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2. LINEAR SYSTEMS: GENERAL METHODS AND THEORY

The n-dimensional first-order system 1.1 is called linear when it has the form

dz

d_t1 = an(t)z1 + ar2(t)ze + - + aw(t)zn + f1(1),

d.’L'Q

— = an (t)xr1 + a(t)ry + - + agn(t)z, + folt),
(2.1) dt

dz,,

ar An1 (01 + ana(t)z2 + - + ann(t)zn + fall) -

The functions a;;(t) are called coefficients while the functions f;(¢) are called forcings.

We can use matriz notation to write the linear system (2.1) compactly as

dx_

(2.2) i A(t)x+1£(t),

where x and f(¢) are the n-dimensional column vectors

T fi(t)
o R I R
- fult)
while A(t) is the nxn matrix
(8 ) )
Afy = | 0T T
an(t) () - du(?)

We call A(t) the coefficient matriz and f(t) the forcing vector. System (2.2) is said to
be homogeneous if f(t) = 0 and nonhomogeneous otherwise.

The product A(t)x appearing in system (2.2) denotes the column vector that results
from the matriz multiplication of the matrix A(t) with the column vector x. The sum
appearing in (2.2) denotes the column vector that results from the matriz addition of
the column vector A(¢)x with the column vector f(¢). These matrix operations are
presented in the next chapter. You should familiarize yourself with them before going
further in this chapter.

Remark. Any n'-order linear equation in the normal form

dr
EEL/ + aq (t)

dn—ly
dtnfl

R an_l(t)% +an(t)y = f(t),



can be recast as the n-dimensional first-order linear system

X1 Yy
d x !
£ =A(t)x+1f(t), where x = :2 = y ,
Zn Y
with
1 0 0 0
. - - : 0
A(l) = : 0 1 0 , )= :
0 .. 0 0 1 0
—ap(t) - —az(t) —as(t) —ai(t) f(t)

Therefore the study of first-order linear systems contains the study of higher-order linear
equations. Later we will see that solving a first-order linear system can be reduced to
solving a higher-order linear equation.

2.1. Initial-Value Problems. We will consider linear initial-value problems in the
form

(2.3) i—j AR, x(t) —x,

where x! is called the vector of initial values, or simply the initial vector.

A major theme of this chapter is that for every fact that we studied about higher-
order linear equations there is an analogous fact about linear first-order systems. For
example, the basic existence and uniqueness theorem is the following.

Theorem 2.1. If A(t) and f(¢) are continuous over the time interval (¢5,tg)
then for every initial time ¢; in (t,tg) and every initial vector x! the initial-value
problem (2.3) has a unique solution x(¢) that is continuously differentiable over
(tr,tr). Moreover, if A(t) and f(t) are k-times continuously differentiable over the
time interval (¢1,tg) then x(¢) will be (k+1)-times continuously differentiable over
(tr,tr).

You should be able to use the Basic Existence and Uniqueness Theorem to identify
the interval of definition for solutions of the initial-value problem (2.3). This is done
very much like the way you identified intervals of definition for solutions of higher-order
linear equations. Specifically, if x(¢) is the solution of the initial-value problem (2.3)
then its interval of definition will be (¢,tg) whenever:

e the initial time ¢; is in (¢, tg),

e all the entries of the coefficient matrix A(¢) and of the forcing vector f(t) are
continuous over (tr,tg),

e at least one entry of either the coefficient matrix A(t) or the forcing vector f(t)
is undefined at each of ¢t = t;, and ¢t = tp.
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You can do this because the first two bullets along with the Basic Existence and Unique-
ness Theorem imply that the interval of definition will be at least (t,tr), while the
last bullet along with our definition of solution imply that the interval of definition can
be no bigger than (¢1,tr) because the equation breaks down at t = ¢t7, and ¢t = tg. This
argument works when t;, = —oo or tgp = 0.

2.2. Homogeneous Systems. Just as with higher-order linear equations, the key to
solving a first-order linear system (2.2) is understanding how to solve its associated
homogeneous system

dx
2.4 — =A(t)x.
(24) = Al)x
We will assume throughout this chapter that the coefficient matrix A(t) is continuous
over an interval (t;,tgr), so that Therorem 1.1 can be applied. We will exploit the

following property of homogeneous systems.

Theorem 2.2. (Linear Superposition). If x;(¢) and x,(t) are solutions of
system (2.4) then so is ¢1x1(t) + caXa(t) for any values of the constants ¢; and cs.
More generally, if x1(t), x5(t), -+ -, X,,(t) are m solutions of system (2.4) then so
is the linear combination

(2.5) x(t) = c1x1(t) + c2xa(t) + -+ - + X (t)
for any values of the constants ¢, ca, -+, .

Remark. Here x;(t), x2(t), -+, X,,(t) denote m different vector-valued solutions of
the system (2.4), and should not be confused with x(t), x2(t), - - -, ,,(t), which denote
the first m entries of the vector-valued function x(t).

Reason. Because x;(t), Xa(t) -+, X,u(t) solve (2.4), a direct calculation starting from
the linear combination (2.5) shows that
dx d
E(t) = &(Clxl () + coxo(t) + -+ - + cmxm(t))
dX1 dX2 de
= L)+ o2 () -+ e (t
c1 dt()+c2dt()+ +eng (t)

= At)x1(t) + 2 A(L)xa(t) + -+ - + A (L)X (1)
= A(t)(c1x1(t) + coxa(t) + -+ - + X (1))
= A(t)x(t).
Therefore x(t) given by the linear combination (2.5) solves system (2.4). O]

Remark. This theorem states that any linear combination of solutions of (2.4) is also
a solution of (2.4). It thereby provides a way to construct a whole family of solutions
from a finite number of them.

Now consider the initial-value problem
dx

(2.6) T A(t)x, x(t;) =x".



5

Suppose we know n “different” solutions of (2.4), x1(t), xa(t), - -+, x,(t). It is natural
to ask if we can construct the solution of the initial-value problem (2.6) as a linear
combination of x;(t), x2(t), - - -, X,(t). Set

(2.7) x(t) = exxa(t) + exxa(t) + -+ caxa(t)
By the superposition theorem this is a solution of (2.4). We only have to check that
values of ¢y, ¢g, - -+, ¢, can be found so that x(¢) will also satisfy the initial conditions

in (2.6) — namely, so that
x! = x(t;) = a1x(t7) + caxo(ty) + - - + caXn(t;) = ¥(tr)c,
where W (¢;) is the nxn matrix given by
U(t;) = (xi(tr) xa(ty) -+ x,(tr)),
and c is the nx1 column vector given by
c=(c1 ¢ - cn)T.

This notation indicates that the k™ column of W(¢;) is the column vector x;(t;). In
this notation the question becomes whether there is a vector ¢ such that

U(t;)c=x', forevery x'.

This linear algebraic system will have a solution for every x! if and only if the matrix
W(t;) is invertible, in which case the solution is unique and is given by

c=V(t;) 'x".
Of course, the matrix W(¢;) is invertible if and only if det(®(¢;)) # 0.

2.3. Wronskians and Fundamental Matrices. Given any set of n solutions x;(t),
Xa(t), - -+, x,(t) to the homogeneous equation (2.4), we define its Wronskian by

(2.8) Wrlxy, Xo, -+, X, |(£) = det(x1(t) x2(t) -+ x,(1)) .

The analog of Abel’s Wronskian Theorem for first-order systems is Liouville’s Wronskian
Theorem. It states that

d
(2.9) &Wr[xl, X2, X, () = tr(A(t)) Wrlxi, Xo, - -+, X (¢)
where tr(A(t)) denotes the trace of A(t), which is given by
(2.10) tr(A(t)) = a11(t) + age(t) + - + ann(t).

Upon integrating the first-order linear equation (2.9) we obtain

1) Webssxa o) = Wbk s x(0) esp [ (A ds)

ir
As was the case for higher-order equations, this shows that if the Wronkian is nonzero
somewhere then it is nonzero everywhere, and that if it is zero somewhere, it is zero
everywhere!

Again analogous to the higher-order equations case, we have the following definitions.



Definition. A set of n solutions x;(t), xa(t), -+, x,(t) to the n-dimensional
homogeneous linear system (2.4) is called fundamental if its Wronskian is nonzero.
Then the family

(2.12) x(t) = 1% (t) + coxa(t) + -+ - + X, (1)
is called a general solution of system (2.4).

However, now we introduce a new concept for first-order systems.

Definition. If x,(t), xa(t), - - -, X,(t) is a fundamental set of solutions to system
(2.4) then the nxn matrix-valued function
(2.13) U(t) = (x1(t) x2(t) -+ xu(t))

is called a fundamental matriz for system (2.4).
Some basic facts about fundamental matrices are as follows.

Fact. Let ¥(t) be a fundamental matrix for system (2.4). Then
e W(t) satisfies

(2.14) U =A@)P, det (T (t)) #0;
e A general solution of system (2.4) is
x(t) = ¥(t)c;

Reason. By (2.13) we see that

V() = (xu(t) xo(t) - xa(t)) = (x1() X5(8) - x,(1)

= (A()x1(t) A()xa(t) -+ A(t)x,(t))
=A(t) (x1(t) x2(t) -+ x,(1))
= ADT(2).
Also by (2.13) we see that
det (P (1)) = det(x1(t) x2(t) -+ x,(t))

= Wr[xy,Xg, -+ ,X,)(t) #0.

It should be clear from (2.13) that the general solution given by (2.12) can be expressed
as x(t) = ¥(t)c.

Example. The vector-valued functions

are solutions of the differential system

(-G

Construct a general solution and a fundamental matrix for this system.
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Solution. It is easy to check that x;(¢) and x,(t) are each solutions to the differential
system. Because

—€

JETI o
Wrxy, x5](t) = det oot . )] = —2e",

we see that x;(t) and x5(¢) comprise a fundamental set of solutions to the system.
Therefore a fundamental matrix is given by

W) = Gl x) = (G ).

while a general solution is given by

5t t 5t t
— _ (€ € c1\ _ [ce” + e
xto = wine= (G ) () = (D).

Alternatively, we can construct a general solution as

€5t et c €5t + c et
x(t) = a1x1(t) + caxa(t) = ¢4 (65t + ¢y )= R .

c1e’t — coet

Example. The vector-valued functions

0= (1), w0 (5)

are solutions of the differential system

d (z _ (7 2t —t" (2
dt \x2 1 —t? To )
Construct a general solution and a fundamental matrix for this system.
Solution. It is easy to check that x;(¢) and x»(t) are each solutions to the differential

system. Because
342
Wrxy, x5|(t) = det (1 J; t tl) =1,

we see that x;(t) and x5(¢) comprise a fundamental set of solutions to the system.
Therefore a fundamental matrix is given by

w0 = (a(t) x(0) = (1),

while a general solution is given by
_ (148 2 (a) (a4 )+ eot?
X(t) o ‘I’(t)C o ( t 1) <02 o Clt + Co '

Alternatively, we can construct a general solution as

1+t t? 1+ t%) + cot?
X(t) = 61X1<t) +62X2(t) =C ( + ) + Co (1) = (Cl( Clt‘i_)CQ C2 .

Remark. The solutions x;(t) and x3(t) were given to you in the problems above.
Chapters 4 and 5 will present methods by which we can construct a fundamental set
of solutions (and therefore a fundamental matrix) for any homogeneous system with
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a constant coefficient matrix. For systems with a variable coefficient matrix you will
always be given solutions.

Remark. Any matrix-valued function ¥ (¢) such that det(®(¢)) # 0 over some time
interval (¢1,tg) is a fundamental matrix for the first-order differential system

x' = A(t)x, where A(t) = W'()¥(t)".
This can be seen by multiplying (2.14) on the left by ¥(¢)~!.

Example. Find a first-order differential system such that the vector-valued functions

=111 mo-(Y).

comprise a fundamental set of solutions.

Solution. Set .
O(t) = (x1(t) xa(t)) = (“;t t1> .

Because det(¥(t)) = 1, we see that ¥(¢) is invertible. Set

=i (¥ 3) (150 )

(3t 2\ (1 =2\ [t 22—t
S\l 0 \—t 1+#) 1 —* )
Therefore x;(t) and x5(t) are a fundamental set of solutions for the differential system
d (z _ (7 2t —t"\ (2
dt \xo 1 —t? To)
2.4. Natural Fundamental Matrices. Consider the initial-value problem
(2.15) x = A(t)x(t), x(t;) = x".
Let ¥(¢) be any fundamental matrix for this system. Then a general solution of the

system is given by
x(t) = ®(t)c.

) =
By imposing the initial condition from (2.15) we see that
x' = x(t;) = ¥(tr)c.

Because det (¥(t;)) # 0, the matrix () is invertible and we can solve for c as

c=V(t;) 'x".
Hence, the solution of the initial-value problem is
(2.16) x(t) = U)W (t;) 'x".

Now let ®(t) be the matrix-valued function defined by
(2.17) P(t) =W (t)P(t;) "
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If we differentiate ®(¢) and use the fact that ¥(¢) is a fundamental matrix for system
(2.15) we see that

@'(1) = (L(O)C(t) ") = W (OE(H) " = ANTO)L(t) T = AN)().
Moreover, from (2.17) we see that
S(t)=V(t)P(t;) ' =1,
Therefore ®(¢) is the solution of the matrix-valued initial-value problem
(2.18) D' =A(t)P, ®(t;) =1.
This shows three things.

1. ®(t) as a function of ¢ is a fundamental matrix for system (2.15);
2. ®(t) is uniquely determined by the matrix-valued initial-value problem (2.18);

3. ®(¢) is independent of our original choice of fundamental matrix W(t) that was
used to construct it in (2.17).

We call ®(t) the natural fundamental matriz associated with the initial time ;.

Just like it was easy to express the solution of an initial-value problem for a higher-
order equation in terms of its associated natural fundamental sets of solutions, we
express the solution of the initial-value problem (2.15) in terms of its associated natural
fundamental matrix as simply

(2.19) x(t) = ®(t)x".

Given any fundamental matrix W(¢), we construct the natural fundamental matrix
associated with the initial time ¢; by formula (2.17).

Example. Constuct the natural fundamental matrix associated with the initial time 0

for the system
i Ty 3 2 T
dt \z2) \2 3) \z2) "

Use it to solve the initial-value problem with the initial conditions x;(0) = 4 and
Solution. We have already seen that a fundamental matrix for this system is

By formula (2.17) the natural fundamental matrix associated with the initial time 0 is

5t t -1
_ 1 (e e 1 1
w0 =wro = (5 ) (1)
(e ety 1 =1 =1\ 1 (e qel -
Therefore the solution of the initial-value problem is

1 [Pt 4 et 5t — ¢t 4 5t 4 3et
_ I _ — =
X(t) = ®(t)x = 5 <65t P _9 et 30t ) -
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Example. Constuct the natural fundamental matrix associated with the initial time 1

for the system

d [z (t* 2t —t* (=

i ()= (0 7))
Use it to solve the initial-value problem with the initial conditions z;(1) = 3 and
Solution. We have already seen that a fundamental matrix for this system is

w(t) = (1J;t3 tf) '

By formula (2.17) the natural fundamental matrix associated with the initial time 1 is

wo v - (157 5) (1)

(14 2\ (1 =1\ (14—t —1-t3+22
St 1)\-1 2 )7\ t-1 2—t )

Therefore the solution of the initial-value problem is
_ ;o {1+ = —1—t3+22\ 3\ (148 —¢
x(t)—q)(t)X—( P 9 _ 0 =3 P :

2.5. Nonhomogeneous Systems and Green Matrices. We now consider the non-
homogenous first-order linear system

(2.20) X = A(t)x +£(t) .

If xp(t) is a particular solution of this system and ¥(¢) is a fundamental matrix of the
associated homogeneous system then a general solution of system (2.20) is

x(t) = xp(t) +xp(1).
where xy(t) is the general solution of the associated homogeneous system given by
(2.21) xp(t) =¥(t)c.

Recall that if we know a fundamental set of solutions to the associated homogeneous
differential equation then we can use either Variations of Parameters or general Green
Functions to construct solutions to a nonhomogeneous n'"-order linear equation in terms
of n integrals. Here we show that an analogous fact holds for the nonhomogenous first-
order linear system (2.20). Specifically, if we know a fundamental matrix W(¢) for the
associated homogeneous system then we can construct solutions to the n dimensional
nonhomogeneous linear equation in terms of n intergrals.

We begin with the analog of the method of Variation of Parameters for the non-
homogeneous first-order linear system (2.20). We will assume that A(t¢) and f(¢) are
continuous over an interval (tz,tg). We also will assume that we know a fundamental
matrix W(¢) of the associated homogeneous system. This matrix will be continuously
differentiable over (tr,tr) and satisfy

U'(t) = A)¥(t), det (®(t)) #0.
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Because xy(t) has the form (2.21), we seek solutions in the form
(2.22) x(t) = ¥(t)u(t),
where u(t) is a vector-valued function. By differentiation we see that
X'(t) = (T(tu(t))" = ¥'(t)u(t) + T(H)u'(t)
=A®)®(t)u(t) + T(t)u'(t)
= A(t)x(t) + ¥(t)u'(t).

By comparing the right-hand side of this equation with the right-hand side of equation
(2.20), we see that xp(t) will solve (2.20) if u(t) satisfies

U (H)u'(t) = £(¢).
Because W(t) is invertible, we find that
(2.23) u'(t) = U(t) ().

If up(t) is a primitive of the right-hand side of (2.23) then a general solution of this
system has the form

u(t) =c+up(t).
When this solution is placed into the form (2.22), we find that a general solution is
given by

(2.24) x(t) = ¥(t)c+ ¥(t)up(t).
Now let t; be any initial time in (¢1,¢r) and consider the initial-value problem
(2.25) x = A(t)x +£(t), x(t;) =x".
If we take the particular solution of (2.23) given by
uplt) = [ (s 1()as,
tr
then (2.24) becomes
(2.26) x(t) = (t)e + T(1) / ") (s ds.
¢
The solution of the initial-value problem is theln
(2.27) X(t) = U)W (t;) 'x' + ¥(t) /t U(s) Hf(s)ds.
tr
We define the Green matriz G(t, s) by

(2.28) G(t,s) = ¥(t)¥(s) " .

Then we can recast (2.27) as

(2.29) x(t) = G(t, t;)x’ + /t G(t,s)f(s)ds.



12

In particular, the particular solution of (2.27) that satisfies x(¢;) = 0 is given by
(2:30) / G(t,s)

Remark. It is evident from formulas (2.17) and (2.28) that the Green matrix has the
property that for every ¢; in ({1, tr) the natural fundamental matrix associated with ¢;
is given by ®(t) = G(t,t7). In other words, G(¢, s) is the natural fundamental matrix
associated with s. This implies that G(¢,s) is independent of our original choice of
fundamental matrix W(¢) that was used to construct it in (2.28).

Example. Constuct the Green matrix for the system
i 1\ 3 2 T 4+ 1 4
dt \z2)  \2 3) \z 1+4+e26\2)"°
Solution. We have seen that a fundamental matrix of the associated homogeneous
system is
et et
w(t) = (e5t ot

Then by formula (2.28) the Green matrix is given by

i —wiwer - (5 4 (5 5

—e —e
B 6575 et 1 —e5 —e8 B 1 €5t 6t 6—55 6—55
- 6575 —€t m _653 655 - 5 e5t _et e~ —e S
1 e5(t—8) 4 et—s 65(15—5) — et
= 5 ebt=s) _ ot—s  5(t—s) Let=s )
Example. Constuct the Green matrix for the system
d [z, 2 2t —th\ (a1 et
_ — 9 + .
dt \ T2 1 —t ) t
Solution. We have seen that a fundamental matrix of the associated homogeneous

system is
1+
wa- (1574,

Then by formula (2.28) the Green matrix is given by

G(t,s) = ¥(t)T(s) ' = (ltti" tf) (1 g 312) o

S

1+ 1 =\ (148 —t2s 242 — % — 172
- t 1) \—=s 14+s) t—s 1+ s —ts? '
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2.6. Triangular Systems. We have just seen that if we can construct a fundamental
matrix W(t) for the homogeneous linear system

(2.31) x' = A(t)x,
then
(2.32) G(t,s) = ®(t)®(s)"

is the Green matrix G(t, s) for the nonhomogeneous linear system
x' =A(t)x+£(t).
In that case if A(¢) and f(t) are continuous over an interval (t7,tr) and ¢; is in ({1, tg)
then
t
(2.33) x(t) = G(t, t7)x’ +/ G(t,s)f(s)ds
tr

is the solution of the initial-value problem

(2.34) x' =A(t)x+£(t), x(t;) = x'.

However, when system (2.31) is of dimension two or more there is no general recipe for
constructing a fundamental matrix W(¢).

Here we show that a fundamental matrix ¥(¢) can be constructed for system (2.31)
whenever A(t) is triangular. This means that A(¢) has either the lower triangular form

an(t) 0 cee O
(2.35a) A(t) = an(t) an(t) :
: 0
an1 (t) t Ap(n—1) (t) aTLTL(t)
or the upper triangular form
an(t) ap(t) -+ a(t)
(2.35b) Ap=| O =
: E An—1)n(t)
0 e 0 apa(t)

When A (t) has one of these forms the systems (2.31) and (2.34) are called triangular
systems.

Before describing the general construction, we will illustrate the idea behind it for
the case when A(t) is the 2 x 2 lower trangular matrix

(2.36) At) = (28 c?t)) .

We will assume that a(t), b(t), and ¢(t) are continuous over an interval (¢ ,t,) and that
tr isin (¢ ,t,). We will contruct the natrural fundamental matrix ®(t) for the initial
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time t; by solving the general initial-value problem

¥ =a(t)r x(t;) = xr,
"=btrtet)y  ylt) =y,

Because the first equation decouples from y, its solution is

(2.37)

t
z(t) = ez, where A(t) = / a(r)dr.

tr
Beacuse z(t) is now known, the solution of the second equation is
t
y(t) = ey, + eCOB(t),  where C(t) = / c(r)dr,
tr

and

B(t) = /t e COp(r)a(r) dr.

tr
Collecting everything, the solution of the general initial-value problem (2.36) is

z(t)\ ey
(2.38) (y(t)) = (GC(t)yI+eC(t) ftt, eA(r)fC(r)b(m dra;)

Because the natural fundamental matrix ®(¢) satisfies

() =20 (1)

its columns can be read off as the terms in ([?7]) that multiply x; and y; respectively.
This yields

eAlt) 0
(2.39) d(t) = (ecu) ftt[ eAM=COIp(r) ds eC(t)> )

where A(t) and C(t) are given by
(2.40) At) = / a(r)dr, C(t) = /t c(r)dr.

Exercise. Check that the ®(t) given by (2.39) satisfies the matrix initial-value problem
(2.41) ' =A)P, O(t;) =1,
where A(t) is the lower triangular matrix given by (2.36).

Rather than memorize formula (2.39), it is simpler to repeat the steps by which it
was derived when faced with solving any triangular system.
Example.

We will describe the construction for the case when A(¢) has the lower triangular
form (2.35a). In that case we see from (2.31) that the first entry of x satisfies

] = ap(t)r, zy(ty) =zt
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This has the solution

t
:cl(t):x{eA“(t)), where An(t):/ ai1(s)ds.

tr
We then see from (2.31) that the second entry of x satisfies

$/2 = a921 (t)l’l + Clgz(t)xz,

Because x(t) is known this has the solution

t
To(t) = ale2® 4 22O By (1) | where  Ag(t) = / ag(s)ds,

tr
and .
Bsy(t) = / e 422 gy, (5)a1(s) ds .
tr
In general we see from (2.31) that the k™ entry of x satisfies

zy, = ap () z1 + -+ + arge—1)(t) Tr—1 + ap(t) ok, . (tr) = 2 .

Because x4 (t), - -+, x;_1(t) are known this has the solution

t
2 (t) = e Ozl 4 A B (1) | where A (t) = / agk(s) ds,

and
Bi(t) = / e Ak (s) (akl(s)xl(s) +ooee ak(k,l)(s)xk,l(s)) ds.

tr

Remark. The construction is similar for the case when A(¢) has the upper triangular
form (2.35b). The difference is that we solve for x,(t) first, z,,_1(t) second, and so
forth.,
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EXERCISES ON LINEAR SYSTEMS
(1) Express
a = 2tw, + ey

xhy = 3w — 3txs

with x1(0) = —5 and z5(0) = 2 as a vector equation with a vector initial
condition.
Solution
(2) Consider the system

¥ =2r+y—=z
Yy =x—3y+52
Y =dr — Ty + 2.

Write this system as a vector equation.

Solution
. ., 4t 6t2 el . . .
(3) Consider the vector equation x’ = 9 43 X+ ot |- Write this equation as
a system of 2 equations.
Solution

For Problems 4- 7 recast the higher order linear differential equations as a linear
system of first order equations. Find the coefficient matriz A(t) and forcing £(t). If the
problem 1s an tnitial value problem, then be sure to state the initial condition.

(4) v+ 3tu = ¢’

Solution
(5) ¥+ 2" =ty +y =0

Solution
(6) (1+12)y" + ey —sin (t)y = cos (t)

Solution
(7) yW 4+ 29" + cos (t)y" + t?sin (t)y = tet

Solution

(8) Consider the second order equation y” + p(t)y + q(t)y = g(t) with initial con-
ditions ¢’(0) = 1 and y(0) = 2. Let x; = y and 25 = %/, and then express
this second order equation as a system of two first order equations. Be sure to
include the initial condition for your system.

Solution

(9) Consider the nth order equation y™ + a1 (£)y" Y +ax(t)y" 2+ +a,_1 ()Y +
an(t)y = g(t) with initial conditions ¥ (0) = b;; for i = 0,...,n — 1. Express
this nth order equation as a system of n first order equations. Be sure to include
the initial condition for your system.

Solution


http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol009.pdf
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(10) Two hanging pendula of length ¢ and masses m; and my are coupled by a
spring. Let 6; and 6y be the angular displacement of each pendulum from its
rest position. For small angles, the equations of motion are approximated by
the following linear system:

m1€9'1’ == —m1g€1 — ]{35(91 - 02)
mgé%’ = —m2g92 + k’g(gl — 92)

Write this as a first-order linear system. Find the corresponding coefficient
matrix A and the forcing f.
Solution

For problems 11- 12 determine the largest interval where a unique solution exists for
the following initial value problems for first order systems.

(11)
() ) () e (Y

o (1052@ tioE(lt)) _ (szt )), x(1) = ((7))

(13) Consider the differential system

()= ) ()

4t t
(a) Show that (2475) and ( y ) are both solutions to this system.
(

Solution
(12)

Solution

) 2€t
b) Give a fundamental matrix for this system.
(c) Give a general solution to this system in vector form.
(d) Compute the natural fundamental matrix for this system associated with
t=0.
(e) Solve the initial value problem for this system with 2(0) = —2 and y(0) = 3.
Solution
(14) Consider the differential system

(1) = (e 7))

t . _ t . .
(a) Show that both (Zt Z?SE:IIE((:))))) and ( ef(:(sjlsrzsgzg)))) are both solutions
to this system.

(b) Give a fundamental matrix for this system.

(c) Write a general solution to this system in vector form.

(d) Compute the natural fundamental matrix of this system associated with
t=0.

(e) Solve the initial value problem for this system with z(0) = 1, y(0) = 0.


http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol013.pdf
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Solution
(15) Consider the differential system

i) (% ) 0)

t2 t2 .
(a) Show that both (6 Si(Ile(Séw) and (e_ CS;S(%)) are solutions to the above
system.

(b) Give a fundamental matrix for this sytem.
(c) Write a general solution to this system in vector form.
(d) Compute the natural fundamental matrix of this system associated with
t=0.
(e) Solve the initial value problem for this system with z(0) = —1, y(0) = 3.
Solution
(16) Consider the differential system

i) e (7 ) ()

2,3t 2\ —t
(a) Show that both <(1 +e§t Je ) and ((1 + t_)te ) are solutions to the above

system.
(b) Give a fundamental matrix for this sytem.
(c) Write a general solution to this system in vector form.
(d) Compute the natural fundamental matrix of this system associated with
t=0.
(e) Solve the initial value problem for this system with z(0) = —4, y(0) = 2.
Solution

For problems 17- 20, show that the following vector valued solutions to a linear system
form a fundamental set. Find the linear system that they solve.

(17) xu(t) = (Sin(f)oi(?os(t)) » xelf) = (cos(z)sgl(si)n(ﬂ)

Solution
ot _e 2
a8 %0 = (&) 0= (5)
o o Solution
2te —2e”
19) %0 = (") w0 = (7757
Solution
1 t+1 sPHt+1
(20) x1(t) = | 0] €3, xa(t) = 1 et x3(t) = t+1 e3t.
2 2t 42 (t+1)?
Solution
(21) Let ®(¢) be the natural fundamental matrix associated to ¢; for the system
d
& Ax,

dt


http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol020.pdf

(22)

(23)

(24)

(25)
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where A is a constant matrix. Show that ®(¢) and A commute, that is
D(t)A = AD(1).
Hint: Show that ®(t)A show that A®(t) solve the same initial value problem.

Solution
Let W(¢) be a fundamental matrix for the system
dx
— =A(t)x.
5 = Alt)x

For any constant matrix C such that det(C) # 0, show that WC is also a
fundamental matrix, but that C¥ may not be. How must C and A(t) be
related so that C¥ becomes a fundamental matrix?

Solution
Let ¥, and ¥, be two fundamental matrices of
dx
— = A(t)x.
P (t)x

Show that there exists a constant C, det (C) # 0, such that ¥; = ¥,C.

Hint: Show that (¥;'W,) = 0, and use the product rule for matrices (AB)' =
A'B + AB’ (see the exercises in the supplement on matrices and vectors).

Solution
The previous problem implies that if ¥; and ¥, are fundamental matricies of
dx
— = At

then their Wronskians Wy (t) = det (¥4(t)), Wa(t) = det (Po(t)) differ by a

constant multiple ¢ # 0, since
Wi(t) = det (¥y(t)) = det (C) det (¥y(t)) = cWs(t).

Use Liouville’s Wronskian Theorem to reach this same conclusion.

Solution
Consider the homogeneous n'" order linear differential equation in normal form
dny dn—ly dy
—= 24 .+ ap () == 4 an(t)y = 0,
b a) a5+ ety
and its equivalent n-dimensional first-order linear system
dx
— =A(t)x.
g = Al

Show Abel’s Wronskian Theorem for the n'* order equation using Liouville’s
Wronskian Theorem for the first order linear system.
Solution


http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-LIN/WORK/Sol025.pdf
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