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1 Error Model

Given a time series yt, t = 1, 2, ..., N , an error model consisting of a trend f(t)
plus a random error is defined as,

yt = f(t) + ut (1)

where f(t) is an unspecified deterministic function of time, and ut a noise term
with mean 0 and variance σ2. See See (2), Section 3.3.1.

For simplicity we shall assume that f(t) is slowly varying, and that the ut
are uncorrelated. It should be noted that model (1) is not a regression model in
a traditional sense since f(t) is unspecified. Thus traditional regression methods
do not apply here.

The trend f(t) at time t can be estimated by a weighted average, y∗t , of
y-values in a small neighborhood of t:

y∗t =

m∑
s=−m

csyt+s (2)

where the weights sum up to 1,

m∑
s=−m

cs = 1 (3)

The procedure which gives y∗t as a weighted average of neighboring y-values is
referred to as smoothing. As t varies, y∗t defines a weighted moving average. It
should be noted that by our construction, the yt are uncorrelated whereas the
y∗t are correlated.

Since we assume that f(t) is slowly varying, the values of f(t + s), s =
±1,±2, ...,±m, for small m are close to f(t) and y∗t is nearly unbiased,

E(y∗t ) =

m∑
s=−m

csf(t+ s) ≈ f(t)

m∑
s=−m

cs = f(t) (4)
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with variance,

Var(y∗t ) = σ2
m∑

s=−m

c2s (5)

The idea is to choose the cs such that Var(y∗
t ) is considerably smaller than

Var(yt). Clearly, when cs ≥ 0, Var(y∗
t ) ≤ σ2 = Var(yt).

1.1 A Method for Getting cs

We shall now outline a method for getting the cs weights by local fitting of a
polynomial to neighboring y-values.

For a fixed t, we fit a polynomial of degree q, a0 + a1s + · · · + aqs
q, s =

−m, ..., 0, ...,m, to 2m+1 y-values, yt−m, ..., yt, ..., yt+m, by least squares. Thus,
we minimize

m∑
s=−m

[yt+s − (a0 + a1s+ · · · + aqs
q)]2 (6)

with respect to a0, ..., aq. The normal equations are,

a0

m∑
s=−m

sj + a1

m∑
s=−m

sj+1 + · · · aq
m∑

s=−m

sj+q =

m∑
s=−m

sjyt+s, j = 0, 1, .., q (7)

For every even even j, the coefficients of a1, a3, ... are 0. For every odd j,
the coefficients of a0, a2, ... are 0. Since a0 corresponds to yt ≈ f(t), we are
interested in the least squares estimate of a0, and consider even j only. So let
j = 2i, i = 0, 1, ..., [q/2], where [q/2] = q/2 for even q, and [q/2] = (q − 1)/2 for
odd q. Then the normal equations reduce to

a0

m∑
s=−m

s2i + a2

m∑
s=−m

s2i+2 + · · · a2[q/2]
m∑

s=−m

s2i+2[q/2] =

m∑
s=−m

s2iyt+s, i = 0, 1, .., [q/2] (8)

and we see that the optimal a0 is a weighted average,

â0 =

m∑
s=−m

csyt+s (9)

The cs are clearly symmetric, cs = c−s, and they sum up to 1. To see this, note
that the coefficients of the aj depend on m only and not on the y’s. Therefore,
if yt+s = a, s = −m, ...,m, then the best polynomial is a itself. Thus,

m∑
s=−m

cs = 1

and we have the desired

y∗t = â0 =

m∑
s=−m

csyt+s

For q = 0 or q = 1 and a general m we have from (8) a simple moving
average

y∗t =

∑m
s=−m yt+s

2m+ 1
(10)
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It can be shown that for q = 2 or q = 3 and a general m,

y∗t =

∑m
s=−m[3(3m2 + 3m− 1) − 15s2]yt+s

(2m− 1)(2m+ 1)(2m+ 3)
(11)

For short time series, say N = 30, (11) with m = 2 or m = 3 is sufficient. For
m = 2 the smoothed series is

y∗t =
1

35
(−3yt−2 + 12yt−1 + 17yt + 12yt+1 − 3yt+2) (12)

and for m = 3

y∗t =
1

21
[−2yt−3 + 3yt−2 + 6yt−1 + 7yt + 6yt+1 + 3yt+2 − 2yt+3] (13)

An R function to compute the weights for q = 2 or q = 3 and a general m, is

#s=-m,...,m, m=2,3,...

cs <- function(m,s){

+ (3*(3*m^2+3*m-1)- 15*s^2)/((2*m-1)*(2*m+1)*(2*m+3))}

Using the theory of linear regression it is easy to get confidence intervals for
f(t).

2 Local Linear Regression

An extension of the above method replaces the sum of squares in (6) by a
weighted sum of squares, and carries out weighted least squares. In this case we
minimize

m∑
s=−m

w(t, s)[yt+s − (a0 + a1s+ · · · + aqs
q)]2 (14)

This is the basic idea behind the locally weighted scatterplot smoother or lowess.
The R function lowess carries out this type of weighted least squares for smooth-
ing purposes. The default for lowess uses simple linear models,

m∑
s=−m

w(t, s)[yt+s − (a0 + a1s)]
2 (15)

See (3) Section 6.6, and (4), p. 230.

3 Smoothing Splines

Another well known smoothing idea makes use of spline fitting. Let f(t) be a cu-
bic spline, and consider the penalized sum of squares with smoothing parameter
λ,

N∑
s=1

[yt − f(t)]2 + λ

∫ b

a

[f
′′
(t)]2dt (16)

Minimizing (16) results in a great deal of smoothing. The R function smooth.spline

carries out spline smoothing, choosing λ by cross validation. See (3) Section
7.2.3, and (4), p. 230.

Figure 1 provides an illustration of polynomial smoothing for (q = 0,m = 3),
(q = 2,m = 2), (q = 2,m = 3), and N = 100, versus lowess, spline smoothing,
and running medians. Running medians is similar to a moving average where
the median is taken instead of the average.
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Figure 1: Local polynomial smoothing versus spline smoothing, Lowess, and
running medians.
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#Fig 1

#q=0 or 1, m=3

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

ys <- y

for(i in 4:97){

ys[i]<-

(y[i-3]+y[i-2]+y[i-1]+y[i]+

y[i+1]+y[i+2]+y[i+3])/7}

plot(t,y,type="l",cex=1.25)

lines(t,ys,type="o")

title("Moving Average: q=0,m=3", cex=1.25)

#Fig 2

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

#m=2:

ys <- y
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for(i in 3:98){

ys[i]<- (-3*y[i-2]+12*y[i-1] + 17*y[i] + 12*y[i+1]-3*y[i+2])/35}

plot(t,y,type="l")

lines(t,ys,type="o")

title("Polynom. Smooth: q=2,m=2", cex=1.25)

#Fig 3

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

ys <- y

for(i in 4:97){

ys[i]<-

(-2*y[i-3]+3*y[i-2]+6*y[i-1]+7*y[i]+

6*y[i+1]+3*y[i+2]-2*y[i+3])/21}

plot(t,y,type="l",cex=1.25)

lines(t,ys,type="o")

title("Polynom. Smooth: q=2,m=3", cex=1.25)

#Fig 4

#compare with cubic spline (Venables and Ripley p. 230)

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

Can control the smoothing by df:

smooth.spline(x,g, df = 10), lty = 2)

plot(t,y,type="l",cex=1.25)

lines(smooth.spline(t, y),type="o")

title("Smoothing Spline", cex=1.25)

#Fig 5

#Lowess and Loess (Venables and Ripley p. 230)

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

plot(t,y,type="l",cex=1.25)

lines(lowess(t,y))

title("Lowess", cex=1.25)
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#Give the same as

#plot(t,y,type="l",cex=1.25)

#lines(loess.smooth(t,y))

#title("Loess.smooth", cex=1.25)

#Fig 6

###Smoothing by Runnning Medians: m=3

t <- 1:100

u <- rnorm(100,0,0.25)

y <- cos(0.05*t)+u

#plot(t,y,type="l")

ys <- y

for(i in 4:97){

ys[i]<- median(c(y[i-3],y[i-2],y[i-1],y[i],y[i+1],y[i+2],y[i+3]))}

plot(t,y,type="l",cex=1.25)

lines(t,ys,type="o")

title("Running Medians, m=3", cex=1.25)
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