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State Space Models

1.1 INTRODUCTION

To a large degree, the origin of statistical state space models can be traced to dynam-
ical systems in engineering branches including automatic control, communications,
robotics, and aerospace systems such as spacecraft attitude control. If U(t), Y (¢),
X(t), represent input, output, and state vectors, respectively, general state-space
equations that govern the relationship between these variables are the nonlinear

equations [4], [32],

Y(t) = G(X(t), U(t),1)

(1.1)
4X(1) = F(X(1), U(1),1).
The corresponding important special discrete-time linear case is
Y (t) = A®)X(t) + B(t)U(¢) (1.2)

X(t+1)=C(t)(X(t) + D)U(¢)
where the state variables refer to memory variables. A simple example is that of
a container into which water flows at a rate u(¢) and from which water flows out

at rate y(t), and x(¢) is the accumulated water. Then for some g, y = g(x) and
dz/dt = u — g(x).
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2 STATE SPACE MODELS

The statistical adaptation of equations (1.1) and (1.2) are widely used discrete
time regression-like models made of two interconnected equations, the observation
equation and the system equation, which may assume various linear and nonlinear
forms and commonly referred to as state space models. This chapter discusses linear
and nonlinear state space models and their application in prediction, filtering, and

smoothing or interpolation.

1.1.1 Historical Note

Early work on linear state space models by R. E. Kalman and others appeared in the
late 1950s, however the models owe their widespread use and popularity to NASA’s
Apollo space program, designed to achieve preeminence in space for the United
States including landing humans on the Moon and bringing them safely back to Earth
[51], [86]. In March of 1960, Kalman [58] published a seminal paper in which
he developed the “Kalman filter” that gives the recursion formulas for filtering and
prediction using the linear state space model in discrete time, thus extending the
Wiener—Kolmogorov theory of filtering and prediction for stationary time series set
forth in the 1940s. As related in [86], in the fall of that year Kalman presented his
paper to scientists and engineers at the Ames Research Center (ARC) of NASA.
The audience, due to notation and conceptual problems, had great difficulty at first
understanding Kalman’s work, but pass that stage the value of the state space approach
to nonlinear navigation (state estimation) became apparent and a simulation study for
validation of the method and in particular the “extended Kalman filter” (linearization
about the best state estimate) took place. By early 1961 it was established that
on-board optical measurements combined with the equation of motion could yield
adequate estimates for navigation and guidance problems, the breakthrough that the
NASA scientists were hoping for. Subsequently an early (perhaps the first) Kalman
filter application was made circa 1961 during feasibility studies for the Apollo space
program at the Instrumentation Laboratory of MIT.

Since then the Kalman filter has been widely used in navigation and guidance
systems and in many other control systems. In particular, nowadays Kalman filters

are used routinely in inertial navigation systems installed on transoceanic airliners,
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INTRODUCTION 3

submarines, aircraft carriers, ballistic missiles, and certain spacecraft, for the initial
alignment and calibration and mid-course update [5].

It seems that the application of a Kalman filter is a simple matter for it appears
that once the problem is formulated in terms of equations (1.2), the standard Kalman
filter algorithm can be applied in a straightforward manner. This is only ostensibly
so on two accounts. First, casting the problem in the right form, especially when
the models are nonlinear, is not an easy task, and second, most of the systems
are not fully observable ([40], [41]) and thus there are various difficulties in the
successful application of the algorithm. Yet, in spite of these difficulties, nowadays
the code of the Kalman filter algorithm is a central component in the software of
many sophisticated systems'.

The continuous time analog of the linear state space model and the Kalman filter
have been studied in 1961 in another celebrated paper by Kalman and Bucy [59]. In
that paper the authors combined and streamlined their ideas developed independently
in previous works in the late 1950s. A very similar line of work during roughly the
same period was also pursued in the former USSR by the Russian physicist R. L.
Stratonovich ([87], [88]) who studied a recursive algorithm for nonlinear least square
estimates of the states of nonlinear dynamical systems driven by white noise. A
historical account of this and other much related work in the 1940s and 1950s can be
found in [57].

State space models started to permeate the statistical literature in the 1960s and
1970s through the work of individuals interested in forecasting and in particular
Bayesian forecasting of nonstationary processes—where the assumption of constant
coefficients is quite onerous—as is apparent from the accounts in [46] and [90].
Another reason for the interest in state space models by statisticians is the fact that
general state space modeling based on recursive relations of probability densities

and their integrals are useful for non-Gaussian time series with abrupt discontinuities

IThe authors are grateful to 1. Y. Bar-Itzhack for the last three references and clarifying remarks on the

use of Kalman filters in navigation.
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4 STATE SPACE MODELS

and/or outliers [65]. Comprehensive treatments of state space models and their

statistical applications can be found in [7], [26], [44], [65], [81], and [90].

1.2 LINEAR GAUSSIAN STATE SPACE MODELS

Let Y1, Y5, ... be a sequence of (scalar) observations or responses and Xi, Xo, ...
the corresponding covariate sequence, and as before , let F; represent the available

information to the observer at time ¢. It is convenient to adopt the convention that
]:0:(2)1 ]:t:{Yla'-'a}/;f—17}/t}:{]:t—l7}/t}

while the dependence on the covariates { X1, ..., X;} is kept in the background in

the sense that the results are interpreted as conditional on the covariates. We have,

Observation equation : Yy = z{3; + v¢, vi~N(0,Vy) (1.3)
System equation : By =FB_1 +wy wy~N,(0,Wy) (1.4)
Initial information: By ~ N, (bo, Wo) (1.5)

where z, is a design vector of covariates, such as past observations, supposed known
at time ¢, where by, W are likewise assumed known, and where we first take
F:, Vi, W; as known. In addition, we assume that {v;} and {w;} each consists
of independent random variables and that 3, {v;}, {w:} are mutually independent.
The main departure from the previous GLM models is that the state 3,, a vector
of dimension p, is time dependent and random (reminiscent of random effects), and
satisfies the autoregression equation (1.4) by means of the time dependent transition
matrix F;. Notice that the joint distributions of the observations and the states are
determined by the distributions of the initial state 3, and of the error sequences
{vt},{w:}. The system of equations (1.3), (1.4), (1.5) is basically a regression
model called linear state space model or dynamic linear model.

Given the observations Y7, ..., Yy, the linear state space system (1.3)—(1.5)is used
in three types of estimation problems at time ¢ referred to as prediction or forecasting,
filtering, and smoothing or interpolation pending on the relationship between ¢ and

N: prediction for ¢t > N, filtering for t = N, and smoothing for ¢ < N. Thus,
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LINEAR GAUSSIAN STATE SPACE MODELS 5

the estimation of the state 3, or its conditional distribution p(3, | Fn) is called

prediction if £ > N, filtering if ¢ = N, and smoothing when ¢ < V.

1.2.1 Examples of Linear State Space Models

We next illustrate by means of some simple examples the useful fact that, at the price
of some redundancy, many linear models and in particular autoregressive moving
average models admit state space representations, implying that the estimation theory
for linear state space models dubbed filtering, smoothing, and prediction, is quite

comprehensive and can cater to stationary as well as to nonstationary data.

A simple example. Consider the linear system,

V=X +uv, v~N(007)

(1.6)
X =1 Xeo1 + X0 +ur, u~N(0,02)
and let,
1 Xy $1 P2 Ut
Zy = ) /Gt = 9 Ft = F = ) Wi =
0 X1 1 0 0

Then clearly Y; = z},3, + v, and

X 1 0 Xi o 0

X o1 @ X U
t 1 P2 e t

or, 3, =F3,_, +wq.
Structural time series. A slight extension of (1.6) is the structural time series model

Yi =Ty + S + v
T, = ¢Ti—1 +wn (L7
St =1YSi—1 — Si—o+ w2, P =2cos(w)

where T} and .S; represent trend and seasonal components, respectively. Notice that
when wys = 0 then the solution of Sy = 1.S;_1 — S;_2 is a sinusoid with frequency w.

The structural model (1.7) can be expressed in terms of (1.3) and (1.4) by observing
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6 STATE SPACE MODELS

that,
T, ¢ 0 0 Ti—1 W1
Bi=1 S =10 ¢ -1 Si—1 | | wee
Si—1 0O 1 0 Si_o 0

and Y; = (1,1,0)8; + v;.

State space representation for AR(p). Let X, be an autoregressive process of order

p, not necessarily stationary,
Xe=01 Xy 1+ -+ ¢p Xy p + €.

Then the same equation can be expressed in matrix form to give the state equation,

X pin 0 1 - 0 X, 0
By = = +

X1 0 0 R | Xi_o 0

X ¢p Pp-1 - @1 X1 €t

or with obvious notation 3, = F3,_; + wy and Y; = (0,0,---,0,1)8,.

State space representation for ARMA(p,q). There are several state space rep-
resentations for autoregressive moving averages [7], [65]. To gain insight into a
particular representation—for an alternative see Problem 1—consider the polynomials

in the backward shift operator B, BX; = X;_1,
O(B)=1—¢1B -~ ¢, B"
9(B)=1+6:B+---+0,B1

where ¢(B) has its roots outside the unit circle, the so called stationarity condition.
Obtaining a state equation for ¢(B)X; = v, using matrices as was done in the

previous example and then an observation equation Y; = 0(B) X, then formally

and ¢(B)Y; = 0(B)v; is ARMA(p, q). Notice that the role of the state component X,

is implicit in the ARMA representation but explicit in the state space representation.
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LINEAR GAUSSIAN STATE SPACE MODELS 7

This argument gives the necessary clue for going in the reverse direction where we
start with a given ARMA(p, q).

Consider the special case where p = 3,¢ =1,

Yi=¢01Yio1 + 02Yio + ¢3Yiz + v + Orvp—q.

We first obtain a representation for ¢(B)X; = v or X; = ¢1X—1 + ¢2 Xt 2 +
P3Xi_3 + v,

Xi_o 0 1 0 Xi_3 0
X1 = 0 0 1 Xi_o + 0
Xy ¢3 P2 @1 Xi1 vy

Next we express Y; = 6(B)X; in matrix form letting f = 1 and adding 6> = 0,

Xy
Y = (02,01,00) | Xy1
Xy

It is easy to check that the last two equations represent the above ARMA(3,1) time
series.

The same argument holds for the general stationary ARMA(p, ¢) by augmenting
¢(B) or 6(B) with higher powers of B with zero coefficients as needed pending on
whether p > g or p < ¢, respectively. Thus with 7 = max(p,q + 1), 6o = 1, and
adding as needed ¢; = 0, j > p, 8; = 0, j > ¢, define X, by ¥, = 6(B)X, and
¢(B)X: = vt, and write Xy = (Xt—r41, ..., X¢)'. Then the observation equation is
Y: = 0(B)X; = (0,_1, ..., 00)X;, and the state equation is obtained by expressing
d(B)X; = v, as

0 1 0 0 0

0 0 1 0 0
X = Xi-1+

0 0 0 1 0

Gr Pro1 r—2 - 1 Ut
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8 STATE SPACE MODELS

1.2.2 Estimation by Kalman Filtering and Smoothing

Consider the state space system (1.3) - (1.5) fort = 1, ..., N, and let
/Bt|s = E[/Bt | ]'—s] (1.8)

Pys = E[(By — Bys) (By — Byps)'] (1.9)
be the conditional mean and its precision matrix. Observe that the covariance matrix
between 3, — ,Bt|5 and Y7, ..., Y5 is zero for all ¢ and s. Therefore, by the normal
assumption 3; — By, is also independentof Y1, ..., Y, forall t and s which implies that
P, is also the conditional covariance matrix of 5t|s~ Let 60‘0 = by, Pgjo = Wo,
and assume the initial condition B, | Fo ~ N (Bojo; Pojo)- Then we have.

Kalman Prediction

ﬁt|t71 = Ftlgtfl\tfl

) (1.10)
Pyi1 =F Py 1 FL + W,
Kalman Filtering
ﬁt|t = ﬁt\t—l + K (Y — Zf:/@ﬂt—l) (1.11)
Py = I - K423 Py
where the so called Kalman Gain K, is given by
K; =Pz [z Pypy12z¢ + Vi] ' (1.12)

Proof. The prediction equations (1.10) follow from (1.4),
Biji—1 = EBy | Foo1] = E[F¢By_1 + Wi | Foo1] = FeBy_q)p1
and

Pt|t—1 = E[(ﬁc - Bt\tq)(ﬁc - Bt\tq)l]
= E{[Fe(Bi—1 — Bi—1ji—1) + We][Fe(Be_y — Be_rje—1) + Wi’}
= FP 1 F +W,

To obtain (1.11), recall the initial condition 3, | Fo ~ N(Bqo, Pojo), and write

Biv | Fro1~ N(ﬁt—l|t—1aPt71|t71)-
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LINEAR GAUSSIAN STATE SPACE MODELS 9

Then
By | Fier =Fifyy + wi | Fro1 ~ N(Byp—1, Poje—1),
from which
Vi | Fio1 ~ N(2iByji—1, 2P rjt—12¢ + Vi)
and
Cov(By, Yi | Fi1) = Pyp—12t

and hence,

B Fi~ N 6t|t71 ’ Pt\t—l Pt|t—1zt

Y; zgﬁﬂtil 7Py zPy12: + Vi

Therefore, from the conditional multivariate normal distribution (see (1.14) below)

and after some algebra,
By | Y, Fror ~ By | Fu ~ N[ﬁtnfl + K (Y — z;&ﬁt\tfl)? I- Ktz;s)Pt\tfl]

where K is given in (1.12). This completes the proof.
In the above proof we have made use of the important fact that if the p-vector
(x},x%)" has a multivariate normal distribution with corresponding means (g}, p5)’

and covariance matrix partitioned compatibly, ¥ = (3;;), ¢,7 = 1,2,

N Np 1231 7 Y X 7

Xo o o1 Yo

X1

then x; has a multivariate normal distribution with mean p; and covariance matrix
3, © = 1,2, and the conditional distribution of x5 given x; is again multivariate

normal with mean
Elxa | x1] = gy + B 871 (x1 — 1), (1.13)
and covariance matrix
cov[xs | x1] = Zop — B X' T1a. (1.14)

The smoother or interpolator for obtaining 3, ;| and its covariance matrix

P;_qn,fort =N, (N —1), ..., 1, under normality and the initial filtering conditions
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10 STATE SPACE MODELS

Bn|n> PN, is given by the following recursions.

Kalman Smoothing

Bi—1n = Bi—1ji—1 + Be(Byn — Byje-1)

P,_ynv =Pi_1ji—1 + Bi(Pyn — Pys_1)B; (1.15)
B, = Pt,”t,lF;P;t{l

Starting at ¢ = N and going backward in time, the smoothing estimate 3;_|y
is obtained by adjusting the filtering estimate /Bt—1|t—l’ adding to it a weighted
difference between a smoothing estimate 3, and a prediction estimate 3, .
Proof. The proof of the smoothing recursions is apparently more complicated
than that of the Kalman filtering recursions as was already noted by Kalman (1960).
Of the several possible lines of attack, including a proof based on projections, we
follow that of maximum likelihood as suggested in [76] and elaborated on in [81].

The idea is to maximize with respect to 3,_,, 3, the conditional Gaussian density

p(Bi_1,8; | Fn), t<N, (1.16)

upon noting that the values of 3,_;,3, that maximize (1.16) are the respective
conditional means 3;_; |y, By y. To maximize (1.16), observe that from (1.3) and

(1.4)

p(/@t—luﬁt | ]:N) X p(/@t—luﬁtu-}—t—luna YN) (117)
= p(Fe—0)p(Bi_1, B¢ | Fro1)p(Ye, . YN | By_1, By, Fi1)
= p(Ft-1)p(Bi_4 | ft—l)p(ﬁt | ﬁtfl)p(ytv e YN | ﬁt)

where p(8,_; | Fi—1) is the density of N}, (By_1j¢—1, Py—1s—1) and p(By | B;_) is
the density of N}, (F;3,_;, W;). Assume now that 3, has already been obtained.
Then 3,_,|y is obtained by minimizing —2logp(B,_y, By | Fn) with respect to

B;_1. This is equivalent to minimizing

(Bi—1 — Bt—l\t—l)/P;711|t71(/3t—l = Bi-1jt-1)
+(Byn — Ftﬁt—l)lw;l(ﬁt\N —FiB 1)
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LINEAR GAUSSIAN STATE SPACE MODELS 11

by differentiating with respect to 3,_; and equating the derivative to zero. The

solution is
B = (P +FIWIR) (P By + FIW, ',y ) L18)
This can be simplified using the matrix relations (Problem 5),

(P '+ FW'F)' = P— PF'(FPF + W) ' FP

(P'+ FPW'F) F'W' = PF(FPF + W)™

where P, F,W stand for P;_y;_1, F, Wy, respectively. This and the prediction

expressions (1.10) give the desired smoother/interpolator,

Bi_n

= Bi1jp—1 + Pi1je1 Fy (FePr_1y 1 Fy + Wt)_l Byn — FiBi_11-1)
= Bio1jp—1 + Proap 1 FiPy (Byn — Bye—1)

= /thl\tfl + Bt(/gt\N - ﬁt|t71)'

To obtain Py = E[(B;_; — Bi_1n)(Bi—1 — Be—1n)']; note that
Bi1 — ﬁt—l|N =B - ﬁt—1|t—1 - Bt(ﬁtu\/ - ﬁt|t—1)

or by rearranging terms,

(Bi—1 = Bian) + BiByn = (Bi—1 — Bioap—1) + BiFiBi_qp—, (1.19)

and that the following cross terms vanish

E(ﬁt—l - ﬁt—1|N)(Btﬁt\N)/ = E(ﬁt—l - ﬁt—l\t—l)(BtFtﬁt—l\t—l)/ =0,

and
E(B8s8is) = E(8,8;) — Pys = FiE(B,_,8;_)F; + W, — Py,
Thus from (1.19),
P,1n = Pi_1je—1 + Bi(Pyn — FiPy_1, 1 Fi — W,)B;

which together with (1.10) completes the proof.
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12 STATE SPACE MODELS

1.2.3 Estimation in The Linear Gaussian Model

Estimation of parameters in the linear Gaussian system (1.4)—(1.5) can be carried out
by the method of maximum likelihood under a certain parametrization assumption
often met in practice. We shall assume that the parameters by, Wo, Fy, Vi, W,
depend completely or in part on a vector 8 of hyperparameters which do not depend

on t. In this case we write
bO = bo(o), WO = WO(G)a Ft - Ft(o)v ‘/t == ‘/15(0)7 Wt - Wt(0)7

and base the inference on the joint distribution of the observations Y7, ..., Yx, or
equivalently the likelihood of 6. Parametrizations of correlation functions of this
type is also used in the next chapter on prediction. Similarly, we may assume
that Fy, Vi, W, in the system (1.4)—(1.5) do not depend on ¢ and estimate 6 =
(bo, Wy, F, V, W) by maximum likelihood. In either case, the likelihood is obtained

from the joint distribution of the one-step prediction errors or innovations
e =Y —E[Y; | Fe] = Vi - Zw/fﬁﬂt—l =Y - Z;Ftﬁt—lh—la t=1,.,N
which are independent normal random variables with mean zero and variance
02 (0) = 2Py 12 + v = 2 {F P11 F; + Witz + v

The Gaussian assumption implies that €y, ..., € is a one-to-one linear transformation
of Y1, ..., Yy so that up to a constant the log-likelihood of 8 based on Y7, ..., Yy is
given by
1 1 &
log L,(0) = =3 > logo?(0) — 5 > 2/o?(0).
t=1 t=1
Maximizing the likelihood with respect to 8 is sometime referred to as the direct
method. See [44] for more details.
The indirect method is based on the joint distribution of both the observed time

series and the unobserved states and uses the EM algorithm to maximize the resulting

likelihood. From (1.4)—(1.5),

p(e | By Fe-1;0) = p(ye | B1:0) = pu(ye — 213;)
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LINEAR GAUSSIAN STATE SPACE MODELS 13

and

(B | Bi—1:Bi—2) B 0) = p(B; | Bi-1:0) = puw(By — FiB,_1)

where v; ~ p, and w; ~ p,,. The likelihood is then

Lyﬂ(o) = p(16071617"'7/6N5Y17"'7YN;0):

N
= p(Bo) [[Pw(B: — FiB,_1)pu(y: — 2,). (1.20)
t=1

The application of the EM-algorithm to maximize this likelihood in the presence of
unobserved states is described in [26], [81].

A general Bayesian method for the estimation of € in dynamic models using
a Markov chain Monte Carlo method called permutation sampling is studied in
[30]. Other estimation methods and tools in dynamic models are discussed in [26],
[44], and [81]. In a related problem, Gerencsér [35] discusses recursive estima-
tion in parameter dependent stochastic systems of the form Y,,(8) = C(0)X,,(6),
Xnt1(0) = A(0)X,, + B(O)e,.

1.2.3.1 Example of Estimation and Filtering in a Structural Model We apply
Kalman filtering and prediction to a monthly time series, recorded in Table ??, of the
number of unemployed women older than 20 years of age from 1997 to 2001. The
time series plot in Figure 1.1 points to a slowly decreasing trend and an additional
periodic component very characteristic of structural time series. It seems therefore

that a slight extension of the structural model (1.7) discussed earlier,

Yi=T,+S +v
Ty = ¢TIy 1 +wn
Sy = 151 + V2Si—a + wyo,

where T} and S; denote trend and sinusoidal components, respectively, is sensible.

Then,

T; 0 0 Ty 1 Wiy
B.=1 S = 0 ¢ o Se—1 |+ wee |
Si_1 0 1 0 Si_o 0
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14 STATE SPACE MODELS

and Y; = (1,1,0)3, + v;. Setting V; = o2 for the variance of the independent

normal sequence {v; } and

03}1 0 0
W, =W = 0 o2, 0
0 0 0

for the covariance matrix of w; = (w1, wya, 0)’, the parameters that we need to esti-
mate are 0 = (¢, 11, 2,05,04, ,05,) . bg and W Initializing the EM-algorithm
(see [81]) at by = (3,25,20), Wy = I3, the 3 x 3 identity matrix, and 6y =
(0.3,—0.25,0.25, 6, 3, 10)’, a large number of iterations produces the following esti-
mates, by = (8.198,18.931, 12.448)’, and 0 = (0.415,1.586,—1.026, 1.286, 0.326,
0.572)". We note that the estimator of the trend is less than 1, gzg =0.415 < 1, con-
firming that the time series exhibits a slowly decreasing trend, and that the variance of
the observed process is larger than the variances of the two unobserved components.

Figure 1.2 shows the filtered estimators of the trend and sinusoidal components
T})¢ (top) and Syj; (bottom), both evaluated at the maximum likelihood estimates.
Prediction of the monthly number of unemployed women during the next 12 months
is shown in Figure 1.3. Computations were carried out using the function kalman

available at http://lib.stat.cmu.edu/S/.

1.2.3.2 Software Resources for State Space Models S—Plus functions for fitting
state space models include the collection bts.zip which is based on algorithms
described in [90] and is available in http://1lib.stat.cmu.edu/D0S/S/, and the

dynamic system estimation library whose description is given in

http://www.bank-banque-canada.ca/pgilbert/dse/dsedesc.htm.

1.3 NONLINEAR AND NON-GAUSSIAN STATE SPACE MODELS

Prediction, filtering, and smoothing, can be approached more generally by using the
laws of conditional probability, including Bayes theorem, and relaxing linearity and

the normal assumption. In the general approach the dynamics is captured directly
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NONLINEAR AND NON-GAUSSIAN STATE SPACE MODELS 15
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Fig. 1.1 Monthly number of unemployed women between 1997 to 2000. Data in hundreds
of thousands, N=48. Source: Bureau of Labor Statistics, Series ID LFU22001702.
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Fig. 1.2 Filtered monthly number of unemployed women between 1997 to 2000. (a) Trend

component. (b) Sinusoidal component.
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16 STATE SPACE MODELS
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Fig. 1.3 Predicted monthly number of unemployed women for 12 months ahead.

through the conditional densities of the observations and the states, without the
formation of any particular system of equations [19], [65], [88].

Analogous to the linear Gaussian system represented by (1.3), (1.4), and (1.5),
assume that {Y;},t = 1,..., N denotes the observed process and let the unobserved
state process be {3,}, t = 0,..., N. Introducing the generic notation f() for

probability densities, the general state space model is formulated as follows:

General Observation equation: Yi| By~ flye | By) (1.21)
General System equation: BBy~ f(B]Bi1) (1.22)
Initial information: Bo~ f(By | Fo) = f(By) (1.23)

with the understanding that given the states, the responses are independent, and
that the sequence of unobserved states forms a Markov process. Thus, equation
(1.21) means that given the state sequence {(3,}, the observed process {Y;} forms
an independent sequence of random variables, and both (1.22), (1.23) mean that the
sequence of unobserved states {3,}, t = 0,..., N is Markov process with initial

distribution f(3,).
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NONLINEAR AND NON-GAUSSIAN STATE SPACE MODELS 17

It is worth pointing out that when the unobserved states assume discrete values
then the definition of the general state space model is equivalent to that of a hidden
Markov model; see Section ??. Also, the densities in equations (1.21) and (1.22) may
depend on unknown parameters referred to as hyperparameters. Estimation methods
for hyperparameters are discussed in subsequent sections.

It is easy to verify that the linear normal state space model is a special case of the
system represented by (1.21), (1.22) and (1.23) when the corresponding conditional
densities are Gaussian. Removing the linearity and normal assumptions, the following

representation of a non-linear state space model can be used

}/t - ht(ﬁtavt)
B: = (B, 1, we)

where h; and f, are known and suitably defined functions and v;, w; are random

(1.24)

sequences, t = 1,..., N. A special case of (1.24) is

Y, = ht(ﬁt)+vt
B: = fu(Biq) +we

Similarly to linear state space models, the problems are estimation of current,

(1.25)

future and past states given the data, that is, filtering, prediction and smoothing,
respectively. Questions like these pose a great challenge due to non—normality and
non—linearity as manifested by (1.21) and (1.22). In what follows we summarize
several approaches to these problems before turning to Monte Carlo Markov Chain

techniques.

1.3.1 General Filtering and Smoothing

Regardless of any distributional assumptions about the observation and system equa-
tions, [60] noted that using the definitions of conditional and marginal distributions

and employing Bayes theorem, the following density recursions hold in general.

Prediction: General prediction is obtained from the conditional predictive or pre-

diction density f(3; | Ft—1),

fB | Fisy) = / FBeBy s | Foor)dBy s
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18 STATE SPACE MODELS

- / FB | Bevs Fo) F(Ba s | Foor)ABy
- / FB | B ) (Bay | Fior)dBy_, (1.26)

fort =1,2,..., N. In the linear normal case this becomes,

B | Fov) = / fw(B: —FuBe ) By | Fo)dBy (127

where w; ~ fw, and as was shown above, f(3, | Fi—1) reduces to the density of

NP(/Bt\t—DPt\t—l)-

Filtering: The filtering density f(3, | F:) is obtained by appealing to Bayes theo-

rem,

fFBNF) = fBe| Fi-1,9t)
Qe | By, Fi1)f(By | Fi1)
fye | Feer)
Tl BBy | Fi1)

— 1.28
FCoe | Foo) (1.28)

fort =1,2,...,Nand f(y: | Fie1) = [ f(ye | B)f(By | Fi—1)dB,. In the linear
normal case this simplifies to

7 Jolye — Zw/fﬁt)f(ﬁt | Fi—1)
f(B | Fi) = Fr | Fod) (1.29)

where v; ~ f,, and

fn | Fioy) = / Folve — 2B 1B, | Fiur)dB,.

and where f(8, | F;) is the density of Nj,(8y;, Pyt)-

Smoothing: To obtain a general smoothing density f(3, | Fn), t < N, consider

first the joint density of 3,, B3, given the entire history of the process Fu,

f(ﬁtw@tJrl |-7:N) = f(ﬁtJrl |]:N)f(/3t | ﬁt+1=fN)

= f(/BtJrl | ]:N)f(/Bt | 6t+1aft)

o f(/Btht-l-l | ]:t)

= O N T

fBes1 | B)S(Be | Fr)
fBia | Fr)

= f(Bs1 | Fn) (1.30)
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The second equality follows from f(8, | 8,1, Fn) = f(B; | B;41,F:) and the last

two equations of (1.30) follow from Bayes theorem. From (1.30) we have,

f(ﬁt|-7:N) = /f(ﬁtvﬁt+1|]:N)dﬁt+1

f(Big1 | By)
f(Bysa | Ft)

fort = N,N —1,...,1. In the linear normal case f(3, | Fn) is the density of

No(Byn: Pin)-
Implementation of (1.26), (1.28), (1.31) is based on sequential integration which

18, | F) / f(Bust | Fr) dB,.y. (131)

most of the time is complicated. To overcome the computational burden, [60] suggests
anumerical method for piecewise linear approximation of the corresponding integrals
when the dimension of the state vector is 1. Extension of this method to higher
dimensions demands additional computational cost [49]. Some other suggestions for
implementation of (1.26), (1.28), (1.31) include the so called Gaussian—sum filter
for approximating the integrals with mixtures of Gaussian distributions (Problem 8)
and the two—filter formula for smoothing [61], [62] . More recently, a Monte Carlo
method for filtering and smoothing was put forth in [63], [65], and is considered in

Section 1.4.3.

1.3.2 Dynamic Generalized Linear Models

A special case of non—normal and nonlinear state space models are the so called
dynamic generalized linear models (DGLM) for time series data which broaden
the class of static generalized linear models—described in Chapter ??-by allowing
time varying random regression coefficients. The definition of DGLM retains the
random component— recall (??)-while the systematic component (??) is augmented
by a transition equation for the regression parameters. These models have been
applied successfully in several diverse fields such as meteorology, epidemiology and
econometrics.

Suppose that {Y;},¢ = 1,..., N denotes a response time series such that its con-
ditional distribution given the past belongs to the exponential family of distributions

Y16 — b(et)

o 100 = exp { 22

+C(yt7¢t)}7 tzl,,N (132)
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20 STATE SPACE MODELS

where the parametric function o (¢) is assumed known. Unlike the case in (2?), the
random natural parameter 6, in (1.32) and the conditional expectation of the response
e = E[Y; | 6;] are dynamically linked to a changing sequence of regression or state
parameters. That is, with g(.) a monotone link function and a given p-dimensional

covariate vector {2z},

9(pt) = 2B, (1.33)

where {3,},t = 0,..., N is a random sequence of p—dimensional regression pa-

rameters obeying the Markov linear transition model
ﬂt:Ft/Gt—l + Wy, t:1,2,..., (134)

where F; is a sequence of p x p known matrices, and {w } is an independent sequence
of random variables. It is common in practice to assume that w; is normal with zero
mean and covariance matrix W, and that it is distributed independently of F;_;. In
this case we suppose that 3 has a normal distribution with mean by and covariance
matrix W and that is independent of {w,} and F;_;. The state may follow other
distributions depending on the context of the application.

Equations (1.32) and (1.33) where f() is a member the exponential family of
distributions define the observation equation of the model corresponding to (1.21).
The evolution relation (1.34) corresponds to (1.22) where f() is replaced by the
normal density. This coupled with (1.32) and (1.33) conforms to the definition of

dynamic generalized linear models for time series data.

Example:A State Space Model for Binary Time Series Suppose that {Y;}, t =
1,..., N,isabinary time series with 7, denoting the success probability, and consider

the following model which includes trend and a lagged value of the response

log (L) =T, + BYi-1.
1 Tt

If
T, =Ty—1 +w;

and

Btl = Btl—l + wf

DRAFT April 19, 2020, 12:47pm DRAFT



NONLINEAR AND NON-GAUSSIAN STATE SPACE MODELS 21

with {wtl} and {w?} mutually uncorrelated white noise sequences, then we obtain
representation (1.34) by defining 3, = (Tt, Btl)/, F; = Io—the 2 x 2 identity matrix—
and w; = (w},w?)’. In addition set z; = (1,y,_1)" so that (1.33) is satisfied.

The formulation of DGLM suggests several extensions suitable for non—linear
and non—Gaussian state space models as we describe in the following sub—sections

regarding conjugate analysis and posterior mode estimation.

1.3.2.1 Conjugate Analysis and Linear Bayes Estimation Binding together con-
jugate analysis of prior and posterior distributions and linear Bayes estimation (see
[43]), we can approach the problems of forecasting, and filtering from a Bayesian
perspective [91].

Let the mean and covariance of the state vector 3, given F;_ be 51:\15—1 and Pyj;_1,
respectively. Dropping any distributional assumptions but specifying the first two
moments for the error term in (1.34), and assuming independence assumptions as

before, we obtain the following prediction recursions

/Bt|t—l = Ft/Bt—l|t—l

P,,.. = FP,_ 1, F,+W
t|t—1 tEe—11t—1L¢ t (1.35)
ﬁo\o = bo
Po‘o = WQ.

An alternative form of the second equation of (1.35) is given by
Pt\tfl = BtFtPtfl\tleiB;ﬁa

where B, is a p x p diagonal matrix of the so called discount factors [2], [91].
Recall that for the exponential family (1.32) b'(6;) = u:, and suppose we specify
a prior for g*(f;) in terms of the first two moments, where g*(.) = (g o b’)(.) such

that g*(0;) = 2}3,. Then (1.35) implies

Elg*(0,) | Fiea]l = zBy—1 = fo
Var [g*(0:) | Fe-1] = ziPip1ze =q

(1.36)

/ . . .
so that the vector ( g (0:), ﬁ;) given F;_1 has mean vector and covariance matrix

z\ Py
Tt and qt tEtt—1 7 (1.37)

/Bt|t—l Pt|t—1zt Pt\t—l

DRAFT April 19, 2020, 12:47pm DRAFT



22 STATE SPACE MODELS

respectively.

Assuming that in (1.32) oy (¢) is known for all ¢, the canonical parameter {6,}
represents the uncertainty about the distribution of the response given the past of the
process. Suppose that {6;},t = 1,..., N follows a conjugate prior of the exponential
family type

f(0 | Fio1) = exp{mb, — 8:6(6;) + c*(6,)}. (1.38)

Then, from (1.32), a straightforward application of Bayes theorem shows that

FONF) o< flye | 0)f(Or | Fi)

X exp {(”yt + #;))9,5 — (6 + ﬁ(b)

which shows that the posterior of 8; given a new datum at time ¢ belongs to the

o

exponential family. Values for both +; and d; in (1.38) are chosen based on the fact
that the canonical parameter is approximately linked to the covariates and the state
parameters by ¢g*(0;) =~ z,3, [91].

The filtering recursions are obtained by calculating 3,, = E[8, | F] and P;; =
Var [3; | F] using the facts

E[B,| Fi] =E[E[B, | 0 Fi] | Fi], (1.39)

Var 3, | Fy] = Var[E B, | 0, Fy—1] | Fi] + E[Var B, | 0, Fi—1] | F¢]. (1.40)

In the absence of a fully specified distribution for 3, given (6, F+—1), (1.37) and an
appeal to the linear Bayes methodology (Problem 4) shows that the optimal linear

estimator d of E [3, | 6;, F;_1] in the sense of minimizing the overall quadratic risk
ri(d) = w{E[Ay(d) | Fi]}

where tr denotes trace of a matrix, the expectation is taken with respect to f(6; |
Fi—1) and
Ai(d) =E[(B, —d)(B; — d)/ | 04, Fi1],

is given by

(9" (01) — f1)

E By | 04, Fra] = 5t|t—1 + Pt|t—1zt py

(1.41)
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with an associated minimum value of r;(d)

!/
Pt\t—lztthﬂt—l

Var B, | 0y, Fy—1] = Py — o

(1.42)

Both of these equations rely on (1.37) and they can be used in both (1.39) and (1.40)
in the place of the true E[3, | 0, Fi—1] and Var 3, | 6;, F;—1]. Then, the filtering

recursions are as follows:

Bir = Bii1+ P 1Zt(f —fe) 143
Py, = Pt\t—l—Pt\t_lzttht‘t_lw
where
E(g*(6,) | )] = f*
l9(01) | F2] = f; (4

Var [g7(6:) | Fi] = g; -
We see that the filtering recursions resemble those of the linear state space model
with the exception of the computation of f;* and g; .
The smoothing recursions are similar to those derived for the linear state space

model and their proof is based on the application of the linear Bayes methodology

[90, p. 532].

1.3.2.2 Posterior Mode Estimation Estimation of the state parameters by ap-
proximating the mode of their posterior distribution has been suggested in [22] as
a generalization of the extended Kalman filter and smoother (see Problem 7). This
estimation method is equivalent to the Fisher scoring algorithm.

Consider the vector of the state vector parameters up to time ¢, that is ﬁg =
(Bo,B1,---,B:_1,8,)st = 0,...,N. Then the posterior distribution of 3}, is

proportional to

F(By | Fo) o le ys | By ] [Hf ]f(ﬂo) (1.45)

by Bayes theorem and (1.21), (1.22). Therefore, the posterior log—likelihood is up to

a constant equal to

t t
log £(B6 | Fo) =Y log fys | B,) + Y _log f(By | By_1) +1log f(By). (1.46)
s=1 s=1
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Formula (1.46) holds quite generally and leads to

t

log £(85 | F) = D °1:(8.) — 5(8 — bo) W5 (8, — bo)

s=1

N =

t
> (B, -F.B, )W, (B, —F.B, ;) (147
s=1

when both 3, and {w} in (1.34) follow the Gaussian distribution. Maximizing the

posterior log likelihood (1.47) yields to the following recursions [22].

Prediction:
/Bt|t71 = Ft/Bt71|t71
= b
Popo 0 , (1.48)
Piyi—1 = F P 1 Fr +W,
PO\O = WOa
fort=1,2,...,N.
Filtering:
Biye = Byi—1+PySe (1.49)

Py = (Pyl,+ Gt)il
for t = 1,2,...,N, where S, = 9log f(y, | By Fi—1)/08, and G; =
—E [0?1og f(y: | By, Fi—1)/08,08;], thatis the score and the expected information
matrix of Y; evaluated at 3,,_,. When the data follow (1.32) then an application
of the matrix inversion lemma in Problem 5 leads to an equivalent representation of
(1.49) (Problem 9).

Smoothing:

Bi—in = Bi—p—1 + By (5t|N - /Bt|t71)

/ (1.50)
Py = P11 +By (Pt\N - Pt|t—l) B,

fort=N,N—1,...,1and B; = Pt,l‘t,lF;Pt_“lfl. Derivations of the recursions
(1.49) and (1.50) are worked out in [22], [25].

An application of posterior mode estimation to categorical time series is discussed
in [23]. Some additional results regarding hyperparameters can be found in [27]
and [82]. Related work in [28] considers the problem of approximating posterior

moments by applying a Gauss—Hermite procedure.
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1.3.2.3 Summary We have described several recursive estimation methods for
non-linear and non-normal state space models some of which are based on approx-
imations. Several additional results are reported in Problems 7 and 8. Over the
last decade important advances in computing methods and power have led to a rapid
progress in inference for state space models based on simulation methods, a topic
that at present is still in a development stage and hence cannot be fully described.
The next section discusses some key ideas and results from this unfolding research

area.

1.4 SIMULATION BASED METHODS FOR STATE SPACE MODELS

Monte Carlo simulation techniques are frequently employed in the evaluation of

integrals of the form
/g(y, 0)f(y,0)dy

where ¢ is some integrable function and f denotes a probability density. The basic

idea is to approximate the above integral by the following sum

where y,,¥ys,-..,Y¥,, are independent and identically distributed realizations from
the density f. Then the weak law of large numbers states that as m increases the
sum converges to the desired integral [77]. Starting with Metropolis and Ulam [72]
in 1949, at present there is a vast literature including numerous texts devoted to the
study of Monte Carlo simulation techniques.

There are potential difficulties with Monte Carlo based inference especially in the
context of Bayesian inference where the posterior distribution might include highly
correlated parameters or when the number of parameters is prohibitively large. Recent
advances in computing power in connection with the introduction of what is known as

Markov Chain Monte Carlo (MCMC) methods bypass these problems satisfactorily.
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1.4.1 A Brief MCMC Tutorial

Introduced by Metropolis et al. [71], MCMC is applied whenever we wish to
obtain samples from a distribution known up to a constant where the calculation
of the constant is formidable. This is done by constructing a Markov chain whose
stationary distribution is the desired distribution from which we wish to simulate data.
An important application of this is in Bayesian estimation where MCMC methods
are used in generating samples from the posterior distribution. In what follows, we

review the useful MCMC method referred to as Gibbs sampling.

1.4.1.1 The Gibbs Sampling Algorithm  The Gibbs sampling algorithm—introduced
by [34]-is perhaps the most extensively used MCMC method. To describe the al-
gorithm, suppose that f(0 | y) denotes a posterior distribution for a p-dimensional

parameter vector 8 given data y and consider the so called full conditionals

f(01 02,03, ..., 0,y)
f(02| 01,05, ..., 6,y)

SR P (1.51)
f(9p|917927 ceey 9;0—17Y)

Under suitable conditions the joint density f(6 | y) is determined by the set of full
conditionals (1.51), and simulation of samples from (1.51) facilitates the approxima-
tion of the posterior density [13], [33]. More precisely, let 6° be a starting value of
the parameter vector 8. Then the value of 0" is obtained by successive generation of

samples from

F(01 169,69, ..., 6y)
f05161,603, ..., 69.y)

R P (1.52)
FOL161,68, ..., 61_.y).

That is, sample 6 from f(61 | 63,63,...,6),y), then sample 65 from f(65 |
01,609,...,60,y), and so on up to 6} from f(6) | 61,63,...,0} ,,y). This gives
the first iteration. As the number of iterations m — oo, the resulting vector 8™ is a

realization from f(0 | y) [85].
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The Gibbs sampler algorithm raises several issues such as the choice of m for
the number of iterations, the selection of the burn—in period (that is dropping the
first few iterations due to dependence), taking into account the Markov dependence
of the realizations when forming estimators of the posterior moments, choice of
starting values, convergence criteria and diagnostic tools; see [31], [37] among others.
Moreover, the algorithm requires knowledge of the full conditional distributions.
When the full conditionals do not have a known form then the algorithm may be
combined with the rejection sampling algorithm [77] or with the adaptive rejection

sampling [38].

1.4.1.2 The Metropolis—Hastings Algorithm An alternative MCMC method to
the Gibbs sampling algorithm when the full conditional distributions are not avail-
able in closed from is the Metropolis—Hastings algorithm originally introduced by
Metropolis and Ulam [72] and later generalized by Hastings [47]. The algorithm is
outlined in [16].

1.4.2 MCMC Inference for State Space Models

Recall that a state space model is defined through the conditional distribution of the
response given the unobserved state vector, say f(y: | B3;), the transition density
for the unobserved states f(3; | B;_;), and the initial distribution for 3,, f(8,)-
As before, set ,Bév = (By;B1,---,Bx)". The problem of computing the posterior
density f (85 | Fn) canbe approached by appealing to the Gibbs sampling algorithm
whose implementation requires the full conditional densities f (3, | B_;, Fn) fort =
1,..., N, [12]. The notation 3_, denotes the set of random variables {3,, s # t}.
According to (1.45) we obtain that

F(Bir1 | B)f(By) ift=20
FB By, FN) <8 f(Bosr | BOF By | Be1)f(we | By) ift=1,...,N—1
fye | BB | Bi—1) ift=N

(1.53)
In some cases it is simple to sample from the above densities. However there are

instances when a rejection sampling or the Metropolis—Hastings algorithm is nested

DRAFT April 19, 2020, 12:47pm DRAFT



28 STATE SPACE MODELS

within each Gibbs sampler iteration for obtaining the full conditionals due to the fact
that (1.53) is known up to a constant [12].

The following simple but motivating example illustrates the methodology. Con-

sider the so called random walk model fort =1,..., N
Y, = + u
! Py (1.54)
Bt = Bi—1t+w

where w; are iid NV'(0,02) and w, are iid N'(0,02). Here both observed and un-
observed states are assumed scalars. Suppose that 3, follows a normal distribution
with known mean and variance, say by and o3, respectively. Suppose further that
both ai and afu follow the inverse Gamma distribution with parameters a,,, b,, and

Gy, by, respectively. That is

1 1\ %t 1
2\ _ —
1w = Fotay <o) eXp( buoz) ’
2

and similarly for o2. The target posterior distribution is given by f (ﬁév ,02,02
Fn ). Following the Gibbs sampler, it is sufficient to draw samples from the following

densities
e f(02 180,02, Fn)
o f(o2 | By, 02, Fn)
o f(By 1B 105,00, Fn).

The first two densities are easily sampled since the inverse Gamma distribution is

conjugate to the normal with respect to the precision parameter (1/variance). Indeed,

N
fel|BY,0%, Fn) o f(o) [H flye | ﬁt,ffi)]

t=1

1 ay+1 1
x o2 P buo2

X (U—12>N/2 exp <—% Z(yt - ﬁt)2> .

u

The first two factors are due to the functional form of the inverse Gamma while

the other two appear as a consequence of the observation model from (1.54). This
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calculation shows that the full conditional of o2 is inverse Gamma with parameters
ay+N/2and (1/b, + 31 (e — Br)? /2)*1. Similarly the full conditional of o2 is
inverse Gamma with parameters a,, + N/2 and (1/by, + >, (8¢ — ﬁt_1)2/2)_1.
Turning now to the full conditional of the state parameter given the rest, (1.53) shows

that

o fort =0

FBo | B_gs 02, 0w, Fn) < £(B1 | Bo)f(Bo)

1
ocexp |~ g (1= o) = g o = )

b
<otz |(zem) 8- (o))

which shows that this is a normal density with mean (31 /02 +bo/0?)(1/02 +

1/02)~! and variance (1/02 +1/02)~1.
e fort=1,...,N—1

f(ﬁt | ﬁ—tuazaowa-FN)
o f(Bsr | Br, o) f(Be | Bi—1,00) f(ye | Be,o2)

Bry1 = B B — Bi— ye — B
x exp [_( t+21031 t) _ ( t 2012: 1) _ (%203 t):|

1 2 1 _
x| o) 2 (P i)l )

that is a normal distribution with mean (841 + Bi—1)/02 +yt/02)(2/02 +

1/02)~! and variance (2/02 + 1/02)L.

e Fort = N, it can be shown in the same way that the conditional distribution
of By given the rest of the parameters is normal with mean (8x_1/02 +

yn/o2)(1/02 +1/02)~! and variance (1/02 + 1/02)7L.

It follows that a after a large number of iterations the output of the Gibbs sampler

is a random draw from the posterior distribution f (ﬁév ,02,02 | Fy). Running the
algorithm only K times leads to k = 1,..., K iid vectors (5(]3ka o2 ,,0% ) from

the posterior distribution. Hence, an estimate of the smoothing density is given by

K
1
FBu | 0000 FN) = 22 D F(By | B T g O ).
k=1
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For the linear state space model considered above the full conditionals are given in a
closed form, a fact which does not hold in general. When closed from conditionals
are not available, the Gibbs sampler can be used to approximate posterior means and
covariances, provided that these quantities exist.

Although the example is about linear models with random hyperparameters, it
also shows that this approach covers a broad class of nonlinear models. However, the
above method generates the states in a single update, that is the states are generated
one at a time which results in slow convergence. Slow convergence of single update
methods is a typical problem in the application of this methodology (see [10]). In
addition, the method does not allow for sequential updating which means that when a
new observation becomes available the algorithm needs to restart from the beginning.
Because of these issues alternative approaches have been sought to the problem of
simulating samples from the posterior density.

The use of multiple update algorithms, where the generation of the states proceeds
simultaneously by using the time ordering of the state space model and sampling from
f(BY | Fy) instead of sampling one at a time from (1.53), has been suggested to
address the problem of slow convergence [10], [11], [29] [79]. At least empirically,
the convergence of multiple update algorithms is faster when compared to single
update algorithms. In particular, efficient MCMC inference for the class of normal
dynamic linear models is based on the idea of sampling the entire set of state vectors

ﬁév which can be accomplished by employing the Markovian structure of the model

N-1

FBY 1 Fn) = FBx | Fn) T1 £Be | Bears Fer).- (1.55)

t=1
Equation (1.55) indicates that ,Bév can be sampled efficiently by generating 3,,
t =0,..., N backwards. Furthermore, if the Gaussian linear dynamic model holds,
then all the densities in (1.55) are Gaussian so it is sufficient to compute their means

and variances. However fort = N — 1, N — 2,...,1,0 (see Problem 11)

EB, | Biy1, Fi-1l = By + Ke(Bes1 — Birape)

} (1.56)
Var[3, | 6t+1aft—l] = Pt|t - KtPt+1\th

where K, is the Kalman gain defined in (1.12). Thus the algorithm for linear dynamic

models runs as follows:
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1. Run the standard Kalman filter for ¢ = 0,..., N to obtain prediction and

filtering estimates.
2. Sample By form the normal distribution with mean 3y and variance P |y

3. Sample 8, fort =N —1, N —2,,...,1,0 from the normal distribution with

mean and variance given by (1.56), respectively.

This algorithm is termed forward—filtering (step 1) backward—sampling (steps 2 and
3).

An intermediate approach between single and multiple update algorithms divides
the state vector into several blocks and is called block move algorithm [80]. An-
other alternative to the problem of slow convergence reparametrizes the model in
terms of independent system disturbances and is applicable to time series that follow
generalized linear models [?] (see also [?]). Both of these methods require Fisher
scoring steps which can be avoided according to a block move algorithm proposed
in [?]. More recently Durbin and Koopman [21] building on an earlier work in [?]
consider the analysis of non—Gaussian state space models using importance sampling
and antithetic variables without resorting to any MCMC methods.

The introduction of MCMC techniques had a profound impact on the analysis of
state space model over the last decade or so as we see from the following examples.
Thus, Fahrmeir et al. [24] apply the single move Gibbs sampler to non—Gaussian ob-
servations, West [?] considers importance sampling algorithms and adaptive density
estimators for inference in dynamic nonlinear models, Carlin and Polson [?] apply
MCMC methodology in modeling categorical time series, Albert and Chib [?] study
autoregressive time series subject to regime switching, and McCulloch and Tsay [?]
demonstrate the applicability of the Gibbs sampling algorithm to random level—shift
models, additive outliers and missing values in autoregression. Furthermore, Jacquier
et al. [?] employ MCMC inference in the analysis of stochastic volatility models,
Chib and Greenberg [?] and Chib [15] extend the work of Carter and Kohn [10] on
Gibbs sampling, and Muller et al. [?] discuss Bayesian mixture models for nonlinear
analysis of autoregressive process. More recently Cargnoni et al. [9] apply MCMC

inference to multinomial observations, Gerlach et al. [?] propose an efficient MCMC
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algorithm for the estimation of linear Gaussian state space models generalizing results
in [11], and Frithwirth-Schnatter [30] introduces permutation sampling in switching

and mixture models.

1.4.3 Sequential Monte Carlo Sampling Methods

The preceding discussion advocates the use of multiple update algorithms instead
of single update algorithms as far as convergence is concerned. However multiple
update algorithms are not recursive as they do not allow sequential processing of the
data. To amend this, Gordon et al. [39] and Kitagawa [63], among others, suggested
the so called particle filter method whose inception can be traced back to [?] and [?].
The recent review article by Doucet et al.[19] and the recent collections in [20] and
[66] manifest the importance of this methodology and list additional references.
Following [19] and recalling that 85 = (8,...,8,), F: = {¥1,...,Y;} and
(1.21) (1.22), the following calculation leads to a recursive formula for f (ﬁffl
Fiv1):
[(Fin | BT F(B™)
f(Feq1)
f(F | ﬁé)f(ym | ﬁt+1)f(ﬁ8)f(ﬁt+1 | B)
e | FO) f(F)
W1 | By f(Biga | By)
W1 | Fo) .

The first equation is based on Bayes theorem and the second on model assumptions

FBE | Fer) =

f(By | F)

(1.57)

(1.21) and (1.22). The denominator of (1.57) cannot be calculated in closed form but
an appeal to Bayesian importance sampling (Problem 12) which consists of obtaining

a sample from an importance density () with the property

t

(B | Fo) = m(Bo) [ [ =(B, | B3, Fs) (1.58)

s=1
yields the following algorithm [19].
Sequential Importance Sampling (SIS):
Lett=0,1,2,......, N.

e Fori = 1,...,n draw a sample 3, ; from 7(83, | ﬁf{il,}}) and put ﬁé,i =

t—1
( 0,i » tz)
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e Fori = 1,...,n calculate the importance weights up to a normalizing constant
Brq = wt—1,if(yt | ﬁM)f(ﬁti’i | ﬁt—l,i)' (1.59)
ﬂ-(ﬁt,i | 60,1’ s Ft)
e Fori =1,...,n, normalize the importance weights by
Wy,
Wi = - (1.60)
! Zl:l wt;l

It is instructive to consider the above recursions in some detail. Suppose that at
time ¢t = 0, a sample of size n is available from 7(3,). Then (1.59) implies that the

importance weights are given up to a normalizing constant by

) f(Bo,i)

0i = 77

77(/30.,1‘)

and therefore the normalizing weights are
T s doy
That is the standard importance sampling scheme to obtain a random draw from
f(By) since it is the desired target density at ¢ = 0. At time ¢ = 1, draw a random
sample of size n from the importance density m(3; | B, ;, F1) and set
By = ﬁ)o.if(yl | Bl,i)f(ﬁl,i | /30,1')'

' ' W(ﬁl,i | ﬁo,iv]:l)
The recursion is a consequence of (1.57) which states that the joint posterior density

of (B, 3, ) is proportional to the product of f(3,) and f(y1 | B1)f(B; | By)- Since

the denominator of (1.57) cannot be calculated explicitly, the importance weights

needs to be calculated up to a normalizing constant first and then be normalized.
Hence (1.59) and (1.60) follow and therefore (3 ;, 3; ;) is a random sample from
7(B5 | F1). The normalized weights at t = 1 are given by

Wy,
Z?:l iy

Having available the normalized weights {w ;} and the random sample (3, ;, 3; ;).

Wi, =

i =1,...,n, estimation of the following integral

. / h(Bo, B1)f (6L | F1)dB}
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is accomplished by the sum

n

Z h(/GO,ia ﬁl,i)wl,ia

i=1
provided that the integral exists.

The iteration process continues until time ¢ = IV, leading to a sample which is used
in the estimation of expectations of f(37 | F). The above discussion points to the
advantage of sequential importance sampling when compared to MCMC methods.
Namely, sequential importance sampling is an on—line estimation procedure with the
advantage that when a new observation becomes available the process need not start
from the beginning.

The choice of the importance function is crucial and it is sensible to choose an
importance function so that the variance of the importance weights (1.59) conditional
on 56;1 and F; is minimized. Otherwise the algorithm is degenerate in the sense
that all but one of the normalized weights (1.60) approach zero after a few iterations.
It can be proved that (3, | ﬁf);-l,ft) = f(B,; | ﬁf);-l,}}) is the optimal importance
function (Problem 13). This choice of importance function has been considered by
various authors including [14]. However, there are limitations on the choice of this
importance function and several alternative strategies have been considered [6], [19],
[63], [69], [89].

To avoid degeneracy of the sequential importance sampling algorithm several
authors have considered resampling methods where the key idea is to resample from
the generated sample under a predetermined condition [75]. See also [19], [48], [52],
[67], [69], and [73] among others.

The simulated sample derived either by sequential importance sampling or by
any other resampling method is used for the purpose of prediction, filtering, and
smoothing. Consider the problem of filtering, that is estimation of the density

f(B, | Ft). Using (1.60), an estimate of f(B} | F;) is given by
f(ﬁf)) = Zwt,ﬂsﬁg ,(56)7
i=1 B

foranyt = 0,..., N, where ¢ Jex (Bf) denotes a point mass at the vector point.
0,7

Consequently an estimator of the filtering density f(3, | ;) is obtained by keeping
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only the corresponding simulated component 3, ;,

Bi) = Z wt,idﬁtyi (Be)-
i=1

Similarly the prediction density f(3, | F:—1) is approximated by
FB, | Fior) = Zwt—l,iéﬁt (By)
i=1 "

where 3, ; has been drawn from f(3, | B;,_; ;). Similar recursions hold for smooth-

ing [19].

1.4.4 Likelihood Inference

In applications both observation and transition densities may depend on unknown
parameters as illustrated by the example in Section 1.4.2. Thus, suppose that the
observation density f(y:; 61 | B, Fi—1) depends on 61, and the transition density
f(B;,02 | B,_,) depends on 0>. Regarding both 8, and 8- as random variables
with independent prior distributions f(61) and f(63), respectively, then the full

conditionals
N
f(01| By, Fn,02) < f(61) le Yyi; 01 | By) ]
t=1

and

f(82 | BY, Fn,02) o f(82)

N
£(Bo,02) [ ] £(By; 62 | Btn]

t=1
can be used in inference about 8, and 85, respectively. This approach was already

discussed in Section 1.4.2 where the MCMC methodology was applied to a linear
state space model. When in addition the response belongs to the exponential family
then a good choice of the conjugate prior eases the computation of the posterior
density.

Regarding the general likelihood

fly,..,un) = flye | Fi1)

=

~~
Il
-

[
=

/ Fe | BOFB, | Fi)dBy,  (L6D)

~~
Il
-
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MCMC inference can be avoided as noted by several authors who consider approx-
imating the likelihood by sequential importance sampling as described in Section
1.4.3. See [19], [52], and [64]. The asymptotic behavior of the maximum likelihood

estimator for state space models has been discussed in [53].

1.4.5 Longitudinal Data

State space modeling is also useful in the analysis of longitudinal data. Jones [54]
shows that the linear mixed model has a state space representation and develops
its inference under normality. More recently, multivariate state space models for
mixed responses—both continuous and discrete responses—using exponential disper-
sion models have been studied in [55], and in [56] the authors consider a state space
model for multivariate count data (Problem 14). The recent volume [17] includes
further results on generalized linear models for longitudinal data from a Bayesian

perspective.

1.5 KALMAN FILTERING IN SPACE-TIME DATA

Recently there has been a growing interest in the application and extension of dynamic
models to space—time data such as environmental data. Non—Bayesian models for
space—time data have been considered by Huang and Cressie [50] who analyze snow—
water equivalent data using a vector autoregressive process with spatially independent
innovations, and by Mardia et al. [70] who combine kriging and state space models.
Wikle and Cressie [?] (see also [8]) propose a model suitable for a large number of
sites whereby the observations are generated as a sum of an unobserved process which
incorporates space—time dependence and an unobserved process which is spatially
and temporally uncorrelated. Kalman recursions within the Bayesian framework are

discussed in [?], [78], [84], and [92] among others.
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1.6 PROBLEMS AND COMPLEMENTS

1. Verify by substitution that the ARMA(1, 1) process

37

}/t:(b}/tfl'i_evtfl +vt; t207i17i27"'7
has the state space representation

Yi = Bi+w
Bt PBi—1 + (0 + d)vi—1

. Consider a slight reinterpretation of the general state space model (1.22), (1.23)

as in
General Observation equation: Yi | By~ flys | By, Fe1)
General System equation: B | Bi—y ~ f(By | Bi-1)
Initial information: Bo ~ [(Bo | Fo) = f(Bo)-

Prove the following recursions in k:

(a) Prediction densities for the states
FBrin | 70 = [ 1Bk | B ) Brir | FABri .
(b) Prediction densities for the observations
f(yt+k | -7:t) = /f(yt+k | 5t+k)f(5t+k | ]:t)dﬁt-i-k'

Further results and alternative computational methods for filtering and smooth-

ing densities are given in [68].

. Suppose that the vector Y; = (Y31, ..., Yx) follows the multinomial distri-

bution
ng! b

t- ”
f(}’t|ﬂ't):k7' s
Hj:l Ytj* j=1
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fort =1,...,N, where n; = Z?Zl Y:; and 7w, = (m4,. .., m)’. Suppose

that the distribution of 7r;_; given JF;_ is Dirichlet, that is
k
flmy=m| Fooa) =Cxe) [[ 7",
j=1

where ry = (r41,...,7r4) and 7 belongs to k—dimensional simplex.

(a) Calculate the distribution of Y given F;_;.

(b) Calculate the distribution of 7 given JF;.

4. Linear Bayes Methodology [43], [90, Ch. 4.9.2]. Assume that the joint
distribution of data Y and a parameter 0 is partially specified in terms of the

first and second moments such that

E{(OvY)/} = (’1‘05 H‘Y)Ia

and
> AYvy

Var {(0,Y)'} =
SyA Sy

Since the posterior risk cannot be calculated, consider the overall risk
r(d) = traceE [(0 — d)(0 — d)],

where the expectation is taken unconditional on Y. Show that if d is a linear
function of the data such that d = h + HY, then a linear Bayes estimate of 8

in the sense of minimizing r(d) is given by
m = pg +A(Y — py)
with associated risk matrix
C=%— AZYA’.
Thus the minimum risk is equal to the trace of C.

5. Matrix inversion lemma. Let P, U, R be p X p, p X p and k X k symmetric

matrices, respectively, and H an arbitrary k£ X p matrix. Assuming that the
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indicated inverses exist, prove the following matrix relations [65, p. 85], [74,

p. 33].
@ (P"'+HR'H) ' =P -PH (HPH +R) 'HP
b (P'+HR'H) H'R ' = PH (HPH +R)
© P'-Uu)y '=PwU-P)'U
@ U+P'-U) =UWU-P)'U

6. Lag-One Covariance Smoother [81, p. 320]. With the Kalman gain K; (1.12),
B; in (1.15), and

Pt1,t2‘8 = E[(ﬁtl - IBt1|s)(IBt2 - lBt2|s)/]7

verify that
Pn,nfl\n = (I - KnZ;L)FtPnfl\nfl

and show that fort =n,n —1,...,2,

P toopm =Pi1p—1Bi ) + By[Pyqj — FePyqp1 By

7. Extended Kalman Filter [3, Ch. 8.2], [90, Ch. 13.2]. Consider the following

non-linear state space model

Y, = h(B,)+
t (Bo) e (1.62)
By = fu(Byi1) +wy,
fort =1,..., N and known functions hy, f;. Assume that {v;} and {w;} are

independent and both follow Gaussian distributions N'(0, 07) and A'(0, W),
respectively. Furthermore, suppose that 3, follows the normal distribution
with mean 0 and covariance matrix W and is independent of {v;} and {w}.
By assuming differentiability of h; and f; and using Taylor expansion show

that model (1.62) is equivalent to

Y:
Bi

H,3,  + (ht(ﬁt\t—l) - H;ﬁt\t—l) + v,

(1.63)
F.8, 1 + (ft(ﬁtfl\tfl) - Ftﬁtfl\tfl) + wi,
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where

_ 0f4(B) ,  Ohy(B)
=8 |ﬁt71‘t71and H, = 93 ﬁt\t—l'

Thus conclude that the so called extended Kalman filter is given by the follow-

F,

ing recursions.

ﬁt\t—l = ft(ﬁt—l\t—l)

Pyo1 = FPqy 1 F+ W,
/Bt|t = /Bt|t71 + B, (Yt - ht(5t|t71))
Py = (I, — B{H}) Pyy_q,

where the Kalman gain is given by

-1
B =Py, H; (HQPt|t71Ht + Utz) .

. Gaussian sum approximation [1], [3, Ch. 8.4], [90, Ch. 12]. The rationale of

the Gaussian sum approximation is the fact that any probability density on R"

is approximated by a Gaussian mixture in L; (R™) distance. Thus, let
F) =) i (x py, i)
i=1

where ¢ (x; p;, ;) is the density of an n—dimensional normal random variable
with mean p; and positive definite covariance matrix X;, ; > 0 such that
>, a; = 1,and f(.) is a density function. Show that if X is a random vector

with pdf f(x) then

EX] = ) aip, (1.64)
i=1
Var[X] = Za (2 + (E[X] - py)?). (1.65)

The above equations facilitate calculation of posterior means and covariance

matrices due to the next two theorems. Indeed, show that:

(a) With state space model (1.62) and with

fBy | Fio1) = Z -1y P(Bys gy it)

i=1
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the updated density f(3, | F:) approaches the Gaussian mixture

Z ait¢(/6t7 Hits it)

i=1
uniformly in 8, and Y; as 3 — 0fori=1,2,...,m, where
i = By + K (Y — he(py,))
i = Xy - 3uHy (HgtiitHit + 03)71 H;,3;
Ky = %;H; (H,X;H; +W,) -

- A (1.66)
Qi) (he(y), By 2o Hig + W)

QG = m — S
Zhizl 1)@ (he(fy,), Hj 3 Hyy + W)
12 o t
i = BJe; B-p,.

(b) With state space model (1.62) and with

f(ﬁt | ]:t) = Zait¢(5tvﬂitv Elt)

i=1
the one—step ahead prediction density f (8, | F;) approaches the Gaus-

sian mixture

Z it @(By, Bigri1)s Ti(e41))
=1

uniformly in 3, as X;; — 0 fori = 1,2,...,m, where
Hiyry = (i)
Sy = FaXSuFi, + W, (1.67)
it o 'B=m,

Some early references are [42] and [83]. Further properties of mixtures in state

space modeling are studied in [90, Ch. 12].

9. An alternative form of the smoothing recursions (1.49) can be derived with the
aid of the matrix inversion lemma discussed in Problem 5 and the properties of
the exponential family. More specifically show that when the data follow the

exponential family of distributions then (1.49) are modified as

Byt = Bi—1+ By (Y — )
e,
P = | I-B:— Py
t|t ( t o Zy tlt—1
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where u; is the conditional expectation of the response and 7, = Z;Bt\tq-
The matrix B, is referred as Kalman gain and is equal to

—1
O ;O ? 2
Py_1z:— — | Py
tt 1zt<977t <Zt o tlt—1%¢t + O} )
2

where o7 is the conditional variance of Y;. Notice that a similar recursion

holds for multivariate data.

Consider a count time series {Y;},¢ =1,..., N such that
! exp(=PBt)
flye | B) = ti,
Yt
where 5; t = 1,..., N is a sequence of unobserved states. Assume further

that the distribution of ;1 is Gamma with parameters a = a;_1;—; and

b= b;_1;—1 such that

eXP(—bﬂtq)ﬂf:ll
[(a)be

F(Be=1| Fi1) =

Suppose that 3; given F;_; has also a Gamma distribution with parameters

At|t—1 = Whi_1|t—1 and bt|t71 = (Ubtfl‘tfl for some w € (O, 1]

(a) Calculate E[S; | F;—1] and Var[3; | F;—1] and compare your answer with

the standard dynamic linear model recursions.
(b) Compute f(8; | Fi).

(c) Calculate the predictive p.d.f. f(y: | F+—1) and find its mean and vari-

ance.

Dynamic models for count time series with conjugate priors have been con-
sidered by Harvey and Fernandes [45] who also develop parallel methodology

for binomial, multinomial and negative binomial responses.

Under the Gaussian linear state space model show that the means and variances
of the conditional densities f(3; | 8,1, F¢—1) fort = N —1,...,0are given
by (1.56)
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12. Importance Sampling [36]. Consider the problem of approximating the fol-

lowing expectation
16) = [ 9(a:0)f(a)da

with respect to f, assuming that it exists. When it is not possible to sample
from f() a sensible approach is to sample from another density, say i(), which
approximates f() and then use the sampled valued z1,..., 2, to form the

estimator
f(e) _ Zi:l wlg('rlv 9)
D Wi
where w; = f(x;)/h(x;). Show that if the support of h(z) includes the
support of f(x) then the estimator (6) is strongly consistent for 1(6). Obtain

an estimator for the Monte Carlo standard error of T (9).

13. Optimal Importance Function. Show that 7(3, | ﬁg_}l,ft) = f(B, |
,887_1-1,}}) is the importance function which minimizes the variance of the
importance weights (1.59) conditional on 56,_1»1 and F;. How do the weights

(1.59) transform for this choice of importance function?

14. A state space model for multivariate longitudinal count data [56]. Consider
a multivariate time series of counts Y; = (Y41,...,Yw), t = 1,..., N and
suppose that the conditional distribution of Y;; given an unobserved process 6;
is Poisson with parameters a;:0; with a;; = exp(x}a;). Here x; denotes short—
term covariates and «; are k—dimensional regression parameters,z = 1,...,d.
Assume that 6§y = 1 and suppose that the conditional distribution of 6, given
0;—1 is Gamma with mean b,6;_, and squared coefficient of variation equal
to 02/60;_1. Here 0% denotes a dispersion parameter and b; depends on the
so called long—term covariates z; through the model b; = exp(Az}3), where

Az; =z, — z;_1 and zg = 0.

(a) Calculate the conditional expectation and variance of 6, given . . .., 0, _1.

What do you observe?

(b) Show that
E[0:] = b1 -+ - by,
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(©

(d)

to conclude

log E[0;] = z,03.

In addition show that
Var[@t] = ¢tE[9t]02
and
COV(@t, 9t+k) = ¢tE[9t+k]U27

where ¢t = bt + btbt—l + btbt—l . bl.
Turning to the moment structure of the observed process, define a; =
(a1t,...,art) and Ay = diag(ays, .. ., art) to prove that

E[Yt] = atE[Ht]
and

Var[Yt] = AtE[Ht] + atagqﬁtaQE[Ot].

The last expression shows that the variance of Y consists of two com-
ponents; the first term is Poisson variance and the second term represents
overdispersion. Conclude that logE[Y;;] = xja; + z}3, a fact that

follows from the log-link.

Discuss Kalman prediction and filtering for this model.
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