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We'll show that a stationary process is essentially a superposition of random
harmonic oscillations.

1 Random Orthogonal Set Function

Let A be an interval of A points. Let B be the Borel field of subintervals, and on
this field define a measure F'. We define a stochastic process Z(A) = Z(A,w),
A € B, w € (), such that,

1. Z(A1UAg) = Z(A1) + Z(A2), A1NAy=10
2. EZ(A)=0, AeB
3. EZ(A1)Z(A2) = F(A1 N A)
Therefore,
1. When A N Ay = 0 then

2. E|Z(A)]? = F(A)

3. For disjoint Ay, ..., A, such that U7_;A; = A,

Z(A) = Z(Up_y A)) = > Z(Ay)
k=1

Thus, Z is an orthogonal random measure.

2 Definition of a Stochastic Integral
Let f(\) be a complex valued simple function define over disjoint intervals Ag:

f()\>:%0k7 )\EAk;, k:172,..., UAk:A



We say f()) is integrable if
o0
> enZ(A)
k=1

converges in mean square. In that case we write:

[ 1zan = Yz
k=1

Therefore,

k=1
=B ouZ(A0) Y B Z(A;)
k=1 Jj=1
= lenlPE|Z(A)
k=1

=S (A
k=1

- / FOVPF(N)
A

We see the integral exists iff [, |f(A)]*F(d)) < oo

(*) In the previous manipulation we used that fact X,, - X, Y,, — Y then
EX,Y, — EXY.

2.1 An Extension

Now let {f,} be a sequence of integrable simple functions. Assume there is f
such that

/\fn — fFNVPF(@N) =0, n— o0
That is, f, — f in mean square. Therefore,
J 15 = B OPF@N) = 0. mm = o0
and
Bl [ rz) - / FaNVZ@NE = B [ (523) = £ ) Z(aNP
/Ifn — fiW2F(dX) = 0, m,n — oo



Hence, we see that the sequence { [, fn(A)Z(d)\)} has a limit in mean square!
We denote this limit by

/ F(NZ(N)
A

In particular, if [ |f|2?F(d)\) < oo and [ |g|*F(d\) < oo then

L E [, fNZ(dN) [, 9(w)Z(dw) = [, f(N)g(N)F(dA)

which follows from (*).

2. [ulaf(N) +bg(NIZ(dN) = a [, F(N)Z(dN) +b [, 9(N)Z(dN)

3 The Spectral Representation of Weakly Sta-
tionary Processes

Assume a zero-mean complex process X; admits the representation,
(x) Xi = / f@&NZ(dN), t=0,%1, ...
A

such that [, |f(¢, A\)[*F(d\) < oo for all ¢. Then

EX.X, = R(s,t) = E /A F(5,\)Z(dN) /A F(t,w)Z(dw) =
() [ 1 NTENF)

Thus, if X; admits the representation (%) then its covariance function has the
representation (xx). Is it also true that (%) implies (%)?

Fact: (Cramer 1951, Grenander and Rosenblatt 1957). (%) implies (%) if the
family {f(t,\), t = 0,1, ...} forms a basis for Ly(A) = {f : [, [f|*F(d\) < co}.

That is, every function in La(A) can be represented in mean square F by

Svay f(ty, ).
So, if X} is stationary then
EX,X; = / CTOAR(AN) = / AN (dN)

therefore,
X, = / e Z(d\)

where E|Z(d\)|? = F(d)).



3.1 Proof of Spectral Representation.
We follow Cramér (1951) as given in Koopmans (1974).

Definition: A Hilbert space is a vector space with an inner product, which
contains limits in mean square.

If z, y are random elements of a Hilbert space, we take Ezy as the inner product.

An example of an infinite-dimensional Hilbert space is Lo(F'), the set of all
complex-valued functions such that the integral of |f|? over the whole real line
w.r.t. F'is finite. In this case, the inner product is

<fo>= | " @)@ F(dz)

A technical note:

If E|z|? = Exzz = 0, it does not follow that x(w) = 0 for all w, it only means
that P(x = 0) = 1. Also, we say that z,y are equivalent if P(x = y) = 1.
This creates equivalent classes such that any two random variables in the same
equivalent class are equal w.p. 1.

Let {X;}, —00 < t < oo be a complex-valued weakly stationary process on
(Q, F,P), where

(oo}
EX, =0, (%) EX;,X,=R(t—s)= / M= P(d))
—00

We now form tow Hilbert spaces.
1. My of all linear combinations

E a; Xy;, a; complex coef ficients
J

together with their limits in mean square.

2. Ly(F) of all complex-valued functions g(\) such that
| laEF@y <o
We can establish a correspondence My and Ly(F) as follows:

X, 5 M

it
g a; Xy, < g aje
J J



The correspondence preserves the inner products for the generating elements:
EX, X, = / eNE=F(dN) = / eNeirs F(dN)
Using linear combinations and passage to the limit, this property is extended
for h(A),g(A) € Lo(F) and G, H € My such that
G+—g, H<+—h
Then
EGH = /g()\)h()\)F(d)\)
Now, let A be a Borel set and I4 its indicator:

1, if A€ A;
IA(A)_{ 0, ifAgA.

Since X, is stationary, Var(X;) < oo. Therefore I4 € Ly(F'). Then 3 a random
variable Z(A) € M x such that,

(%) Z(A) — Ia

and
EZ(WZ(B) = [ LANTaF (@) = F(AN B)

Therefore Z(A) is an orthogonal set function!!

Now, if g(\) € Lo(F) then it can be represented as a limit in mean square
of

D ala,(N), AjNAy=0, j#k
J
Hence, by the correspondence &,
> T, () = 90 ¢ 3 2(45) > [ g Z()
J J

So,

9 < [ gz
Therefore for g(\) = e** we have

e v— / e Z(dN)
But also

et e X,

Therefore, finally, we obtain the spectral representation of X;:

X, = / e Z(d\)




