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Efficient Long Frontier

We now consider investors who will not hold a short position in any asset.
Such an investor should not borrow to invest in risky assets, so the safe
investment is the only risky-free asset that we will consider.

We will use the capital allocation line construction to obtain the efficient
long frontier for long portfolios that might include the safe investment.
We assume that the long frontier for the risky assets has already been
constructed, and is given by o = oy(p) for i € [ftpn, iy, Where

Py = Min{m; : i=1,--- N},
P = max{m; : i=1,--- N}.

We will assume that p < p,,,, because otherwise the safe investment is
more efficient than any portfolio of risky asset.
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Efficient Long Frontier

The capital allocation line between the safe investment and the portfolio
on the long frontier with return p is the line segment in the ou-plane
between the points (0, usi) and (o1t(e), i), the slope of which is

Ve (1) = Bl
@ oy()

The efficient long frontier is obtained by first finding the capital allocation
line with the greatest slope. In other words, we solve

Hst = argmax{yca(:u) Y € [umnvumx]} . (11)

We set Vet = Vca(ust) and Ogt = O-lf(lust)'
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Efficient Long Frontier

Let us consider the maximization problem given in (1.1):

st = arg max{yca(:u) o € [:Umnvﬂmx]} )

where

_ BT Hsi

op(n)
Recall that the function o — oy(p) is positive and continuous over
[ns s ) This implies that the function p — v, (p) is continuous over

[1ms Pmx ], Which implies that it has a maximum over [1,,,, fx]-
Because pig; < pi,, we see that

Vea (1)

_ Hmx — Mg

= 0
Vca (/"me) O_lf (me) > Y

which implies that the maximum must be positive.
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Efficient Long Frontier

Because the function p — oy¢(p) is strictly convex over [pi,,, fimx], the
maximizer pg, must be unique.

If 11g¢ < ey then the function p — oy (p) is increasing over [fig, foy]
that maps onto [0, 0,,,], Where o, = 01p(1ny)-

Let o — oy; (o) denote the inverse function of i~ o(11) over [o, 0]
Then the efficient long frontier is then given by u = p¢(o) where

le + Vo foro € [0,04],
R P . (12)

JEI(O—) for o € [Ust? o—lf(/"mx)] :
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Efficient Long Frontier

Remark. If we had also added a credit line to the portolio then we would
have had to find the credit tangency portfolio and added the appropriate
capital allocation line to the efficient long frontier. Typically there are two
kinds of credit lines an investor might consider.

@ A cedit line available from a broker usually requires that some of our
risky assets be held as collateral.

@ A credit line available from a bank might use real estate as collateral.

The downside of using a credit line from a broker is that when the market

goes down then the broker can force us either to add assets to our
collateral or to sell assets in a low market to pay off the loan.
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Shape of the Efficient Long Frontier

The downside of using a credit line from a bank with real estate as
collateral is that if the price of real estate falls then we again might be
forced to sell assets in a low market to pay off our loan.

For investors who hold short positions in risky assets, these risks are
hedged because they will also make money when markets go down.
Investors who hold long portfolios in risky assets and use a credit line can
find themselves highly exposed to large losses in a market downturn. It is
an unwise position to take — yet many do in a bubble.
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Computing the Tangent Portfolio

We now address how to solve the maximization problem given in (1.1):

o i
Hst = argmax{ e (,U/; L € [/’Lmnnu’mx]} . (23)
If

Recall that o)¢(¢t) was approximated by partitioning the interval
[an?/’LmX] as

P = fo < p1 < -0 < ftpo1 < fn = Ly (2.4)

where n was large enough to resolve all the features of the long frontier.
At each px we then used quadprog to compute fi¢(ux) and set

ok = aigik) = /R (1 Vg (1) - (25)

Finally, we “connected the dots” between the points {(o, 11k)}7—o to
build an approximation to the long frontier in the gu-plane.
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Computing the Tangent Portfolio

The way we “connected the dots" between the points {(o, ptk)}i_o Was
motivated by the two-fund property. Specifically, for every u € (pk—1, k)
we approximated the long frontier portfolios by

" fik — 1= f-1
Fo(n) = % F )+ PP ), 26
1e(1) ok — s 1e(Hk—1) r = e ¢ (k) (2.6)

and approximated the long frontier by

(1) = /By ()T VE (1) - (2.7)

C. David Levermore (UMD) Limited Portfolios with Risk-Free Assets

February 27, 2019



Computing
fole] Yo)

Computing the Tangent Portfolio

Now consider the numbers

{Mk Hsi kZO,l,"',n}.
Ok

These will be an increasing function of k until some k = k., after which

they will decrease. We can then make the rough approximations

:ast = My, s Ost = Ok s f‘st = Oit (Mkmx) : (28)

mx

These approximations can be made better by taking n larger. More
specifically, if the {ux} are uniformly spaced then these approximations
will be good enough whenever

Hmx — Mmn
n

is smaller than our desired resolution .

C. David Levermore (UMD) Limited Portfolios with Risk-Free Assets February 27, 2019



Computing
ocooe

Computing the Tangent Portfolio

Better approximations can be found by using approximation (2.7) to solve

N 1 — K
fis, = argmaX{ = (M;I RS ['ukmx—lnukmx—l-l]} ; (2.9a)
If

then using approximations (2.7) and (2.6) to obtain

&st = a‘-lf (ﬁst) ) ?st = i:lf (ﬁst) : (ng)

Here we set p1, 1 = juy,, in (2.9a) when k. = n. The solution of (2.9a)
can be found analytically, but we skip the details here.
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Shape of the Efficient Long Frontier

We will now examine the shape of the efficient long frontier for the case
when o{¢ () > 0 and of¢(ptnn) < 0, which is a common situation.

The tangent line to the curve o = o)¢(p) at the point (0, fhmy) Will
intersect the p-axis at p = 7, where

it (Hnx)

Mmx = Hmx — —;

We will consider the cases jig; > 7, and py < 7,,, separately.
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Shape of the Efficient Long Frontier

For the case when pg > 1, we will make the additional assumption that
te < Imy- Then the efficient long frontier is simply given by

:u’elf(a) = Hgi T Honx — P o for o € [07 Umx] :

Urnx

Our additional assumption states that there is at least one risky asset that
has a return mean greater than the return for the safe investment. This is
usually the case. If it is not, the formula for p (o) can be modified by
appealing to the capital allocation line construction.
Remark. Notice that p (o) given above is increasing over o € [0, 0,,.].
When p; = i, the capital allocation line construction would produce an
expression for ji¢(o) that is constant, but might be defined over an
interval larger than [0, o, ]. When pg > p,,, the capital allocation line
construction would produce an expression for 11¢(0) that is decreasing
over an interval larger than [0, o]
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Shape of the Efficient Long Frontier

For the case when g < 1, there is a frontier portfolio (o, /i) such
that the capital allocation between it and (0, y;) lies above the efficient
long frontier. This means that pg > g and

W= Mg

Ot < Ulf(u) for every 11 € [Mmm ,umx] :
Hst — Hsi

Because oy¢(1t) is an increasing, continuous function over [fig, fpy] With
image [0, 0y, it has an increasing, continuous inverse function oy ()
over [0y, 0., ] With image [t fy]- The efficient long frontier is then
given by
Hsi + M g for o € [07 Ust] )
per(o) = Tst

Ulfl(a) for o € [Jst7 Umx] :
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General Portfolio with Two Risky Assets

Recall the portfolio of two risky assets with mean vector m and covarience
matrix V given by

Here we will assume that m; < my, so that p,,, = my and p,, = mo.

The minimum volatility portfolio is

o 1 V22 — V12
Vi vao — 2vgp \ Vi1 — vi2

This will be a long portfolio if and only if vio2 < vi1 and vis < voo.
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General Portfolio with Two Risky Assets

The long frontier is given by

2
o(k) = || odv + (lLZ/MmV) for pu € [my, my],
as

where the frontier parameters are

2 2
o _ \/ Vi1 Voo — V12 o \/ (m2 — m1)
= ) as — ’
m Vi1 + va2 — 2vyo vit + va2 — 2vp2

_ (va2 — vip)my + (vi1 — vio)mo
Vi1 + vo2 — 2vy2

mv

Recall that vi1 + voo — 2vq5 > 0 because V is positive definite.
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General Portfolio with Two Risky Assets

It follows that

(vi1 — vi2)(m2 — my)
vi1 + va2 — 2vi

(vo2 — vi2)(mo — my)
Vit + v — 2vip

My — M1 =

my — Uy, =
There are three cases to consider.

Case 1. If vi5 > vq7 then vis < vos and
Py < M1 < mo.

In this case the efficient long frontier is given by

(o1(p), ) where p € [my, my].

In other words, the entire long frontier is efficient.
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General Portfolio with Two Risky Assets

Case 2. If vi» < vq1 and vi2 < vy then fmv >0 and
my < Hmvy < my.

This will be the case when vi» < 0, which is how two-asset portfolios are
often built. In this case the efficient long frontier is given by

(o1(1e), 1) where 1 € [y, m2].

In other words, only part of the long frontier is efficient.

Case 3. If vio» > v»y then vi» < vq1 and
my < mp < -

In this case the efficient long frontier is the single point (o2, m»).
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General Portfolio with Two Risky Assets

Now we show how Case 2 is modified by the inclusion of a safe investment.
The p-intercept of the tangent line through (o, tiyx) = (02, M2) is

N = My — Ulf('umx)
¢ (Hmy)
=my— Vi 03 _ VoolMm — Vipim2
mz — fyy Voo = V12

We will present the two cases that arise in order of increasing complexity:
Mmx < Hsi and Hsi < Mnx

When 1, < pug; the efficient long frontier is determined by

mo — g

teir(0) = pigi + o for o€ [0,07].
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General Portfolio with Two Risky Assets

When pg; < 1, the tangency portfolio parameters are given by

2 2

Vas Omyv Hmy Hgi
and the efficient long frontier is determined by

Hsi + Vst O for o € [Oa Ust] )

Py + Vasr/ 02 — 02, for o € [0y, 02].
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Simple Portfolio with Three Risky Assets

Recall the portfolio of three risky assets with mean vector m and
covarience matrix V given by

my m—d 1 r r
m=|m| = m , V=s?|r 1 r
m3 m+d r r 1

The efficient long frontier associated with just these three risky assets is
given by (oy¢(), 1) where i € [m, m + d] and

1+2r 1-— —m\?
» s\/ —; - 2r(udm> for 1 € [m,m+ 3d],
o1 \H) = 1 432
1 1- —m-—sd
s +r+ r(u T 2) for € [m+2d,m+d].
2 2 5d

We now show how this is modified by including a safe investment.
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Simple Portfolio with Three Risky Assets

In the construction of oy(41) we found that

=m, Elzm"i_%d’ fo = flny = M+d,

Ho =
. 1+2r . 544r .
0'0:5 3 y 0'125 9 ; UZZUmX:S'

The frontier parameters for o (11) were

1+2r d 2
Omvg — S 3 ) My = M, Uas():; 1- /"’
while those for o (1) were
1+r . d [ 2
Imv; = S 2 fimy, = M+ 3d, Vas1:?5 1—r
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Simple Portfolio with Three Risky Assets

Because
1_, ,u;zm’ foruE[m,m—F%d],
o (p)oie(n) = s° > Yu—m—3d ‘ >, J
17d2, OrME[m+§ ,m+ ],
7

we can see that the p-intercepts of the tangent lines through the points
(01.711) ad (T3, 752) = (G ) a1 respectively

o) 5 5+ 4r 142r
fr—y — fr— —d —_ d = —
=i o1¢(71) ms 3—3r mTa e
o-lf(lu’mx) 1 r
77mx mx O'ff(,Usz) m + 1 —r m 1 —r

We will present the three cases that arise in order of increasing complexity:
Mmx S Hsi» ﬁl S Hsi < Ninxr and Hsi < ﬁl'
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Simple Portfolio with Three Risky Assets

When 7, < pg the efficient long frontier is determined by

HPmx — Mg

mx

Melf(a) = g + o foroe [07 Umx] .

When 7; < pg; < 1, the tangency portfolio parameters are given by

2 2
:umvl — i Vas1 Umvl
Vst:Vasl 1+< ’ Jstzo—mvl 1+ ’

Vas; Omvy Hmvy — M
and the efficient long frontier is determined by
Hsi + Vgt O for o € [07 Ust] )

fae(0) =
val + Vasl 02— O—I%Vl for o € [Jsm me] .
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Simple Portfolio with Three Risky Assets

When p; < 77 the tangency portfolio parameters are given by

2 2
,umvo — Hsi Vaso vao
Vgt = Vaso 1 -+ ( s Oyt = O'va 1 + | — s

Vaso Omvg Hmvg = Msi

and the efficient long frontier is determined by

Hsi + Vgt O for o € [07 Ust] )

Melf(a) = q Hmvo + Vaso 0% — O—I%Vo for o € [Ustvﬁl] )

2 2 =
Hmvy + Vasi\/ 0" — Omvy for o € [Ul’gmx] .

Remark. The above formulas for 1;(o) can be made more explicit by

replacing op,v.s Hmvgr Vasgr Tmvyr Hmvyr Vasyr Omxr Hmxo @and @7 with their
explicit expressions in terms of m, d, s and r.
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