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Growth Rate Probability Densities

Given D samples {Rd}gzl that are drawn from the return probability
density g(R), the associated simulated share prices satisfy

Sd:(1+Rd)5d—1; ford=1,---,D. (1.1)

If we set Sop = s(0) then you can easily see that

d
Sa =[] (1+ Rar)s(0). (1.2)

d’'=1
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Growth Rate Probability Densities

The growth rate Xy is related to the return Ry by

eI =14+Ry. (1.3)

In other words, Xy is the growth rate that yeilds a return Ry on trading
day d. The formula for Sy then takes the form

d
Sd = exp(Z Xdr> s(0). (1.4)

d'=1
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Growth Rate Probability Densities

If the samples {Rq}5_, are drawn from a density q(R) over (—1,00) then
the {Xy}5_, are drawn from a density p(X) over (—oc, 0) where

p(X)dX = g(R)dR,
with X and R related by

X = log(1 + R), R=eX-1.
More explicitly, the densities p(X) and g(R) are related by

_ pllog(1+ R))

pX)=a(ef~1) . a(R) =705
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Growth Rate Probability Densities

Because our models will involve means and variances, we will require that
/ X?p(X)dX = / log(1+ R)? q(R)dR < 0,
—o0 -1
oo 2 e
/ (X —1)" p(x)dX = /1 R2q(R)dR < oo.

Then the mean ~ and variance 6 of X are
5 = Ex(X) = / X p(X) dX

9—Var(X)—EX X 7)? / (X —7)?p(X)dX.
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Growth Rate Probability Densities

The big advantage of working with p(X) rather than g(R) is the fact that

In other words, log(S4/s(0)) is a sum of an IID process. It is easy to
compute the mean and variance of this quantity in terms of those of X.

For the mean of log(S4/s(0)) we find that

Ex(log( )) ZEde/ =d~,
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Growth Rate Probability Densities

For the variance of log(S4/s(0)) we find that
s d ’
Var (Iog(s(g))> = EX((;l Xar — d’y) )
d 2
= EX((Z (Xar 7)) )
d'=1

—EX(Z > Xar =) (Xar — ))

d'=1d"=1

- i Ex((Xg —7)?) = do.

d’'=1
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Growth Rate Probability Densities

Remark. The off-diagonal terms in the foregoing double sum vanish
because

EX((Xd' —v) (Xar — ’7)) =0 when d” # d’.

Hence, the growth mean and variance of the [ID model asset at day d is

EX<|og(jE‘;))> =~d, Var(log(j&)) =0d.
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Growth Rate Probability Densities

Remark. The IID model suggests that the growth rate mean  is a good
proxy for the reward of an asset and that /8 is a good proxy for its risk.
However, these are not the proxies chosen by MPT when it is applied to a
portfolio consisting of one risky asset.

The proxies v and /@ can be approximated by 4 and V0 where 4 and 4
are the unbiased estimators of v and 6 given by

D
F=> waXq, 0=
d—1 =l
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Normal Growth Rate Model

We can illustrate what is going on with the simple 11D model where p(X)
is the normal or Gaussian density with mean v and variance 6, which is

given by
A2
L exp —7()( ) :
V2710 20

Let {X(d)}3>, be a sequence of IID random variables drawn from p(X).
Let {Y4}52, be the sequence of random variables defined by

p(X) =

Yd:—ZXdz foreveryd=1, ---, c0.
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Normal Growth Rate Model

We can easily check that

0
Ex(Yq) =1, Var(Yy) = 7

We can also check that

d-—1 1
Ex(Yy|Yg1)=———Yg1+=7.
x(Ya|Ya-1) FIRCE + g7
So the variables Yy are neither independent nor identically distributed.
It can be shown (the details are not given here) that Yy is drawn from the
normal density with mean « and variance 6/d, which is given by

A2
pg(Y) = ;eeXP<—(Y2g)d>-
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Normal Growth Rate Model

Because Sy/s(0) = e? Y4, the mean return at day d is

d (Y —7)%d
dYy) — RSN P e
Ex(e ) 27re/exp< 0 +dY | dY
B d (Y —v—0)%d 1
= 27T0/exp<— T +d(y+30) ) dY

= exp(d(’y + %0)) :

Because p,(Y') becomes sharply peaked around Y =~ as d increases,
most investors will see the lower growth rate  rather than v + %9.

By setting d = 1 in the above formula, we see that the return mean is
p=Ex(R) = Ex(eX —1) = exp(y+ 30) — 1.

Hence, pu > v + 36, with 1 ~ v + 20 when (v + 10) << 1.
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Normal Growth Rate Model

Therefore most investors will see a return that is below the return mean p
— far below in volatile markets. This is because eX amplifies the tail of
the normal density. For a more realistic 1ID model with a density p(X)
that decays more slowly than a normal density as X — oo, this difference
can be more striking. Said another way, most investors will not see the
same return as Warren Buffett, but his return will boost the mean.

The normal growth rate model confirms that v is a better proxy for how
well a risky asset might perform than p because p,(Y’) becomes more
peaked around Y =~ as d increases. We will extend this result to a
general class of 1ID models that are more realistic.
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Moment and Cumulant Generating Functions

Estimators for «v and 8 will be constructed from the positive function
M(r) = Bx(e™) = / e™ pe(X) dX .

We will assume M(7) is defined for every 7 in an open interval (Timn, Tmx)
that contains the interval [0,2]. It can then be shown that M(7) is
infinitely differentiable over (7mn, Tmx) With

We call M(1) the moment generating function for X because, by setting
7 = 0 in the above expression, we see that the moments {Ex(X™)}%_;
are generated from M(7) by the formula

Ex(X™) = /mef(X) dx = M(m(0).
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Moment and Cumulant Generating Functions

A related inifinitely differentiable function over (T, Tmx) is
K(r) = log(M(r)) = log(Ex(e™)) .

We call K(7) the cumulant generating function because the cumulants
{km}2_, of X are generated by the formula x,, = K(™(0). We see that

K= e,

() - O ERE)
R
K" (7) = EX((XE_XZIT(;;)%TX> —3K(r).
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Moment and Cumulant Generating Functions

By evaluating these at 7 = 0 we see that the first four cumulants of X are

k1= K'(0) = Ex(
w2 = K"(0) = Ex(
k3= K"(0) =Ex((X —1)%),
H4 — K/l//(o) (

These are respectively the mean, variance, skewness, and kurtosis.

Skewness measures an asymmetry in the tails of the distribution. It is
positive or negative depending on whether the fatter tail is to the right or
to the left respectively.

Kurtosis measures a balance between the tails and the center of the
distribution. It is larger for distributions with greater weight in the tails

than in the center.
C. David Levermore (UMD) Growth Rates April 27, 2019
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Moment and Cumulant Generating Functions

Remark. The formulas

K= e,

() - O R

K"(r) = EX((ngzlfl))seTx) ,
K" (7) = EX((XE;ZT(Q)W) —3K(r),

show that K'(7), K”(7), K"”'(), and K"”(7) are the mean, variance,
skewness, and kurtosis for the probability density ™ pf(X)/Ex(e™X).
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Moment and Cumulant Generating Functions

Remark. If X is normally distributed with mean ~ and variance 6 then

pe(X) = k eXP<—M>-

276 20
A direct calculation then shows that
1 (X —7)?
Ex(e™) = —— / —_ X | dX
X(e ) =5 exp( 20 +7

1 (X—7—70)2 1.2
5 /exp(—ze +T’)/+§T9 dX

= exp(r’y + %7'29) )

whereby K(7) = log(Ex(e™)) = 77 + 5720. Hence, when X is normally
distributed the skewness, kurtosis, and all higher-order cumulants vanish.

Conversely, if all of these cumulants vanish then X_is normally distributed.
C. David Levermore (UMD) Growth Rates April 27, 2019
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Moment and Cumulant Generating Functions

Remark. The cumulant generating function K(7) is strictly convex over
the interval (Tinn, Tmx) because K”(7) > 0.

Remark. We can also see that K(7) is convex over (Tmn, Tmx) as follows.
Let 70, 71 € (Tmn, Tmx)- By applying the Hélder inequality with p = i
and p* = 1, we see that for every s € (0,1) we have

5!

M((]_ _ 5)7-0 + 57-1)) — /e(l—s)Tox esT1X Pf(X) dX

1-s s
< </ eTOXPf(X)dX> (/ e pr(X) dX)
= M(70) " SM(m)*.
By taking the logarithm of this inequality we obtain
K((1—s)mo+sm1) < (1—s)K(m0) + sK(m1) for every s (0,1).

Therefore K(7) is a convex function over (Tmn, Tmx)-
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Estimators from Moment Generating Functions

We will now construct estimators for v and 6 by using the moment
generating function

M(r) = Bx(e™) .
Because R = X — 1 and Ex(eX) = M(1), we have
p=Ex(R)=M(1)-1.
Because R — 1 = X — M(1) and Ex(e*X) = M(2), we have
¢ = Bx((R—p)?) = M(2) - M(1)%.
These equations can be solved for M(1) and M(2) as
M1)=14p, MQ)=1+p’+¢.

Therefore knowing . and & is equivalent to knowing M(1) and M(2).
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Estimators from Moment Generating Functions

Because Ex(X) = M’(0) and Ex(X?) = M”(0), we see that
¥ = Ex(X) = M(0),
0 = Ex((X —7)?)
= Ex(X?) —~% = M"(0) — M'(0)2.

Because M(0) = 1, we construct an estimator of M(7) by interpolating
the values M(0), M(1), and M(2) with a quadratic polynomial as

M(r) =1+ 7(M(1) = 1) + 7(r — 1)3(M(2) — 2M(1) + 1)
=1+7p+3r(r—1) (12 +¢) .

By direct calculation we see that

—

M) =p—3(2+¢),  M'(0)=p’+¢.
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Estimators from Moment Generating Functions

The idea is to now construct estimators for v and 6 by using

M) =p—3(*+€),  M'(0)=p*+¢, (45)
as estimators for M’(0) and M”(0) in the formulas
y=M(0), 6=M"(0)—-M©0).
We thereby construct estimators 4 and 0 as functions of w and & by
§=M(0)=pn—3(*+¢),
y 2
0= M"(0) - M'(0)2 =p2+ €~ (u—3(1* +6)".
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Estimators from Moment Generating Functions

By replacing the p and & that appear in the foregoing estimators with the
estimators

A 1
fp=pe(1—1F) 4+ m'f, &= - fIVF. (4.6a)
—w
we obtain the estimators
y=h-3 (2 +€),
N 5 2 ) A2 (4.6b)
b=i?+&-(p-3(1?+£))"

The variance 6 is generally positive, but the estimator 6 given above is not
intrinsically positive.
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Estimators from Moment Generating Functions

Expanding the above expression for 6 in powers of it and ¢ yields
A s R N2
d=E+p(n?+€) -1 (2+8)

The only term in this expansion that is intrinsically positive is the first one.
Therefore we make the smallness assumptions

<1, é<1,  |pP<é,

and keep only through quadratic statistics — i.e. through quadratic in /i
and linear in £&. We thereby arrive at the quadratic estimators

y=p-3(p2+€), 0=¢ (4.7)

where /i and £ are given by (4.6a).

Remark. These smallness assumptions are very easy to. check.
C. David Levermore (UMD) Growth Rates April 27, 2019
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Estimators from Moment Generating Functions

Remark. The quadratic estimators 4 and 0 given by (4.7) have at least
three potential sources of error:

o the estimators M’(0) and M"(0) used in (4.5) to approximate v and 6

as functions of y and &,

o the estimators /i and £ used in (4.6a) to approximate 1 and £,

@ the smallness assumptions that lead to (4.7).
The derivation of the first estimators assumes that the returns for each
Markowitz portfolio are described by a density g¢(R) that is narrow enough

for some moment beyond the second to exist. All of these approximations
should be examined carefully, especially when markets are highly volatile.

April 27, 2019
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Estimators from Cumulant Generating Functions

We will now give an alternative derivation of quadratic estimators (4.7)
that uses the cumulent generating function K(7) = log(M(7)) and is based
on the fact that v = K’(0) and § = K”(0). It begins by observing that

K(1) = log(M(1)) = log(1 + 1),
K(2) = log(M(2)) = log((1+ 1)? +¢) -
Therefore knowing 1 and & is equivalent to knowing K(1) and K(2).

Because K(0) = 0, we construct an estimator of K(7) by interpolating the
values K(0), K(1), and K(2) with a quadratic polynomial as

K(t) = TK(1) + (1 — 1)3(K(2) — 2K (1))

=Tlog(l+ p)+7(r — l)élog(l—i-(l_f'u)2> :
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Estimators from Cumulant Generating Functions

This yields the estimators

By replacing the p and & that appear above with the estimators [i andé
given by (4.6a), we obtain the new estimators

ﬁzlog(1+ﬂ)§log<1+(1fﬂ)2> :
- 3
0= Iog<1+(1+ﬂ)2> .

So long as 1+ o > 0 these estimators are well defined and 4 is positive.
April 27, 2019
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Estimators from Cumulant Generating Functions

If 14+ 4 > 0 and we make the smallness assumption

3
— <1,
(1+7a)?
then we obtain the estimators
) ) 3 , 3
= log(1 + _17A7 0= ——-—. 5.8

Finally, if we make the additional smallness assumptions
A A3 c
Al <1, al” <€,
use the fact
log(1+ /1) = i = 3% + 3>+
and keep only through quadratic statistics then we obtain the quadratic

estimators (4.7) derived earlier.

C. David Levermore (UMD) Growth Rates April 27, 2019



Cumulant GFs
000e0

Estimators from Cumulant Generating Functions

Remark. The fact that both derivations lead to the same estimators gives
us greater confidence in the validity the quadratic estimators.

Remark. If the Markowitz portfolio specified by f has growth rates X that
are normally distributed with mean ~ and variance 8 then we have seen
that K(7) = 7y + 3720. In this case we have K(7) = K(7), so the
estimators 4 = K’(0) and 6 = K”(0) are exact.

Remark. The biggest uncertainty associated with these estimators for 4
and @ is usually the uncertainty inherited from the estimators for {i and &.
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Estimators from Cumulant Generating Functions

Exercise. When the quadratic estimators 4 and 0 are applied to a single
risky asset, they reduce to

F=p-3(0*+¢, d=¢
Use these to estimate v and 6 for each of the following assets given the

share price history {s(d)}2_,. How do these 4 and § compare with the
unbiased estimators for «v and @ that you obtained in the previous problem?

(a) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 20009;
(b) Google, Microsoft, Exxon-Mobil, UPS, GE, and Ford stock in 2007;
(c) S&P 500 and Russell 1000 and 2000 index funds in 2009;
(d) S&P 500 and Russell 1000 and 2000 index funds in 2007.

Exercise. Compute 4 and 6 based on daily data for the Markowitz
portfolio with value equally distributed among the assets in each of the

groups given in the previous exercise.
C. David Levermore (UMD) Growth Rates April 27, 2019
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Interpolation Errors

Here we examine the errors of the interpolation-based estimators given by

M'(0) = 2(M(1) — 1) — 2(M(2) — 1),
M"(0) = M(2) — 2M(1) + 1

Let M(7) be any thrice continuously differentiable function over [0, 2] that
satisfies M(0) = 1. The Cauchy form of the Taylor remainder then yields

M(1) = 1+ M'(0) + 1M"(0) + 1 /(1 2M"(s) ds,
M(2) = 1+ 2M'(0) + 2M"(0) / (2 — 5)2M"(s)ds

By placing these into the above formulas for M’(0) and M”(0) we obtain

M(0)= M)+ E,  M'(0)=M"(0)+E,

C. David Levermore (UMD) Growth Rates April 27, 2019
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Interpolation Errors

where the errors E; and E, are given by
1 2
E — [ / (1— s)>M"(s)ds — L / (2 — s)2M"(s) ds}
0 0

- —Uol( 2)M"(s)ds + L / $)2M"(s)d ]
E» = [; /0 “(2— $2M"(s) ds — /0 "1 s)PM(s) ds]

=1 [e-spmreass [ 0 3mrs)as).

Here the integrals seen in the second expression for each error are written
so that the factor multiplying M"(s) inside each integral is nonnegative.
This shows that if M"'(s) > 0 over [0,2] then E; < 0 and E, > 0, while if
M"(s) < 0 over [0,2] then E; > 0 and E; < 0.

April 27, 2019
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The errors E; and E; may be bounded in terms of
[M"||oo = max {|M"'(7)| : 7 €10,2]}.

Specifically, because

we obtain the bounds

B <3IM oo, B2 < [M"]|c -
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Interpolation Errors

If we want to use these error bounds then we must find either a bound of
or an approximation to ||M"||«. From the definition of M(7) we see that

M"(r) = Ex(X3e™X) = /X3eTpr(X) dx.
Because
M////(T) _ EX(X4eTX) _ /X4eTXPf(X) dX >0,

we see that M"/(7) is a strictly increasing function of 7.
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Interpolation Errors

Because M"/(7) is a strictly increasing function of 7 we have
Mo = max{ ~ M"(0), M"(2)}

where the quantities M"”'(0) and M"’(2) can be expressed in terms of the
return density as

C. David Levermore (UMD) Growth Rates April 27, 2019
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Interpolation Errors

These quantities can be approximated by the sample means

D

M7(0) = Z w(d) (log(1 + f(d)))3
d=1
M/// zD: Iog 1—|—r(d)))3 (1+r(d))27

where {r(d)}L_, is the portfolio return history given by
r(d) = (1 — 1) e + fr(d).

By arguing as we did for M"/(7), we can show that M”/(0) < M"(2).
Therefore we can approximate |M" || b

|M"|| o & max{ — M™(0), M"(2)}.
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