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Stochastic Models 8. Fortune’s Formulas

Introduction. We now consider some settings in which the optimization
problem can be solved analytically. Specifically, we will derive explicit
formulas for the solutions to the maximization problems for the family of
parabolic objectives

() = pys + ' f — S£TVE— x VETVE, (1a)
the family of quadratic objectives
2
TX(E) = py + 10T — 5 (e + 0 £)" = FETVE— 3 VETVE,  (1b)
and the family of hybrid objectives

LX(F) = |og(1 + e + fan) —LETVE - x VETVIE, (1c)
considered over their natural domains of allocations f for unlimited leverage
portfolios with the One Risk-Free Rate model.



In the previous lecture we saw that the maximizer f,. for such a problem
will correspond to a point (o«, ux) on the efficient frontier. Moreover, we
saw that (o«, ux) is the point in the ou-plane where the level curves of the
objective are tangent to the efficient frontier. While this geometric picture
gave insight into how optimal portfolio allocations arise, we do not yet have
an algorthim by which to compute them.

The explicit formulas derived in this lecture for the maximizer £, will confirm
the general picture developed in the previous lecture. They will also give
insight into the relative merits of the different families of objectives in (1).
In particular, the maximizers when xy = 0 give different realizations of
the Kelly Criterion — so-called fortune’s formulas. The maximizers when
x > O will be corresponding fractional Kelly strategies. We will derive and
analyze these formulas after reviewing the efficient frontier for unlimited
leverage portfolios with the One Risk-Free Rate model.



Efficient Frontier. Recall that the frontier for unlimited leverage portfolios
without risk-free assets is the hyperbola in the right-half of the ou-plane

given by
B 2
o — O-r%\/ (:u va) ’ (23)
Vas
where the so-called frontier parameters o, 1tmy, @and g are given by
1 1Tv-1
5 = 1TV_1la Pmv — T 1m7
(1TV_1m)2

1Tv-11
This so-called frontier hyperbola has vertex (omy, tmy) and asymptotes

1= pmy L Vag O forc > 0.

The positive definiteness of V insures that o,, > 0 and v,5 > 0.



If we introduce risk-free assets and use the One Risk-Free Rate model with
risk-free return u - < pmy then the efficient frontier becomes the tangent
half-line given by

p= pps + g0 foroc > 0, (3a)
where the slope is
By — H )
Vig = Vasy|1+ ( mv rf) . (3b)
Vas Omyv

The Sharpe ratio of any portfolio with return mean p and volatility o is
defined to be
K= Hrr
—
Clearly Vig is the Sharpe ratio of all portfolios on the efficient frontier (3a).
Moreover, Vig is the largest possible Sharpe ratio for any portfolio.




The efficient frontier (3a) is tangent to the frontier hyperbola (2a) at the
point (th, Mtg) where

2 2 2
Vqace O Vic O
Utg:UmV\l1+< = ) ) Htg = Hmy T R
Hmv = Hrf Hmv — Hyf
The unique tangency portfolio associated with this point has allocation
Ur%v —1
fig = V7i(m — pl). (4)
Hmv — /’er

Every portfolio on the efficient frontier (3a) can be viewed as holding a
position in this tangency portfolio and a position in a risk-free asset.

We can select a particular portfolio on this efficient frontier by identifying
an objective function to be maximized. In subsequent sections we derive
and analyze explicit formulas for the maximizers for each family member of
the parabolic, quadratic, and hybrid objectives given in (1.



Parabolic Objectives. First we consider the maximization problem
f., = arg max{l‘px(f) e RN}, (5a)

where I‘DX(f ) is the family of parabolic objectives parametrized by x > O
and given by

() = pps + ' f — S£TVE— x VT VE. (5b)
If f # O then the gradient of I(f) is

Ve (F) = i — VF — §Vf,

where o = VT Vf > 0. By setting this gradient equal to zero we see that
if the maximizer f, is nonzero then it satisfies

_0'>|<+X

O %

0=m

where o = /f] Vf, > 0.

Vi,




By solving this equation for f, we obtain

O x —1 ~
f. = V-im. 6
" (6)
Because o« = /f] V£, we have
2 2
2 T O x ~ Ty —1+ O x
ol =1, Vi, = m V. ‘m= Uiy s
T (04 + 02 (v + )2

we conclude that o satisfies
(0% + x)% = Vt% :
Because o« > 0 and xy > O we see that
0 < x < g, (7)
and that o« is determined by



Then the maximizer fi given by (6) becomes

f, = <1 _ i) V—lm. (8)
Vig

Remark. Pure Kelly investors take x = 0, in which case (8) reduces to
f. =V~ lm. (9)

Formula (9) is often called fortune’s formula in the belief that it is a good
approximation to the Kelly strategy. In this view formula (8)) gives an explicit
fractional Kelly strategy for every x € (0O, Vtg)- However, we will see that
formula (9) gives an allocation that can be far from the Kelly strategy, and
generally leads to overbetting.



The foregoing analysis did not yield a maximzier when x > v;,. We now
show that in this case f. = 0. The key to doing this is the Cauchy inequality
in the form

fan\ < Vi v-im VETVE. (10)

When x > v, we use the positive definiteness of V, the fact x > 1, and
the above Cauchy inequality to show

X(f) = pe+m' f— S£TVE— x VETVE
< pertm'f—x W
< iy DT — g VETVE
= pp+m' f— VT vlm T v
< s = 15°(0).
This implies that f. = 0.




Therefore the solution £, of the maximization problem (5) is

(1 - i) V-1l it X < Vg s
0 if x > Vig -

f = < (11)

\

This solution lies on the efficient frontier (3a). It allocates ft’é times the
portfolio value in the tangent portfolio f, given by (4) and 1 — fﬁ‘g times
the portfolio value in a risk-free asset, where

ftg:<1_ X)va;“rf. (12)

Vig Omv




Quadratic Objectives. Next we consider the maximization problem
f., = arg max{l‘qx(f) e RN}, (13a)

where I‘qx(f) is the family of quadratic objectives parametrized by x > O
and given by

~ - 2
TX(E) = pye+ 10T — 5 (e + 0 £)" = JETVE— 3 VETVE. (130)
If f # O then the gradient of I;(f) is

Vel (F) = (1 — pye)i — ' £ — VE — X VF

where o = VT Vf > 0. By setting this gradient equal to zero we see that
if the maximizer f, is nonzero then it satisfies

ox + X

O %

\% "%

0= (1—p)Mm—1nm f, —

where o = /f] Vf, > 0.



After multiplying this relation by V—1 and bringing the terms involving £ to
the left-hand side, we obtain

0'>|<+X

O x

fi+V imm' £ = (1 — pp) V im. (14)

Now multiply this by o« " and use the factthat m' V—1m = v,2 to obtain

tg

(0* + x + Vt29 a*) m'f, = (1 — Lrf) Vt29 Ox ,

which implies that

When this expression is placed into (14) we can solve for f to find

O x 1 ~
fo = (1 — pr) V- im. (15)




Because o« = /f] V£, we have

(1 T /'er)z 0>|<2
((1 + VtQQJ) ox + X)2

(1 _:urf)Q 0-*2 2
)2 Vtg >

o2 =flVf, = m! V™1lm

(A +v@)ow+x
we conclude that o, satisfies
2
((1 + 1) o + x) =(1— )23
Because o« > 0 and xy > O we see that

0<x< (1_:urf)l/tga
and that o« is determined by

(1+Vt2g)0*+X= (1 —Mrf)Vtg-

(16)



Then the maximizer f. given by (15) becomes

X 1 1~
fo=(1— pr— >V im. (17)
Vig 1—|—1/tg

Remark. Pure Kelly investors take x = O, in which case (1/) reduces to

f, = 1—“5"V—1m. (18)

1+ Vi
Formula (18) differs significantly from formula (9) whenever the Sharpe
ratio Vig is not small. Sharpe ratios are often near 1 and sometimes can
be as large as 3. So which of these should be called fortune’s formula®?
Certainly not formula @)! To see why, set f = V—1m into the quadratic

objective (13b) with x = 0 to obtain

0(v—1) _ 1.2 1 22
' (V m) —:urf+§’/tg_§(:urf+’/tg) )
which can be negative when v, is near 1. So formula @) can overbet!




The foregoing analysis did not yield a maximzier when x > (1 — ) Vig-
We now show that in this case fx = 0. The key to doing this is again
the Cauchy inequality (10). When x > (1 — p.¢) vy We use the positive
definiteness of V, the fact x > (1 — <) Vig> @nd the Cauchy inequality to
show

(E) = prgr + £ — 3 (e +0TE)° = LETVE— y VETVE
< e+ — 3 (puF 4 2pem ) - VTV
=urf—%ur2f+(l—urf)ﬁﬂTf—x\/ﬁ
< gt — 24 (L= ) BT — (1 = ) vg VT VE
= prr — L2 4 (1 = pyp) (mTf _Va'vlm \/fTVf>

< ff — %“er = I4(0).
This implies that f. = 0.




Therefore the solution £, of the maximization problem (13) is

( ) Vo (1~ )
1 — s — > > X < (1= ppp) g
Vig 1—|—Vtg 9

0 ifx > (1 — pp) Vig -
This solution lies on the efficient frontier (3a). It allocates ft’é times the

portfolio value in the tangent portfolio f, given by (4) and 1 — f{ times
the portfolio value in a risk-free asset, where

X 1 pmy— 4
ftg=<1—urf—y> >t (20)

f, = ¢ (19)




Hybrid Objectives. Next we consider the maximization problem

fo =argmax{rX(f) : f eRY, 1+ e+ f >0}, (21a)
where FhX(f ) is the family of hybrid objectives parametrized by x > 0 and
given by

[X(f) = log (1 + e + fan) —LETVE - x VETVE, (21b)

Because I‘hX(f) — —oo as f approaches the boundary of the domain being
considered in (21a), the maximizer £« must lie in the interior of the domain.
If f 7 O then the gradient of IX(f) is

1
Vi (f) = —vt—Xvr,
7 o

where p = p .+ m'fand o = VT Vf > 0.



By setting this gradient equal to zero we see that if the maximizer f; is
nonzero then it satisfies

f, = vV im, (22)

Because o« = /f! V£, we have
1 o2
2 _ 4T h ~ Ty —1x
ol =1 Vi, = m V "m
T (1 4 px)? (0% + x)?
1 0*2

— Vt2 .
(14 p2)? (o +x)2 7
From this we conclude that u+« and oy satisfy

2

2 _ Mg
(e E "= 2




Because o« > 0 and xy > O we see that

I/tg
0<x< :
=X 1+ px
and that we can determine o in terms of p4 from
l/tg
ox + x = .
) X 1+ px
Then the maximizer f. given by (22) becomes
1 -
f>|< = ( — L) V_lm,
1 4+ s Vig
Because us = . + m' fi we have
- 1 Txre]1 ~
M*:Mrf_l_m—rf*:,urf_l'( — X> TV 1m
1 4+ s Vig

(23)

(24)



This can be reduced to the quadratic equation

2
x) . (25)

2
1% 1+ 1%
( tg ) _I_ '“rf — X tg — 1’
1+ ps Vig 1+ ps
which has the unique positive root
v 1 (1 1 (1
tg _ _- M_X + (14 = T+me
14+ s 2 Vig \ 4 Vig
Then condition (23) is satisfied if and only if
Vtg
0 < — X
2
1 (14 11+
= —= “”’+x> + 1+( “”’—x) .
2 Vig \ 4 Vig




This inequality holds if and only if

2 2
1 /1 1/1 1
0<1+(+Mrf_x) —(W+><) —q P
4 Vig 4 Vig Vig

This holds if and only if y satisfies the bounds
V.
t

0< y < g | (26)
1+'urf

By using (25) to eliminate ux from the maximizer fi given by (24) we find

2
1=
f, = _1<1+'ul’f_|_x>_|_ 1_|_1<1+'urf_x) v m.
Vig \ 4 Vig




This becomes

fo— (1t X ) 1 v-1lm, (27a)
LH b Mg D<X7 - )
1+ Hrf
where
D(x,y) = %(H—xy)-l-%\/(l —xY)° + 4y°. (27b)

Remark. Pure Kelly investors take x = O, in which case (2/)) reduces to

1 vV im. (28)

b= 1 1 > >
514 ) 4+ 5/ (L 4 1) 4 403

This candidate for fortune’s formula will be compared with the others later.




The foregoing analysis did not yield a maximzier when (1 + p.¢) x > Vig-
We now show that in this case fx = 0. The key to doing this is again
the Cauchy inequality (10). When (1 + p.¢) x > Vg WE Use the positive
definitness of V, the concavity of log(z), the fact (1 + p.¢) x > Vig> @Nd
the Cauchy inequality to show

LX(f) = log (1 + ppr + mTf) —LETVE - x VETVE

~T
m'f
< 1og(1 + ) + —x VI VE
1 +'“rf

~T
m'f v

<109(1+ prp) + 5 — o VETVE
+'“rf +“rf

1 -T ~Txr—1~ /6T
= | 1 f — f'Vf
09 +urf)+1+urf(m VaTv-tmy/ v)
<log(1l + ppf) = th(O)-

This implies that f. = 0.




Therefore the solution f, of the maximization problem (21) is

)
1 —1i v
( _ X) Vo m ify < -9
1+ pupg Ytg “tg L+ e
— X
0 ifx > —9—,
\ +Mrf

where D(x, y) was defined by (27b).

This solution lies on the efficient frontier (3a). It allocates fth times the
portfolio value in the tangent portfolio f; given by (4) and 1 — ftXg times
the portfolio value in a risk-free asset, where

1 1 —
ftg _ ( X > HFmyv ; :urf‘ (30)
1+ ppr Vig D( Vig > Oy



Comparisons. The maximizers for the parabolic, quadratic, and hybrid
objectives are given by (11), (19), and (29) respectively. They are

£

where D(x, y) was defined by (27b).

(1 _ %) vV-1lm if X < Vg s 1)
tg
0 if x > Vig s
r 1.~
X \ V 'm _
1 — s — ) if x < (1 — ) Vg s
( rf Vtg 1 _I_ Vtzg | rf/ “tg (31 b)
\O IfXZ(l_:urf)Vtga
([ 1 v-1in %
( - X) - ity < — 9
L+ ppe g (X’ “tg ) 1+ iy 3
1+ pf y (31c)
0 ifx > < |
+'“rf




Fact1. If - € [0, 1) then fJ is the most conservative of these allocations

and fP is the most agressive.

Proof. First observe that because . € [0,1) we have

1
1 —pps < <1
rf 1 _I_,U/rf
These inequalities imply that
Vtg
(1 — ppg) Vg < < g
rf/ “tg 14 . tg
and that
1
1= pg = 2 < - Xy X
Vig 1 T s Yig Yig

Each of these inequalities is strict when p - € (0, 1).

(32)

(33)



Recall from (27b) that

D(x,y) =%(1+xy)+%\/(1—xy)2+4y2- (34)

For every y > O we have

1 _
D (x;y) = 3y (1 — \/(1 = xy;y-l- 4y2> >0,

whereby D(x,y) is an strictly increasing function of y. Hence, for every
x € [0,y) we have

1 < D(0,y) < D(x,y) < D(y,y) =1+ 42 (35)
Therefore
D
Yig ) Yig 2 . Yig
1 < Dl x, <14 <1l4v if x < . (36)
( 1 Hre (1 + lurf)2 * 1+ Hrf



The inequalities (32) imply that fJ given by (31b) has the smallest critical
value of y at which it becomes 0, and that £ given by (31a) has the largest
critical value of x at which it becomes 0.

The inequalities (33) and (36) imply that the factor multiplying V—1m in
the expression for £2 given by (31b) is smaller than the factor multiplying
V~—1m in the expression for £ given by (31c), which is smaller than the
factor multiplying V—1m in the expression for f given by (31a). Hence,
fJ is more conservative than f, which is more conservative than f°. O

Remark. The risk-free return p ¢ is usually much smaller than the Sharpe
ratio Vig- This means that the main differences between the maximizers
given by formulas (31) arise due to their dependence upon Vig-




In practice p ¢ is often small enough that it can be neglected. By setting

p = 0in (31

we get

) (1 = l) V-l
f* — < Vtg

0

-
=

0
\

-
=

0

\

X ) V—1lm

2
Vig 1+ Vig

X > V—1im

Vtg D(X7 Vtg)

ifx<ytg,
itx 2 g,
ifX<Vtg,
ifXZVtga
ifx<1/tg,

ifXZVtg7

(37a)

(37b)

(37¢)

where D(,y) is given by (34). These all are nonzero for x < Vig and all

vanish for x > v;,. We see from (35) that 1 < D(x,vy,) < 1+ v




We now use formulas (3/0b) and (37/c) to isolate the dependence of the
maximizers f;! and £ upon vy

Fact 2. For every x € [0, 1,) we have

1,1 2
3+ 5\/1+ 43 . PO rg)
2 = 2
1—|-Vtg 1—|—1/tg

where the left-hand side is a strictly decreasing function of v .

<1, (38)

Proof. By (35) we have

1+ v > D(x,vg) > D(0, 1) = 5+ 3y/1 4+ 403

The inequalities (38) follow. The task of proving the left-hand side of (38
is a strictly decreasing function of Viq is left as an exercise. []




We now use Fact 2 to show that fJ and £ are nearly equal when Vig IS
not too large.

Fact 3. If v, , < 2 then for every x € [0, v4,,) we have
tg — 3 tg

12 < D(X7 Vtg)

< <1. (39)
13 1+ Vt29

Proof. By the monotonicity asserted in Fact 2 if v, < % then

141 2 1,1 5 4
stait+ag 34554
2 = 4 — 13 — 13-
1+ v l+3 9
Then (39) follows from inequality (38) of Fact 2. []

Remark. This fact implies that there is little difference between fJ and f!
when Vig < %



Remark. A pure Kelly investor would set x = 0, in which case (31) gives

fP=v-im, (40a)
]_ —
=" Pyl (40b)
1+ Vig
1
T vV im. (40c)

514 ) 4+ 5/ (L 4 1) 4 4043

This is the case for which the difference between fd and ! is greatest. To
get a feel for this difference, when n - = 0 and Vig = v/2 these become

f0=1vim, f=5Ivim,
while when 1. = 0 and vy, = v/6 these become
f0=Iv-im, f==Ivim.

This suggests that these differences might become significant for Sharpe
ratios greater than 2.



What We Have Learned. Here are some insights that we have gained.

1. The Sharpe ratio Vig and the caution coefficient x play a large role in
determining the optimal allocation. In particular, when xy > Vig the optimal
allocation is entirely in risk-free assets. The risk-free return u - plays a
much smaller role in determining the optimal allocation.

2. For any choice of x the maximizer for the quadratic objective is more
conservative than the maximizer for the hybrid objective, which is more
conservative than the maximizer for the parabolic objective.

3. The maximizer for a parabolic objective is agressive and will overbet
when the Sharpe ratio v is not small.

4. The maximizers for quadratic and hybrid objectives are close when the
Sharpe ratio Vig IS NOt large. As x approaches v, the maximizers for the
quadratic and hybrid objectives will become closer.



5. We will have greater confidence in the computed Sharpe ratio Vig when
the tangency portfolio lies towards the “nose” of the efficient frontier. This
translates into greater confidence in the maximizers for the quadratic and
hybrid objectives.

6. Analyzing the maximizers for both the quadratic and hybrid objectives
gave greater insights than analyzing each of them separately. Together
they are fortune’s formulas.



