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6. NONHOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

This chapter gives methods by which we can construct particular solutions to an
n™-order nonhomogeneous linear ordinary differential equation

(6.1) Ly = f(t),
when the differential operator L has constant coefficients and is in normal form,
(6.2) L=D"+aD"'+---+a, D+a,.

The previous chapter showed that constructing a particular solution of (6.1) is the key
step either in finding a general solution of (6.1) or in solving an initial-value problem
associated with (6.1).

The first methods we cover are Key Identity Fvaluations and Undetermined Coeffi-
cients. These methods are related. They require the forcing f(¢) to have a special form.
These methods generally provide the fastest route to find a particular solution whenever
f(t) has this special form. Because this special form often arises in applications, you
should learn to identify it and to master at least one of these methods.

We then show how linearity can be used to construct particular solutions when the
forcing f(t) is a sum of terms, each of which has the special form that allows the first
two methods to be applied.

The last method we cover is Green Functions. It can be applied to any forcing f(t),
but does not yield an explicit particular solution. Rather, it reduces the problem of
computing a particular solution to that of evaluating n integrals. Because evaluating
integrals takes time, this method should only be applied when the first two methods
cannot be applied.

6.1. Degree, Characteristic, and Multiplicity. Either Key Identity Evaluations or
Undetermined Coefficients can be used to find a particular solution of equation (6.1)
provided the following conditions are met.

(1) The differential operator L has constant coefficients.
(2) The forcing f(t) can be expressed in the form
f(t) = (oot + ant™™ 4+ -+ + ag) e cos(vt)
+ (Bot? 4 Bt 4 -+ + By) e sin(vt),

where d is a nonnegative integer, while g, oy, -+, ag and By, B, -+, Bq, and
i and v are real numbers. Here we assume that either ag # 0 or vy # 0, so
that at least one of the t¢ terms is nonzero.

(6.3)

When f(t) can be expressed in the form (6.3) we say that it has characteristic form.

Remark. If v = 0 then each ( can be anything because v = 0 implies that sin(vt) = 0
for every t. In this case we will set every [ in (6.3) to zero. Then the oy are uniquely
determined by the linear independence of the functions
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Remark. If v # 0 then we will restrict to v > 0 because the form (6.3) remains
unchanged if we replace v with —v and each [y with —f;. The restriction v > 0
implies that the oy and (3, are uniquely determined by the linear independence of the
functions

tlet cos(vt), t¥ e cos(vt), .- tetcos(vt), e cos(vt),

tletsin(vt), tTletsin(vt), --- teMsin(vt), e sin(vt).

How the methods of Key Identity Fvaluations and Undetermined Coefficients are
applied depends upon three numbers. The first two of these numbers can be read off
from the characteristic form (6.3).

e The nonnegative integer d is called the degree of f(t). When d = 0 we say that
f(t) has zero degree. When d > 0 we say that f(t) has positive degree.

e The complex number u + iv is called the characteristic of f(t). When v = 0
we say that f(t) has real characteristic form. When v > 0 we say that f(¢) has
complex characteristic form.

The third number associated with f(¢) is a nonnegative integer m called the multiplicity
of p+ iv. It depends upon p(z), the characteristic polynomial of L.

e We say that the characteristic p 4 iv has multiplicity 0 if u 4+ iv is not a root of
p(z) — ie. if p(pu +iv) # 0.

e We say that the characteristic ;4 v has multiplicity m for some m > 0 if p+iv
is a root of p(z) with multiplicity m — i.e. if

p®(u+iv) =0 for every k < m and P (4 iv) #0.

Remark. The multiplicity of p+ v is easy to determine if the roots of p(z) are already
listed with their multiplicities. Then the multiplicity of p + ¢v is simply the number of
times p + iv appears on the list of roots of p(z).

When faced with a nonhomogeneous linear ordinary differential equation you should
always begin by doing the following.

(1) Check that the linear differential operator has constant coefficients. If it does
not then abandon the methods in this chapter! If it does then try to find the
roots of its characteristic polynomial.

(2) Check that the forcing can be put into the characteristic form (6.3). If it cannot
then consider using the methods in Sections 6.4 and 6.5. If it can then identify
its degree d, characteristic p + iv, and multiplicity m.

When both of these conditions are met then quickest route to a particular solution will
be provided by either Key Identity Fvaluations or Undetermined Coefficients. These
methods are covered in the next two sections. How they are used depends upon the
values of d, p + iv, and m, so being able to identify these values is crucial. Other
methods will be covered later that can be applied when one of these conditions is not
met.



Condition (1) is always easy to verify by inspection. Condition (2) is often easy to
verify by inspection, but sometimes this requires the use of trigonometric or algebraic
identities. Upon doing so, the degree, characteristic, and multiplicity of the forcing
should be evident.

Example. The differential equation y” + 2y’ + 10y = 6e?* has constant coefficients. Its
characteristic polynomial is

p(z) =22 +22+10= (2 +1)* + 3%,

which has the simple conjugate roots —1 &£ ¢3. Its forcing has characteristic form with
degree d = 0 and characteristic u + iv = 2. Because p + iv = 2 is not a root of p(z), it
has multiplicity m = 0.

Example. The differential equation v” + 60" + 9v = t?e~3! has constant coefficients.
Its characteristic polynomial is

p(2) =2 +62+9=(2+3)?,

which has the double real root —3. Its forcing has characteristic form with degree d = 2
and characteristic u + iv = —3. Because u + iv = —3 is a double root of p(z), it has
multiplicity m = 2.

Example. The differential equation w” + w” — 6w’ = t> + 7t has constant coefficients.
Its characteristic polynomial is

p(z) =2+ 2 —62=2(2+3)(z —2),

which has the simple real roots 0, —3, and 2. Its forcing has characteristic form with
degree d = 3 and characteristic u +iv = 0. Because p+ iv = 0 is a simple root of p(z),
it has multiplicity m = 1.

Example. The differential equation z” + 4x = ¢ € sin(3t) has constant coefficients.
Its characteristic polynomial is

p(z) =2 +4=22+2%,

which has the simple conjugate roots +i2. Its forcing has characteristic form with
degree d = 1 and characteristic p + iv = 5 + 3. Because pu + iv = 5 + 13 is not a root
of p(z), it has multiplicity m = 0.

Example. The differential equation y”+ 16y = sin(2t) cos(2t) has constant coefficients.
Its characteristic polynomial is

p(z) = 22 +16 = 22 + 47,

which has the simple conjugate roots +i4. The forcing can be put into the characteristic
form (6.3) by using the double-angle identity sin(4¢) = 2sin(2t) cos(2t). The equation
thereby can be expressed as y”+16y = % sin(4t). Therefore the forcing has characteristic
form with degree d = 0 and characteristic p + 1w = 4. Because u + iv = 14 is a simple
root of p(z), it has multiplicity m = 1.
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6.2. Key Identity Evaluations. This method should only be applied to compute a
particular solution of the nonhomogeneous linear equation (6.1) after you have:

(1) checked that the differential operator L has constant coefficients;

(2) checked that the forcing f(¢) has the characteristic form (6.3);

(3) identified the degree d, characteristic p + iv, and multiplicity m.

The method of Key Identity Evaluations rests upon the observation that for any

forcing that has characteristic form with characteristic u + iv we can construct an
explicit particular solution of equation (6.1) by evaluating the Key Identity and some

of its partial derivatives with respect to z at z = p + iv. Recall that if p(z) is the
characteristic polynomial of L then the Key Identity is

L(e*) = p(z)e™.

Because the operator L does not depend on z, the k" partial derivative with respect
to z of the left-hand side of the Key identity is

(9ZkL(62t) = L((?ZkeZt) = L(tke“) .

The k'™ partial derivative with respect to z (taken while treating ¢ as if it is a constant)
of the right-hand side of the Key identity requires repeated applications of the product
rule. We find that the Key Identity and its first four derivatives with respect to z are

L(e*t) = p(2)e*,
L(te) = p(z)te” +p/'(z) e,

(6.4)  L(t%e™) =p(z) t°e™ + 2p/(z) te* + p"(2) 7,
L(t%¢*) = p(z) t’e™ + 3p/(2) t?e* + 3p"(2) t ¥ + p"'(2) e,
L(te™) = p(2) t'e™ + 4p/(2) e + 6p" (2) 2™ + 4p”" (2) te* + pW(2) e*'.

We see that when these are evaluated at z = p + iv then the terms on the right-hand
sides above have the same form as those appearing in the forcing (6.3).

Remark. The coefficients appearing on the right-hand side of (6.4) are the coefficients
that appear in the binomial expansion. They are generated by the Pascal triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 d 1

Recall that each entry in the Pascal triangle is the sum of the two entries appearing
immediately above it. By using this rule it is easy to extend (6.4) to as many derivatives
of the Key Identity with respect to z as needed.
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6.2.1. Basic Steps. Given a nonhomogeneous equation Ly = f(¢) that has a forcing
f(t) in characteristic form with degree d, characteristic p + iv, and multiplicity m, the
method of Key Identity Evaluations finds an explicit particular solution Yp as follows.

1. Write down the Key Identity through its (m + d)™ derivative with respect to 2.

2. Evaluate the m'™ through the (m + d)™ derivatives of the Key Identity at the
characteristic by setting z = p + iv.

3. Find a linear combination of the resulting d+ 1 equations whose right-hand side
has real part equal to f(t) and read off Yp.

In particular, if the characteristic p + iv is not a root of p(z) then we need through
the d' derivative of the Key Identity with respect to z. These should be evaluated at
z = p+iv. A linear combination of the resulting d + 1 equations can be found so that
the real part of its right-hand side equals any f(t) given by (6.3). We can then read off
Yp from this linear combination.

More generally, if the characteristic p + iv is a root of p(z) of multiplicity m then
we need through the (m + d)*™ derivative of the Key Identity with respect to z. These
should be evaluated at z = pu + iv. The right-hand sides of the first m of these will
vanish when evaluated at z = p + iv because p + iv is a root of p(z) of multiplicity m,
whereby

PO (u+iv)=0 forevery k<m  and  p™(u+4iv) #0.

Therefore only the m'™ through the (m + d)*® derivatives of the Key Identity will have
nonzero right-hand sides when evaluated at z = p + iv. A linear combination of the
resulting d + 1 equations can be found so that its right-hand side has real part equal
any to f(t) given by (6.3). We can then read off Yp from this linear combination.

The following subsections illustrate the method of Key Identity Evaluations through
a sequence of examples that have forcings with increasing complexity.

Remark. The method Key Identity Evaluations is fairly painless when d is small. For
the equations faced in this course both m and d will be small, so m + d seldom will be
larger than 3, and more commonly will be 0, 1, or 2.

6.2.2. Forcings with Zero Degree and Real Characteristic. The simplest case to treat is
when the forcing f(¢) has zero degree (d = 0) and real characteristic (v = 0). In that
case the characteristic form for f(¢) given by (6.3) reduces to

(6.5) f(t) = ae,

where o and p are real numbers. We assume that o # 0, so that f(¢) # 0.
When d = 0 and the characteristic p has multiplicity m then the first two steps of
the method of Key Identity Evaluations become the following.
1. Write down the Key Identity through its m'™ derivative with respect to z.
2. Evaluate the m™ derivative of the Key Identity at z = u.
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The result is single real equation from which a particular solution can be easily found.

When d = 0 and the characteristic ¢ has multiplicity m = 0 then the Key Identity
evaluated at z = pu gives

L(e") = p(u) e

Because m = 0 we know that p(u) # 0, so we see that

ekt
L (a —) = aeMt |
20
whereby a particular solution is given by

(6.6a) Yp(t) =«

Rather than memorizing formula (6.6a), it may be easier and almost as fast to retrace
the steps by which it was derived. We illustrate this with an example.

Example. Find a general solution of

y" + 2y + 10y = 6" .

Solution. This equation has constant coefficients. Its operator is L = D? + 2D + 10.
Its characteristic polynomial is

p(z) =22 +2:4+10= (2 + 1> +9 = (2 + 1)* + 3%,

which has the simple conjugate roots —1413. Hence, a general solution of the associated
homogeneous equation is

Y (t) = cre " cos(3t) + coe ' sin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic u + iv = 2. Because the characteristic 2 is not a root
of p(z), it has multiplicity m = 0.

Because d = m = 0 we need only the Key Identity, which is
L(eZt) = (22 + 2z + 10) et
Evaluating this at z = 2 yields
L(e) = (22 +2-2+10) ¢ = 18*.

After dividing by 3 we read off that a particular solution of L(y) = 6e* is Yp(t) = se*.
Therefore a general solution is

y(t) = cre”! cos(3t) + coet sin(3t) + %6% '
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FIGURE 6.1. Solution to y” + 2y’ + 10y = 6e?* shown for the initial
conditions y(0) = 3 and ¢'(0) = 0.

When d = 0 and the characteristic p has multiplicity m > 0 then formula (6.6a)
breaks down because p(u) = 0. When p is a root of p(z) of multiplicity m, we know

p® () =0 for every k < m and  p™(u) #0.

We see that when the derivatives of the Key Identity (6.4) are evaluated at z = p
then the right-hand sides will vanish until the m' derivative of the Key Identity, which
becomes

L(tme“t) = ™ () et .

Because we know that p(™ (1) # 0, we see that

tm ut
L <a %) = aet .
P (1)
whereby a particular solution is given by

(6.6b) Yp(t) = a

Rather than memorizing formula (6.6b), it may be easier and almost as fast to retrace
the steps by which it was derived. We illustrate this with an example.

Example. Find a general solution of
V" — 6V + v = 4e¥
Solution. This equation has constant coefficients. Its operator is L = D? — 6D + 9. Its
characteristic polynomial is
p(z) =22 —62+9=(2—3)%,
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which has the double root 3. Hence, a general solution of the associated homogeneous
equation is
Vi(t) = c1e® + cot e

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic p + 1 = 3. Because the characteristic 3 is a double
root of p(z), it has multiplicity m = 2.

Because d = 0 and m = 2 we only need the second derivative of the Key Identity.
The Key Identity and its first two derivatives with respect to z are

L(e“) = (22 — 6z + 9) et

L(te”) = (2 —6z+9)te” + (22 —6) €™,

L(t%¢*) = (2* — 62+ 9) ™ + 2(22 — 6) t &” + 2™
Evaluating the second derivative at z = 3 yields

L(£2¢%) = 26"
After multiplying by 2 we see that a particular solution of L(v) = 4¢3 is Vp(t) = 2t%e™.
Therefore a general solution is
v(t) = c1e™ + cot € + 2%

Remark. Had you failed to notice that the characteristic u + iv = 3 has multiplicity

m = 2 and evaluated the Key Identity at z = 3 you would have found that L(e3t) =0,
which tells you that m > 0!

6.2.3. Forcings with Zero Degree and Complex Characteristic. Forcings with zero degree
(d = 0) and complex characteristic (v > 0) often arise in applications. In that case the
characteristic form for f(t) given by (6.3) reduces to

(6.7) f(t) = aet cos(vt) + Bet sin(vt),

where «, 3, 1, and v are real numbers. We assume that either o # 0 or Sv # 0, so that
f(t) # 0. We will need two facts.

Fact 1. We can express f(t) given by (6.7) in terms of e*T®) ag
(6.8) f(t) = Re(y e where v =a—i3.
This is called a phasor form for f(t) where the complex number 7 is called its phasor.
Reason. We can see that the phasor form (6.8) is equivalent to (6.7) because
Re(’y e(u+iu)t) _ Re(”y euteiz/t) — oMt Re(’y eiut)

= "' Re((a — i) (cos(vt) + isin(vt)))

= e (avcos(vt) + Bsin(vt))

= aet cos(vt) + Be' sin(vt).

Here we have used the fact that e#! is real in the first line and the Euler identity
et = cos(vt) + isin(vt) in the second line. In the third line we computed just the real
part of the product (a —1if) (cos(vt) + isin(vt)) because that is all that we needed. O
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Fact 2. If L has real coefficients then if Z(¢) and h(t) are complex-valued functions
that satisfy the single complex equation L(Z(t)) = h(t) then

L(Re(Z(t))) = Re(h(?)) , LIm(Z(t))) = Im(A(t)) -
These two real equations are respectively the real and imaginary parts of the single
complex equation L(Z(t)) = h(t), and are thereby equivalent to that equation.
Reason. This fact was introduced in Chapter [?7].

We see from Fact 2 that if f(¢) has the phasor form (6.8) with phasor v and Z(t)
satisfies

(6.9a) L(Z(t)) =~ elrtmt
then a particular solution Yp(t) of Ly = f(¢) is given by
(6.9b) Yp(t) = Re(Z(1)).

When d = 0 and the characteristic p + i~ has v > 0 and multiplicity m then the
method of Key Identity Evaluations becomes the following.

1. Express f(t) in its phasor form (6.8).
2. Write down the Key Identity through its m'® derivative with respect to z.
3. Evaluate the m'" derivative of the Key Identity at z = p + iv.
4. Multiply the resulting equation by a factor that brings it into form (6.9a).
5. Evaluate Yp(t) given by equation (6.9b).

These steps are easy to carry out.

If the forcing has degree d = 0 and characteristic p + v with v > 0 and multiplicity
m = 0 then we just need to evaluate the Key Identity at z = pu + iv. This gives

L(e(,u—i-iu)t) _ p(,u + Zl/) elntiv)t
Because m = 0 we know that p(u + iv) # 0 and see that

e(/H—iV)t ]
() e
p(p+iv)

whereby (6.9) implies that a particular solution is given by

e(,u—i-il/)t
(6.10a) Yp(t) = R%W) .

Rather than memorizing formula (6.10a), it is easier and almost as fast to retrace
the steps by which it was derived. We illustrate this with an example.

Example. Find a general solution of
y" 4 2y" + 10y = cos(2t) .

Solution. This equation has constant coefficients. Its operator is L = D? + 2D + 10.
Its characteristic polynomial is

p(z) =22 +22+10 = (2 +1)* + 3%,
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which has the simple conjugate roots —14:3. Hence, a general solution of the associated
homogeneous equation is

Yi(t) = cre”" cos(3t) + coe " sin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic p + i = 2. Because the characteristic 2 is not a root
of p(z), it has multiplicity m = 0.

Because the characteristic is complex, we express the forcing in its phasor form
cos(2t) = Re(e™).
Because d = m = 0 we need only the Key Identity, which is
L(e“) = (22 + 22+ 10) e
Evaluating this at z = 12 yields
L(e™®) = (—2°+2-i2+10) e® = (6 +i4)e’™.

After dividing by 6 4 ¢4 we obtain

2t o
L = e
<6+z'4> ‘

Because the forcing has the phasor form cos(2t) = Re(e"), by taking real parts we see
that a particular solution is given by

Yp(t) = Re G Re b e ) = LRe((6 — i4)e™)
P 6 +a) T\ 62 442 e

= 5Re((6 — i4)(cos(2t) + isin(2t))) = & cos(2t) + <5 sin(2t) .

Therefore a general solution is

y = cre”" cos(3t) + cae” " sin(3t) + 5 cos(2t) + 15 sin(2¢) .
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FIGURE 6.2. Solution to y” + 2y’ + 10y = cos(2t) shown for the initial
conditions y(0) = 1 and ¢'(0) = 0.

If the forcing has degree d = 0 and characteristic p+ v with multiplicity m > 0 then
formula (6.10a) breaks down because p(u +iv) = 0. Because p + iv is a root of p(z) of
multiplicity m, we know that

PO (u+iv)=0 forevary k<m  and  p™(u+4iv) #0.

We thereby see that when the derivatives of the Key Identity (6.4) are evaluated at
%z = j + iv then the right-hand sides will vanish until the m'" derivative of the Key
Identity, which becomes

L(tme(,u—i-iu)t) _ p(m) (,U, + Zl/) e(y—l-il/)t .
Because we know that p™ (i + iv) # 0, we see that
m +iv)t
L (7 &) = elutiv)t ,
P (e +iv)
whereby a particular solution is given by

m ,(p+iv)t
(6.10D) Yp(t) = Re( yiTe )

P+ iv)

Rather than memorizing formula (6.10b), it is almost as fast to retrace the steps by
which it was derived. We illustrate this with examples.
Example. Find a general solution of

" + 9z = 4 cos(3t).
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Solution. This equation has constant coefficients. Its operator is L = D? 4+ 9. Its
characteristic polynomial is

p(z) =22 +9=22+37,

which has the simple conjugate roots £:3. Hence, a general solution of the associated
homogeneous equation is

Xu(t) = c1cos(3t) + cosin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic p + tv = 3. Because the characteristic ¢3 is a simple
root of p(z), it has multiplicity m = 1.

Because the characteristic is complex, we express the forcing in its phasor form
4 cos(3t) = Re(4e™).

Because d = 0 and m = 1 we only need the first derivative of the Key Identity. The
Key Identity and its first derivative with respect to z are

L(e*) = (2> +9) e,

L(t eZt) = (22 + 9) te* +2ze*.

Evaluating the first derivative at z = 3 yields

L(te™) =23 = i6e™" .
After dividing by i6 and multiplying by 4 we obtain

L <4t ,eigt) _ el
16

Because the forcing has the phasor form 4 cos(3t) = Re(4¢®!), by taking real parts we
see that a particular solution is given by
4t 13t ]
Xp(t) = Re( Z ) = —2tRe(i ™)
i

= —2¢Re(i (cos(3t) + isin(3t))) = Z¢ sin(3t).

Therefore a general solution is

& = ¢1 cos(3t) + casin(3t) + 2t sin(3t) .

Example. Find a general solution of
w” 4 2w’ + 10w = 5e " sin(3t) .
Solution. This equation has constant coefficients. Its operator is L = D? + 2D + 10.
Its characteristic polynomial is
p(z) =22 +22+10 = (z +1)* + 3%,

which has the simple conjugate roots —1+:3. Hence, a general solution of the associated
homogeneous equation is

W (t) = cie”" cos(3t) + coe ™" sin(3t) .
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To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic u + v = —1 + 3. Because the characteristic —1 + ¢3 is
a simple root of p(z), it has multiplicity m = 1.
Because the characteristic is complex, we express the forcing in its phasor form
5e'sin(3t) = 5e "Re(—ie™") .
Because d = 0 and m = 1 we only need the first derivative of the Key Identity. The
Key Identity and its first derivative with respect to z are
L(eZt) = (22 + 2z + 1()) et

L(te”) = (2 +22+10) te” + (22 + 2) ™.

Evaluating the first derivative at z = —1 4¢3 yields
L(tel ™) = (2(—14143) +2) el 73 = ige 1+
Because the forcing has the phasor form 5Re(—i5e(~1*")) after dividing by i6 and
multiplying by —i5 we obtain
L( _ %t e(fl+i3)t) — _pe(—14id)t
By taking real parts we see that a particular solution is given by
Wp(t) = —2te 'Re(e™)

= —2te "Re(cos(3t) + isin(3t)) = —2te " cos(3t).

Therefore a general solution is

w = cre”" cos(3t) + cre” " sin(3t) — 3te " cos(3t) .

6.2.4. Zero Degree Formula. For those who like to memorize formulas, there is a single
formula that recovers all of the zero degree cases. For a forcing of degree d = 0 and
characteristic p + iv with multiplicity m in the form

f(t) = ae' cos(vt) + Be! sin(vt) = e“tRe((a _ iﬁ)eiyt> ’

a particular solution is given by the so-called zero degree formula

; it
6.11 Yp(t) = e Re (L2 10CT)
(610 0 = el
Remark. When v = § = 0 and m = 0 this recovers formula (6.6a),
a
Yp t) = €‘Mt — .
) p(p)
When v = =0 and m > 0 it recovers formula (6.6b),
a
Yp(t) = tmet ——— .
P p'™ ()

When v > 0 and m = 0 it recovers formula (6.10a),

(6.12) Yo(t) = eﬂtRe(%) |
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When v > 0 and m > 0 it is equivalent to formula (6.10b).

Remark. The zero degree formula is related to the so-called exponential response
formula that gives a particular solution of equations that have a purely exponential
forcing — i.e. equations in the form Ly = e®+®)t Specifically, it gives the particular
(generally complex-valued) solution

tme(u-‘riu)t
P (p+iv)

where m is the multiplicity of the characteristic p + 1v.

Yp(t) =

Remark. When v = § = 0 the zero degree formula just requires real arithmetic to
evaluate p(™ (y). When v > 0 the zero degree formula requires complex arithmetic
both to evaluate p™ (u+iv) and to take the real part. In either case it is easy to apply.

We now illustrate use of the zero degree formulas on the five examples already treated
by Key Identity Evalutations. Here we will build upon the work done in those examples
by focusing on finding only a particular solution rather than a general solution.

Example. Find a particular solution of
Y + 2y 4+ 10y = 6e* .
Solution. For this problem f(t) = 6e* and p(z) = 2% + 2z + 10, so that =2, v = 0,
a=6,3 =0, and m = 0, whereby p(2) =22+ 2-2+ 10 = 18 and
6 gt 0

Yp(t) =e* —< =e =

1,2t
p(2) 18 3

e

Example. Find a particular solution of
V" — 6V + Qv = 4e* .

Solution. For this problem f(t) = 4¢* and p(z) = 22 — 62 + 9, so that =2, v = 0,
a=4,5=0,m=2 and p”(z) = 2, whereby

4 4
V __ 42 3t _ 42 3t _ 2 3t
P(t)—t€ m—te 5—2t6 .

~—

Example. Find a general solution of
y" + 2y + 10y = cos(2t).

Solution. For this problem f(t) = cos(2t) and p(z) = 2? + 2z + 10, so that pu = 0,
v=2 a=1, =0, and m =0, whereby p(i2) = 6 + i4 and

Yp(t) = Re((::_ 24) =3 j_ T Re((6 — i4)ei2t)
- 5% Re((6 —i4) ( cos(2t) +1i sin(2t)))

= 2 cos(2t) 4 75 sin(2¢) .
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Example. Find a general solution of
"+ 9x = 4 cos(3t) .

Solution. For this problem f(t) = 4cos(3t) and p(z) = 2% + 9, so that u = 0, v = 3,
a=4,=0,m=1, and p'(z) = 2z, whereby p/(i3) = i6 and

4 13t
(;6 ) = 2t sin(3t) .

Xp(t) = tRe(

Example. Find a particular solution of
w” + 2w’ + 10w = 5e~"sin(3t) .

Solution. For this problem f(t) = 5e~'sin(3t) and p(z) = 2%2+22+10, so that u = —1,
v=3,a=0,6=5 m=1, and p/(z) = 2z 4+ 2, whereby p'(—1+ i3) = i6 and

—t —i5e™ 54—t
Wp(t) =te'Re % = —gte "cos(3t).
i

6.2.5. Forcings with Positive Degree. When d > 0 the method of Key Identity Evalua-
tions reduces to d + 1 equations that have to be combined into a single equation whose
right-hand side is f(¢). For example, if the degree d = 1 and the characteristic p + iv
has multiplicity m = 0 then the two equations are just the Key Identity and its first
derivative evaluated at p + iv, which are
L(e(,u—i—z‘u)t) _ p(u + iy>6(u+iu)t 7
L(t e(,u+iz/)t) _ p(u + iu)t e(,quiu)t +p/(ﬂ + Z-V)e(uﬂ'y)t ’

Because m = 0 we know that p(u + iv) # 0, the first of these equations recovers the
exponential response formula
+iv)t
L( 6(“ ) ) _ e(;ﬁ-iu)t’
p(p+iv)
while the second yields

L( telmtit ) — ¢ elmtin)t | p(p+iv) plutiv)t
p(p+iv) p(p+iv)

Upon multiplying the exponential response formula by p'(p + iv)/p(p + iv) and sub-
tracting it from the one above we obtain

( t elptiv)t - P+ iv) elutiv)t ) _ iy
p(p+iv)  p(p+iv) p(p+iv) '

By linearly combining the real and imaginary parts of this formula with the real and
imaginary parts of the exponential response formula we can obtain an explicit par-
ticular solution for any forcing f(¢) of characteristic form that has degree d = 1 and
characteristic p + v with multiplicity m = 0.

The best approach to using the method of Key Identity Evaluations is to mimic the
steps that we used to derive the above formulas rather than remembering the formulas
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themselves. That approach works when d > 1 as well as when m > 0. We now illustrate
this approach.

Example. Find a general solution of

2+ 22" + 102 = 4te® .

Solution. This equation has constant coefficients. Its operator is L = D? + 2D + 10.
Its characteristic polynomial is

p(z) =22 4+22+10 = (z +1)* + 3%,
which has the simple conjugate roots —14¢3. Hence, a general solution of the associated
homogeneous equation is

Xy (t) = cre™" cos(3t) + coe ' sin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
and d = 1 and characteristic p + iv = 2. Because the characteristic 2 is not a root of
p(z), it has multiplicity m = 0.

Because m = 0 and m + d = 1, we will need the Key Identity and its first derivative
with respect to z. These are

L(e™) = (2> + 2z + 10) e,
L(te) = (2 + 2z +10) te™ + (22 + 2) €.
Evaluate these at z = 2 to obtain
L(e*) =18¢*,  L(te*) =18te* +6¢™.

Because we want to isolate the ¢ e?* term on the right-hand side, subtract one-third the
first equation from the second to get

L(t et — %e%) = L(t th) — %L(e%) = 18te? .

After multiplying this by % we can read off that

Xp(t) = 2te” — Ze™.

Therefore a general solution is

x = cre” " cos(3t) + coe ' sin(3t) + 2te® — Ze*.

The general characteristic form given by (6.3) for a forcing f(t) with positive degree
(d > 0) and complex characteristic (v > 0) is

ft) = (Oéotd +apt™ 4+ ad) e cos(vt)
+ (Bot? + Bitt 4 -+ By)et sin(vt)

where aq, aq, -, ag, Bo, B1, -+, Ba, 4, and v are real numbers. We assume that either
ag # 0 or By # 0, so that at least one of the t¢ terms is nonzero. We will need the
following generalization of Fact 1.

(6.13)

Fact 3. We can express f(t) given by (6.13) in terms of e+™)? as
f(t) = Re((%td oyttt 'Vd) e(“””)t) where vy, = ag — 15 .
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This is a generalized phasor form for f(t) where the complex numbers v are its phasors.
Reason. We can see that this phasor form is equivalent to (6.13) because
Re (7 td—ke(u—f—iu)t) = Re (v td—keuteiut) _ A=kt R (v eiut)

= t"* e Re((a, — iBx) (cos(vt) + isin(vt)))

=t et (ay, cos(vt) + By sin(vt))

= ot et cos(vt) + Bt Fet sin(vt) .
Here we computed just the real part of the product (ay — if) (cos(vt) + isin(vt))
because that is all that we needed. [
Example. Find a general solution of

Y + 4y =t cos(2t) .

Solution. This equation has constant coefficients. Its operator is L = D? 4 4. Its
characteristic polynomial is

p(z) =22 +4=2"+2%,

which has the simple conjugate roots +¢2. Hence, a general solution of the associated
homogeneous equation is

Y (t) = c1 cos(2t) + cosin(2t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 1 and characteristic p + 1v = 2. Because the characteristic 2 is a simple
root of p(z), it has multiplicity m = 1.

Because the characteristic is complex, we express the forcing in its phasor form
t cos(2t) = Re(te™).

Because m = 1 and m+d = 2, we will need the first two derivatives of the Key Identity.
The Key Identity and its first two derivatives with respect to z are

L(e™) = (z* + 4)e™,
L(te”) = (2> +4)te” +2z¢™,
L(t?¢*) = (2* + 4)t%e” + 4zt e + 2¢* .
We evaluate the first and second derivative of the Key Identity at z = 72 to obtain
L(te) = ide? L(#262) = i8¢ ¢ + 262
Because the forcing has the phasor form Re(te™), we want to isolate the te™ term

on the right-hand side. This is done by multiplying the first equation above by z% and
adding it to the second to find

L((# + ibt)e™) = L(2e®) +ilL (1) = ist e |
Now divide this by ¢8 to obtain

2, .1
L(t "‘f"it em) _—
18
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from which we read off that

2 +ist ., t NPV :
Yp(t) = Re 3 e ) = ERe((l —i2t)e™") = 1—6(008(2t) + 2t sin(2t)) .
i

Therefore a general solution is

y = ¢ cos(2t) + co8in(2t) + 15t cos(2t) + 7 sin(2¢) .

Remark. The characterisitc p + iv = 2 has multiplicity m = 1 because p(z) =
22 +4 =0 at z = i2. This means the right-hand side of the Key Identity will vanish at
z =42, which tells us something we already know, namely, that L(e*!) = 0. Moreover,
it means the term involving te** on the right-hand side of the derivative of the Key
Identity and the term involving t2e** on the right-hand side of the second derivative of
the Key Identity will also vanish at z = 2.

1 O T T T T T T T T

_10 Il Il Il Il Il Il Il Il

FIGURE 6.3. The solution to y"” + 4y = t cos (2t) shown for the initial
conditions y(0) = 1 and ¢'(0) =0

6.3. Undetermined Coefficients. This method should only be applied to compute
a particular solution of the nonhomogeneous linear equation (6.1) after you have:

(1) checked that the differential operator L has constant coefficients;
(2) checked that the forcing f(¢) has the characteristic form (6.3);
(3) identified the degree d, characteristic p + v, and multiplicity m.

These are the same first steps required by the method of Key Identity Evalutaions.
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The method of Undetermined Coefficients is based on the observation that if the
characteristic p + iv of the forcing f(t) is not a root of the characteristic polynomial
p(z) of the operator L then equation (6.1) has a particular solution of the form

Yp(t) = (At + Ajt™ 4 -+ + Ay) e cos(vt)

6.14a

(616) + (Bot® + Bit" + -+ - 4 Bg) et sin(vt)
where Ay, Ay, -+, Ag, and By, By, - -+, By are real constants. Notice that when v =0
the terms involving By, By, - -+, By all vanish.

More generally, if the characteristic p + iv of the forcing f(t) is a root of p(z) of
multiplicity m then equation (6.1) has a particular solution of the form

Yp(t) = (Apt™ 4+ Attt o Agt™) e cos(vt)

6.14b

( ) + (Bot™ ™ + Byt™ ! -+ Bgt™) et sin(vt)
where Ay, Ay, ---, Ag, and By, By, - -+, By are real constants. Notice that when v =0
the terms involving By, By, - - -, By all vanish. If we set m = 0 in (6.14b) then it reduces
to (6.14a).

Remark. Notice how the powers of ¢ in (6.14b) run from ¢™*? down to t™. This is
how the degree and multiplicity enter into the form.

6.3.1. Basic Steps. Given a nonhomogeneous equation Ly = f(t) with forcing f(t)
that has characteristic form with degree d, characteristic u + iv, and multiplicity m,
the method of undetermined coefficients seeks a particular solution Yp(¢) in the form
(6.14b) with Ay, Ay, - -+, Ay, and By, By, - -+, By as unknowns to be determined. These
are the “undetermined coefficients” of the method. There are 2d 4+ 2 unknowns when
v > 0, and only d + 1 unknowns when v = 0 because in that case the terms involving
By, By, - -+, By vanish. These unknowns are determined as follows.

1. Substitute Yp(t) given by form (6.14b), directly into LYp, and collect like terms.

2. Set LYp = f(t) and match the coefficients of the linearly independent functions
that appears on either side. (Examples will make this clearer.)

3. Solve the resulting linear algebraic system for the unknowns in the form (6.14b).

This linear algebraic system will consist of either 2d+2 equations for the 2d+2 unknowns
Ao, Ay, -+, Ag, and By, By, -+, Bg (when v > 0) or d + 1 equations for the d + 1
unknowns Ag, Ay, -+, Ay (when v = 0). Because these unknowns are the parameters of
the family (6.14b), this method is also sometimes called “Undetermined Parameters.”
We do not call it by that name here in order to avoid confusion with the method of
“Variation of Parameters,” which we will study later.

The following subsections illustrate the method of Undertermined Coefficients through
a sequence of examples that have forcings with increasing complexity. In order to con-
trast the two methods, we will use the same examples that we had previously treated
by Key Identity Evaluations.

Remark. The methods of Undetermined Coefficients and Key Identity Evaluations

are each fairly painless when m and d are both small and ¥ = 0. When m and d are
both small and v > 0 then Key Identity Evaluations is usually faster. For the equations
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faced in this course both m and d will be small, so m + d will seldom be larger than 3,
and more commonly be 0, 1, or 2.

6.3.2. Forcings with Zero Degree and Real Characteristic. The simplest case to treat is
when the forcing f(t) has zero degree (d = 0) and real characteristic (v = 0). In that
case the characteristic form for f(¢) given by (6.3) reduces to

(6.15) f(t) = ae',
where o and p are real numbers. We assume that o # 0, so that f(¢) # 0.

When d = 0, v = 0 and the characteristic x has multiplicity m then the form for the
particular solution (6.14b) reduces to

(6.16) Yp(t) = At™e! .
The the first step of the method of Undetermined Coefficients is to substitute this
directly into LYp, and collect like terms. We will illustrate this with examples.

Example. Find a general solution of
y" + 2y + 10y = 6e* .
Solution. This equation has constant coefficients. Its characteristic polynomial is
p(2) =22 +2:+10=(2+1)*+9= (2 +1)? +32,
which has the simple conjugate roots —14¢3. Hence, a general solution of the associated
homogeneous equation is
Yi(t) = cre " cos(3t) + cae Fsin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic u + tv = 2. Because the characteristic 2 is not a root
of p(z), it has multiplicity m = 0.

Because d = 0, p + iv = 2, and m = 0, we see from (6.16) that Yp has the form

Yp(t) = A62t .
Because
Yh(t) = 2Ae* Yh(t) = 4Ae*
we see that

LYp(t) = Y5 (t) + 2Y5(t) + 10Yp(t)
= 4Ae* + 4Ae* + 10Ae* = 18A4e% .

If we set LYp(t) = 6€* then we see that 184 = 6, whereby A = % Hence, our particular
solution is

Yp(t) =
Therefore a general solution is

y = cre " cos(3t) + cae” " sin(3t) + Le*.

Example. Find a general solution of

V" — 60 + 9uv = 4e3t .
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Solution. This equation has constant coefficients. The characteristic polynomial is
p(z) =22 —62+9=(2—3)%.
It has the double root 3. Hence, a general solution of the associated homogeneous
equation is
Vi (t) = cre® + cot e
To find a particular solution, first notice that the forcing has characteristic form with

degree d = 0 and characteristic u + iv = 3. Because the characteristic 3 is a double
root of p(z), it has multiplicity m = 2.

Because d = 0, p +iv = 3, and m = 2, we see from (6.16) that Vp has the form
Vp(t) = At?e™ .
Because
Vi (t) = 3At%e* + 2At
V() = 9At%e™ 4 12At * + 2A¢*

we see that

LVp(t) = Vi (t) — 6Vi(t) + 9Ve(t)
= (9Ae™ + 124t € + 2A¢™)
— 6(3At%e™ 4 2At €™) 4 9AL%e™
= (9 — 18 + 9)At%e* + (12 — 12)t *" + 2A4¢
= 24e3.
If we set LVp(t) = 4e3 then we see that 24 = 4, whereby A = 2. Hence, our particular
solution is
Vp(t) = 2t .
Therefore a general solution is

v = c1e® + ot 3 + 223

6.3.3. Forcings with Zero Degree and Complex Characteristic. Forcings with zero degree
(d = 0) and complex characteristic (¥ > 0) often arise in applications. In this case the
characteristic form (6.3) with degree d = 0 and characteristic u + iv reduces to

(6.17) f(t) = ae' cos(vt) + Be' sin(vt),
where «, 8, p, and v are real numbers. We assume that either a 7 0 or v # 0, so that
ft) #0.

When d = 0 and the characteristic p + v has multiplicity m then the form for the
particular solution (6.14b) reduces to
(6.18) Yp(t) = At™e! cos(vt) + Bt™ e sin(vt) .
The the first step of the method of Undetermined Coefficients is to substitute this
directly into LYp, and collect like terms.

Remark. Unlike Key Identity Evaluations, the method of Undetermined Coefficients
method does not use complex arithmatic. However, its calculations can be much longer.
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The main reason for this that the step of plugging the form (6.18) directly into LYp
and collecting like terms can be lengthy. You may have noticed a hint of this in the
examples with real characteristics given in the previous subsection. This will become
more evident in the examples with complex characteristics given below.

Example. Find a general solution of
y" + 2y + 10y = cos(2t) .
Solution. This equation has constant coefficients. Its characteristic polynomial is
p(z) =22 +22+10 = (2 +1)* + 3%,

which has the simple conjugate roots —14:3. Hence, a general solution of the associated
homogeneous equation is

Yi(t) = cre " cos(3t) + cpe Fsin(3t) .
To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic p + 1 = i2. Because the characteristic 72 is not a root
of p(z), it has mutplicity m = 0.
Because d = 0, 1+ iv =42, and m = 0 we see from (6.18) that Yp has the form
Yp(t) = Acos(2t) + Bsin(2t) .
Because
Y5 (t) = —2Asin(2t) + 2B cos(2t) , Y/5(t) = —4Acos(2t) — 4Bsin(2t) ,
we see that
LYp(t) = YS(t) + 2Y5(t) + 10Yp(t)
= —4Acos(2t) — 4B sin(2t) — 4Asin(2t) 4+ 4B cos(2t)
+ 10A cos(2t) + 10B sin(2t)

= (6A+4B) cos(2t) + (6B — 4A) sin(2t) .
If we set LYp(t) = cos(2t) then by equating the coefficients of the linearly independent
functions cos(2t) and sin(2t) we see that

6A+4B =1, —4A+6B=0.

Upon solving this system we find that A = 2 and B = -

L % 13, Whereby our particular
solution is

Yp(t) = 2 cos(2t) + 75 sin(2t) .
Therefore a general solution is

y = cre”" cos(3t) + cae” " sin(3t) + 5 cos(2t) 4 15 sin(2¢) .
Example. Find a general solution of
" + 9z = 4 cos(3t).
Solution. This equation has constant coefficients. Its characteristic polynomial is

p(z) = 2>+ 9 =2 +3%,
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which has the simple conjugate roots £:3. Hence, a general solution of the associated
homogeneous equation is

Xu(t) = c1cos(3t) + cosin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic p + 1v = 3. Because the characteristic 3 is a simple
root of p(z), it has multiplicity m = 1.

Because d = 0, o+ iv =3, and m = 1 we see from (6.18) that Xp has the form
Xp(t) = At cos(3t) + Bt sin(3t) .
Because
Xp(t) = —3At sin(3t) + A cos(3t) + 3Bt cos(3t) + Bsin(3t),
X5 (t) = —9At cos(3t) — 6Asin(3t) — 9Bt sin(3t) + 6B cos(3t) ,
we see that
LXp(t) = X(t) + 9Xp(1)
= ( — 9At cos(3t) — 6Asin(3t) — 9Bt sin(3t) + 6B cos(3t))
+ 9(At cos(3t) + Bt sin(3t))
= (=94 9) At cos(3t) — 6Asin(3t) + (=9 + 9) Bt sin(3t) 4+ 6B cos(3t)
= —6Asin(3t) + 6B cos(3t) .
If we set LX p(t) = 4 cos(3t) then by equating the coefficients of the linearly independent
functions cos(3t) and sin(3t) we see that
“6A=0, 6B=4.
We find that A =0 and B = %, whereby our particular solution is

Xp(t) = 2t sin(3t).
Therefore a general solution is

x = ¢1 cos(3t) + casin(3t) + 2t sin(3t) .

Example. Find a general solution of
w” + 2w’ + 10w = 5e " sin(3t) .
Solution. This equation has constant coefficients. Its characteristic polynomial is
p(z) =22 +22+10 = (z +1)* + 3%,

which has the simple conjugate roots —1+:3. Hence, a general solution of the associated
homogeneous equation is

Wi (t) = cre”" cos(3t) + cae ™" sin(3t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 0 and characteristic u + v = —1 +13. Because the characteristic —1 443 is
a simple root of p(z), it has multiplicity m = 1.



25

Because d = 0, pp +iv = —1 + i3, and m = 1 we see from (6.18) that Wp has the
form

Wp(t) = Ate " cos(3t) + Bte "sin(3t).
Because
Wi(t) = Ae " cos(3t) — At e " cos(3t) — 3At e " sin(3t)
+ Be "'sin(3t) — Bte 'sin(3t) + 3Bt e " cos(3t)
= Ae " cos(3t) + Be 'sin(3t) — (A — 3B)te " cos(3t) — (3A + B)te 'sin(3t),
Wp(t) = —Ae " cos(3t) — 3Ae " sin(3t) — Be 'sin(3t) + 3Be " cos(3t)
— (A —3B)e " cos(3t) + (A — 3B)te " cos(3t) + 3(A — 3B)t e "sin(3t)
— (BA + B)e 'sin(3t) + (3A + B)te "'sin(3t) — 3(3A + B)te ' cos(3t)
= —2(A —3B)e "cos(3t) — 2(3A + B)e "sin(3t)
— (8A+6B)te " cos(3t) + (6A — 8B)te 'sin(3t),
we see that
LWp(t) = Wp(t) + 2Wp(t) + 10Wp(t)
= (—2(A—3B)e " cos(3t) — 2(3A + B)e " sin(3t)
— (8A+6B)te™” cos(3t) + (6A — 8B)te "sin(3t))
+ 2(Ae~" cos(3t) + Be " sin(3t)
—(A—3B)te” cos(St) — (34 + B)te 'sin(3t))
+10(Ate ™" cos(3t) + Bte "sin(3t))
= (=2A+ 6B +2A)e " cos(3t) + (—6A — 2B + 2B)e " sin(3t)
+ (—8A—6B —2A+ 6B + 10A4)te " cos(3t)
+ (6A — 8B — 6A — 2B + 10B)t e "sin(3t)
= 6Be " cos(3t) — 6Ae " sin(3t) .

If we set LWp(t) = He 'sin(3¢t) then by equating the coefficients of the linearly inde-
pendent functions e~ cos(3t) and e~ sin(3t) we see that

6B =0, —6A=>5.
We find that B =0 and A = —%, whereby our particular solution is
Wp(t) = —2te ™ cos(3t).
Therefore a general solution is
w = cre”" cos(3t) + cae” ' sin(3t) — 3t e cos(3t) .

Remark. Key Identity Evaluations was much faster than Undetermined Coefficients
for the last example. This is always the case when pu # 0, v > 0 and m > 0.
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6.3.4. Forcings with Positive Degree. When d > 0 then there is a greater number of
coefficients that need to be determined. If the forcing has real characteristic (v = 0)
with multiplicity m then the form for the particular solution (6.14b) reduces to

(6.19) Vp(t) = (Agt™ 4 + At o Agt™ e

This form has d 4+ 1 undetermined coefficients: Ay, ---, Ay. If the forcing has complex
characteristic (v > 0) with multiplicity m then the form for the particular solution
(6.14b) is

Yp(t) = (Apt™ ¥+ At 4 Agt™) e cos(vt)
+ (Bot™ ™ + Byt™ T -+ Bgt™) et sin(vt) .
This form has 2d + 2 undetermined coefficients: Ag, ---, Ag and By, - -+, By.

(6.20)

Example. Find a general solution of
x4 22" + 10z = 4te* .
Solution. This equation has constant coefficients. Its characteristic polynomial is
p(z) =22 +22+10= (2 +1)* + 3%,

which has the simple conjugate roots —1+:3. Hence, a general solution of the associated
homogeneous equation is

Xy (t) = cre" cos(3t) + coe ' sin(3t) .
To find a particular solution, first notice that the forcing has characteristic form with
degree d = 1 and characteristic u + iv = 2. Because the characteristic 2 is not a root
of p(z), it has multiplicity m = 0.
Because d =1, p +iv = 2, and m = 0, we see from (6.19) that Xp has the form
Xp(t) = (At + Ap)e*.
Because
X5(t) = 2(Apt + Ay)e* + Age XP(t) = 4(Agt + Ay)e + 4Ape™
we see that
LXp(t) = Xp(t) + 2Xp(t) + 10X p(t)

= 4(Agt + Ay)e* + 44pe® + 4(Agt + Ay)e® + 2A0e* + 10(Agt + Ap)e*

= 18( Aot + A)e* + 6Age™

= 18Agte® + (184, + 64y)e* .

If we set LXp(t) = 4te? then by equating the coefficients of the linearly independent
functions te? and e* we see that

184p =4, 184, +6A4,=0.

Upon solving this linear algebraic system for Ay and A; we first find that Ay = % and
then that 4; = —%AO = —2%. Hence, our particular solution is

Xp(t) = 2te” — Ze™.
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Therefore a general solution is

z = cre”" cos(3t) + cae ' sin(3t) + 2te® — Ze*.

Example. Find a general solution of
Y+ 4y =t cos(2t) .
Solution. This equation has constant coefficients. Its characteristic polynomial is
p(z) =22 +4=2"+2%,

which has the simple conjugate roots +¢2. Hence, a general solution of the associated
homogeneous equation is

Y (t) = ¢1 cos(2t) + cosin(2t) .

To find a particular solution, first notice that the forcing has characteristic form with
degree d = 1 and characteristic p + 1w = 2. Because the characteristic 2 is a simple
root of p(z), it has multiplicity m = 1.

Because d = 1, p + iv =42, and m = 1, we see from (6.20) that Yp has the form
Yp(t) = (Agt? + Ayt) cos(2t) + (Bot? + Bt)sin(2t).
Because
Yh(t) = —2(Agt? 4+ At)sin(2t) + (2Agt + A;) cos(2t)
+ 2(Byt* 4+ Byt) cos(2t) + (2Bgt + By) sin(2t)
= (2Bot® + 2(B1 + Ag)t + A1) cos(2t) — (241> + 2(A; — By)t — By) sin(2t)
Y7(t) = —2(2Bot* 4+ 2(By + Ag)t + Ay) sin(2t) + (4Bot + 2(B; + Ap)) cos(2t)
— 2(2A40t% + 2(A; — By)t — By) cos(2t) — (44ot + 2(A; — By)) sin(2t)
= —(4A0t* + (4A; — 8By)t — 4B, — 24,) cos(2t)
— (4Bot* + (4B1 + 8Ag)t + 4A; — 2By) sin(2t)
we see that
LYp(t) = Yp(t) +4Yp(t)
= —[(4A40t* + (44, — 8By)t — 4By — 2A,) cos(2t)
+ (4Bot” + (4B1 + 8Ag)t + 4A; — 2B,) sin(2t)]
+ 4[(Aot? + Ast) cos(2t) + (Bot* + Bit) sin(2t)]
= (8Bot + 4By + 24y) cos(2t) — (84gt + 44, — 2By) sin(2t) .

If we set LYp(t) =t cos(2t) then by equating the coefficients of the linearly independent
functions cos(2t), t cos(2t), sin(2t), and ¢ sin(2t), we see that

4Bl+2A0:0, 830:1, 4A1—2BOZO, 8140:0

The solution of this system is Ay = 0, By = %, 4; = 1

3 16> and By = 0, whereby our
particular solution is

Yp(t) = =t cos(2t) + Lt*sin(2t).
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Therefore a general solution is
y = ¢ cos(2t) + cosin(2t) + 15t cos(2t) + 7 sin(2¢) .

Remark. The above example is typical of a case when Key Identity Evaluations is
far faster than Undetermined Coefficients. This is because the forcing has a conjugate
pair characteristic p £ 1w = 442, positive degree d = 1, and small multiplicity m = 1.
This advantage becomes much more dramatic for larger d. Key Identity Evaluations will
usually be as fast or faster than Undetermined Coefficients. If you master both methods
you will develop a sense about which one is most efficient for any given problem.

6.4. Forcings of Composite Characteristic Form. The methods of Key Identity
Evaluations and Undetermined Coefficients can be applied multiple times to construct
a particular solution of Ly = f(¢) whenever

(1) the differential operator L has constant coefficients,

(2) the forcing f(t) is a sum of terms each of which has characteristic form (6.3)
with a distinct characteristic.

When the second of these conditions is satisfied the forcing is said to have composite
characteristic form. The first of these conditions is always easy to verify by inspection.
Verification of the second usually can also be done by inspection, but sometimes it might
require the use of a trigonometric or some other identity. You should be able to identify
when a forcing f(t) can be expressed as a sum of terms that have the characteristic

form (6.3), and when it is, to read-off the degree and characteristic of each component.

Example. The forcing of the equation Ly = cos(t)? can be written as a sum of terms

that have the characteristic form (6.3) by using the identity cos()* = (1 + cos(2t))/2.
We see that

Ly = cos(t)* = 1 + L cos(2t).
Each term on the right-hand side above has the characteristic form (6.3); the first with
degree d = 0 and characteristic p + iv = 0, and the second with degree d = 0 and
characteristic p 4 v = 2.
Example. The forcing of the equation Ly = sin(2t) cos(3t) can be written as a sum of
terms that have the characteristic form (6.3) by using the identity

sin(2¢) cos(3t) = 1 (sin(3t 4 2t) — sin(3t — 2t)) = 3 (sin(5¢) — sin(t)) .
We see that
Ly = sin(2t) cos(3t) = 5 sin(5t) — 3 sin(t).
Each term on the right-hand side above has the characteristic form (6.3); the first with
degree d = 0 and characteristic p + i = 45, and the second with degree d = 0 and
characteristic p + iv = 1.
Example. The forcing of the equation Ly = tan(t) cannot be written as a sum of

terms in characteristic form (6.3) because every such function is smooth (infinitely
differentiable) while tan(t) is not defined at ¢t = 7 4 mm for every integer m.

Given a nonhomogeneous equation Ly = f(¢) in which the forcing f(¢) is a sum
of terms, each of which has the characteristic form (6.3), we must first identify the
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characteristic of each term and group all the terms with the same characteristic together.
We then decompose f(t) as

(6.21) f@) = fi(t) + f2(t) + -+ fy(t),

where each f;(¢) contains all the terms of a given characteristic. Each f;(¢) will then
have the characteristic form (6.3) for some degree d = 0 and some characteristic p+iv.
Then we can apply either Key Identity Evaluations or Undetermined Coefficients to
find particular solutions Yjp to each of

(622)  Lipt) = Alt), LYap(®) = folt), - LYp(t) = f,(8).
Then a particular solution of Ly = f(t) is
(6.23) Yo(t) = Yip(t) + Yop(t) + -+ Yyp(t)

This is true because by (6.23), the linearity of L, (6.22), and (6.21), we have

LYp(t) = L(Yip(t) + Yop(t) 4 - - - + Yyp(t))
=LYip(t) + LY2p(t) + - - + LY;p(?)
= f1(t) + folt) + -+ folt) = f(1).

Example. Find a particular solution of D%y + 25D%y = f(t) where
f(t) = e* +9cos(5t) + 4t — Ttsin(5t) + 8 — 6t .

Solution. The decomposition (6.21) becomes f(t) = fi(t) + f2(t) + f3(t), where
fi(t) =8 —6t, fo(t) = (1+4¢%)e*, f3(t) = 9cos(5t) — Ttsin(5t) .

Here fi(t), fo(t), and f5(¢) contain all the terms of f(¢) with characteristic 0, 2, and
i5, respectively. They each have the characteristic form (6.3) with degree 1, 2, and 1
respectively. The characteristic polynomial is p(z) = 2* + 2522 = 2%(2? + 5?), which
has roots 0, 0, —5, ©5. We thereby see that the characteristics 0, 2, and 5 have
multiplicities 2, 0, and 1 respectively.

By (6.22) with L = D* + 25D?, we seek particular solutions of the equations
LYip(t) = 8 — 6t,
(6.24) LY>p(t) = (1 +4t%)e”,
LY;3p(t) = 9cos(bt) — Ttsin(5t) .
Because the forcings of each of these equations has characteristic form, they each may
be solved either by Key Identity Evaluations or by Undetermined Coefficients.

Remark. Notice that by grouping terms in f(¢) with the same characteristic together
we are led to three nonhomogeneous equations to solve in (6.24). Had we rather chosen
to write one nonhomogeneous equation for each term in f(¢) then we would have been
led to six nonhomogeneous equations to solve, which requires much more work!
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The method of Undetermined Coefficients would seek particular solutions of the
nonhomogeneous equations in (6.24) that by (6.14b) have the forms

Yip(t) = Aot® + Ait?
Yop(t) = (Aot® + Art + Ay)e®
Ysp(t) = (Aot + Ast) cos(5t) + (Bot* + Bit) sin(5t) .
The method leads to three systems of linear algebraic equations to solve — systems of

two equations, three equations, and four equations. We will not solve them here.

The method of Key Identity Evaluations is almost always the fastest way to solve
nonhomogeneous equations whose forcings have composite characteristic form because
the Key Identity and its derivatives only have to be computed once. In the problem at
hand m +d is 3, 2, and 2 for the forcings fi(t), fo(t), and f;3(¢) respectively. Therefore
we need the Key Identity and its first three derivatives with respect to z:

L(e“) = (24 + 2522) e,
L(te™) = (2" +252%) te* + (42° 4 502) *,
L(thZt) = (24 + 2522) t2e*t + 2(423 + 502) te®t + (12752 + 50) et
L(t’e*) = (2" +252%) t%e™ + 3(42° + 502) t*e 4 3(122* 4+ 50) te* + 24z ¢™ .

For the characteristic 0 we have m = 2 and m + d = 3, so we evaluate the second

through third derivative of the Key Identity at z = 0 to obtain

L(t*) =50,  L(t*) = 150¢.
It follows that L(4#? — L#*) = 8 — 6t, whereby Yip(t) = 41 — L,

For the characteristic 2 we have m = 0 and m + d = 2, so we evaluate the zeroth
through second derivative of the Key Identity at z = 2 to obtain

L(e*) =116¢*,
L(te*) =116t e* + 132¢™
L(t%¢*) = 116t%¢™ + 264t e* + 98¢ .
264

We eliminate t e* from the right-hand sides by multiplying the second equation by 6
and subtracting it from the third equation, thereby obtaining

L(t%e* — 264t ) = 116 %™ + (98 — 264132) ™.

Dividing this by 29 gives

1,2 2t 664 26\ _ 4422t | (98 _ 66132\ 2t
L(29t6 — et € )_4te +(29 292 )6 :

We eliminate e* from the right-hand side above by multiplying the first equation by
L(% — 66'132) and subtracting it from the above equation, thereby obtaining

116 \29 202
1,2 2t 66, 2t 1 (98  66:132\ 2t _ 4422t
L<29t € 297t € 116(29 292 )6 ) =4t
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Next, by multiplying the first equation by ﬁ and adding it to the above equation we
obtain

142,26 66 4 2 1 (98 _ 66132 2\ _ 2\ 2t
L<@te — ozl e —m(————l)e )—(1+4t)e ,

_ 142 2¢ 66 2t 1 (98 66-132 2t
Whereby }/Qp(t)—ﬁt € —@te —m(%—w—l)e .

For the characteristic ¢5 we have m = 1 and m + d = 2, so we evaluate the first
through second derivative of the Key Identity at z = ¢5 to obtain

L(te™) =—i250e™,  L(t%"™") = —i2-250¢e™ — 250" .
Upon multiplying the first equation by ¢ and adding it to the second we find that
L(?e™ +it ™) = —i2- 250t ™"
The first equation and the above equation imply

1, iBt\ bt 142 5t 1 g dBt\ 4 bt
L(2250te )—e , L(500t6 +izggte )— 1te™.

The real parts of the above equations are

L( — 55t sin(5t)) = cos(5t), L(zi5t” cos(5t) — =5t sin(5t)) = ¢ sin(5¢) .

This implies that

L( — 5%t sin(5t) — =55t* cos(5t) + =t sin(5t)) = 9cos(5t) — 7t sin(5¢)

whereby Y3p(t) = — 2t sin(5t) — z=t* cos(5t).

Finally, putting all the components together by (6.23), a particular solution is
Yp(t) = Yip(t) + Yap(t) + Ysp(t)
2 3 2 2 2 . 2
SA Ly g Sopen L(35 G61m ) o

— ot sin(5t) — =Lst* cos(5t) .

6.5. Green Functions: Constant Coefficient Case. This method can be used to
construct a particular solution of an n'"-order nonhomogeneous linear ODE

(6.25) Ly = f(t)
whenever the differential operator L has constant coefficients and is in normal form,

(6.26) L=D"+4+aD" '+ ---+a,_D+a,.
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6.5.1. Basic Steps. The Green function method rests on the fact that for any initial
time ¢; the particular solution of (6.25) that solves the initial-value problem

(6.27) LYp(t) = f(t),  Yp(t;) =Yh(t) ==Y V(t;) =0,

is given by the formula

(6.28) ol = [ gt — ) f(s) ds.,

tr

where ¢(t) is the solution of the homogeneous initial-value problem
(6:29) Lg=0, g(0)=0, ¢0)=0, -+ ¢"0)=0, ¢"0)=1.

The function g is called the Green function associated with the operator L.

Solving the initial-value problem (6.29) for the Green function is not difficult when the
roots of the characteristic polynomials can be found. The method thereby reduces the
problem of finding a particular solution Yp(t) for any forcing f(¢) to that of evaluating
the integral in formula (6.28). However, evaluating this integral explicitly can be quite
difficult or impossible. In such cases the answer might be expressed in terms of definite
integrals.

Remark. Formula (6.28) will be correct only if the differential operator L given by
(6.26) is normal form! Be sure to put any nonhomogeneous equation into normal form
before applying the Green Function method!

We will not verify that Yp(t) given by formula (6.28) is a solution of the initial-value
problem (6.27) here. That will be done in Section 6.6.3. However, here we will illustrate
how the method works with a few examples.

Example. Find a particular solution of

2
et +e-t’

y' —y =

Solution. The differential equation has constant coefficients and is already in normal
form. Its characteristic polynomial is given by p(z) = 22 — 1 = (2 — 1)(z + 1), which
has simple real roots 1. Therefore a general solution of the associated homogeneous
equation is

Yi(t) = cre’ + coe .
By (6.29) the Green function g is the solution of the initial-value problem

g "—g=0, g(0)=0, 4(0)=1.

Set g(t) = c1e’ + cee. The first initial condition implies g(0) = ¢; + ¢3 = 0. Because
g'(t) = c1e’ — cee™, the second condition implies ¢’(0) = ¢; — ¢ = 1. Upon solving
these equations we find that ¢; = { and ¢ = —%. Therefore the Green function is

gt) = L(e' — e=*) = sinh(t), i i
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The particular solution given by (6.28) with ¢; = 0 is then

t t t—s __ ,—(t—s)
Yp(t):/o g(t—s)f(s)ds:/o e 2 ds

2 e+ e

t t—s —t+s t —s t s
e —e e _ e
= —dSZGt —ds—et —dS.
o e +e’d o € +e7? o €5 +e s

The definite integrals in the above expression can be evaluated as

t —s t —2s 3 —2t
e e 1+e
~C gs= ] & ds=—llog(l+e )| =11
A es 4+ e s § /0 1 + 6—25 § 2 Og( t+e ) 0 2 0g 2 )

t e’ t 623 t 6275 + 1
— _ds= ds = Llog(e® +1)| =11 .
/0 es +e—s § /(; 623 + 1 S 2 Og(e + ) 0 2 0g 2

Therefore the expression for the particular Yp(t) becomes

1 —2t 2t 1
Yp(t) = —%etlog( +26 ) — %e‘tlog(e il ) .

2

Remark. Notice that in the above example the definite integral in the expression for
Yp(t) given by (6.28) splits into two definite integrals over s whose integrands do not
involve t. This kind of splitting always happens. In general, if L is an n'"-order operator
then the expression for Yp(t) given by (6.28) always splits into n definite integrals over
s whose integrands do not involve ¢.

6.5.2. Use of Trigonometric Identities. When the Green function involves terms like
et cos(vt) or e sin(vt) then the task of splitting the expression for Yp(t) given by
(6.28) into n definite integrals over s whose integrands do not involve ¢ requires using
the trigonometric identities

cos(6p — 1) = cos(@) cos(sp) + sin(6) sin(¢)
sin(g — 1) = sin(¢) cos(t) — cos(@) sin(¥).

These identities can be derived easily using the Euler identity e = cos(6) + isin()
and the law of exponents e*(?~%) = ¢~ Indeed, we have the identity

cos(¢p — 1p) +isin(p — ) = @Y = g0~
= (cos(®) +isin(¢)) (cos(v) — isin(v))
= (cos(e) cos(v) + sin(¢) sin(v))
+ i(sin(¢) cos(y) — cos() sin(¢)) .

The identities in (6.30) follow by equating the real and imaginary parts of this identity.
You should be familiar with them. The following examples show how they are used to
split the expression for Yp(t) given by (6.28) when the Green function involves terms
like e cos(vt) or e sin(vt).

(6.30)

Example. Find a particular solution of
27

1
91 = .
O 16 T osin(30)2
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Solution. The differential equation has constant coefficients and is already in normal
form. Its characteristic polynomial is p(z) = 2% +9 = 22+ 32, which has the simple con-
jugate roots +i3. Therefore a general solution of the associated homogeneous equation
is

Xu(t) = c1cos(3t) + cosin(3t) .

By (6.29) the Green function g is the solution of the initial-value problem
9"+99=0, ¢(0)=0, ¢(0)=1.

Set g(t) = c1cos(3t) + cosin(3t). The first initial condition implies g(0) = ¢; = 0,
whereby ¢(t) = cosin(3t). Because ¢'(t) = 3cp cos(3t), the second condition implies
¢'(0) = 3¢ = 1, whereby ¢; = 3. Therefore the Green function is g(t) = 1 sin(3t).

The particular solution given by (6.28) with ¢; = 0 is then

t sin(3(t — ) 27
P( ) /(; g( S)f(s> S /0‘ 3 16 + 9 Sin(35)2 S

By (6.30) with ¢ = 3t and ¢ = 3s, we see sin(3(t—s)) = sin(3t) cos(3s) —cos(3t) sin(3s).
We can use this to express Xp(t) as

© 9cos(3s) b 9sin(3s)
p(t) Sm(3)/0 16+ 9sin(3s)2 COS(3>/O 16+ 9sin(3s)?

The definite integrals in the above expression can be evaluated as

/t 9 cos(3s) ds — /t = cos(3s) s
o 16+ 9sin(3s)? o 1+ 5 sin(3s)?

t

= Ltan"" (2 sin(3s))

= 1 tan" (23 sin(31)) .
0

/t 9sin(3s) Qs — /f 9sin(3s) 4 — /t 5= sin(3s) s
o 16+ 9sin(3s)? o 25 —9cos(3s)? o 1 — 2% cos(3s)?

25
1+ 2cos(3s)\ [
— Llog (5—)

3 2
R 1+5cos(3t)§ ‘
1 — 2 cos(3s) 10 1—2cos(3t) £

0
Here the first integral has the form

d
i / 1 +uu2 = ptan"'(u) + C, where u = 2 sin(3s),,

while by using partial fractions we see that the second has the form

du 14w
1 1
_5/1— — u? _E10g<1—u

Therefore the expression for the particular solution Xp(t) becomes

: _ . 5+ 3cos(3t) 1
XP(t) = i Sll’l(?)t) tan ! (% sm(3t)) + %) COS(?)t) log (mz) .

) +C, where u = £ cos(3s) .

Remark. Any integral whose integrand is a rational function of sine and cosine can
be evaluated. The integrals in the above example are of this type.
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The next example illustrates what happens in most instances when the Green function
method is applied — namely, the integrals that arise cannot be evaluated analytically.

" 2 / 5
v v v = 2 *

Solution. The differential equation has constant coefficients and is already in normal
form. Its characteristic polynomial is p(z) = 2% + 22 + 5 = (2 + 1)® + 22, which has
the simple conjugate roots —1 + 2. Therefore a general solution of the associated
homogeneous equation is

Vi (t) = cre " cos(2t) + coe ' sin(2t) .
By (6.29) the Green function g is the solution of the initial-value problem
9" +2¢ +59=0, g(0)=0, 4(0)=1.

Set g(t) = cre " cos(2t) + coe~ ' sin(2t). The first initial condition implies g(0) = ¢; = 0,
whereby ¢(t) = coe™'sin(2t). Because ¢'(t) = 2coe™" cos(2t) — cae*sin(2t), the second
condition implies ¢'(0) = 2¢; = 1, whereby ¢; = 5. Therefore the Green function is
g(t) = se~"'sin(2t).

The particular solution given by (6.28) with ¢; = 7 is then

Vp(t) = / gt —s)f(s)ds = / 1e ™ sin(2(t — ) .

By (6.30) with ¢ = 2t and ¢ = 2s, we see sin(2(t—s)) = sin(2t) cos(2s) —cos(2¢) sin(2s).
We can use this to express Vp(t) as

t s 2 t s - 9
Vp(t) = %e_t Sin(%)/7T %Sg:) ds — %e‘t (308(225)/7r Sl 1811(828) ds.

1
+ s

ds.

2

The above definite integrals cannot be evaluated analytically. Whenever this is the
case, the answer can be left in terms of the integrals.

Remark. The Green function method should never be used whenever the methods of
Key Identity Evaluations and Undetermined Coefficients can be applied. For example,
for the equation

y'+2y +5y=t,

the Green function method leads to the expression
t t
Yp(t) =3¢ sin(2t)/ e’ cos(2s)sds — 2e™" cos(Zt)/ e’ sin(2s)sds.
0 0

The evaluation of these integrals requires several integration-by-parts. The time it
would take to do these integrals is much longer than the time it would take to carry

out either of the other two methods, both of which quickly yield Y,,(t) = +t — 2!

The above examples asked for a particular solution of the given nonhomogeneous
equation. If they had asked for a general solution then we would have had to add a
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general solution of the associated homogeneous equation to the particular solution that
we found above. A general solution for the first example is y = Y (t) + Yp(t), which is

_ 1_}_672t _ 62t+1
y = cire’ + cye t—%etlog( 5 )—%e tlog( 5 :

A general solution for the second example is © = Xg(t) + Xp(t), which is
x = ¢1 cos(3t) + cosin(3t)

: _ : 5+ 3cos(3t) 1
+ 2sin(3¢) tan~" (2 sin(3t)) + & cos(3t) log (mz) _

A general solution for the third example is v = Vi (t) + Vp(t), which is

v = cre " cos(2t) + cre " sin(2t)

t s 2
+ e "sin(2t) /7T %Si;) ds — 2e~" cos(2t) /7r

t s _.* 2
e® sin(2s) ds
14 s2

Such gerenal solutions can be used to solve initial-value problems for nonhomogeneous
equations as was done in Section 5.2. However, there is a more efficient approach to
solving initial-value problems when the Green function method is used to generate a
particular solution.

6.5.3. Initial-Value Problems. The Green function method is well-suited to solving
initial-value problems because the particular solution Yp(t) given by formula (6.28)
satisfies the initial-value problem (6.27). It is easily checked that the solution of the
initial-value problem

(6.31) Ly = f(t), y(tr) = yo, Z//(tl) =Y, - y(n_l)(tl) = Yn-1,

is given by y = Y;(t) + Yp(t) where Y;(¢) is the solution of the associated homogeneous
initial-value problem

(6.32) LY;(t) =0, Yilt) =y, Yitt)=vi, - Y"U) = yaa,

and Yp(t) is given by (6.28), which is the solution of the initial-value problem (6.27).
Indeed, by the linearity of L. we have

Ly = L(Yi(t) + Yp(t)) = LY;(£) + LYp(t) = 0+ £(t) = /().
while by the initial conditions in (6.32) and (6.27) we have
y ) =Y + Y t) =+ 0=y, fork=0,---,n—1.
Therefore y = Y;(t) + Yp(t) solves the initial-value problem (6.31).
Example. Solve the initial-value problem

8 €3t

//_6/ 9 —
U u +9u —1—|—4t2’
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Solution. The differential equation has constant coefficients and is already in normal
form. Its characteristic polynomial is p(z) = 2% — 6z +9 = (z — 3)?, which has the
double root 3. Therefore a general solution of the associated homogeneous equation is

Up(t) = c1e® + cot

By (6.29) the Green function g is the solution of the initial-value problem
9" =64'+99=0, ¢(0)=0, 4(0)=1.

Set g(t) = c1€3 + cot €*. The first initial condition implies g(0) = ¢; = 0. Because
then ¢'(t) = ce® + 3cat €, the second condition implies ¢'(0) = ¢ = 1. Therefore the
Green function is g(t) = te3.

The particular solution given by (6.28) with ¢; = 0 is

8e3s

Un(t) = [ alt =) s = [ (=)0 S as

bg b 8s
:t?’t/ d—3t/ ds.
) Tra2 T ) a2

The definite integrals in the above expression can be evaluated as

¢
8 -1
/o [T i ds = 4tan™"(2s)

t

= 4tan ' (2t),
s=0

= log(1 + 4t%).

/t 55 45— log(1 + 457)|
S = 10 S
0 1+482 & s=0

The expression for the particular solution Up(t) thereby becomes
Up(t) = 4t e’ tan1(2t) — e’ log(1 + 4t%).
By (6.32) the associated homogeneous initial-value problem for U;(t) is
Ul —6U, +9U; =0, U (0)=0, U0)=71.

Upon comparing this with the initial-value problem that we used to compute g(t), we
see that Us(t) = 7g(t) = Tte3*. Therefore the solution of the original initial-value
problem is given by u = U;(t) + Up(t), which is

u = Tted + 4t e* tan(2t) — e* log(1 + 41?).

6.6. Why the Methods Work. This section collects arguments that show why the
methods of Key Identity Evaluations, Undetermined Coefficients, and Green Functions
work. These arguments can be skipped at first reading. They will be easier to follow
after you have fully mastered the methods. There are benefits to understanding them.
For example, they will give a deeper understanding of the steps in each method. They
also show how the methods of Key Identity Evaluations and Undetermined Coefficients
are related.
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6.6.1. Key Identity Fvaluations. While the examples presented in Section 6.2 show
how the method of Key Identity Evaluations works, they do not show why it works.
Specifically, they do not show why it can find a particular solution for every forcing
that has characteristic form. Here we will show why this is true. You do not need to
know these arguments.

If the forcing f(¢) has the characteristic form (6.3) with degree d and characteristic
i+ iv then it can be written as

F(t) = Re( (ot + 3t~ -+ anat + 7q) €041,

where v, = o — 18, for every k=0, 1, ---, d.

Now let p(z) be the characteristic polynomial of the operator L. The k' derivative
of the Key Identity with respect to z is

k
tk zt Z( ) t] zt
7=0

where we recall that the binomial coefficient is defined by

Suppose that p+iv is a root of p(z) of multiplicity m. For any Cy, Cy, - -+, Cyq we have
(Z Cypt™Trelntiv) ) Z Ca—iL tm+k (“’L“’)t)
k=0 k=0

= (m+k
N ch k <Z (mj ) p(m+k_j)(2) tjeZt>
= Z Z Ca_ri. (m + k) p(m-l—k—j)(Iu + iV) tje(u—l-iu)t
— J
k=0 j=0

_ Z (Z (m + k‘) p(m+k_j)(/£ + iV)Cd—k> tje(/H-iu)t
— Z ’yd—] tje(lﬁ‘i’/)t ,
j=0

where g, 71, - - -, 74 are related to Cy, C1, ---, Cy by

d
k U |
Vd—j = Z (m;— ) PR (i) Cyy forevery j=0,--- ,d.
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In particular, these d + 1 equations have the form

+d\ (m :

+d\ . vd—1\ o, .
= () s imco+ (770 e e,

+d\ (m |
(6.33) 7 <ZL— 2) P (p+ i) Cy

~1 | ~2 |
+ (m;—_dg )p(m“)(quW)Cl + (m;{_d2 )p(’”)(MHV)CQ,

Ya = p" D (p + i) Co + pU T (4 i) Cy + -+ p"™ (p 4 i) Cy,

Because p™ (p + iv) # 0, system (6.33) can be solved for Cy, Cy, - - -, Cy for any given
Yo, V1, * -, Ya- We first solve the first equation for Cy and plug the result into the
remaining equations. We then solve the second equation for C; and plug the result into
the remaining equations. This continues until we finally solve the last equation for Cj.

Let Cy, C4, - -+, Cy4 be the solution of system (6.33) when we set 7, = oy — i3y, for
every k=0, 1, ---, d. Then a particular solution of Ly = f(t) is given by

(6.34) Yp(t) = Re((c’otm-i-d + Oyt o Oyt C’dtm) e(u-l-iz/)t) .

6.6.2. Undetermined Coefficients. While the examples presented in Section 6.3 show
how the method of Undetermined Coeflicients works, they do not show why it works.
Specifically, they do not show why there is a particular solution of the form (6.14b)
for every forcing that has the characteristic form (6.3). We will now show why this is
the case. In fact, we will give two arguments. While you do not need to know these
arguments, understanding them might help you remember the form (6.14b).

The first argument builds upon the argument in the previous subsection. There
we showed that for every forcing in the characteristic form (6.3) there is a particular
solution Yp(t) of the equation Ly = f(¢) given by (6.34). Then we can define real Ay
and By for every k = 0, ---, d by the relation C}, = A, — ¢B;. Upon placing these
relations into (6.34), we see that this Yp(¢) has the form (6.14b).

The second argument gives another insight into how the general form (6.14b) arises.
We will break it into two cases.

First, suppose the forcing f(t) has the characteristic form (6.3) with real characteristic
p and degree d — i.e. with v = 0. Let p(z) be the characteristic polynomial of the
operator L. Suppose that p is a root of p(z) of multiplicity m. Then p(z) can be
factored as p(z) = (2 — p)™q(z) where q(1) # 0. Observe the characteristic form of f()
implies that it satisfies the homogeneous linear equation

(D — @)™ f(t)=0.
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Then every solution of Ly = f(¢) also satisfies the homogeneous equation

(D —p)* 'Ly = (D — w)™ ' f(t) = 0.
The characteristic polynomial of (D — p)4L is r(2) = (2 — u)4™'p(2), which factors as

r(z2) = (z = )™ 'p(2) = (z = W™ " q(2),  where g(n) # 0.
Therefore p is a root of 7(z) of multiplicity m + d + 1. All the other roots of r(z) and

their multiplicities are determined by the factors of ¢(z). Therefore a fundamental set
of solutions of the homogeneous equation (D — u)4 Ly = 0 is

d+1

e,ut 7 teut 7 o 75m+d€,ut

)

plus the solutions generated by the roots of ¢(z). All of these solutions are also solutions
of the homogenous equation Lw = 0 except

tme,ut 7 tm—l—le,ut tm—l—de,ut )

, cee,

Hence, every solution of Ly = f(¢) can be written as y = Yy (t) + Yp(t) where Yy (t)
solves the associated homogeneous equation and Yp(t) has the form (6.14b) with v = 0.

Next, suppose the forcing f(¢) has the characteristic form (6.3) with degree d and
characteristic g + iv where v > 0. Let p(z) be the characteristic polynomial of the
operator L. Suppose that p + iv is a root of p(z) of multiplicity m. Then p(z) can be
factored as p(z) = ((z— p)? +v2)"q(z) where q(j1+iv) # 0. Observe the characteristic
form of f(¢) implies that it satisfies the homogeneous linear equation

(D= m?+v)" () =0.
Then every solution of Ly = f(¢) also satisfies the homogeneous equation
(D= p?+ 03" Ly = (D —p)?+02) " f(t) =0.

The characteristic polynomial of (D — u)? + I/Q)dHL isr(z) = ((z—p)?*+ yz)dﬂp(z),
which factors as

r(z) = ((z— p)? + V2)d+1p(z) = ((z—p?+ UQ)erqu(z) ,  where q(u +iv) #0.

Therefore p + iv is a root of r(z) of multiplicity m + d + 1. All the other roots of r(z)
and their multiplicities are determined by the factors of ¢(z). Therefore a fundamental

set of solutions of the homogeneous equation ((D — p)? + Vz)dHLy =0is
e cos(vt), tetcos(vt), ---, "M cos(vt),
eMsin(vt), te'sin(vt), .-, t"Tletsin(vt),

plus the solutions generated by the roots of ¢(z). All of these solutions are also solutions
of the homogenous equation Lw = 0 except

tmet cos(vt), t™etcos(vt), oo, "M cos(vt),
tmetsin(vt), t™ et sin(vt), -, "%  sin(vt).

Hence, every solution of Ly = f(t) can be written as y = Yy (t) + Yp(t) where Yy ()
solves the associated homogeneous equation and Yp(t) has the form (6.14b).
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6.6.3. Green Functions. While the examples presented in Section 6.5 show how the
method of Green Functions works, they do not show why it works. Now let us verify that
Yp(t) given by formula (6.28) indeed solves the initial-value problem (6.27) when g(¢) is
the solution of the initial-value problem (6.29). We will use the fact from multivariable
calculus that for any continuously differentiable K (¢, s) we have the identity

t t
d
(6.35) D / K(t,s)ds = K(t,1) + / OK(t5)ds,  where D=
I tr

Formula (6.28) for Yp(t), identity (6.35) with K(¢,s) = g(t — s)f(s), and the fact
g(0) = 0, imply that
¢

DYp(t) = g(0)f(6) + [ Dyl = 9)f(s)ds = [ Dy(t ~ 5)(s)ds.

tr tr
If 2 < n then the above formula for DYp (), identity (6.35) with K (t,s) = Dg(t—s) f(s),
and the fact Dg(0) = ¢/(0) = 0 imply that

D) = g 0)10) + [ Dglt—9)f()ds = [ Dt s)(5) s

tr tr

If we continue to argue this way then because D*~1g(0) = ¢*=Y(0) = 0 for k < n, we
see that for every k <n

(636)  DYo(t) =" OLf(0) + [ Dhglt — 9)f(s)ds = [ DEglt—s)1(s)ds.

tr tr

Similarly, because D" 1g(0) = g™~Y(0) = 1, we see that

DWﬂw=¢WWmﬂw+/Dw@—@ﬂQm:fw+/imw—@ﬂa@.

tr tr
Because Lg(t) = 0, it follows that Lg(t — s) = 0. Then by the above formulas for
D*Yp(t), we see that

LYP(t) = p(D)Yp( ) = DnYP(t) + OlenilYp( ) st anleYp(t) + aan(t)

+/ D%g(t —s)f )ds—i—/talD"_lg(t—s)f(s)ds

tr

—|—/ Ay 1Dgt—s)f(s)ds+/ ang(t —s)f(s)ds

tr

+/p g(t —s)f(s)ds
— () + /Lw~wﬂ@m=ﬂw

tr
Therefore, Yp(t) given by (6.27) satisfies LYp(t) = f(t). Moreover, we see from (6.36)

that Yp(t) satisfies Yp(t;) = Yi(t;) = - = Y]g"_l)(t[) = 0. Therefore Yp(t) solves the
initial-value problem (6.27).
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EXERCISES ON NONHOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

(1) Which of the following forcing terms have characteristic form? For the ones that
do, give the characteristic and the degree.

IS

—~
&

(b) te~z
(c) (V*+v+1)e’
(d) te'sint + (12 + 1)ef cost
() 20 -5t
(f) zcos(z)
o cos(x)

+ €2® sin(x)

~— e e e e N
~+

Solution

For #2-#35, find a general solution to the differential equation by using undetermined
coefficients.

(2) v" + 3v" + 2v = 2003
Short Answer
Solution
(3) w” — 4w’ + bw = **
Short Answer
Solution
(4) §+5y+6y=e?
Short Answer
Solution
(5) ¥ + 2y" — 3y = 16¢" cos(2t)
Short Answer
Solution

For #6-#19, find a general solution to the differential equation by using key identity
evaluations.

(6) y" — 6y + 8y = cos(2t)
Short Answer
Solution
(7) y" — 4y + 13y = e
Short Answer


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short007.pdf
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Solution
(8) w” + 9w = 25sin(3z)
Short Answer
Solution
(9) 2" 4+ x = tcos(t)
Short Answer
Solution

For #10-#20, solve the following initial value problems. Some of them will be easier
with undetermined coefficients and some will be easier with key identity evaluations, but
the choice of which method to use is left up to you.

(10) y" —y' =38, y(0) =2, y'(0) =38
Short Answer
Solution
(11) v" — 4v = 153, v(0) =5, v'(0) = 21
Short Answer
Solution
(12) " —2y' + 2y = 100 cos(2t), y(0) =0, y'(0) = —25
Short Answer
Solution
(13) w"” — 3w + 2w = 4ze* cos(z), w(0) =0, w'(0) =0
Short Answer
Solution
(14) " =5y +6y = 2sin(2¢) sin(3t), y(0) = &2, y'(0) = 2= [Hint. These numbers
were chosen so that some cancellation would occur.]
Short Answer
Solution
(15) w” — 3w +w = e’ + e*, w(0) = -2, w'(0) =0
Short Answer
Solution
(16) v — 2y' + 10y = 3e" + 37 cos(3t), y(0) =y (0) =1
Short Answer
Solution
(17) 3" — 8y’ + 17y = 100x%e®, y(0) =5, ¥ (0) =0
Short Answer
Solution
(18) y" + 2y + by = 4e 'sin(2t), y(0) =1, y/'(0) =2
Short Answer
Solution
(19) v =2y +y = Bu+1)e*, y(0) =4, ¢'(0)=0
Short Answer
Solution


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol019.pdf
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(20) y" +y = 3t? cos(2t) — 6t%sin(2t), y(0) =3, ¥'(0)=0
Short Answer
Solution

For #21-#23, find the Green function for the following differential equations.
Don’t try to produce a general solution.

(21) v" + 2V + v = log(u)

Solution
(22) ' — 4y +4y = 1

Solution
(23) § — 6y — Ty = sec(2t)

Solution

For #24-#27, find general solutions to the differential equations using Green func-
tions.
Some of them may involve antiderivatives that you can’t completely evaluate; leaving

things in terms of integrals is okay.

(24) § = % [Note. Yes you can solve this by just integrating twice. This is an easy
differential equation to solve, even with Green functions.]
Short Answer
Solution
(25) W+ 16w = sec(4x)

Short Answer

Solution
(26)
1
"_ 3. —
Short Answer
Solution
(27)
1
y—dy = o2 1 o2t

Short Answer
Solution

Remark: While we've focused so far on forcing terms that are continuous, it’s
possible to create solutions to differential equations with discontinuous forcing using
the methods we’ve learned. Often physical models of real-world situations will include
functions with jumps in them; this could represent the almost-instantaneous effect of
flipping a switch that causes a voltage to pass through a current, for instance. Since the


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol025.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short026.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol026.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short027.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol027.pdf
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solution to the differential equation is supposed to represent something physical (like a
position or a voltage), we assume the solution is going to be continuous. This suggests
the following method of solution:
(a) solve the differential equation using the forcing term as it looks at ¢ = 0,
using the initial conditions, then
(b) find the value of the differential equation when the forcing term jumps, and finally
(c) use that value as an initial condition to solve a second differential equation,
starting at the jump point, using the second case of the forcing term.

Use the above framework to solve the following two differential equations.

(28)

_ ey
sin(t)  t>nw where y(0) =1, y/'(0) = -2

S+ :{ 3sin(2t) 0<t<m
Short Answer
Solution

(29)

e oy >1

z”—z:{l Osu<l where 2(0) =2'(0) =0

Suggestion. This could possibly get a little ugly; try using three decimal places
to estimate e.]
Short Answer
Solution
(30) Consider the equation

V' — 60 4 250 = .

a) Compute the Green function g(z) associated with the differential equation.

b) Find a particular solution V,(z) in terms of definite integrals.
Short Answer
Solution
(31) Find the Green function associated with the differential operator L = D? — 16.
Short Answer
Solution

(32) Give a particular solution to the following equation:

w” + 8w’ + 25w = 10e”,

using two of the methods discussed in this section. How do they compare to the
third method discussed?

Short Answer

Solution


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short029.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol029.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short030.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol030.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short031.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol031.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short032.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol032.pdf
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(33)

(34)

(36)

A bit of thinking outside the box

(a) Consider the equation 2(7) —22(6) 4205 —22*) = (. Given that the charac-
teristic polynomial associated with this equation is of the form 2%(z —2)(22+1),
write down a general solution to this homogeneous, constant coefficient, linear
seventh-order differential equation.

(b) Now consider the equation z(7) —22(6) 4 20) —2:() = 42 4 cos(z) + €62,
Write down a guess for a particular solution Z,(x) to this non-homogeneous
equation. There is no need to solve for the undetermined coefficients!

Short Answer
Solution
Write down the form of the particular solution to

§+ p(x)y + q(z)y = g(x)

for the following g(z)’s:
a) g(x) = €™ + 6;
b) g(z) = 10e™5* + e75% cos(62) — sin(6z);
c) g(z) = 22 cos(z) — Sz sin(x).
Hint Don’t worry about the form of p(x) or g(z) for now, but concentrate on
the form of the composite characteristic form instead.
Short Answer
Solution
Consider the following differential equation

aw + bw + cw = g(u),

where a, b, and ¢ are positive. If W;(u) and Wa(u) are solutions of the differential
equation, prove that Wi (u) — Wa(u) — 0 as u — oco. Does the result hold when
b=07
Short Answer
Solution
Here we will show an alternative method towards solving the differential equa-
tion

y' + by +cy=(D*+bD +c)y = f(z),

where b and ¢ are constants, and D is the differentiation operator with respect
to x. Let z; and 2y be the zeros of the characteristic polynomial of the corre-
sponding homogeneous equation. Note that these roots could be distinct real,
real and equal or complex conjugates of each other.

(a) Show that the differential equation 3’ + by’ +cy = (D?*+ 0D +c)y = f(z),
can be rewritten as (D — 21)(D — 29)y = f(x) and find out what z; and z, are
in terms of b and c.

(b) Let v = (D — 23)y. Show that the solution of y” + by’ + cy = (D? +
bD + ¢)y = f(z), can be found by solving the following system of first-order


http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short033.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol033.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short034.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol034.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Short035.pdf
http://courses.math.umd.edu/math246/NODE/2223F/HIGHER-NON-CC/WORK/Sol035.pdf
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non-homogeneous differential equations:
(D = z1)v(z) = f(2),

(D = z)y(x) = v(z).
Short Answer
Solution
(37) In the light of the previous problem, use the method outlined above to solve the
following differential equation:

w” — 3w — 4w = 3.

Note : We have other methods for solving this differential equation as well,
but here we would like to illustrate how annihilating the second-order operator
yields a system of first-order equations.

Short Answer
Solution
(38) Find a second order homogeneous constant coefficient equation whose general
solution is of the form v(u) = ¢; cos(5u) + o sin(bu) — e sin(2u).
Short Answer
Solution
(39) Suppose that w; = 2usin(3u) is a solution of the following equation

W+ 2w + 2w = fi(u),
and wy = cos(6u) — e " cos(u) is a solution of the following equation
W+ 2+ 2w = fi(u).
What is the general solution of the following equation?
W+ 2w+ 2w = 5f1(u) — 2fa(u)

Short Answer
Solution
(40) Find a second order homogeneous linear constant coefficient differential equation
whose general solution is of the from y(x) = cje™ + core™ + 23 — 5.
Short Answer
Solution
(41) Suppose the equation w” — 4w’ —5w = f(z) has w = 323 has one of its solutions.
(a) Which one of the following functions is also a solution?
Note : More than one answer might be possible.

w=e "+ 33

w = 2080e>* 4 3z3;

w = 2080e>® 4 623;
w=e"% + 5 4 3a3;

w = 20e”" 4 14€>* + 23,
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(42)

(43)

(44)

(45)

(b) What is the general solution of the equation?

(c) Find f(x).

(d) Knowing that w(0) = 3 and that w’(0) = 3, solve the initial value problem.

Short Answer
Solution
More on Annihilation Operators

As we've seen before, an annihilation operator for a given function f is a
polynomial P(D) for the differential operator D such that P(D)f = 0. In
other words, f is the solution to the homogeneous equation characterized by
P(D)f = 0. For example, f(t) = e’ satisfied the first-order differential equation
f"— f = 0 and the corresponding annihilation operator for f is D — 1, in that
(D —1)f = 0. For another example, f(t) = 2¢, the corresponding annihilation
operator is D? because D?(f) = 0.

Just to get ourselves thinking in the annihilation operator mode one more
time, find the corresponding annihilation operator for the following functions
and write down the corresponding homogeneous differential equation:

a) sin(x);

b) ve’;

c) 2e3 + cos(z).

Short Answer

Solution

Consider the following differential equation w” — 5w’ 4+ 6w = 2. Write down a
general solution to the differential equation using the method of annihilators and
starting from the general solution, name exactly which is the particular solution.

Note : This problem can be tackled using either of the three methods discussed
in this section, but here we are illustrating the use of annihilators in achieving
the same goal!
Short Answer
Solution
Consider the following differential equation v — v = = + 1. Write down a
general solution to the differential equation using the method of annihilators
and starting from the general solution, name exactly which is the particular
solution.

Note : Once again, this problem can also be tackled using either of the three
methods discussed in this section, but here we are illustrating the use of anni-
hilators in achieving the same goal!

Short Answer

Solution

Using the method of annihilators, determine the general solution to the following
constant coefficient differential equations:

a) (D —4)(D + 1)w = 16ue®;

b) (D — 2)v = 3cos(u) + 4sin(u).

Short Answer
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Solution
(46) Find the differential equations (in operator form) solved by the following func-
tions:
a) v(x) = 14 + 2% — 21 cos(z);
b) w(t) = 10t2e*;
c) v(u) = —e¥ + ued — 4ue™ cos 3u.
Short Answer
Solution
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