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Autonomous Systems and Stability: Linear
Systems

%Iln this course, we consider 2x2 systens of 1st order, ordinary
% differential equations:

% X' f(x, y, t)
% y' a(x, y, t).

%Iln this presentation, we shall specialize to autononpous systens,
%that is, those in which there is no '"t' present on the right side of
% ei t her equati on.

% X' f(x, vy)
% y' a(x, y). (*)

%It is convenient to wite the two eqautions as a single vector equation.
% Usi ng the usual WMatlab convention for denoting columnm vectors, |et

% X(t) = [x(t); y(t)], F=1[f; d]

% Then we can wite

% X = FX). (**)

% A solution to such a systemis a pair of functions x(t), y(t) that

% satisfy (*) -- or equivalently (**) -- for all t in the domain of

% definition. W shall interpret such a pair as paranetric equations for a

% curve in 2-space. The key fact for autononobus systens is that these

% parametric curves never intersect. For suppose X 1(t) and X 2(t) were two
% different solutions to the sanme autononpus systemthat net in a point,
%say X 1(t_1) = X 2(t_2), for some t_1 and t_2. If so, consider

% Y(t) = X2(t - t_1 +1t_2).

%1t clearly solves the systemof differential equations (**). Moreover,

% Y(t_ 1) = X 2(t_2) = X 1(t_1).

% By the Uniqueness Theorem it mnust be that

% Y(t) = X 1(t)

%that is, X2 is just a reparaneterization of X 1.

% Thus the solution curves fill up the plane with non-intersecting curves.




% W refer to the resulting diagramas the phase portrait for the system
% Note this is simlar to the phase line that we considered for autononous
% first order equations in a single variable.

% There are sone especially sinple solutions to an autononous systemthat we
% can al ways single out. Nanely, since the |ocus of points for which

% f(x, y) =0

%is a curve, then the common zeroes of f and g yield constant solutions to
% the system That is, if f(x 0, y 0) = g(x_0, y _0) =0, then the curve,

% x(t) =x 0, y(t) =y O
% which is of course just a point is a solution to the system
% We call those points the equilibriumpoints of the system It will be

% inportant to study the stability of equilibriumpoints; so we say that
% an equilibriumpoint is:

% Stable -- if solutions that start near the point stay near it;

% Asynptotically Stable -- if solutions that start near the point converge
% toit ast -> Inf; and

% Unst abl e -- ot herw se.

% Here is an exanple of a phase portrait with four equilibrium points,

% anong which each of the three different stability types is manifested.
% Specifically, there is a stable center, tw unstable saddle points and
% an asynptotically stable spiral point. You can inspect the code that

% generates the phase portrait at your |eisure.

war ni ng of f
figure; hold on
f=a@at, x) [(2+x(2))*(x(2) - 0.5*x(1)); (2 - x(1))*(x(2) + 0.5*x(1))];
for a =-1:0.5:5
for b =-3:0.5:2
[t, xa] = ode45(f, [0 5], [a b]);
pl ot (xa(:,1), xa(:,2))
hol d on
%t, xa] = oded5(f, [0 -5], [a b]);
pl ot (xa(:,1), xa(:,2))
end
end
axis([-15 -3 2])
title ('Phase Portrait exhibiting Different Stabilities', 'FontSize', 15)

% You m ght indul ge your curiosity and see what happens in the Command
% Wndow if you omt the "warning of f" conmand.




Phase Portrait exhibiting Different Stabilities
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Linear Systems

Now let us specialize to linear systems. We say that the system is linear if f and g are linear functions
of xandy, thatis

% X' ax + by
% y' cx + dy.

%If we wite, A=1T]a, b; c, d, then the systemnay be witten
% X = AX

%Iln the Notes, it is shown, using the eigenval ues and ei genvectors of the
%mtrix [a, b; ¢, d howto wite down explicit solution formulas for a
% linear system There are several cases depending on the nature of the

% ei genvalues. It is nmy purpose here to illustrate all the cases. | am not
% going to supply the vector fields; we'll consider vector fields

% for systens in another video dealing with non-linear systems. You al so
% shoul d realize that for nonlinear systens, one can rarely find fornul a
% sol utions and so the phase portraits are generated by nunerical nethods
% (usi ng oded45 as above). But for linear systems, fornula solutions can be
%readily be found (see Chapter 14 of Diff Egns with Matlab, by Hunt et al,
% for instructions on howto do this in Matlab), and they can be used to
% draw all the follow ng phase portraits. However, we shall instead use

% Mat | ab' s synbolic sol ver dsolve to achi eve the goal.

% To begin, let us identify the equilibriumpoints of a |linear system From




%formula (**), they are exactly the points X that satisfy

% AX = 0.

%If Ais non-singular, that is, if det(A) is not zero, then only the
%origin X =0 is an equilibrumpoint. If det(A = 0, there are three
% possibilities:

% 1. A=0. In which case, X = 0 and every point in the plane is a
% solution curve. Not a very interesting case.

% 2. A has two distinct eigenvalues, one of which is zero.

% 3. Zero is the only eigenvalue of A but its eigenspace is

% 1-di mensi onal .

% W' Il draw the phase portraits for cases 2 & 3 after we draw all the

% phase portraits that arise when A is non-singular. Here they are; we
% shall draw a representative phase portrait for each case that arises:

a. Two distinct non-zero, real eigenvalues of
opposite sign

% Exanpl e:
% X' =X - 2%y
% y' = -X.

% Here is the correspondi ng phase portrait:

clear all

cl ose all

ivp = 'Dx = -x - 2*y, Dy = -x, x(0) = a, y(0) =b";
[x, y] = dsolve(ivp, "t');

xf = @t, a, b) eval (vectorize(x));

yf = @t, a, b) eval (vectorize(y));

figure; hold on
t =-2:0.1: 2
for a=-2:2
for b =-2:2
plot(xf(t, a, b), yf(t, a, b))
end
end
hol d of f
axis([-55 -5 5])
x|l abel ' x'
yl abel 'y’
xl abel ('x', 'FontSize', 15)
ylabel ('y', 'FontSize', 15)
title ('Linear Systemfor eigs of opp sign', 'FontSize',15)




Linear System for eigs of opp sign

b. Two distinct non-zero, real eigenvalues of
the same sign

% Exanpl e:
% X' = -3*X + 2%y
% y' = 2*x - 4*y.

% Here is the correspondi ng phase portrait:

ivp = '"Dx = -3*x + 2*y, Dy = 2*x - 4*y , x(0) =a, y(0) = b";
[x, y] = dsolve(ivp, "t');

xf @t, a, b) eval (vectorize(x));

yf @t, a, b) eval (vectorize(y));

figure; hold on
t =-2:0.1:2;
for a =-2:2
for b =-2:2
plot(xf(t, a, b), yf(t, a, b))
end
end
hol d off
axis([-55 -5 5])
x| abel ' x'




yl abel 'y’

xl abel ('x', 'FontSize', 15)

yl abel ('y', 'FontSize', 15)

title ('Linear Systemfor eigs of sanme sign', 'FontSize', 15)

Linear System for eigs of same sign

c. Two complex conjugate purely imaginary
eigenvalues

% Exanpl e:
% X' =X + 2%y
% y' = -5*x - vy.

% Here is the correspondi ng phase portrait:

ivp = "Dx = x + 2*y, Dy = -5*x -y, x(0) =a, y(0) =b";
[x, y] = dsolve(ivp, "t");
xf = @t, a, b) eval (vectorize(x));
yf = @t, a, b) eval (vectorize(y));
figure; hold on
t =-2:0.1:2;
for a = -2:2

for b =-2:2

plot(xf(t, a, b), yf(t, a, b))




end
end
hol d of f
axis([-5 5 -5 5])
x| abel " x'
yl abel 'y’
xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)
title ('Linear Systemfor purely imag eigs', 'FontSize', 15)

Linear System for purely imag eigs
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d. Two complex conjugate eigenvalues with
non-zero real part

% Exanpl e:
% X' =X + 2%y
% y' = -5*x - 2*y.

% Here is the correspondi ng phase portrait:

ivp = "Dx = x + 2*y, Dy = -5*x - 2*y , x(0) = a, y(0) =b";
[x, y] = dsolve(ivp, "t");

xf @t, a, b) eval (vectorize(x));

yf @t, a, b) eval (vectorize(y));




figure; hold on
t = -2:0.1:2;
for a = -2:2

for b =-2:2
plot(xf(t, a, b), yf(t, a, b))
end
end
hol d of f
axis([-5 5 -5 5])
x|l abel " x'
yl abel 'y’

xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)
title ('Linear System for conplex conj eigs', 'FontSize', 15)

Linear System for complex conj eigs

e. A single real eigenvalue whose eigenspace
Is 1-dimensional

% Exanpl e:
% X' =X + 3*y
% y' = -3*X + T*y.

% Here is the correspondi ng phase portrait:




ivp = "Dx = x + 3*y, Dy = -3*x + 7*y , x(0) = a, y(0) = b";
[x, y] = dsolve(ivp, "t");

xf = @t, a, b) eval (vectorize(x));
yf = @t, a, b) eval (vectorize(y));
figure; hold on
t =-2:0.1:2;
for a = -2:2
for b =-2:2
plot(xf(t, a, b), yf(t, a, b))
end
end
hol d of f
axis([-5 5 -5 5])
x| abel " x'
yl abel 'y’

xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)
title ('Linear Systemfor a single real eig of multiplicity 1', 'FontSize', 15)

Linear System for a single real eig of multiplicity 1
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f. A single real eigenvalue whose eigenspace is
2-dimensional

% Exanpl e:
% X' = 2*X




% y' = 2*%y.

% Here is the correspondi ng phase portrait:

ivp = "Dx = 2*x, Dy = 2*y , x(0) = a, y(0) =Db";
[x, y] = dsolve(ivp, "t");

xf = @t, a, b) eval (vectorize(x));
yf = @t, a, b) eval (vectorize(y));
figure; hold on

t =-2:0.1:2;

for a = -2:2

for b =-2:2
plot(xf(t, a, b), yf(t, a, b))
end
end
hol d of f
axis([-5 5 -5 5])
x| abel " x'
yl abel 'y’

xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)
title ('Linear Systemfor a single real eig of multiplicity 2",

Linear System for a single real eig of multiplicity 2

" Font Si ze' , 15)
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Singular Coefficient Matrix

Finally, let's go back and depict the two non-trivial casesthat occur when A issingular. First, when A has
two distinct real eigenvalues, one of which is zero.

%
%

% Here is the correspondi ng phase portrait:

ivp = 'Dx =x -y, Dy =-x +vy , x(0)
[x, y] = dsolve(ivp, "t');
xf = @t, a, b) eval (vectorize(x));
yf = @t, a, b) eval (vectorize(y));
figure; hold on
t =-2:0.1: 2
for a =-4:2
for b =-4:2
plot(xf(t, a, b), yf(t, a, b),
end
end
hol d of f
axis([-55 -5 5])
x|l abel ' x'
yl abel 'y’
xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)

title ('Linear System when zero is one of two distinct eigs',

% Exanpl e:

X
y.

X -y
-X + Y.

= a, y(0)

"Li neWdth',

" Font Si ze', 15)
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Linear System when zero is one of two distinct eigs

Singular Coefficient Matrix, cont.

And the last case when zero is the only eigenvalue, but it has multiplicity 1.

% Exanpl e:
% X' =x +y
% y' = -x - Y.

% Here is the correspondi ng phase portrait:

ivp='Dx =x +y, Dy =-x -y, x(0) =a, y(0) =b';
[x, y] = dsolve(ivp, "t");

xf = @t, a, b) eval (vectorize(x));
yf = @t, a, b) eval (vectorize(y));
figure; hold on

t =-2:0.1:2;

for a = -4:2

for b = -4:2
plot(xf(t, a, b), yf(t, a, b), 'LineWdth', 2)
end
end
hol d of f
axis([-5 5 -5 5])
x|l abel " x'
yl abel 'y’

12



xl abel ('x', 'FontSize', 15)
yl abel ('y', 'FontSize', 15)

title ('Linear Systemwhen zero is the only eig but has nult 1', 'FontSize', 15)

Linear System when zero is the only eig but has mult 1
5 —

The last two pictureslook somewhat similar. Seeif you can explain the difference. Construct the solutions
by hand if you need to.

% Later in the course we shall see how we nmay someti mes approxi nate

% non-1inear systens by |inear systens. The material here will play a role
% in describing the behavior of nonlinear systens for which we cannot find a
% formul a sol ution.
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