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10. APPLICATION: POPULATION DYNAMICS

Earlier in the course we studied models of population dynamics that were single

first-order equations in the form

dp
where p(t) is the size of the population as a function of time, and R(p) models the growth
rate of the population as a function of p. For a population in a closed ecosystem the
growth rate is simply the birth rate minus the mortality rate. In more complicated
situations it must also account for migration in to and out of the ecosystem.

The simplest such model takes R(p) = r for some constant r, which has the solution
p(t) = pre™ when p(0) = p;. This is the so-called exponential model because when r > 0
its solution grows exponentially, while when r < 0 its solution decays exponentially.
The ability of an individual to survive and reproduce depends upon the environment
experienced by that individual. The assumption that R(p) is constant assumes that
this environment is unaffected by the number of individuals present. However once the
population grows large enough there might be competition between its individuals for
resources, which should reduce the growth rate. The simplest model that captures this
effect takes R(p) to be a linear function of p,

R(p)=r—ap, for some constants a and 7.

While this logistic model could be solved analytically, we found it helpful to study it
with phase-line portraits. In this chapter we extend these ideas to study models of two
interacting populations with phase-plane portraits.

10.1. Models of Two Interacting Populations. We now consider two populations
that interact in a shared environment. We let the size of these populations be p;(¢) and
p2(t) and consider first-order autonomous models of the form

dp1 dp?

(10.1&) E = R1(p1,p2)p1 ) E = Rz(pbpz)m )

where R;(p1,p2) and Ry(p1, p2) model the growth rates of the first and second popula-
tions as functions of p; and p,. We will specialize further to the case where Ry (p1,p2)
and Rs(p1, p2) depend linearly upon p; and ps as

10 ]_b R1 (pl,pg) =Ty — Q11pP1 — aA12P2, for some constants aii, a2, and T,
(10.1b) Ro(p1,p2) = 19 — a21p1 — agepe, for some constants agq, as, and ry .
These models assume that the growth rates for each population can depend upon the
size of the two populations, but nothing else. It assumes moreover that this depen-
dence is linear. Both of these assumptions are huge oversimplifications for any ecosys-
tem. Still, there are instances when such models correctly capture phenomena that are
observed in real populations.

Remark. When such models are used in practice, p; and ps often are not the number
of individuals in the respective populations, but rather are the biomass of the popula-
tions. This makes more sense than simply counting individuals because the amount of
resources an individual will consume is roughly proportional to its biomass.
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The constants a1, ais, asi, ass, r1, and r9 are parameters in the family of models
(10.1). In practice their values are chosen so that the model fits some observed behavior.
The process of choosing what data to fit and how to fit it is often called calibrating a
model. The process of testing the model by comparing its predictions with certain
observed behavior is often called wvalidating the model. We will not address how to
either calibrate or validate models in this course. Rather, we will ask what behaviors
are predicted by the model associated with given values of these parameters. These
kinds of predictions are useful in the calibration and validation processes.

It is important to understand the role each of the six parameters plays in the family
of models (10.1). There are three basic roles, which we describe below.

The parameters r; and ro are the bare growth rates for the respective populations.
Namely, they are the rates at which the populations grow when both populations are
small. When 7, > 0 the k' population will thrive on the resources available in the
environment. When 7, < 0 the k" population will decline without some additional re-
source, usually provided by the other population either as food or through a cooperative
relationship.

The parameters a;; and agy represent how the growth rates respond to increased
numbers in their respective populations. When az;, > 0 the growth rate for the k"
population will reduce as that population grows. This will be the case when individuals
in the population compete for the same food resource. When a;, < 0 the growth rate
for the k' population will increase as that population grows. This might be the case
when a greater population density increases the likelihood of individuals finding mates.
However, because the models (10.1) exhibit unrealistic behavior in such regimes, we
will restrict our attention to models where a;; > 0 and a9 > 0.

The parameters a5 and ao; represent how the two populations interact. If one of
these is zero than that equation decouples from the other and can be studied by methods
we studied earlier in the course. In order to insure that the model (10.1) is interactive,
we will require that a5 and as; are both nonzero. The nature of the interaction can be
read off from the signs of these so-called coupling parameters.

e When a5 and as; have opposite signs then one of the populations benefits from
and harms the other. This would be the case, for example, when one population
preys on the other. Such models are often called predator-prey models.

e When a5 > 0 and ag; > 0 then each population is effected adversely by the
other. This would be the case, for example, when both populations compete for
the same food resource. Such models are often called competing species models.

e When a5 < 0 and as; < 0 then each population benefits from the other. This
would be the case, for example, when the populations cooperate. Such models
are sometimes called cooperating species models.

In this chapter we apply the methods presented in the previous two chapters to build
an understanding of the dynamics of these models.
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10.2. Predator-Prey Models. In this section we will study predator-prey models in
the form

(10.2) ¥ = (r —axr —by)x, v = (—s+cx—dyy,

where the parameters b, ¢, r, and s are positive while a and d are nonnegative. It should
be clear that  and y represent the populations of prey and predators respectively.

Example. Sketch the phase-plane portrait for the predator-prey model
= (12 -2z — 3y)z, Y = (=154 52)y.

Solution. First, we find the stationary points of the model. These satisfy
0= (12 -2z — 3y)z, 0= (—15+bx)y

The second equation is satisfied when either x = 3 or y = 0. When x = 3 the first
equation can only be satisfied when y = 2. When y = 0 the first equation can be
satisfied when either z = 0 or = 6. Therefore the stationary points are

(0,0), (6,0), (3,2).

Next, we linearize the model about each stationary point. Because

f(:E ) _ f(xvy) . (12—2x—3y)x B 12x—2x2—3xy
= \gley)) — U (~15452)y ) T\ 15y +5ay )
the Jacobian matrix of partial derivatives is
~ (0uf(x,y) Oyf(m,y)\  (12—4z -3y 3w
oten = (g onen) = ("5 Y Zivas)

By evaluating this at each stationary point we compute the coefficient matrix for the
linearization about that point. These matrices then give the following information about
what the phase-plane portrait of the nonlinear system looks like near these points.

e At (0,0) the coefficient matrix of the linearization is

A = 8£(0,0) — (102 _(15) .

Because A is diagonal, we can read off that its eigenvalues are 12 and —15. This
implies that near (0,0) the phase-plane portrait is a saddle, which is unstable.

Because
0 O 27 0
acm= (05, A (¥ 0),

the eigenpairs of A are

(2 () (o)

There is one orbit that emerges from (0,0) tangent to each half of the z-axis.
There is one orbit that approaches (0,0) tangent to each half of the y-axis.



e At (6,0) the coefficient matrix of the linearization is

A = B£(6,0) = (‘&2 _1158> .

Because A is upper triangular, we can read off that its eigenvalues are —12 and
15. This implies that near (6,0) the phase-plane portrait is a saddle, which is
unstable. Because

0 —18 —27 —18
A+12I_(0 27), A—15I_<0 0),

the eigenpairs of A are

(2 0) (= ()

There is one orbit that approaches (6,0) tangent to each half of the z-axis.
There is one orbit that emerges from (6,0) tangent to each half of the line

y=—5(z —6).

e At (3,2) the coefficient matrix of the linearization is

A = 8f(3,2) — (Ig _09) .

The characteristic polynomial of A is
p(z) = 22— tr(A)z + det(A) = 22 4+ 62+ 90 = (2 + 3)2 492,

from which we see that the eigenvalues of A are the conjugate pair —3 + 9.
Because ay; = 10 > 0, this implies that near (3,2) the phase-plane portrait is a
counterclockwise spiral sink, which is attracting. Because its phase portrait is a
spiral sink near (3,2), this model cannot be conservative over the first quadrant.

Finally, like every population model in this chapter, this model has semistationary
solutions that lie on the x and y-axes.

e There are semistationary solutions of the form (0, Y (¢)) where Y (¢) satisfies the
y' = —15y. A phase-line portrait shows these orbits move along the y-axis as
+ —
T
0

This shows the orbits on the y-axis move towards the stationary point (0, 0).

e There are semistationary solutions of the form (X (¢),0) where X (¢) satisfies
' = (12 — 2z)x. A phase-line portrait of the equation 2’ = 2(6 — x)z shows
that these orbits move along the z-axis as

— _l’_ —
e s @
0 6

In particular, there is an orbit that moves along the z-axis from the stationary
point (0,0) to the stationary point (0, 6). O



The above analysis suggests the following sketch of the phase-plane portrait.
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F1GURE 10.1. Sketch of the phase-plane portrait for Example 1 showing
the stationary points, semistationary solutions, and the behavior near
stationary points obtained by linearization.

The foregoing sketch gives a fair indication of the phase-plane portrait for Example 1.
For comparison, below we give a more complete version obtained by numerical methods.
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F1GURE 10.2. The phase-plane portrait for Example 1 showing the sta-
tionary points, semistationary solutions, and representative orbits ob-
tained by numerical methods.
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Remark. FElements of the more complete phase-plane portrait shown in Figure 10.2
can be figured out from the sketch in Figure 10.1. For example, the separatrix orbit
that emerges from the saddle point at (6,0) into the first quadrant clearly cannot leave
the first quadrant or run off to infinity, so it must spiral into the counterclockwise spiral
sink at (3,2). This orbit is shown in red in Figure 10.2. It could have been added to
the sketch in Figure 10.1. It then would have been clear that the remaining orbits in
the first quadrant must behave as shown in Figure 10.2.

Example. Sketch the phase-plane portrait for the predator-prey model
¥ =(6-3y)z, y = (—15+52)y.

Solution. First, we find the stationary points of the model. These satisfy
0=(6—3y)z, 0= (—15+bx)y.

The first equation is satisfied when either z = 0 or y = 2. When x = 0 the second
equation can only be satisfied when y = 0. When y = 2 the second equation can only
be satisfied when « = 3. Therefore the stationary points are (0,0) and (3, 2).

Next, we linearize the model about each stationary point. Because

i = (1600) = (G5 20 ) = (G2 )

the Jacobian matrix of partial derivatives is
_ (O:f(xy) Oyf(z,y)\ _ (6-3y  —3x
Ft(z.4) = (0xg($7y) dyg(z,y)) — \ 5y —15+5z) "

By evaluating this at each stationary point we compute the coefficient matrix for the
linearization about that point. These matrices then give the following information about
what the phase-plane portrait of the nonlinear system looks like near these points.

e At (0,0) the coefficient matrix of the linearization is

A = 8£(0,0) = (8 _25) .

Because A is diagonal, we can read off that its eigenvalues are 6 and —15. This
implies that near (0,0) the phase-plane portrait is a saddle, which is unstable.

Because
0 0 21 0
aca () 0). - (20),

the eigenpairs of A are
1 0
(o) (=)

There is one orbit that emerges from (0,0) tangent to each half of the z-axis.
There is one orbit that approaches (0,0) tangent to each half of the y-axis.



e At (3,2) the coefficient matrix of the linearization is

A= 0£(3,2) = (100 _09) .

Its characteristic polynomial is p(z) = 22 4+ 90. Its eigenvalues thereby are the
conjugate pair 4iy/90 while as; = 10 > 0. Therefore the origin is a counter-
clockwise center for the linearized system. However, we cannot conclude that the
stationary point (3,2) is a counterclockwise center in the phase-plane portrait
of the nonlinear system without additional information.

The simplest way to see that the nonlinear system is conservative without
computing an integral H (z,y) is to observe that its orbit equation is

dy (=154 5z)y

dz ~ (6—3y)z

which is separable. This shows the nonlinear system is conservative, which
allows us to conclude that the stationary point (3, 2) is a counterclockwise center
and thereby is stable.

Finally, like every population model in this chapter, this model has semistationary
solutions that lie on the x and y-axes.
e There are semistationary solutions of the form (0, Y'(¢)) where Y'(¢) satisfies the
y' = —15y. A phase-line portrait shows these orbits move along the y-axis as
+ J—
S @y
0

This shows that orbits on the y-axis move towards the stationary point (0,0).
This model predicts that without prey to sustain it, the population of predators
will die off quickly.

e There are semistationary solutions of the form (X (¢),0) where X (¢) satisfies
2/ = 6x. A phase-line portrait of the equation 2’ = 6z shows that these orbits
move along the z-axis as

- +
e
0

This shows that orbits on the z-axis move away from the stationary point (0, 0).
This model predicts that without predators to keep its population in check, the
population of prey will grow without bound.

15t)

Remark. The semistationary solutions have the explicit formulas (0,y;e~ and

(x7€%,0), but these formulas are not needed to sketch the phase-plane portrait.

The above analysis suggests the following sketch of the phase-plane portrait.
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F1GURE 10.3. Sketch of the phase-plane portrait for Example 2 showing
the stationary points, semistationary solutions, and the behavior near
stationary points obtained by linearization.

The foregoing sketch gives a fair indication of the phase-plane portrait for Example 2.
For comparison, below we give a more complete version obtained by numerical methods.
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F1GURE 10.4. The phase-plane portrait for Example 2 showing the sta-
tionary points, semistationary solutions, and representative orbits ob-
tained by numerical methods.
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This more complete version of the phase-plane portrait for Example 2 could also be
obtained by noticing that the orbit equation is

dy  (=15+52)y

dz ~ (6—3y)z ’
which is separable. Its separated form is
bxr — 15 3y —6

dx +
x Y

which integrates to
5z — 15log(|z|) + 3y — 6log(|y|) = c.

This cannot be solved either for y as an explicit function of x or for x as an explicit
function of y. Rather, the orbits are given implicitly by H(z,y) = ¢ where the integral
H(z,y) is

H(z,y) = 5z — 15log(|z]) + 3y — 6log(|yl) -
This function is undefined on the z-axis and y-axis, which reflects the fact that the
separated form was undefined on the x-axis and y-axis. Because this is a population

model, we only care about the first quadrant of the xy-plane.
The first partial derivatives of H(z,y) are

Therefore the stationary point (3,2) is also a critical point of the function H(x,y). The
Hessian matrix of H(z,y) is

15

=0
OuwH(x,y) OuyH(z,y) 2
2H _= Y ’ - v
8 (l’, y) <8ny(x, y) 5yyH(33a y) O E
Y2
Because
15 6 b, o
det(@H(w.y) = 5+ 0 w(@HE@Y) =5+ 5,

we see that these are both positive off the z-axis and y-axis. The function H(x,y)
thereby is strictly convex (concave up) in each quadrant. Therefore its critical point
(3,2) is a global minimum of H(x,y) in the first quadrant. Because the orbits of our
model are the level sets of H(z,y), we see that counterclockwise periodic orbits fill out
the first quadrant. O

Remark. We could have generated Figure 10.4 by plotting the level sets of H(z,y) in
each quadrant. When doing so, care must be taken to avoid the z-axis and y-axis where
H(z,y) is undefined. The directions of the orbits along the level sets can be inferred
from the directions of the semistationary orbits.
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10.3. Competing Species Models. In this section we will study competing species
models in the form

(10.3) ' = (r —ax —by)x, Yy = (s—cx—dy)y,

where the parameters a, b, ¢, d, r, and s are positive.

Example. Sketch the phase-plane portrait for the competing species model

' = (16 — 4z — 2y)x, y = (10 —x — 2y)y.
Solution. First, we find the stationary points of the model. These satisfy
0= (16 —4x — 2y)x, 0=(10—2—2y)y.
The first equation is satisfied if z = 0 or 4x + 2y = 16. The second equation is satisfied

if y =0 or z 4+ 2y = 10. Therefore there are four possibilities.

By setting = 0 and y = 0 we obtain the stationary point (0, 0).

By setting = 0 and = + 2y = 10 we obtain the stationary point (0, 5).

By setting 4z + 2y = 16 and y = 0 we obtain the stationary point (4, 0).

By setting 4z + 2y = 16 and x + 2y = 10 we obtain the stationary point (2,4).

Therefore the stationary points are

(0,0), (0,5), (4,0), (2,4).

Next, we linearize the model about each stationary point. Because

o= () - (042 20) — (G2

the Jacobian matrix of partial derivatives is
Ouf(x,y) Oyf(x y)) (16 — 8z — 2y 2z )
Bf s = z ) Y ’ — ‘
) (@£@40 dy9(x,y) —y 10—z — 4y

By evaluating this at each stationary point we compute the coefficient matrix for the
linearization about that point. These matrices then give the following information about
what the phase-plane portrait of the nonlinear system looks like near these points.

e At (0,0) the coefficient matrix of the linearization is

A:M@@:(f{@.

Because A is diagonal, we can read off that its eigenvalues are 16 and 10. This
implies that near (0,0) the phase-plane portrait is a nodal source, which is
repelling. Because

0 O 6 0
A (00). A (00),

the eigenpairs of A are

(o-(6)) - (o (1))
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There is one orbit that emerges from (0,0) tangent to each half of the z-axis.
All other orbits emerge from (0,0) tangent to one half of the y-axis.

At (0,5) the coefficient matrix of the linearization is

A = 0£(0,5) = (_65 _qo) |

Because A is lower triangular, we can read off that its eigenvalues are 6 and
—10. This implies that near (0,5) the phase-plane portrait is a saddle, which is
unstable. Because

0 0 16 0
a0 %) A (10)

the eigenpairs of A are

(- (5) (o)

There is one orbit that emerges from (0,5) tangent to each half of the line
y=>5— l%x. There is one orbit that approaches (0,5) tangent to each half of
the y-axis.

At (4,0) the coefficient matrix of the linearization is

A = BF(4,0) = (‘016 _68) .

Because A is upper triangular, we can read off that its eigenvalues are —16 and
6. This implies that near (4,0) the phase-plane portrait is a saddle, which is
unstable. Because

0 -8 —22 -8
avo- (0 5), aan (2 )

the eigenpairs of A are

(o)) ()

There is one orbit that approaches (4,0) tangent to each half of the y-axis.
There is one orbit that emerges from (4,0) tangent to each half of the line

y=—"7(x—4).

At (2,4) the coefficient matrix of the linearization is

-8 —4
A-oren - (75 ).
The characteristic polynomial of A is

p(z) = 2% —tr(A)z + det(A) = 2° + 162 + 48 = (2 + 12)(z + 4),
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from which we see that its eigenvalues are —12 and —4. This implies that near
(2,4) the phase-plane portrait is a nodal sink, which is stable. Because

4 —4 —4 —4
A+121:(_4 4>, A+4I=<_4 _4),

the eigenpairs of A are

(2 (0) ()

There is one orbit that approaches (2,4) tangent to each half of the line y =
4 + (x — 2). All other orbits approach (2,4) tangent to one half of the line
y=4—(r—2).

Finally, like every population model in this chapter, this model has semistationary
solutions that lie on the x and y-axes.

e There are semistationary solutions of the form (0,Y(¢)) where Y (t) satisfies
y' = (10 — 2y)y. A phase-line portrait of the equation ¢y’ = 2(5 — y)y shows that
these orbits move along the y-axis as

— + —
@ @ i Y
0 D

In particular, there is an orbit that moves along the y-axis from the stationary
point (0,0) to the stationary point (0, 5).

e There are semistationary solutions of the form (X (¢),0) where X (t) satisfies
' = (16 — 4z)x. A phase-line portrait of the equation 2/ = 4(4 — x)x shows
that these orbits move along the z-axis as

— _I_ —
O @ T
0 4

In particular, there is an orbit that moves along the x-axis from the stationary
point (0,0) to the stationary point (4,0). O]

Remark. Because the stationary points (0,0) and (2,4) are neither a saddle nor a
center, we know that the nonlinear system in the previous example does not have an
integral H(z,y) over any region containing either of those points. In particular, there
is no integral defined over the entire first quadrant.

The above analysis suggests the following sketch of the phase-plane portrait.
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F1GURE 10.5. Sketch of the phase-plane portrait for Example 3 showing
the stationary points, semistationary solutions, and the behavior near
stationary points obtained by linearization.

The foregoing sketch gives a fair indication of the phase-plane portrait for Example 3.
For comparison, below we give a more complete version obtained by numerical methods.

_/

F1GURE 10.6. The phase-plane portrait for Example 3 showing the sta-
tionary points, semistationary solutions, and representative orbits ob-
tained by numerical methods.



15

Remark. We see from Figure 10.6 that every orbit that starts in the first quadrant will
approach the nodal sink at (2,4) as time goes to infinity. In this case the competition
between the two species does not lead to the extinction of one of them. In other words,
our model shows these two species will generally coexist. The next example shows a
different outcome.

Example. Sketch the phase-plane portrait for the competing species model
' = (16 — 4z — 3y)z, v =(T—3z—1y)y.
Solution. First, we find the stationary points of the model. These satisfy
0= (16 — 4z — 3y)x, 0=(7T—-3z—y)y.
The first equation is satisfied if x = 0 or 4z + 3y = 16. The second equation is satisfies

if y=0 or 3x +y = 7. Therefore there are four possibilities.

e By setting x = 0 and y = 0 we obtain the stationary point (0, 0).

e By setting x = 0 and 3z + y = 7 we obtain the stationary point (0, 7).

e By setting 4x 4+ 3y = 16 and y = 0 we obtain the stationary point (4,0).

e By setting 4x 4+ 3y = 16 and 3z + y = 7 we obtain the stationary point (1,4).

Therefore the stationary points are
(0,0), 0,7), (4,0), (1,4).

Next, we linearize the model about each stationary point. Because

e = (i) - (67570 - (B30 700).

the Jacobian matrix of partial derivatives is
0o f (2, y) 3f@y0 C6—&~3y 3z )
af s = ) Y ’ — .
) (8339(1‘, y) Oyg(x,y) —3y 7—3c—2y

By evaluating this at each stationary point we compute the coefficient matrix for the
linearization about that point. These matrices then give the following information about
what the phase-plane portrait of the nonlinear system looks like near these points.

e At (0,0) the coefficient matrix of the linearization is

A—aﬂam—(? %.

Because A is diagonal, we can read off that its eigenvalues are 16 and 7. This
implies that near (0,0) the phase-plane portrait is a nodal source, which is
repelling. Because

0 0 9 0
A (30). asan (1),

the eigenpairs of A are
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There is one orbit that emerges from (0,0) tangent to each half of the z-axis.
All other orbits emerge from (0,0) tangent to one half of the y-axis.

At (0,7) the coefficient matrix of the linearization is

A = 9£(0,0) = <__251 _07) .

Because A is lower triangular, we can read off that its eigenvalues are —5 and
—7. This implies that near (0,7) the phase-plane portrait is a nodal sink, which
is attracting. Because

0 0 2 0
aea= (0 0. A (30),

the eigenpairs of A are

(= (5) (= 0)

There is one orbit that approaches (0,7) tangent to each half of the y-axis. All
other orbits approach (0,7) tangent to one half of the line y =7 — %x

At (4,0) the coefficient matrix of the linearization is
—-16 —12
a—onn - (0 ).

Because A is upper triangular, we can read off that its eigenvalues are —16 and
—5. This implies that near (4,0) the phase-plane portrait is a nodal sink, which
is attracting. Because

0 —12 —11 —-12
avir= (0 72), avae ()

the eigenpairs of A are

(o 6)- (= (W)

There is one orbit that approaches (4,0) tangent to each half of the z-axis. All

other orbits approach (4,0) tangent to one half of the line y = — 3 (z — 4).

At (1,4) the coefficient matrix of the linearization is

-4 -3
a-orn= (5 7).
The characteristic polynomial of A is
p(2) = 22 —tr(A)z +det(A) = 22 + 82 — 20 = (2 + 10)(z — 2),

from which we see that its eigenvalues are —10 and 2. This implies that near
(1,4) the phase-plane portrait is a saddle, which is unstable. Because

6 -3 -6 -3
a9, 0y aae (49
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the eigenpairs of A are

(o) ()

There is one orbit that approaches (1,4) tangent to each half of the line y =
4+ 2(x — 1). There is one orbit that emerges from (1,4) tangent to one half of
the line y =4 — 2(z — 1).

Finally, like every population model in this chapter, this model has semistationary
solutions that lie on the x and y-axes.

e There are semistationary solutions of the form (0, Y (¢)) where Y (¢) satisfies the
y' = (7 — y)y. A phase-line portrait of the equation ¢y’ = (7 — y)y shows that
these orbits move along the y-axis as

— _l’_ —
e @ Y
0 7

In particular, there is an orbit that moves along the y-axis from the stationary
point (0,0) to the stationary point (0, 7).

e There are semistationary solutions of the form (X (¢),0) where X (¢) satisfies
2’ = (16 — 4z)x. A phase-line portrait of the equation 2’ = 4(4 — x)z shows
that these orbits move along the z-axis as

— _l’_ —
e e
0 4

In particular, there is an orbit that moves along the x-axis from the stationary
point (0,0) to the stationary point (4,0). O

Remark. Because the stationary points (0,0), (0,7), and (4,0) are neither a saddle
nor a center, we know that the nonlinear system in the previous example does not have
an integral H(z,y) over any region containing either of those points. This does not
preclude the possibility that an integral H(z,y) exists that is undefined on parts of the
r-axis and y-axis.

The above analysis suggests the following sketch of the phase-plane portrait.
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F1GURE 10.7. Sketch of the phase-plane portrait for Example 4 showing
the stationary points, semistationary solutions, and the behavior near
stationary points obtained by linearization.

The foregoing sketch gives a fair indication of the phase-plane portrait for Example 4.
For comparison, below we give a more complete version obtained by numerical methods.
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F1GURE 10.8. The phase-plane portrait for Example 4 showing the sta-
tionary points, semistationary solutions, and representative orbits ob-
tained by numerical methods.
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10.4. Cooperating Species Models. In this section we will study cooperating species
models in the form

(10.4) ' = (r—ax+by)x, Yy =(s+cx—dyy,

where the parameters a, b, ¢, d, r, and s are positive.

Example. Sketch the phase-plane portrait for the competing species model

¥ = (27— 9z +y)x, y = (20 + 4z — 4y)y .

Solution. First, we find the stationary points of the model. These satisfy
0=(27—-9x +y)z, 0=(20+4x —4y)y.

The first equation is satisfied if x = 0 or 92 — y = 27. The second equation is satisfied

if y=0 or —4z + 4y = 20. Therefore there are four possibilities.

By setting = 0 and y = 0 we obtain the stationary point (0, 0).

By setting = 0 and —4x 4 4y = 20 we obtain the stationary point (0, 5).

By setting 9z — y = 27 and y = 0 we obtain the stationary point (3,0).

By setting 9z —y = 27 and —4x +4y = 20 we obtain the stationary point (4,9).

Therefore the stationary points are

(0,0), (0,5), (3,0), (4,9).

Next, we linearize the model about each stationary point. Because
£z, y) = flay)) _ ( QT=9z+y)r\ _ (270 —92% +ay
’ g(x,y) (20 + 4z — 4y)y 20y + day — 4y? )
the Jacobian matrix of partial derivatives is
Of(z, y) — Ouf(z,y) Oyf(x,y)\ _ (27— 18z +y x .
Oag(x,y)  Oyg(x,y) 4y 20 + 4z — 8y

By evaluating this at each stationary point we compute the coefficient matrix for the
linearization about that point. These matrices then give the following information about
what the phase-plane portrait of the nonlinear system looks like near these points.

e At (0,0) the coefficient matrix of the linearization is

A = 9£(0,0) = (207 200) |

Because A is diagonal, we can read off that it has eigenvalues 27 and 20. This
implies that near (0,0) the phase-plane portrait is a nodal source, which is
repelling. Because

0 O 70
acae(00). A (1),

the eigenpairs of A are

(o)) (- ()



There is one orbit that emerges from (0,0) tangent to each half of the y-axis.
All other orbits emerge from (0,0) tangent to one half of the z-axis.

e At (0,5) the coefficient matrix of the linearization is

32 0
Ao (2 0)

Because A is lower triangular, we can read off that its eigenvalues are 32 and
—20. This implies that near (0,5) the phase-plane portrait is a saddle, which is
unstable. Because

0 0 52 0
aowe (f0). avme (20),

the eigenpairs of A are

(= (5) (=0)

There is one orbit that emerges from (0,5) tangent to each half of the line
y=>5— %x There is one orbit that approaches (0,5) tangent to each half of
the y-axis.

e At (3,0) the coefficient matrix of the linearization is

A = B(3,0) — (‘37 332) .

Because A is upper triangular, we can read off that its eigenvalues are —27 and
32. This implies that near (3,0) the phase-plane portrait is a saddle, which is
unstable. Because

0 3 ~59 3
A+27I=(0 59>, A—321:<0 0)7

the eigenpairs of A are

(7 G) - ()

There is one orbit that approaches (3,0) tangent to each half of the y-axis.

There is one orbit that emerges from (3,0) tangent to each half of the line
59

y=—%(x—-3).

e At (4,9) the coefficient matrix of the linearization is

36 9
A = 9f(4,9) = < e _36> .

The characteristic polynomial of A is

p(2) = 2°—tr(A)z+det(A) = 2°+722436°—16:9 = (2436)°—12> = (2+24)(2+48) ,
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from which we see that its eigenvalues are —24 and —48. This implies that near
(2,4) the phase-plane portrait is a nodal sink, which is stable. Because

—-12 9 12 9
avane (2 %) avae(28))

the eigenpairs of A are

(@) (= ()

There is one orbit that approaches (4,9) tangent to each half of the line y =
9+ %(m — 4). All other orbits approach (4,9) tangent to one half of the line
4

Finally, like every population model in this chapter, this model has semistationary
solutions that lie on the x and y-axes.

e There are semistationary solutions of the form (0, Y (¢)) where Y (¢) satisfies the
y' = (20 —4y)y. A phase-line portrait of the equation iy’ = 4(5 — y)y shows that
these orbits move along the y-axis as

— _l’_ —
i 0 @ Y
0 5

In particular, there is an orbit that moves along the y-axis from the stationary
point (0,0) to the stationary point (0,5).

e There are semistationary solutions of the form (X (¢),0) where X (¢) satisfies
' = (27 — 9z)x. A phase-line portrait of the equation 2’ = 9(3 — x)z shows
that these orbits move along the z-axis as

— _l’_ —
e el R I e e e
0 3

In particular, there is an orbit that moves along the x-axis from the stationary
point (0,0) to the stationary point (3,0). O

The above analysis suggests the following sketch of the phase-plane portrait, which
suggests that all solutions which have both species present will approach the attracting
stationary point (4,9) as t — oo. At this point each species approaches a higher
population than it would in the absence of the other species. This shows the benefit of
their interspecies cooperation.
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FIGURE 10.9. Sketch of the phase-plane portrait for Example 5 showing
the stationary points, semistationary solutions, and the behavior near
stationary points obtained by linearization.

The foregoing sketch gives a fair indication of the phase-plane portrait for Example 5.
For comparison, below we give a more complete version obtained by numerical methods.

10

F1GURE 10.10. The phase-plane portrait for Example 5 showing the
stationary points, semistationary solutions, and representative orbits ob-
tained by numerical methods.
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10.5. Models with Equal Bare Growth Rates. In this section we will study the
family of models with equal bare growth rates, which has the form

(10.5) = (r—ar—byz, y = (r—cx—dy)y,
where the parameters a, b, ¢, d, and r satisfy
(10.6) a>0, b+#0, c#0, d>0, ad —bc #0.

This family includes predator-prey models when bc < 0, competing species models when
b > 0 and ¢ > 0, and cooperating species models when b < 0 and ¢ < 0. However,
because it assumes equal bare growth rates given by r, these models do not arise often
in practice. We study them here to illustrate phase-plane portrait methods.

10.5.1. Special Solutions Along a Line. The condition ad —bc # 0 in (10.6) insures that
there is a unique point (z,,y,) that satisfies

(10.7) 1 =ax, + by, 1=cx,+dy,.
This point is given by

d—>b a—c
10. =, . = )
(10.8) o ad — be y ad — bc

Because ad — be # 0, this point will not be the origin.

Remark. If either d = b or a = ¢ then this point will lie on the y-axis or the x-axis
respectively — specifically, it will be

(T, ys) = (0, é) or (T, ys) = <% 0> :

Otherwise this point will lie off the axes.

Remark. It is clear from (10.7) that (z.r,y.r) is a stationary point of system (10.5).
If r =0 it is the origin. If  # 0 and (@ — ¢)(d — b) = 0 then by the previous remark it
lies on the y-axis or the z-axis. If r # 0 and (a — ¢)(d — b) # 0 then by the previous
remark it lies off the axes.

The assumption of equal bare growth rates allows us to construct nonstationary
solutions to system (10.5) along the line that passes through the origin and the point
(24, y«). Points on this line are given by (z.z,y.2) for some real number z. Therefore
we seek solutions (z(t),y(t)) of system (10.5) in the form

(10.9) z(t) = x.2(t), y(t) = yez(t) .
Because (., y.) satisfies (10.7), this form implies that
¥ =z, (r—azx —by)r = (r — (az, + bys)2) vz = 2.(r — 2) 2,
v =y, (r—cx —dy)y = (r — (cxs + dys)2)yez = yu(r — 2) 2.
From this we see that system (10.5) is satisfied when z satisfies

(10.10) 2 =(r—2)z.
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The stationary points of this equation are z = 0 and z = r, which by form (10.9)
correspond to the stationary points (0,0) and (z.r, y.r) of system (10.5). Every non-
stationary solution z(t) of equation (10.10) yields a nonstationary solution of system
(10.5) through formula (10.9).

Remark. When (a—c)(d—0b) = 0 these nonstationary solutions lie on either the y-axis
or the z-axis. Hence, they are among the semistationary solutions that were considered
earlier. Otherwise they are new solutions that can be added to a phase-plane portrait.
When (a—c)(d—0b) > 0 they lie in the first and third quadrant. When (a—c¢)(d—b) < 0
they lie in the second and fourth quadrant.

10.5.2. Integrating the System. Here we show how sometimes system (10.5) can be
integrated. We will use the method for solving dilation invariant first-order equations
that was presented in Section 9.2 of Part I. Please review that material before reading
this subsection.

First we will reduce the problem of finding solutions of system (10.5) to that of finding
solutions of system (10.5) with 7 = 0. This reduction is achieved in two steps. The first
step is to notice that the assumption of equal bare growth rates allows us to intoduce
new dependent variables v and v that are related to  and y by

(10.11) r=c"lu, y=c¢e"v,

and thereby transform system (10.5) into

(10.12) u' = —e"(au + bv)u, v = —e"(cu + dv)v.

Exercise. Derive system (10.12) by substituting the expressions for x and y given by

(10.11) into system (10.5).
When r = 0 system (10.12) reduces to the autonomous system

(10.13) u' = —(au + bv)u, vV = —(cu+dv)v.

This system is just the original system (10.5) with » = 0 and (u, v) replacing (x,y). The
second step is to notice that when r # 0 solutions of system (10.12) can be obtained
from solutions of the autonomous system (10.13) by replacing ¢ with (e — 1)/r. By
combining this observation with the substitution (10.11) we have reduced the solution
of system (10.5) to the solution of system (10.13).

Exercise. Show that if (u(t),v(t)) is the solution of the autonomous system (10.13)
for initial data (zr,yr) then the solution of the original system (10.5) for initial data
(z1,yr) is given by

(10.14) (e”u(ertr_ 1) , e%(eﬁr— 1)) .

Example. The solution of (10.13) for initial data (x,0) with z; # 0 is a semistationary
solution in the form (u,0) where v’ = —au? and u(0) = x;. For u # 0 this first-order
equation has the separated form

1
——2du:adt.
U
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This can be integrated to obtain the implicit solution
1 1
—=at+ —.
Uu Ir

This can be solved for u to find the explicit solution

L1
U=-—":.
1+ azxst

Thus, system (10.13) with initial data (x,0) has the semistationary solution

(o)
14 CL[L’]t

Therefore from (10.14) we see that for every r # 0 system (10.5) with initial data (z,0)
has the solution

e
1+GZL'[

r

Remark. Of course, the solution of system (10.5) found in the above example could
also have been found by directly seeking a semistationary solution in the form (z,0).
Here we obtained it by a less direct route in order to illustrate how to use the reduction
of system (10.5) to system (10.13).

Next, the point of reducing system (10.5) to system (10.13) is that the reduced system
has a simpler orbit equation than the original. Specifically, the orbit equation of system
(10.13) is

dv  cu+dvo

du  au+bvu’
which can be brought into the dilation invariant form

+d?

dv ¢td-
(10.15) S T
du a+b— U

u

We saw in Section 10.2 of Part I that we can transform this equation into a separable
equation by introducing the new dependent variable w = v/u. We thereby obtain

dw c+dw _c—a—i—(d—b)ww

10.16 —-—
( ) udu a—+ bw a+ bw

Exercise. Derive equation (10.16) by substituting v = uw into equation (10.15).
The separable equation (10.16) has the stationary solutions

a—

d—>b

The stationary solution w = 0 leads to semistationary solutions of the original system

(10.5) in the form (z,0) that were derived in the last example. When (a —¢)(d —0b) # 0

w=0, and w=

when (a — ¢)(d — b) # 0.
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a—c

the stationary solution w = %=¢ leads to the solutions found in the previous subsection.

d—b
Specifically, setting
a—c

d—b
into the first equation of (10.13) yields the reduced equation
ad —bc
Y v
Nonstationary solutions of the separable equation (10.16) can lead to new explicit
solutions of the original system (10.5).

VUV =wu = u

u' = —(au+ bw)u = —(a + bw)u® =
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EXERCISES ON POPULATION DYNAMICS

(1) Answer the following questions:

(a) Which variable will we represent as the prey and which variable will we
represent as the predator in a predator-prey model?

(b) What'’s the difference between a predator-prey model and a competing
species model?

(¢) According to how this online text, what do ay; and age represent? What
do a1s and ao; represent?

Solution

For 2-11, identify whether the model is a predator-prey model or a competing species
model. Sketch the phase portrait.

(2) ' =2(2-y) Y =y(=3+ 1)

Solution
(B)a'=2@B-a-y) Y =yld-2-32)

Solution
(4) ' = 2(1 - 2y) y =y(-1+z)

Solution
(5) o' =dz(l-—z—y) ¢ =y2-y—3z)

Solution
(6) 2" =2(3 =2z —y) Yy =y(4—y—3)

Solution
(7) 2’ = (3 =2z —y) y =y(=1+2z)

Solution
®) 2’ =2B-2-2y) ¢ =y -2y~ i2)

Solution
(9) 2/ = x2(12 — 8z — 4y) Y =y(—1+x)

Solution
(10) 2’ =z(2—2x —y) Yy =y(—1+2x)

Solution
(11) o' = (2 — 2z — 2y) Yy =y(3 -2y —2x)

Solution

(12) Sketch the phase portrait for the following cooperating species model. How is it
different from a competing species phase portrait and explain how that makes
intuitive sense?

v =x(4 —4x + 2y) y =y(10 — 6y + x)

Solution


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol001.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol002.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol003.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol004.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol005.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol006.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol007.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol008.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol009.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol010.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol011.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol012.pdf
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(13) For the following system, find the values of o and f for which there is a coun-
terclockwise center at the critical point that is NOT the origin. (Note: «, 8 # 0)

!/ /

1’ =z(a —y) Y =ylz—p)
Solution

(14) For the following system of differential equations where «, 5,7, > 0:

dz

- — 1 — —

% z(1 — oz — By)
dy

=7 9~y —

% y(2 — vy — ox)

(a) Find ALL of the stationary points.

(b) Calculate the Jacobian, 0f(0,0). (ie Only evaluate the Jacobian at the
origin). What type of phase portrait is it? Where do the values on the
diagonal of the evaluated Jacobian originate from (within the system of
differential equations)?

(¢c) If v = B and § = bBa, describe the behavior (just whether it’s a nodal
sink /source, spiral, etc.) and the eigenvalues at each of the stationary
points.

Solution


http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol013.pdf
http://courses.math.umd.edu/math246/NODE/2223F/SYS-PLANAR-POP/WORK/Sol014.pdf
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