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1 Introduction

In this talk we will define and study Fontaine’s ring A;,;. The goal is to construct for
a perfectoid ring S, morphisms 0,,0, : A (S) — W,(S) generalizing Fontaine’s map 6 :
A (S) — S and show that they behave like one parameter deformations.

Specialization along these maps is used in [BMS16] for constructing the comparison between
the Aj,¢ cohomology theory and the relative de Rham-Witt complex. We closely follow [BMS16],
Section 3| as well as [Mor16l Section 3].

2 Wittt vectors

We first review (p-typical) Witt vectors. For a detailed and general exposition, see [Rabl14].
Fix p a prime number.
Let A be any ring and define W, (A) = A" as a set. Consider the maps

w: W (A) = A7

given by
(I07x17 cee 7$r—1) = (w0($0)7w1(ﬂ70, xl), e ,wr—1($0, cee ,%»—1))

where .
. n—1i n n—1
wn(xo,...,xn):Zp’xf =y +prl  +. .+ p a,.
=0
w is called the ghost map and w,, the ghost components.
Theorem 2.1. There exists a unique ring structure on W,.(A) making
W, : Ring — Ring

a functor such that

(7') Wr(f)<x07 o e 7«%7“71) = (f(SU(]), ey f(xrfl));

(i) and w : W,.(A) — A" is a natural transformation (and in particular a ring homomor-
phism).

Furthermore, W, commutes with inverse limits.
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W, (A) are called the length r Witt vectors of A. They come equipped with several maps:

(1) (Restriction) R : W,.(A) — W,_1(A) is the ring homomorphism given by R(zo,...,z,—1) =
([Eo, c. ,ZL‘T_Q).

(2) (Frobenius) F': W,.(A) — W,_1(A) is the unique ring homomorphism making the diagram
WT(A) - r—l(A)

wt lw

AT Ar—l

commute where A" — A™! is projection onto the first r — 1 coordinates.
(3) (Verschiebung) V' : W,_1(A) — W,.(A) is the additive (but not multiplicative) map given
by (zg,...,2r—2) = (0,20,...,2,_2)
(4) (Teichmuller representatives) | | : A — W,.(A) is the multiplicative (but not additive) map
x> (z,0,...,0).
Lemma 2.2. These maps satisfy the following relations:
(a) Fla] = [a],
(b) (FoV)(zx)=pz,
(¢) V(zF(y)) = V(z)y,
(d) v =371 V'lzi].
Definition 2.3. The Witt vectors of A are defined as the inverse limit
W(A) = @WT(A)
R

over all restriction maps R : W,1(A) — W,.(A).

W (A) inherits restriction maps R : W(A) — W, (A) as well as Verschiebung and Frobenius
maps V, F' : W(A) — W(A) and a Teichmuller lift [ ] : A — W(A) compatible with those at

each level.

2.1 p-torsion free rings

Suppose that p is invertible in A so that A is a Z[%]—algebra. Then the ghost map

w: W (A) — A"

is a ring isomorphism.
More generally, if A is p-torsion free, it embeds into the Z[%}—algebra A[%] and there is a
commutative diagram

W, (A) > W, (A[L])

_

A AL}y

of ring homomorphisms.



2.2 Perfect F,-algebras

The Witt vectors of F,, are computed by W,.(F,) = Z/p"Z (in fact this computation was the
motivation for defining W,!). It follows that W (F,) = Z, the p-adic integers.

Now let K be a perfect F,-algebra and denote the Frobenius ¢ : K — K. Then by
functoriality of W, there is a diagram

W,.(K)—— [T(

Z]pZ ——F,

where the top map is surjective. This implies that W, (K) is a lift of A to Z/p"Z-algebras.
Taking the inverse limit, we get that W (K) is a lift of K to Z,-algebras.

Proposition 2.4. Let K be a perfect F,-algebra.

(1) W(A) is a p-adically complete, p-torsion free Z,-algebra such that W(A)/p" = W,.(A) for
all r.

(11) Conversely, if A is any p-adically complete, p-torsion free Z, algebra with A/p = K, then
there is a unique multiplicative lift [ | : K — A and the map

W(K)— A
given by

o [0.9]
r = (zg,x1,...) — Z Viz) = Zpi[xi]l/pz
i=0 i=0
s an isomorphism.

Remark 2.5. This proposition characterizes the Witt vectors of a perfect I, algebra K as
the unique lift of K to a p-adically complete p-torsion free Z,-algebra. The existence and
uniqueness of W (K) in this case can also be argued formally. Indeed one computes using the
Frobenius map ¢ : K — K that the cotangent complex Ly, >~ 0. Therefore there is a unique
deformation of K over Z/p"Z — F, which is necessarily W, (K).

The Frobenius isomorphism ¢ : K — K lifts to a Frobenius isomorphism ¢ : W,.(K) —
W,.(K) for each r such that the diagram

commutes.
Lemma 2.6. Let K be a perfect F,-algebra. Then the following relations are satisfied:
1. Fla] = [a]",
2. Vla] = pla]"/?,
3. FV =VF =p,
4. VialVI[b] = p'VI[ab” ] where j > i.



3 Construction of A

3.1 Tilting

Let A be a commutative ring that’s m-adically complete and separated for some 7 € S with

7|p and let
v:A/pA — A/pA

be the Frobenius map.
The tilt of A is the perfect F,-algebra defined as

A= 1lim A/pA
P

Lemma 3.1. The natural maps

lim A — A” = lim A/7A
2]

TP
are isomorphisms where the first is a map of monoids and the second is a map of rings.

Proof. Let (x;), (y;) € @x»—mﬁ A be an inverse system of p'-power roots mapping to the same

element in A°. Then z; = y; mod p and so by induction we deduce that for any n,

p'll _ pn n+1
Tivn = Yiy, mod p" .

It follows that z; = y; mod p"™!. Since n was arbitrary then z; = y; by p-adic separatedness
so the first map is injective.

Let (y;) € A’ be an inverse system of p*"-power roots in A/pA and pick lifts §; € A. Then
one can check that the limit

,}LHC}O@?M) =z, €A

exists and (x;) € T&nxmﬂ] A gives an inverse system mapping to (y;).

The isomorphism @xHIpA — lgnw A/mA follows by the same argument and the fact
that the induced map A° — @@ A/mA is a ring homomorphism follows since both rings are

characteristic p.
O

Under the isomorphism in Lemma , we will identify = = (z¢, z1,...) € A° with

(2@ M ) e m A

TP
. Note that 27, ; = z; and (V)P = 20,
Definition 3.2. Let A be as above. The ring Ay,¢(A) is defined by

Aqpi(A) = W(A).



3.2 The maps Qr,ér
Let A as above be a m-adically complete ring for some m € A with 7|p.

Proposition 3.3. There are isomorphisms

— @WT(A)

(ii) o

W(A") &= lim W, (A°) —s lim W, (A/TA
( )(i)%n ( )(m{l‘ (A/mA)

where

(i) ¢ is induced by @" : W,(A") — W,.(A®) for each r,

(ii) the second arrow is induced by the natural map A° — A/pA — A/mA,
(i1i) and the third arrow is induced by A — A/TA.

Proof. (i) Since A’ is a perfect ring of characteristic p, we have a commutative diagram

W1 (A7) == Wy i1 (A%)
T e
W,(A°)

where ¢ is an isomorphism. Taking the inverse limit and using that ¢ and R commute,
we obtain that > : lim | W,(A°) — W,(A%) is an isomorphism.

(ii) We have the following maps

r%lWT(Ab) = I'%nl'%nWr(A/wA) = Y%HI'%HWT(A/WA) — T%lWT(A/ﬂ'A).

where the final map is projection onto the first factor. Here we have used that W, com-
mutes with limits, limits commute with limits and A° = l'gl(p A/mA by Lemma|3.1|to show

the first three isomorphisms. Finally note that ¢ is an isomorphism on lim . W, (A/TA)
since Ry = ¢ R = F for Witt vectors of a characteristic p ring. Thus the final projection
is also an isomorphism.

(iii) First we claim that for any s,

1‘%1 W, (A/m°A) — 1%1 W, (A/7A)

induced by A/m*A — A/mwA is an isomorphism.

Indeed it is level-wise surjective so we need to check that the kernel is zero in the limit.
At each level the kernel is given by

W,(rA/m*A)

which is generated by elements of the form V?[ra;]. For some c, consider the Frobenius
map

F5e s Wisgr o AJm8 A) = W(A/T5A).

>



Using Lemma [2.6] we compute

s+c—1

F5tVira;) = p'[ra;]?

For i < c this is vanishes since 757¢~* = (. By Lemma , we can pick ¢ large enough
so that p' = 0 in W,.(A/m%A) for any i > c. This shows that at each level, the kernel
W, (piA/pi*A) is killed by a large enough Frobenius map so its 0 in the inverse limit
proving the claim.

Now we may take the limit over s to obtain
lé'r_n W,.(A/mA) = 1&11&1 W,.(A/m°A) = lgl Wr(lgl A/m*A) = l&n W,.(A)
F s F F s F
where the last equality is by 7m-adic completeness of A.
O

Lemma 3.4. There ezists a large enough ¢ > 0 (depending on r and s) such that p° = 0 €
W,.(A/mA).

Proof. W,.(A/mA) is a W,.(IF,) = Z/p"Z algebra so p" = 0. Thus p" is in the kernel of the map
W, (A/m*A) — W, (A/mA) so it can be written as

pr=Y Vi) € W (A/7°A).
Now expand

) = (3 Vilair))’

Vilaga]Viair] = p'Vilma,(ma;)" |

for i > j by Lemma So for large enough ¢, the power of 7 in the product of terms V?[a;7]
will be 0 since 7* = 0, completing the proof. O

and note that

Now using the isomorphisms in Proposition [3.3] we obtain an isomorphism

Aini(A) = W(A") 2 im W, (A).

Definition 3.5. The map 3
0, : Ains(A) — W,.(A)

is defined as the composition of the isomorphism above with the projection onto W,.(A). The

map 6, is defined as .
0, :=0.0¢": Ajpr(A) = W,.(A).

Lemma 3.6. Let 2 € A’ so that [x] € W(A?) = Ains(A). Then 0,([z]) = [2©] and 6,([z]) =
(2] in W,(A).



Proof. The Teichmuller representative [z] € W (A®) maps to the inverse system

(2], [a]/7, 2] /7", ...) € Lim Wr(A’)

under (¢>)~!. Then commuting the limits and projecting in construction of the second map
of Proposition [3.3] gives us

(2], (277, [, ) = ([, [o] P, (0] 7, ) = (o), ), [w), )

for x = (wg,21,...) € A” which maps to ([z(©], [z(V],...) under the lift to lim  W(A) in the
third isomorphism of Proposition [3.3| which completes the proof.
O

Corollary 3.7. There are commutative diagrams

Or

Ainf(A) WT‘(A>
W, (A7) —= W,(A/pA)

where the right and bottom mpas are induced by the projections A — A/pA and A’ — A/pA.

Proof. This follows from Lemma and the fact that under the identification = = (xg, x1,...) €
A’ with (2@, 2. ) € I'&Hm_mp A, 2% = z; mod p. -

Remark 3.8. The above diagram when r = 1 shows that A;,;(A) interpolates between char-
acteristic 0 geometry of A and characteristic p geometry of A°. In particular, it is crucial that
Ainr(A) has a Frobenius automorphism . This will produce a Frobenius action on the Ay
cohomology despite the fact that A itself doesn’t necessarily have a Frobenius.

Finally we state the compatibilities of 6,, 6, with the usual Witt vector maps.

Lemma 3.9. (a) There are commutative diagrams

Ori1 Or+1 Or 41
At(A) = Wii1(A) Ape(A) —=W,41(A) At (A) —=W,11(A)

| | ol e x| v

At (A) =2 W(A) Apr(A) 2= W, (A4) Agr(A) == W, (4)

where N1 is an element satisfying 0,11 (M\r11) = V(1) € W41 (A).

(b) There are commutative diagrams

97‘+1

97« 1 9r 1
Ape(A) == W,i1(A) Ape(A) —>W,11(A) Anr(A) —= W41 (A)

gol é lR ‘ é lF XMT é Tv

Aps(A) ——= W, (A)  Api(A) ——=W,.(4)  Aunr(A) ——=W,(A4)

where A\piq = O™ (\11) is an element satisfying 9~7«+1(5\r+1) =V (1) € W,11(A).
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Proof. Parts (a) and (b) are equivalent by composing with ¢ so we prove (a) only. It suffices
to check on Teichmuller representatives. The first and second diagrams follow directly from
Lemma [3.6| and the properties of R, F' and .

For the third diagram, note that V(1) = p[1]'/? = p =V F so

Ops1 (Ao 2]) = V(D[P = VFROTYP = V0] = Vo, ([2]).
Il

Corollary 3.10. We can define lim, o, 0, =: O : Ajns(A) — W(A) which sits in a commuta-

tive diagram

Aii(A) =W (A)

| |

W(A”) —= W (A/pA)

Proof. We may take the limit by the first diagram of Lemma (a) and the commutative
diagram follows by Corollary [3.7] O

Finally we discuss the composition of 6, with the ghost map w: W,.(A) — A".

Lemma 3.11.
wo b, = (0,0p,00% ... 00

Proof. We can compute for any = € A°, we have

w(B,(x)) = w([z?]) = wz®,0,...) = (2@, 207, m(o)pg, ) = (03, 00x,00°, .. .).

4 Perfectoid rings

We would like to interpret the diagrams

At (A) == W, (A)

| |

W (A7) —= W,(A/pA)

from Corollary as a diagram of pro-infinitessimal thickenings.
Indeed for r =1 and A = O¢ for C a perfectoid field of characteristic 0, the diagram

Aine(O¢) S Of
ch Oc/p

is familiar in p-adic hodge theory and the map 6 behaves as a sort of 1-parameter deformation
of Oc. We'll study this case more carefully in the next section.

In this section we’ll explore the properties required by the ring for 6, to behave as such
which leads directly to the definition of perfectoid rings.
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4.1 Surjectivity and the kernel of ¢
Throughout this section, let S be a m-adically complete ring such that 7Tp|p.[|

Lemma 4.1. The following are equivalent:

(i) every element of S/mpS is a p'* power;

(ii) every element of S/pS is a p™* power;

(iii) every element of S/7PpS is a p'* power;

(iv) F: Wyi1(S) = W,.(S) is surjective for all r > 1;

(v) 0, : Ains(S) — W,.(S) is surjective for all r > 1;

(vi) 0 : Awe(S) — S is surjective.

Proof. (i) = (it) = (i17) is clear since 7 |p|7p.

For (iii) = (i), let y € S. We can write y = 25 mod p by assumption so y = xf, + 7Py;. By

induction »
Yy = Z Pt = (Z ZEZ'7TZ> mod 7p.

For (iv) = (ii) we have that F' : W(S) — W;(S) = S is given explicitly by F(agp,a1) =
ab + a;p = af mod p. Since F is surjective, every element of S/pS is a p'* power.

(i1) = (iv) is a result of Davis-Kedlaya [DK14].

(iv) = (v) follows by the definition of # since F' surjective implies Jm, W, (S) = W,.(5) is
surjective.

(v) = (vi) is clear.

(vi) = (ii) follows from the computation 0([z]) = [2¥] = [zM]? mod p so 2 is a p*"
power in S/pS. O]

Corollary 4.2. Under the equivalent conditions of Lemma there exist units u,v € S* such
that um and vp admit a compatible system of p-power roots.

Proof. Applying Lemma to S and S/7mpS gives an isomorphism

lim S = lim S/7pS.
xﬁp %
By assumption we can take a compatible system of p-power roots for # mod 7p which cor-
responds to a compatible system x = (2(® 21 .. .) on the left such that z(¥) = 7 mod 7p.
Writing

2 =71 4 wpy = 7(1 + py)

'Note this is stronger than the conditions we had on A above.



we see that z(© differs from 7 by the unit 1 + py. The same argument works with 7 replaced

by p.
O

Now we move on to studying the kernel of 6.

Definition 4.3. An element ¢ € ker § is distinguished if £; is a unit in S” where £ = (£y,&1,...) €
W(S”) is its Witt vector expansion.

Proposition 4.4. Let S as above and suppose that ¢ : S/mS — S/mPS is surjective (so that S
satisfies all the equivalent properties of Lemma .

(i) if ker 0 is principal, then we have
(a) S/mS — S/wPS is an isomorphism,
(b) any generator of ker 0 is a non-zero divisor;
(c) € € ker 0 is a generator if and only if £ is distinguished;
(d) if 0.(§&) = V(1) for some r then & € ker 6 and & is distinguished.

(ii) Conversely, if m is a non-zero divisor and ¢ : S/mS — S/mPS is an isomorphism, then
ker 6 is principal.

Proof sketch. By Corollary [4.2) we can suppose that 7 has a compatible system of p-power roots
and let @ € S” be the corresponding element under @tzP S = §°. Using surjectivity of
and that 7P|p, we may write

p+7P(z) =0

for some z. Define £ := p + [w]Pz so that () = 0. We want to use the diagram

Awmt(5) /€ —* S (1)

mod [w]?P

[
Aing(5)/(E, [@]") — /xS

Here the bottom map is Aue(S)/ (€, [@]?) = Awne(S)/(p, [@]?) = S° /P S” — S/mPS.

For (i) suppose ker(f) is generated by some &’. One shows that £ is also a generator by
writing £ = a&’ and computing in Witt vector components that &] and ay must be units. This
implies that a is a unit and that any £” € ker § with component £] must also be a generator.

To see that £ (and therefore any other generator) is a non-zero divisor one again expands
out £b = 0 into Witt vector components and uses m-adic separatedness to force b = 0.

For (a), since & generates ker 6, the top morphism in diagram [I|is an isomorphism and so
the bottom map S°/@w?S” — S/7PS is an isomorphism. On the other hand S° is perfect so we
have

S JwPS® = S /7P S

‘| |+

S |wS® =~ S /7S
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where the left, top and bottom are isomorphisms so the right is an isomorphism.

Finally suppose ¢ is any element with 6,.() = V(1) = (0,1,0,...). Then 6(§) = 0 by
compatibility of 6, with restriction. On the other hand, R(§) = (&, &1,...,&—1) = 0.(§)
mod p = (0,1,0,...,0) by Corollary so & =1 mod p lifts to a unit in S°.

For part (ii), suppose conversely that S/mS — S/7PS is an isomorphism and 7 is a non-zero
divisor and let &, w as in diagram [I]

Using surjectivity, one checks surjectivity S/x'/?"S — S/x'/?""'S and concludes that w
generates the kernel of S — S/mS by expanding any element into components under the
isomorphism of Lemma and checking that 7'/?" divides the corresponding component of
any element in the kernel. It follows that S°/wS* — S/mS is an isomorphism.

Using diagram 1} write € ker(0) as z = £y + [@]x; since by commutativity  must become
0 in the composition Ay(S)/¢ — S*/wPS” — S /wS” = S/7S. Then

0 =0(x) = 0(yo) + 0([p)a1) = 70(21)

so (x1) = 0 since 7 is not a zero divisor. Then z; = {y; + [w]|z2 and so on so by induction x
is in the ideal generated by €.
O

4.2 Perfectoid rings

Now we are equipped to defined perfectoid rings.
Definition 4.5. A ring S is perfectoid if
e S is m-adically complete for some 7w € S such that 7?|p;
e ©:5/pS — S/pS is surjective (equivalently 6 is surjective);
e ker(f) is a principal ideal.

The idea is that perfectoid rings are precisely the rings so that 6 : Aj(S) — S is a 1-
parameter pro-infinitessimal deformation. We can think of it as deforming S in the ¢ direction.

Remark 4.6. (Perfectoid rings in characteristic p) Suppose S is a characteristic p ring. Then
S is perfectoid if and only if it is perfect. Indeed if S is perfect then it’s 0-adically complete
and the Frobenius is an isomorphism so S* 22 S. Thus 6 : Aj,¢(S) = W(S) — S corresponds to
Witt vector restriction and has kernel generated by p.

On the other hand, if S is perfectoid then p € ker(6) since p is zero in S but p = V(1) so
it’s distinguished by Lemma [4.4](i)(d). Thus p generates ker(f) and so

S =W(S")/p=s
is perfect.

Lemma 4.7. Suppose S is perfectoid and & a generator of ker 8. Then the non-zero divisor

& =8 (&) ..o ()
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is a generator for ker(6,). Similarly, the non-zero divisor

& =" ()" (E) .- p(€)
is a generator for ker(6,).

Proof. The two statements are equivalent by applying ¢" so we prove the first. By [4.4|i)(d)
we may suppose that 6,1(£) = V(1) after multiplying by a unit.
Suppose &, is a non-zero divisor generating ker(6,). Consider the commutative diagram

—1
0—>Ainf(8)&’;> mf —>S—>0

Grt 9T+1 H

0 Wy (8) —Lo Wy (8) - § — 0
The top row is exact since £ is a non-zero divisor and the bottom row is exact by surjectivity of
0,. Commutativity is by Lemma . A diagram chase implies that since &, generates ker(6,.),
then £p~1(&,) = &4 generates ker(6,41). Indeed if 6,.1(z) = 0 then 6(z) = 0 so z = Ep ' (y)
but y € ker(6,) by commutativity of the first square. ]

4.3 Perfectoid rings with enough roots of unity

The kernel of 6, has particularly nice generators in the case where S is a perfectoid ring
with many roots of unity. More specifically, suppose S is perfectoid and contains a compatible
system 1, (p, (2, ... of primitive p-power roots of unityﬂ This includes as the most impotant
example the ring of integers O¢ of a perfectoid field C. We will study this example more closely
in the next section.

Definition 4.8. Let S and (,~ be as above. Define elements
€= (1,0, Gy ) €S, =[] =1 € W(S) = Auue(S).

and

Ei=1+[P] + [/P] + ...+ [P~V/P] = % € W(S”) = Aumi(S).

)
Lemma 4.9. ¢ is a generator of ker(0) satisfying 0,.(§) = V(1) for all r > 1.

Proof. Note that
) =1+G+C+...+¢ =0

by Lemma and the definition of (,. By functoriality of Witt vectors and the map 6, it
suffices to prove the statement for Z&V? := (Z,[(p])) ﬂ as the choice of (,» € S determines a
unique map Z;yd — S.

In particular, we may assume that S is p-torsion free. In this case the ghost map w :
W, (A) — A" is injective and so it suffices to compute

w(0,(§)) = w(V(1)).

2If S is not an integral domain, a primitive root of unity is defined to be a root of the corresponding
cyclotomic polynomial.
3This denotes the p-adic completion
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By Lemma We can compute for any z € A”, we have
Since 0(¢) = 0 and w(V (1)) = w(0,1,0,...) = (0,p,p,...), it suffices to show that
0" (&) =p
for all 7 > 1. In this case
00 (&) = 0L+ [ |+ [ P+ [P
=14+ @)+ )+ @
=D

We obtain the following by Lemma |4.7] and a computation.

Corollary 4.10. The kernel of 0, is generated by

p"—1
&=E718). ..o =D [T
i=1
and the kernel of 6, is generated by
p' -1
&E=¢"(&) =) [d"
i=0

Proposition 4.11. Let S be a perfectoid ring which is flat over Z, and contains a compatible
sequence of primitive p" roots of unity. Let €,&,.,& and o as above. Then for any r,

(i) w is a non-zero divisor;

(i) 0.(11) = [Cpr] — 1 € W,(S) is a non-zero divisor;
(iti) pu =& (1) and @' (1) = &g
(w) p divides & — p".

Proof. 6,(p) = [¢,r] — 1 by Lemma 3.6, Since S is flat over Z,, it is torsion free so w : W,.(S) —
S” is injective. Thus it suffices to check that that

w@ () = (Gr — 1,1 —1,...,6 — 1)

is not zero divisor (where we computed the expression using Lemma and 6, = 0,0¢". Now
¢pr — 1 divides p and p is not a zero divisor since S is flat over Z, so (,» — 1 is not a zero divisor.

(i1) follows from (i) since 8, (y) is a non-zero divisor in each W,(S) and Ay¢(S) = Hm W,.(S).

(i74) is computed by noting that £o () = p.
(1v) follows because [¢] =1 mod p so
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5 The case of a perfectoid field

The most important case of the above constructions is when C' = C, is a complete non-
archimedean algebraically closed field of mixed characteristic and S = O := O¢ is the ring of
integers. In this case we denote Ay := Ay(O). More generally everything holds when C' is
any perfectoid field of mixed characteristic.

As O is a flat Z,, algebra with enough roots of unity, the discussion in Section holds and
we let €, &, i, etc be as in loc. cit.

Aiue is well known in p-adic hodge theory and its relation to Fontaine’s other period rings
is crucial to comparison theorems. We recall these other rings here.

Definition 5.1. (a) Let A, be the p-adic completion of the A;,s-subalgebra of Ainf[%] gen-
&
m!*

erated by all elements of the form

(b) Let BY == Acrys[ll)] and Bc’r‘ys = Acrys[l%] = B [l]

crys crysly,

(c) Let Bjy be the &-adic completition of BY, . and Bgr = BJR[%] be its fraction field.

crys

Remark 5.2. (a) The ring A, is the universal p-adically complete divided power thickening
of O over Z,.

(b) The last equality in (b) uses the computation p~! = ¢P mod p so that pP=" € pAe.ys.
(¢) Bjgis a DVR with residue field C'.
The ring Aj;,¢ satisfies the following properties that we won’t prove here:
Lemma 5.3. The kernel of the map
O @ Aing — W(O)

1s generated by . That s,
ﬂ %Ainf = pAint.
(1)
In particular, the ideal (1) is independent of the choice of roots of unity.
If C is a spherically complete field, then the cokernel of 0 is zero. More generally, the
cokernel is W (m®)-torsion where m’ is the mazimal ideal of O°.

T

Remark 5.4. Recall that a non-archimedean field is spherically complete if any decreasing
sequence of discs has nonempty intersection.

Another useful property is coherence. Recall that a ring is coherent if every finitely generated
ideal is finitely presented.

Proposition 5.5. For each r > 1, the ring W,(O) is coherent.
Remark 5.6. It’s not known whether A;,f is coherent.

Finally it is instructive to think of A;,; analagously to a two dimensional regular local
ringﬁ Indeed the pair (p,&) where £ is any generator of ker(f) is a regular sequence, Ay is
(p, €)-adically complete, and the radical of (p, &) is the maximal ideal of Ajys.

4Note that Ainf is not two dimensional. In fact it is known that the Krull dimension is at least 3 though we
don’t know it exactly.
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