) with Yp(t) = 2 sin(t) − 5 cos(t) where y(0) = 1

and y′(0) = 2.

http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol011.pdf
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Short Answer
Solution

(13) z′′ − z = 4wew with ZP (w) = w2ew − wew where z(0) = 2 and z′(0) = −1.
Short Answer

Solution
(14) y(4)− 3y′′− 4y = 2t with YP (t) = −t/2 where y(0) = 10, y′(0) = 3/2, y′′(0) = 0,

and y′′′(0) = −2.
Short Answer

Solution
(15) x′′′ − x′′ − x′ + x = 3e2u with XP (u) = e2u where x(0) = 1, x′(0) = 2 and

x′′(0) = 4.
Short Answer

Solution
(16) t2y′′−ty′+y = t2 with YP (t) = t2 and y1(t) = t is a solution to the homogeneous

equation, and where y(1) = 1 and y′(1) = 0 (Note: you will have to first find a
second independent solution to the homogeneous equation).

Short Answer
Solution

Use reduction of order to find general solutions to the following non-homgeneous
equations. That is given a solution y1 to the corresponding homogeneous equation set
y2 = y1v, and reduce the second order non-homogeneous equations to a first order equa-
tion.

(17) z2w′′ − 2zw′ + 2w = 4z2 where w1(z) = z.
Short Answer

Solution
(18) x2ẅ + 7xẇ + 5w = x where w1(x) = 1

x
.

Short Answer
Solution

In the following please justify your responses

(19) The recipe for finding a general solution to a non-homogeneous equation is to
first find a single solution to the non-homogeneous equation YP and then add it
to the general solution for the corresponding homogeneous equation YH .

(a) Justify why YP (t)+YH(t) will be a solution for any homogeneous solution
YH .

(b) Suppose that we also have an initial condition. Can we solve the initial
value problem by adding a solution to the non-homogeneous equation and adding

http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol018.pdf
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it to the solution to the corresponding homogeneous initial value problem? Why
or why not?

Solution
(20) This problem touches on the method of annihilators. The next section de-

pends on having the non-homogeneous part be a solution to some homogeneous
equation. It gives us a way to find a non-homogeneous solution when the non-
homogeneous part has the special property that it is annihilated by a differential
operator.

(a) Suppose that y′′ − y = g(t) is such that g(t) is a solution to the homo-
geneous equation y′′ − y = 0. Justify why a solution to y′′ − y = g(t) is also a
solution to the homogeneous equation y(4) − 2y′′ + y = 0.

(b) More generally suppose that L1 and L2 are differential operators such that
L1YP = g and L2g = 0. Justify why YP is a solution to L2L1y = 0.

(c) If Y is the general solution to L2L1y = 0, and z is the general solution
to L1y = 0, and g is a solution to L2y = 0, justify why we can find coefficients
such that Y − z is a solution to L1y = g.

Solution
(21) This is a two-part problem.

a) What should h(x) be so that y(x) is a solution to

y′′ − 2y′ + y = h(x),

when i)y(x) = cos(2x)? ii)y(x) = sin(2x)?
b) Using the results obtained from a), find a particular solution yp(x) and

a general soluton to each of the following equations: i)y′′ − 2y′ + y = cos(2x)
ii)y′′ − 2y′ + y = sin(2x).

(Hint : Here you will have to make an educated guess for a particular solution.
Think about a linear combination of solutions from i) and ii) and solve for the
unknown coefficients of that linear combination.)

Remark : This foreshadows the appearance of the method of ”Undetermined
Coefficients” from Chapter 6.

Short Answer
Solution

http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Short021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON/WORK/Sol021.pdf
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