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A Note about Summation

Recall Rk = R−k. Therefore:
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and observe that
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It follows that ∣∣∣∣∣
N∑
t=1

eitλ

∣∣∣∣∣
2

=
sin2 1

2λN

sin2 1
2λ

On Variance of a Time Series Average

Given a zero-mean stationary time series z1, ..., zN , a natural estimate of the
mean (here 0) is
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Clearly EZ̄ = 0, and
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Fact: Cesáro summation of a convergent sum is the sum: If
∑∞
r=1 ar < ∞,

then
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It follows that if
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Fact: If f(λ) is continuous then

lim
N→∞

N V ar(Z̄) = 2πf(0)

Proof
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Define the Fejér kernel
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Therefore, with a = π ∫ π
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WN (λ)dλ = 1

Since | sinx| ≤ 1

WN (λ) =
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2πN sin2 1
2λ
→ 0, λ 6= 0

More precisely, since sin 1
2λ is increasing in [0, π), we have for a > 0∫ π

a
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By symmetry we have:
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So, we have

1 =
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Now, by continuity of f(λ) at 0, we have for δ > 0:∣∣∣∣∣
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and by continuity of f(λ)∣∣∣∣∣
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Therefore, as N increases

N V ar(Z̄) = 2π

∫ π

−π
WN (λ)f(λ)dλ→ 2πf(0)

Thus, we have shown rigorously that WN (λ) approaches a Dirac delta func-
tion as N →∞.
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