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Time series 2z, t = 0,£1,£2, ....

Define the backward shift operator Bz; = z;_1, and the linear filter

U(B)=1+U;B+UyB*+ .-

Basic idea: “Random shocks” i.i.d u;, Fu; = 0,Var(u;) = o2, drive a linear
system:

00
Zt = \II(B)’LLt = E \I/jut,j
Jj=0
where the sum converges in mean square.

Under certain conditions we have invertibility:

Hence
(Zt) Zt—1,2t—2,"" ) — (ut7ut717ut72a o )

Fact: If U(B) converges for |B| < 1 then z, is weekly stationary. In which case

Re=0"Y WUy, Ry=0>) W2
j=0 §=0

Fact: If ~!(B) = II(B) converges for B < 1 then 2 is invertible



ARMA (p,q)

®B) = 1—¢B—--—¢,B"
OB) = 1-6,B—-—0,B7

If the roots of ®(B) = 0 are outside the unit circle then z; is stationary
If the roots of ©(B) = 0 are outside the unit circle than z; is invertible

Yule 1920’s AR(p): ®(B)z: = uy
Slutski 1920’s MA(q): 2z = ©(B)uy
Wold 1930’s: ®(B)z; = O(B)uy



ARIMA((p,d,q)
Main idea: The d’th difference 792 = (1 — B)?z, is stationary.

Autoregressive Integrated Moving Average:
O(B)[vz] = O(B)us
Assumption: E[y?z] =0

How do we find p,d,q? There is a whole list of diagnostic tools. Most im-
portant, once we fit and ARIMA model, we check for WN RESIDUALS.

Identification: For example by model selection criteria:

AIC = —2log L(B) + 2p

BIC = —2log L(3) + plogn

Estimation: For example by ML.
Diagnostic Checking: acf(residuals), cpgram(residuals), Ljung-Box test, par-
tial autcorrelation.

0,1,1): vz = (1 - 61 B)uy

(0,2,2): /22 = (1 — 01 B — 0B )y
(L1,1): (1 -

(1,1,0): (1

¢1B) YV %t = (1 — OlB)ut
—$1B)V 2 =

N



Minimum MSE Forecasts

Observed time series:
T Rt—2, R2t—1, Rt

We wish to predict l-steps ahead:
Zt41

By a predictor which is a linear function of the observed time series:
2(1)

Since %:(l) is a linear function of - -- 249, z:—1, 2, by invertibility, it is also a
linear function of - - - u;_9, uz_1,us. Therefore,

ZAft(l) = \I/fut + \I’T+1Ut_1 + \I/7+2ut_2 + -
Now, with ¥y =1,

00 t
Zt = E \I/jut,j = E \I’t,j’u]‘
=0

j=—o0
Therefore,
t+1
Zt4l = E Wy ju;
j=—o00

Upry + Vg1 + Woupyy o+ + ¥ _qusp1 (= e(l), future u's)

+

Wy + Wy pqup 1+ Yy ous o +---  (past u's)
ee(l) +Wpuy +Wypqu 1+ Vioug o+ -

Therefore

(%) zerr — 2e(l) = ee (1) +ue(Uy — U7F) +up 1 (Vg — W) + -

Therefore, since the u; are i.i.d with mean 0 and variance o2,

Elzip — 40P =0?(1+ U3 4. + T2 ) + 02 Z(\Plﬂ- — U7
j=0

which is minimized for ¥;;; = W}, ;. Therefore from (x) we have,

2 = 2(0) + e(D) |

where e;(1) is the prediction error.



Fact: If ¢(t) is any function of z;, 21, -+, then

Elzepi = ¢(1)]* > Elzert — Bzl 2, 201, )

But

E(Zt+l|zt7zt71a e )

+

E(e (1) + Wiuy + Vw1 + Vipoueo + - |20, 201, )
Ele(D)|ur, we—1,- )

E(Wuy + Vw1 4+ Vipoup o + - Jug, up—q, )

+ B(Wus + Wpqug—1 + Wipoup o + - |ug, ug—1, -0 -)

(
(

o

E
E

Wiuy + Wit + Vigous—o + - Jug, w1, )
\I’?Ut —+ \IIT+1Ut_1 + \Ilzk_,’_QUt_Q —+ .- |’LLt, Ut—1," " ) = ,’):'t(l)

Therefore, linearity implies 2(1) is the BEST MSE PREDICTOR since:

2t(l) = E(Zt+l|2’t, Zt—1,"" ) = E(Zt+l| ?t)

Prediction Rules

= .
1. E(Zt—j| Zt) = Zt—j, J]= 0, 1,2,...

— P .
2. E(zeyg] 21) = 2:(5), 7=1,2,...

= .
3. E(Ut,j| Zt) = Ut—j, J 20,1,2,...

4. Bluy| Z0) =0, j=1,2,..



One Step Ahead Forecast Error

From above

er(l) = wei + Vi1 + Worpyi—o + - + Vy_qus

Hence
Ele/()] =0, Varle,(l)] = o®(14+ ¥ +--- + V7 )
Recall,
Zt4+l = ét(l) + et(l)
Therefore

er(1) = ze41 — 2(1) = up4a

Therefore we obtain an important formula:

’Ut+1 = Zt4+1 — 731&(1) ‘

or

’ut =2z — 2-1(1) ‘




Example: Prediction of ARIMA (1,1,0)

Or

Hence

and

Similarly

and

Similarly

and

Similarly

and

In general

Zt = 1.82t,1 - 0.82t72 + U

E(Zt—&-l‘ ?t) = E(18Zt — 0.82'75_1 + Ut+1| ?t)

£(1) = 1.82 — 082 1]

— —
E(Zt+2| Zt) = E(1.82t+1 — O8Zt + Ut+2| Zt)

2(2) = 1.8%(1) — 0.8zt‘

— —
E(Zt+3| Zt) = E(1.82t+2 — 0.8Zt+1 + ’U,t+3| Zt)

£(3) = 1.8%(2) — 0.85(1) |

— —
E(Zt+4| Zt) = E(1.82t+3 — 0.82t+2 + ut+4| Zt)

£(4) = 1.8%(3) — 0.85(2) |

. 1=3.4,..




Example: Prediction of ARIMA(0,2,2)
(1—B)?z = (1 —0.9B + 0.5B%)u,

or
(1—-2B+ Bz = (1—0.9B + 0.5B?)u,
or
Zt = QZt_1 — 2o+ Ut — 0~9Ut—1 + 0.5ut_2
Therefore
— —
E(Zt+1| Zt) = E(ta — 241+ Ut41 — 09ut + 0.5Ut_1| Zt)
or
ét(l) = 2Zt — Zt—1 — 09ut + 0.5Ut,1
Likewise
ét(2) = 22}(1) — 2+ 05’U,t
2(3) = 22(2) — 2(1)
where
Uy = Zt— 2t71(]—)
U1 = zp—1 — Z-2(1)



Example: Prediction of MA(1)=ARIMA(0,0,1)
zt = uy — Oug_q, |0] <1, invertible
ét(l) = E(Zt+1| Z}t) = E(Ut+1 — 9Ut| ?t) = —Hut
But
Ut = 2¢ — Zt’t_l(l)

Therefore,

2(1) = =0z — Z-1(1)]
= —0z+02_1(1) = —0z + [—Ous_1]
= 0z — 021 — 2 _2(1)]
= 0z — 0%z 1 + 6% _5(1)
= —0z — 0721 + 6 [—Ouy_o]
= —0z —0%2_1 — Cus_»

= 0z — 0%z — Pz — - — 0"z — 0"y



Example: Prediction Intervals

Recall

e(l) = s+ Viuppi—1 + Youppi—o + -+ ¥ quiq

= Zt4l — ét(l)
Consider the conditional distribution
P(Zt+l|2t72t71; e )

with mean
ﬁt(l) = E(Zt+l|zt7 Zt—1,"" )

and variance

El(ze41 — 22t 2e-1, ] = Ele}(l)]
1+ 94 4+ U7 ))o?

Assumption: {u;} are i.i.d Gaussian. That is, {u;} are i.i.d N(0,0?).

Therefore 100(1 — «)% prediction limits are

-1 2

-
Zt+l| Zt:Zt(l)iZa/g 14+ E \Ilf X o
Jj=1

Therefore, the prediction intervals increase as [ increases.
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