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8. AUTONOMOUS PLANAR SYSTEMS: INTEGRAL METHODS

For the remainder of the course we will study first-order, autonomous, planar systems
in the normal form

dx @_

The word “autonomous” has Greek roots and means “self governing”. Such systems
are called autonomous because they only depend on the state (x,y) and not on time t.
What makes them planar is the fact that they have two dependent variables, x and y.

g(w,y).

In the general discussions throughout this chapter we will assume that f and g are
continuously differentiable over some domain D in the xy-plane. Therefore our basic
existence and uniqueness theorem for initial-value problems applies whenever the initial
data lies in D. When f(z,y) and g(x,y) are defined over the entire xy-plane and D is
not specified explicitly then we will assume that D is the entire xy-plane.

As with linear planar systems that we studied in the last chapter, every solution of
(8.1) can be thought of as tracing out a curve (z(t), y(t)) in the xy-plane — the so-called
phase-plane. Each such curve is called an orbit or trajectory of the system.

Fact 1. Every point in the domain D has exactly one orbit passing through it.
Reason. This is a consequence of the existence and uniqueness theorem. O

Fact 1 implies that orbits fill the domain D, and that orbits cannot cross or otherwise
share a point. We can gain insight into all solutions of system (8.1) by sketching a
so-called phase-plane portrait that indicates how their orbits fill the domain D in the
phase-plane.

This chapter presents techniques for understanding the phase-plane of system (8.1)
that require either finding explicit solutions or finding an implicit relation that solutions
satisfy. We call these techniques integral methods because they usually require finding a
primitive. Sometimes integral methods can give a complete picture of the phase-plane
of the system. At other times they have to be supplemented with nonintegral methods in
order to get a complete picture of the phase-plane of the system. Nonintegral methods
will be treated in the next chapter.

8.1. Stationary Solutions and Points. A solution of system (8.1) called stationary
if it does not depend on time. Because the time derivatives are zero for such a solution,
it must satisfy the algebraic system

(8.2) 0= f(v,y), 0=g(=,y).

Conversely, if (z,,y,) satisfies this algebraic system then it is easily checked that
(z(t),y(t)) = (x,yo) is a stationary solution of system (8.1). Therefore we can find
all stationary solutions of the first-order system (8.1) by finding all solutions of the
algebraic system (8.2).

System (8.2) consists of two algebraic equations for the two unknowns z and y. In
general it can have no solutions, one solution, or many solutions.



Example. Find all stationary solutions of the system
dx dy
- — y , -
dt dt

Solution. The stationary solutions satisfy
0=y, O=dr—a’=x(d—2*)=22—-2)2+2).

The first of these equations implies ¥y = 0, while the second implies x = 0, x = 2, or

=4z — 2%,

x = —2. Therefore the stationary solutions are
(0,0), (2,0), (—2,0). O

Example. Find all stationary solutions of the system

dx dy

— =y +9—2? -2 = 2y.

T P T
Solution. The stationary solutions satisfy

0=y+9—2a?, 0=2zy.

The second of these equations implies that x = 0 or y = 0. Each of these possibilities
spawns a logical thread that must be followed.

First, if x = 0 then the first equation becomes 0 = y + 9, which implies y = —9.
Hence, the thread from x = 0 leads to the stationary solution (0, —9).

On the other hand, if y = 0 then the first equation becomes 0 = 9 — 22, which implies
that = £3. Hence, the thread from y = 0 leads to the stationary solutions (—3,0)
and (3,0).

By collecting the results from each thread, we have found the three stationary solu-
tions

(0,-9), (=3,0), (3,0). OJ
Example. Find all stationary solutions of the system
d d
d—fz(y—x)(x—l% —y:(3—|—2x—x2)y.

dt
Solution. The stationary solutions satisfy
0=(y—x)(z—1), 0=0B+2r—2%)y=0B—-2)(1+2)y.
The first of these equations implies y = x or x = 1. Each of these possibilities spawns
a logical thread that must be followed.

First, if y = x then the second equation becomes 0 = (3 — x)(1 + x)x, which implies
xr=3,x=—1,or x = 0. Hence, the thread from y = z leads to the stationary solutions
(3,3), (—1,—1), and (0,0).

On the other hand, if x = 1 then the second equation becomes 0 = 4y, which implies
y = 0. Hence, the thread from = = 1 leads to the stationary solution (1,0).

By collecting the results from each thread, we have found the four stationary solutions
(3,3), (=1,-1), (0,0), (1,0). 0
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Remark. We could have found the stationary solutions in the last example by starting
with the second equation. That equation implies that x = 3, x = —1, or y = 0. Each
of these possibilities spawns a logical thread that must be followed.
Remark. In each of the above examples there were a finite number of stationary
solutions. As the following example shows, this need not be the case.
Example. Find all stationary solutions of the system
dx dy
- — y, -
dt d¢

Solution. The stationary solutions satisfy

= —sin(z) —y.

0=y, 0= —sin(z) —y.

The first of these equations implies that y = 0, while the second implies that sin(z) = 0,
which implies that x = n7 for some integer n. Therefore the stationary solutions are

(=2m,0), (—=m0), (0,0), (m,0), (2m,0), ---. O

8.2. Semistationary Solutions. A solution of system (8.1) called semistationary if
one of the unknowns x or y does not vary with time. These special solutions of system
(8.1) are easy to identify. They can be analyzed by the methods for first-order equations
we studied at the beginning of the course.

There will be a semistationary solution in the form (a,Y'(¢)) if the right-hand side of
the dz/dt equation vanishes when x = a for every y — i.e. if f(a,y) = 0 for every y.
In that case y = Y'(t) must satisfy the first-order autonomous equation

dy
dt
Sometimes we can find explicit or implicit solutions of this first-order equation.

(8.3a) 9(a,y).

There will be a semistationary solution in the form (X (¢),b) if the right-hand side of
the dy/dt equation vanishes when y = b for every z — i.e. if g(x,b) = 0 for every z. In
that case x = X (¢) must satisfy the first-order autonomous equation

(8.3b) i—f = f(z,b).

Sometimes we can find explicit or implicit solutions of this first-order equation.

The orbits of semistationary solutions are easy to plot in a phase-plane portrait
without finding an analytic solution.

e Semistationary solutions in the form (a,Y'(¢)) lic on the line x = a in the zy-
plane. The direction of their orbits is found by transfering the phase-line portrait
for the first-order autonomous equation (8.3a).

e Semistationary solutions in the form (X (¢),b) lie on the line y = b in the xy-

plane. The direction of their orbits is found by transfering the phase-line portrait
for the first-order autonomous equation (8.3b).
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Example. Find all semistationary solutions of the system

dx d_y

— = = 4o — 2>,
a o w T

Solution. There is no value of x that makes the right-hand side of the dz/dt equation
zero. There is no value of y that makes the right-hand side of the dy/d¢ equation zero.
Therefore this system has no semistationary solutions. 0

Example. Find all semistationary solutions of the system

dx dy
a YT g T

Solution. There is no value of = that makes the right-hand side of the dz/d¢ equation
zero for every y. When y = 0 the right-hand side of the dy/dt¢ equation is zero for every
x. When y = 0 the dz/dt equation reduces to the first-order autonomous equation

d
d—§:0+9—$2:(3—x)(3+x).

The solution of this equation with initial-value x, at t =0 is

3(3 + x,)e % — (3 — x,)

T B e 1 (3 —ay)

Therefore this system has the semistationary solutions

B+ z,)e % — (3 —x,)
(3<3 T 1) 1 (31, 0) - -

Figure [?7] shows these semistationary solutions with the stationary solutions.
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FIGURE 8.1. Stationary solutions (black circles) and semistationary so-
lutions (red lines) for the second example system.

Remark. For z, = —3, and x, = 3 these recover the stationary solutions (—3,0) and
(3,0) respectively. We thereby see that the stationary points (—3,0) and (3,0) are
included in this semistationary solution, while the stationary point (0, —9) is not.

Example. Find all semistationary solutions of the system
dx dy

T =-a@-1), F=p+a-)y.

Solution. When z = 1 the right-hand side of the dz/dt equation is zero. When z =1
the dy/dt equation reduces to the first-order autonomous equation

dy

—Z =(3+2-1-1%)y=4y.

Fria G Jy =4y

The solution of this equation with initial-value y, at t = 0 is y = y,e*.

When y = 0 the right-hand side of the dy/dt equation is zero. When y = 0 the dz/dt
equation reduces to the first-order autonomous equation

d
d-f:(o—x)(x—n i
The solution of this equation with initial-value z, at t = 0 is @ = z,e' /(1 + z,(e! — 1)).

Therefore this system has the semistationary solutions

u Z,et
(1, yoe™) | (—1+xo(et—1)’0)‘ O

Figure 8.2 shows these semistationary solutions with the stationary solutions.



4 T T T
3t ° ]
(3,3)
21 ]
1r A :
SN
0 - -
(0,0) [(1,0)
-1t ) i
(_17 _1)
9 - ! .
-2 -1 0 1 2 3 4
T

FIGURE 8.2. Stationary solutions (black circles) and semistationary so-
lutions (red lines) for the first example system.

Remark. For y, = 0, z, = 0, and z, = 1 these recover the stationary solutions
(1,0), (0,0), and (1,0) respectively. We thereby see that the stationary point (1,0) is
included in both semistationary solutions, the stationary point (0, 0) is included in one
semistationary solution, while the stationary points (3, 3) and (—1, —1) are not included
in any semistationary solution.

8.3. Orbit Equations and Integrals. It is clear that every nonstationary solution
(x(t),y(t)) of system (8.1) satisfies

dz dy
—9(@y) 5 +fey) 5 = —9lw.y) floy) + f,y) g(,y) = 0.
Therefore the orbits these solutions trace out in the zy-plane lie on curves that satisfy
the differential form equation

(8.4) —g(z,y)dz + f(x,y)dy = 0.

Here we have adopted the convention of putting a minus in front of the ¢g(z,y) dz term.
This equation says that

if (ggj” @y/))) =+ (8) then the orbit through (x,y) is perpendicular to (_jfég’gg)) )

It says nothing at stationary points of system (8.1). Because (8.4) governs the relation-
ship between x and y along orbits in the xy-plane, it is called an orbit equation.

Equation (8.4) can be recast as a first-order differential equation in two ways.



e In regions of the xy-plane where f(x,y) # 0 we can recast it as
dy _ g(z,y)
dz f(x,y)

Here we are seeking y as a function of z.
e In regions of the zy-plane where g(z,y) # 0 we can recast it as

dz_ f(z,y)
dy  g(z,y)
Here we are seeking x as a function of y.

(8.5a)

(8.5b)

Equations (8.5a) and (8.5b) are equivalent to equation (8.4) except on the sets where
f(z,y) = 0 and g(x,y) = 0 respectively. Like equation (8.4), they do not involve ¢.
Rather, they govern the relationship between x and y along orbits in the zy-plane. For
this reason they are also called orbit equations. If they are linear, separable, or have an
exact differential form then their solution (possibly implicit) is reduced to finding some
primitives.
Example. Try to solve the orbit equation for the system
dx dy
- = y , -
dt dt
Solution. For this system orbit equation (8.4) is

—(4r — 2*)dr +ydy = 0.

=4z — 23,

This has the separated form
ydy = (4v — 2%) dx,

which can be integrated to obtain the implicit general solution
%yQ = 227 — i:vA‘ +c.

Upon solving for y we find the explicit solutions

y:i\/4x2—%x4—|—20.

Example. Try to solve the orbit equation for the system

%=y+9—x2, %:2@;.
Solution. For this system orbit equation (8.4) is
—2xydz + (y+9—2*)dy =0.
This equation does not have a separated form. However, because
0,(—2xy) = =22 = 0,(y + 9 — 27),

we see that this differential form is exact. We thereby know that there is an H(z,y)
such that

O.H(x,y) = —2uzy, OH(z,y) =y+9—2°.
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These equations can be integrated to obtain H(z,y) = %yQ + 9y — x?y. Therefore the
orbit equation has an implicit general solution

%y2+9y—x2y:c.

Example. Try to solve the orbit equation for the system

dx dy 9
== (y— —1 =2 = 21 — 22)y.
g - W21, g = Bt 2—aTy

Solution. For this system orbit equation (8.5a) is

dy (B3+2z—a2%y

de = -a)e -1
This equation is not linear or separable. Later we will show that it does not have an
integral. Therefore we cannot find a general solution of this orbit equation. However,
it has the stationary solution y = 0.

Similarly, for this system orbit equation (8.5b) is
dr  (y—2)(z—1)
dy (3422 —a2)y’

which has the stationary solution x = 1. O

8.3.1. Hamiltonian Systems. The orbit equation (8.4) is
—g(x,y)dz + f(z,y)dy = 0.

This differential form is exact when

In that case there exists a function H(z,y) such that

8mH(x,y):—g($,y), 8yH(x7y):f($7y)
System (8.1) thereby is seen to have the form

dx dy
: — =0,H Y= _0,H(z,y).

Such a system is said to be a Hamiltonian system while H is called its Hamiltonian.
The Hamiltonian H is determined uniquely up to an additive constant. Because we
have assumed that f and g are continuously differentiable, H will be twice continuously
differentiable.
Example. Consider the system

dx dy

— =, = = Adx — 23,

at 7
Show it is Hamiltonian and find its Hamiltonian H (z,y).
Solution. The system is Hamiltonian because

Op f(x,y) + 0yg(x,y) = Opy + 0, (4o — %) =0.
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We can find H(z,y) by solving
O H(v,y) = 4o +2°,  9,H(x,y)=y.
By integrating the second equation we find that H(x,y) = %yQ + h(x). By substituting
this into the first equation we find that h/(z) = —4z+2*. By setting h(z) = —22? 4 2
we obtain the Hamiltonian
H(z,y) = 3y* — 22° + 12"
]

Many systems can be put into Hamiltonian form. For example, every second-order
equation of the form

d%z
ae )
can be recast as the first-order system
dz dy
=y, =g

dat dt
This system is Hamiltonian with H(z,y) = 1y* — G(z) where G'(z) = g(z) because
O.H(x,y) = —-G'(z) = —g(z), O,H(z,y)=y.
More generally, consider any first-order system of the form
dx dy
='W, =9

This system is Hamiltonian with H(z,y) = F(y) — G(x) where F'(y) = f(y) and
G'(z) = g(z) because

9. H(v,y) = —G'(x) = —g(x),  9yH(z,y) = F'(y) = f(y).

Remark. We can determine the phase-plane portrait of a Hamiltonian system by
analyzing the Hamiltonian H(x,y). We will postpone the discussion of how this is done
until after we have introduced a larger class of systems to which the same techniques
can be applied.

8.3.2. Conservative Systems. More generally, the orbit equation (8.3) has the equivalent
differential form

—p(z,y) g(x,y) dz + p(x,y) f(z,y)dy =0,
where p(z,y) is a nonzero factor that we will assume is also continuously differentiable.
We hope to find a p(z,y) that makes this differential form exact, in which case it is
called an integrating factor. This will be the case when p(z,y) satisfies

(8.8) 0u[f (2, y) pl + 0y l9(2,y) p] = 0.
When we can find such a p then there exists a function H(z,y) such that

System (8.1) thereby is seen to have the form

dx 1 dy 1
8.9 S~ 9 H(zy), 2 =——— 9,H(z,y).
(8.9) dt — plz,y) "’ (.9) dt p(z.,y) (@9)
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Such a system is said to be conservative because if v = X (t), y = Y'(¢) is any solution
of it then

d dX dYy
1 1
=0, HX,Y) —— 9, H(X,Y) - 9,H(X,Y) —— 0, H(X,Y) =0.
(XY) -y BHXY) = O, H(X,Y) s 0 H(X,Y)

In other words, if z = X(¢), y = Y(t) is any solution of (8.9) then H(X(t),Y(t)) is
constant. Hamiltonian systems correspond to the cases when p(z,y) = 1. In the more
general setting, H is called an integral of the system. Given a choice of p, the integral
H is determined uniquely up to an additive constant. Because we have assumed that
f, g, and p are continuously differentiable, H will be twice continuously differentiable.

Example. The drag force fj, acting on an object moving with velocity u through air
can be modeled as

ﬁirag = _nairA|u|ua
where 7,5, is the density of air, A is the aerodynamic cross-section of the object, and
lu| is the magnitude of u. This force has magnitude proportional to |u|? and acts in
the direction opposite to u. If the mass of the object is m and the gravitational field is
uniform then the velocity u will evolve as

d d
d—?:—kuvuz—kv?, d—::—kv\/UQ—l—v?—a,
where u and v are the horizontal and vertical components of u, a > 0 is the magnitude

of the gravitational acceleration, and k is given by k = n.,;A/m. Find an integral for
this system and use it to give an implicit general solution.

Remark. This is a famous problem from the earliest days of the subject. It was
considered by members of the Bernoulli family, but none could solve it. However, as we
will see below, it can be solved by the integrating factor method that Euler introduced
in 1734.

Solution. The only stationary solution of this system is

The only semistationary solutions of this system have the form (0, V' (¢)) where v = V(t)
satisfies the first-order equation

dv
dt
We solved this equation earlier in the course.

= —klvjv—a.

We now seek solutions with u # 0. The system is not separable. Setting
flu,v) = —kuvu? +v?, g(u,v) = —kvvu? +v2 —a,

we see that

ku? kv?
Ouf = —kvVu? + 12 — ———, 0pg = —kVu? + 12 — ——.
/ Vu?Z +v? g vu? + 0?2
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The system is not Hamiltonian because
Ouf + 0pg = —3kVu? +0v2#£0.

Therefore we must seek an integrating factor.

An integrating factor p(u,v) must satisfy the linear partial differential equation
0= 0u[fp] + ulgp] = fOup + g0up + (Ouf + Dug)p
= —kuvu2 4 v20,p — (kv\/m + a) Oyp — 3kVu2 + v2p.
By setting 0,p = 0 this reduces to the linear ordinary differential equation
0=wudup+3p.

This has the nonzero solution p = 1/u3 for u # 0.

Because p = 1/u? is an integrating factor wherever u # 0, we can find an integral
H(u,v) such that

1 1
OuH (u,v) = — (k:v\/ u? + 0% + a) , O H (u,v) = ——<kuvu? +v?.
u

u
We can integrate the second equation as

k
H(u,v):—/—2\/u2+v2dv:—k/\/1+r2dr, where v = ur.

u

By using the calculus fact

/de:%<rm+log<r+m>) +c,

k(v 02 v v2
H(u,v) . (aﬂl—l—ﬁ%—log(a—iﬂ/l—i—@)) + h(u).

But, by using the same calculus fact, this implies that

v? v v
— — J— — / = 2 2 !
Oy H (u,v) = k\/l—l—uz &u(u)+h(u) kvu? 4+ v us—i—h(u),

which when placed into the first equation yields
a

h'(u) = -

By taking h(u) = —1a/u® we obtain the integral

Efv | v? v / 02 a

Therefore when u # 0 the orbit equation has an implicit general solution given by

2 2
E{ o1+ = +log| = +4/1+ = | | + = =c.
U u? U u? u?

we obtain
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This cannot be solved analytically either for u as an explicit function of v or for v as
an explicit function of w. U

8.4. Phase-Plane Portraits from Integrals. Here we consider the class of conser-
vative systems in the form

de. 1 dy B 1 .

In particular, the class of Hamiltonian systems is included by taking p(x,y) = 1. Here
we show how the global phase-plane portrait of such a system can be determined by
analyzing its integral H(z,vy).

8.4.1. C'ritical Points and Level Sets. We begin with two basic facts.

Fact 1. A point (z,,y,) is a stationary solution of the conservative system (8.10) if
and only if it is a critical point of H(x,y).

Reason. Recall from multivariable calculus that a point is a critical point of H(z,y)
if and only if it satifies
0.H(x,y) =0, OyH(xz,y) =0.

But these are exactly the equations that characterize stationary solutions of (8.10). [

Fact 2. If (z(t), y(t)) is any solution to the conservative system (8.10) then H (z(t), y(t))
1s a constant.

Reason. The multivariable chain rule and system (8.10) yield

d B dx dy
1 1
=0, H(x,y) —— 0,H(x,y) + 0, H (x, (— 0. H(x, )
=0.
Therefore H(z(t),y(t)) is a constant. O

This last fact states that orbits of system (8.10) lie in so-called level sets of H(x,y)
— namely, on sets in the xy-plane of the form

(8.11) {(z,y) : H(z,y) =c} for some constant c.

This set will be empty unless ¢ is in the range of H. If ¢ is in the range of H then c
is called a critical value of H if ¢ = H(z,,y,) for some point (x,,y,) that is a critical
point of the function H, and is called a noncritical value of H otherwise.

e If ¢ is a noncritical value of H then the associated level set will consist of one
or more disjoint curves, each of which is a single orbit. These curves will be
either a closed loop, corresponding to a periodic orbit, or an unbounded curve,
corresponding to an orbit that becomes unbounded as t — —oo or as t — o0.
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e If ¢ is a critical value of H then the associated level set will consist of one or
more critical points and possibly other curves that can either loop from a critical
point to itself, connect two critical points, connect a critical point to infinity,
run from infinity to infinity, or be a closed loop. We will illustrate most of these
possibilities with examples below.

8.4.2. Nondegenerate Critical Points. For simplicity we will consider only integrals H
with critical points that are nondegenerate. Recall from multivariable calculus that a
critical point (z,,y,) of H is said to be nondegenerate if

(8.12) det(0°H (z,,y,)) # 0,

where 8”H (z,7) denotes the Hessian matrix of second derivatives, which is given by

(8.13) 0 H(r,y) = (3522‘;’3 ggg@ng) |

Nondegenerate critical points are isolated in the sense that they can be surrounded by
a box in which there are no other critical points. At a nondegenerate critical point
(%o, Yo) of H there are just three possibilities.

e It can be a saddle point of H. In this case the level sets of H near (z,,v,)
extend away from (x,,y,). Hence, (z,,1,) is a saddle in the phase-plane portrait
of system (8.10).

e It can be a local minimizer of H. In this case the level sets of H near (z,,,)
are closed loops, representing periodic orbits. Hence, (z,,%,) is a center in the
phase-plane portrait of system (8.10). Moreover, it can be shown that (x,,y,)
will be a clockwise center when p(z,,y,) > 0, and a counterclockwise center
when p(z,,y,) < 0.

e If can be a local maximizer of H. In this case the level sets of H near (z,,,)
are closed loops, representing periodic orbits. Hence, (z,,%,) is a center in the
phase-plane portrait of system (8.10). Moreover, it can be shown that (x,,y,)
will be a counterclockwise center when p(x,,y,) > 0, and a clockwise center
when p(z,,y,) < 0.

Remark. To get the rotations of the centers correct we must carefully adhere to the
sign conventions in system (8.10).

Now we recall two sets of criteria from multivariable calculus that determine when a
nondegenerate critical point is a saddle point, a local minimizer, or a local maximizer.

The first set of criteria are based on the eigenvalues of the Hessian matrix 8°H (z,, o).
The Hessian matrix is symmetric because 0,,H (z,y) = Oy, H(z,y). Therefore it has
real eigenvalues. If (z,,¥,) is a nondegenerate critical point of H then the eigenvalues
of 8*H (z,,y,) are nonzero and there are three possibilites.

e (2,,9,) is a saddle point when 8*H (z,,y,) has one eigenvalue of each sign.
e (2,,%,) is a local minimizer when 8°H (x,,y,) has two positive eigenvalues.
e (2,,9,) is a local maximizer when 8*H (x,,y,) has two negative eigenvalues.
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If the eigenvalues of 8*H (z,,,) are easy to find then these criteria are easy to use. For
example, when 8”H (z,,y,) is diagonal then its eigenvalues are just its diagonal entries.

The second set of criteria are based on the determinant and trace of the Hessian
matrix 8°H (x,,y,), which often are easier to compute than its eigenvalues. Recall that
the characteristic polynomial of 8%H (z,,y,) is

p(z) =22 — tr(82H(:U0, yo))z + det (82[‘[(&30, yo)) )
The eigenvalues of 8*H (z,,,) are the roots, A\; and Ay, of this polynomial. Therefore
p(z) = (2 = M) (2 = A2) = 2% = (A1 + Xa)2 + A do.
Upon comparing these two expressions for p(z) we see that
tr(BZH(a:O, yo)) = A+ Ao, det(BQH(:L'O,yO)) = A\ s

This shows that A\; and Ay have opposite signs if det (82H (o, yo)) < 0. It also shows
A1 and Ay have the same sign if det (82]-[(300, Yo)) > 0, in which case that sign is given
by tr(BQH (%o, yo)). Therefore we have the following criteria.

e (z,,Y,) is a saddle point when det(82H(xo, Yo)) < 0.
e (2,,Y,) is alocal minimizer when det(8*H (z,,y,)) > 0 and tr(8*H (z,,y,)) > 0.
e (z,,Y,) is alocal maximizer when det (BQH(xO, yo)) > 0 and tr(BZH(xO, yo)) < 0.

These criteria are easier to apply when the eigenvalues of 8*H (z,,,) are not obvious.

8.4.3. Ezamples. When system (8.10) has only nondegenerate critical points then its
global phase-plane portrait can be sketched as follows.

1. Determine the critical points of H and plot them. They are the stationary
points of system (8.10).

2. Check that the critical points are nondegenerate and identify them as saddle
points, local minimizers, or local maximizers.

3. If p(,,9,) > 0 then local minimizers will be clockwise centers and local max-
imizers will be counterclockwise centers. If p(z,,y,) < 0 then the rotation is
reversed.

4. Sketch the level set associated with each saddle point. This will partition the
phase-plane into regions.

5. Sketch enough level sets for noncritical values so there is at least one orbit inside
each region.

6. Determine the direction of each orbit either by inferring it from the centers or
by determining it directly from system (8.10).

Example. Sketch a phase portrait for the system
dx dy 3

— =1, — =4z —z°.
T
Solution. We have shown already that this is a Hamiltonian system with

H(z,y) = 1y* — 227 + 12t
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We also have shown already that the critical points of H are

(0,0), (—2,0), (2,0).

The Hessian matrix is

0°H(z,y)

—4+4+32%2 0
0 1/

Because

9°H(0,0) = <_04 (1]) . OHE20) = (g (1]) ’

we see that (0,0) is a saddle point while (—2,0) and (2,0) are local minimizers. Hence,
the phase-plane portrait is a saddle near (0,0) and is a clockwise center near (—2,0)
and (2,0).

The saddle point (0,0) has value H(0,0) = 0. The level set associated with the
critical value 0 consists of all points (z,y) that satisfy H(z,y) = 0. This equation can
be written as

4

y2:4x2—%x ,

which has solutions

y=+2x4/1— %xQ for every z in [—\/g, \/g] .

A graph shows two orbits that emerge from the origin tangent to the lines y = +2x,
move out to either (1/8,0) while taking extreme values of y = +2v/2 when x = 42,
and return to the origin. These orbits are called separatrices because they separate the
periodic orbits that go around one center from the periodic orbits that go around both
centers. Figure 8.3 shows how these orbits are produced by the intersection of H(z,y)
with level planes.
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FIGURE 8.3. Level curves of H(x,y) are orbits.

FIGURE 8.4. Phase portrait for the system 2’ = y and v/ = 42 — 3. The
separatrices are shown in red.

The direction of the orbits on the separatrices can be inferred from the clockwise
rotation of the orbits around each center. Then the clockwise rotation of the orbits
that go around both centers can be inferred from the direction of the orbits on the
separatrices. Alternatively, because 2’ = y we see that orbits move to the right when
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y > 0 and move to the left when y < 0. The resulting phase-plane portrait is shown
below in Figure 8.1.

Remark. The above example illustrates why level sets associated with saddle points
are more important than those associated with local extremizers. Because (—2,0) and
(2,0) are the only local minimizers and they have the same value H(+2,0) = —4, and
because H(x,y) — oo as 22 + y? — 0o, these local minimizers are global minimizers.
Hence, the level set associated with the critical value —4 consists of just the local
minimizers (—2,0) and (2,0). This can also be seen from the fact that the equation
H(z,y) = —4 can be written as

sy:+ (e =4 =0,
which is satisfied only when (z,y) = (£2,0).
Example. An undamped pendulum of mass m and length ¢ that moves in a plane is
governed by the equation

ml 0" = —masin(6)
where a is the acceleration of gravity and 6 is the angle (in radians) of the deviation
of the pendulum from its downward rest position. This can be recast as the first-order
system

=y, y = —w?sin(x),

where x = 6, y = #', and w > 0 is the natural frequency of the pendulum, which is
determined by w? = a/f. Sketch a phase portrait for this system.

Solution. The stationary points of this system satisfy

sin(x).

0=y, 0=—-w
Therefore there are an infinite number of stationary points given by
(nm,0) for every integer n.

When n is even the pendulum is in its downward rest position. When n is odd the
pendulum is in its upward rest position.

We have seen that systems of this form are Hamiltonian with
H(z,y) = %yz —w?cos(z) .

Because the Hessian is

oitta) = (g i) < (5 )

82 H (nr,0) <<‘1)"“’2 O) |

we see that

0 1
Because this is a diagonal matrix, its eigenvalues can be read off from its diagonal
entries. We thereby see that its eigenvalues are (—1)"w? and 1.
e We see that when n is even the critical point (nm,0) is a local minimizer of H,
whereby the stationary point (n,0) is a clockwise center.
e We see that when n is odd the critical point (nm,0) is a saddle point of H,
whereby the stationary point (nm,0) is a saddle.
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We now sketch the level sets associated with the saddle points of H. Because
H(nm,0) = w? when n is odd, there is just one such level set, which consists of all
points (x,y) that satisfy

H(z,y) = 1y* — w?cos(z) = w*.
Upon solving this equation for y we find that

1 + cos(x)

y = +2w = +2w cos(32) .

In the last step we used the half-angle identity cos(3z) = /(1 + cos(z))/2. These curves
run between adjacent saddle points. They are separatrices because they separate the
periodic orbits that go around one center from the nonperiodic orbits.

The direction of the orbits on the separatrices can be inferred from the clockwise
rotation of the orbits around each center. Then the direction of the nonperiodic orbits
can be inferred from the direction of the orbits on the separatrices. Alternatively,
because ' = y we see that orbits move to the right when y > 0 and move to the left
when y < 0. The resulting phase-plane portrait for w = 1 is shown below in Figure 8.2.

FIGURE 8.5. Phase portrait for the system 2’ = y and ¢y = —sin(x).
The separatrices are shown in red and are given by y = £2 cos(%x).

Remark. This example also illustrates why level sets associated with saddle points are
more important than those associated with local extermizers. Because H(n,0) = —w?
when n is even, all the local minimizers lie on the level set given by H(z,y) = —w?.
But for every (x,y) we have

H(x,y) = %yZ —w?cos(x) > —w?cos(z) > —w?,

with equality only when y = 0 and cos(xz) = 1. Therefore this level set consists of just
the local minimizers, which are seen to be global minimizers.
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Remark. The downward rest positions are the centers. They are stable in the sense
that every orbit that starts nearby a center will stay nearby that center. More precisely,
if we displace the pendulum slightly from its downward rest position and release it with
a small initial velocity then the pendulum will just make small periodic oscillations
about its downward rest position. The upward rest positions are the saddles. They are
unstable in the sense that orbits that start nearby a saddle will move far away from
that saddle. More precisely, if we displace the pendulum slightly from its upward rest
position and release it with a small initial velocity then the pendulum will generally
either make large oscillations or spin around. These ideas will be developed further in
the next chapter.

8.5. Reduced Equations and Analytic Solutions. Sometimes solutions of system
(8.1) can be found by solving two first-order equations. The first of these is the orbit
equation. Its solutions describe sets in the zy-plane within which orbits lie. The second
is a so-called reduced equation that restricts system (8.1) to a curve in the xy-plane
given by a solution of the orbit equation.

Here are two ways in which to restrict system (8.1) to the solution of an orbit equation.

e If we can find an explicit solution y = Y (x) of an orbit equation then we can
try to find x as a function of ¢ by solving

(8.14a) % = f(z,Y(2)).

This autonomous equation can be solved implicitly if we can find a primitive
of 1/f(x,Y (z)). If we are able to find a solution x(t) of this equation then a
solution of system (8.1) is given by

(x(t), y(®) = (x(t), Y(2(1))) -
e If we can find an explicit solution z = X(y) of an orbit equation then we can
try to find y as a function of ¢ by solving

% =9(X(y),y) -

This autonomous equation can be solved implicitly if we can find a primitive
of 1/9(X(y),y). If we are able to find a solution y(t) of this equation then a
solution of system (8.1) is given by

(z(t), y(1) = (X(y(®), y(1)) -

Equations (8.14a) and (8.14b) are called reduced equations because they restrict system
(8.1) to a set in the zy-plane given by a solution of an orbit equation. We will give
some examples of their use in the next subsection.

(8.14b)

It is often difficult or impossible to solve the orbit equation (8.4). And even when
we can find an explicit solution of an orbit equation, it is often difficult or impossible
to find the primitive needed to solve the associated reduced equation (8.14).
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Example. Try to solve the system
dx dy
P y , -
dt dt
Solution. For this system orbit equation (8.4) is

—(4z — 2*)dz + ydy = 0.

=4z — 23,

This has the separated form

ydy = (4v — 2%) dx,
which can be integrated to obtain

%yQ =227 — %:104 + %c.

Here we put the % in front of the ¢ because we see that the equation must be multiplied
by 2 in order to solve for y. Upon solving for y we find the explicit solutions

y:i\/4x2—%x4+c.

The reduced equation then becomes

d
d—f =+ /42% — f2t + ¢,

which can be solved implicitly in terms of an integral as

1
t:i/ dz .
V42 — tat + e

This integral cannot be evaluated analytically for every ¢ by methods from first-year
calculus. That evaluation requires the use of elliptic functions, which lie beyond the
scope of this course. It can be evaluated analytically for ¢ = 0 by methods from
first-year calculus, but we will not do that here. 0

Remark. In the previous example we could integrate the orbit equation easily, but
could not do the same for the reduced equation. This is often the case when the orbit
equation can be integrated. In the next example we cannot even find a general solution
of the orbit equation. This will be the case for most orbit equations.
Example. Try to solve the system

dx dy

— =y +9—2? -2 = 2xy.
AT

Solution. For this system orbit equation (8.4) is
—2xydr + (y+9 — 2% dy =0.
This equation does not have a separated form. However, because
9,(—2zy) = =22 = 0,(y + 9 — 2°),

we see that this differential form is exact. We thereby know that there is an H(z,y)
such that
O.H(x,y) = —2uzy, OH(z,y)=y+9—2°.
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These equations can be integrated to obtain H(z,y) = %y2 — 9y — 2%y. Therefore the
orbit equation has the implicit general solution

W+ 9y -ty =c.

Example. Try to solve the system

dx_ dy_ 9
E—(y x)(z—1), E—(3+2x )y .

Solution. For this system orbit equation (8.5a) is

dy  (3+2z—2%)y

de (y—a)(w—1)
This equation is not linear or separable. Because we cannot find an integral, we cannot
find a general solution of this orbit equation. However, it has the stationary solution
y = 0. The associated reduced equation is

dz 9
E:(O—x)(x—l):x—x :

If x = X(t) is a solution of this equation then (X (t),0) is a solution of our system.

Similarly, for this system orbit equation (8.5b) is
dr  (y—2)(z—1)
dy  (B+20—a%)y’
which has the stationary solution x = 1. The associated reduced equation is
dy
dt
Because y = ce'! is a solution of this equation, (1,ce?) is a solution of our system. [J

=(3+2-1-1%y =4y.

Remark. The solutions found in the last example were the semistationary solutions
that we found earlier. This reflects the following general facts.

e Semistationary solutions of system (8.1) in the form (X(t),b) correspond to
y = b being a stationary solution of the orbit equation (8.5a).

e Semistationary solutions of system (8.1) in the form (a, Y (t)) correspond to

x = a being a stationary solution of the orbit equation (8.5b).

Therefore this approach does not yield new solutions unless we can find nonstationary
solutions of an orbit equation.
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EXERCISES ON INTEGRAL METHODS

Find all the stationary solutions to the following system of differential equations.

(1) & =1+2y, ¢£=1-37

Solution
2 $=z-y, F=y+2

Solution
B) L=y  L=z(x-2)(y—2)

Solution
4) L=—2+y)y, FL=z(1-y)

Solution
(G) L=z(l-z-y), EL=01-y2+2)

Solution

x d

6 £=@+ay—2)., %=y2+a—a?)

Solution

For problems 7 — 10, find the semistationary solutions. If they do not exist, state as
such.

(7) &=y, L=y

Short Answer
Solution

Short Answer
Solution

Short Answer
Solution

(10) L =z(14y), L=@2-y)(z+1)
Short Answer
Solution

(11) Show that if (z(t), y(¢)) is a solution to a Hamiltonian system, then H (z(t), y(t))
is some constant.
Solution
(12) Consider the Hamiltonian system

o' =0,H(z,y), y =—0.H(z,y)
and some function g(x,y) which satisfies
0u9(,y)0yH (x,y) = O, H(z,y)dyg(x,y).
Show that g(z(t),y(t)) is constant.


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol011.pdf
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Solution

Show the system is Hamiltonian and find its Hamiltonian H(z,y)

(13)

(14)

dz _ dy z3
a Y a — Tt

Short Answer
Solution
&= (y—2), L=(@y—2)(2+2)
Short Answer
Solution
dr— 142y, ¥=1-3z7
Short Answer

) Solution
G=r-ay,  F=-yth
Short Answer
Solution
i—f:—x—xQ, %:y+2xy
Short Answer
Solution
i—f:x(—2+§+%—2), W= y2—z—2?%

Short Answer

Solution
Draw the phase portraits for the following system of equations
(19) 4 =y, %sz—xS
Solution
(20) 9 =2y, d—‘lt’ = -3z
Solution
(21) §=—z+y+a2®, F=y—2wy
Solution
T d
(22) L =2—y,  L=4-27
, Solution
T d T
Solution
(24) o' = 2* +y — 1, Yy = 2xy
Solution
z d :
(25) &=y —2, 3 = sin(7) .
Solution
(26) Consider a body falling through the air with drag as described in the text.

Recall that the equations of motion are

d d
U= —kuvu? + v?, T —kvvu? 4+ v? — a.

where v and v are the horizonal and vertical components of the velocity u, a > 0
is the accelleration due to gravity and k = p,; A/m, where p,;, is the density of


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol012.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol014.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol015.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol016.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol017.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Short018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol018.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol019.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol020.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol021.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol022.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol023.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol024.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol025.pdf
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air, A is the crosssectional area of the falling body, and m is the mass of the

body.

Often times a good candidate for a Hamiltonian for a physical system is the
total mechanical energy. In this case it is given by

1 t
E(t) = §m|u(1§)|2 + ma/ v(s) ds.
0
Show that the system is always losing energy, i.e.

d 3
th(t) = —parAlul” <0.
What is the rate of energy loss at the stationary solution (i.e. at terminal
velocity?).
Solution
(27) Suppose a particle of mass m is the moving in the presence of an attractive

1
central potential V(r) = ———, here « is a positive integer. It is well known
ar

from Physics that the distance r of the particle from the origin is govered by
the equation
d?r L? 1
dez - mr3 * mrotl
where L is the angular momentum.

(a) Write this second order differential equation as a first order planar system
and show that it is Hamiltonian. Give its Hamiltonian H.

(b) Solve the differential equation for r in the case a = 2, r(0) = 9 > 0, and
7'(0) = 0 by using the Hamiltonian to reduce the equations of motion for r
to a first order seperable differential equation.

(¢) In your solution for part (b) suppose the angular momentum L > 1. What
is the behavior of r as t — oo.

(d) In your solution for part (b), suppose L < 1. After what time t, does the
solution become undefined? What does r(t) approach as t — t,. What
happens to p(t) as t — to7

(e) In your solution for part (b), what happens when L = 1.

=0, >0,

Solution
(28) Consider Newton’s equations for a one-dimensional particle of mass m in a
potential V' (z),
d? v
MyE® =~ ().
(a) Write this equation as a planar system. Show that this system is Hamil-
tonian and find its’” Hamiltonian H.
(b) Using the Hamiltonian to reduce the system, show that the evolution of x

can be given implicitly in terms of the formula,

t:i/\/ﬁdx.


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol026.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol027.pdf
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Solution
(29) Consider a Hamiltonian of the form H(z,y) = 1y?+V (z), and the corresponding
Hamiltonian system

' =0,H(x,y), vy =—0.H(z,y).

We will assume that V(x) is a smooth function. Show the following
(a) Equilibrium points of are of the form (zy,0), where ¢ is a critical point of
V(z).
(b) If xq is a (strict) local maximum of V' (z), then (zo,0) is a saddle point for
the system.
(c) If zg is a (strict) local minimum of V'(x), then (xg,0) is a locally a center
Solution
(30) (Liouville’s Theorem) Consider a Hamiltonian system 2z’ = 0,H(z,y), v =
—0,H(z,y) and define

t)
®, (0, _ t(w07y0)> — (iU( )
t(0, 90) (wt(%’yo) y(t)
to be the unique solution (z(t),y(t)) to the Hamiltonian system with initial
conditions (2(0),y(0)) = (xo,40). Let A be a set of initial points in R?, then

®,(A) ={®(z,y) : (z,y) is in A}
is the evolution of that set of initial points under the dynamics of the system
(think of a blob of ink moving in a fluid). Answer the following;:

(a) Show that
_ (Oepe(x,y) Oypr(w,y)
a¢t<$,y) N (axd]t(xay) aqﬂﬂt(%?J))

satisﬁes
ayzH(q)t(L ) ayyH((Pt(% )
GO (r) = <—amH<<I>t<foy>> —axyH@t(foy))) Oi(z9)

(b) Use Liouville’s Wronskian Theorem to conclude that

4 det (0®(x,y)) = 0.

dt
(c) Finally, use the following multivariable calculus formula for the volume of
a set
Vol (®,(A // det (8®y(x,y)) dzdy
to show that Vol (®;(A)) = Vol (A) (i.e. Hamiltonian evolution preserves

the volume of sets of 1n1t1al points).
Solution


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol028.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol029.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-INT/WORK/Sol030.pdf
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