Lecture 2: Moduli functors and Grassmannians

09/09/2019

1 Moduli functors and representability

We arrive at the precise definitions that form the backbone of moduli theory.

Let C be any category. Given an object X of C, we can consider the (contravariant)
functor of points associated to X:

hyx : C°P — Set (1)
T — Hom¢ (T, X) (2)

Note that /1 defines a covariant functor C — Fun(C°, Set): ifa : X — Y is a morphism, then
h, : Home (—, X) = Home(—, Y) is given by composition with 4.
We have the following basic but crucial lemma.

Lemma 1 (Yoneda). (a) For any object X of C and any functor F : C — Set, there is a natural
isomorphism
Nat(hy, F) = F(X).

(b) The functor
h :C — Fun(C°,Set)
is fully faithful.

In light of this, we will often view C as a full subcategory of Fun(C?, Set) and identify
objects X of C with their functor of points hx. We often call a functor F a presheaf on C and
refer to Fun(C°, Set) as the category of presheaves.

Definition 1. We say that a functor F : C°P — Set is representable if there exists an object X and a
natural isomorphism
C :F— hX

In this case we say F is representable by X.

In this course, the case of interest is when C = Schg is the category of schemes over a
base S. In this case, we call F a moduli problem or moduli functor. In most cases F will be of
the form

F(T) = {families of objects over T}/ ~

where ~ is isomorphism, and F is made into a functor by pulling back families along T' — T.
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Definition 2. If F is representable by a scheme M, we say that M is a fine moduli space for the
moduli problem F.

Given a fine moduli space M for F, which is unique if it exists, then we have an element
&~1(idp) € F(M) corresponding to the identity Homg (M, M). In the above picture, this
corresponds to a family U — M over M for the moduli problem F. By (a slightly stronger
version of) Yoneda’s lemma, this family has the following strong universal property: for
any base scheme T and any family Ur — T in F(T), there exists a morphism T — M and a
pullback square

Ur——Uu

o

When T = Spec k, we get a bijection between the set of isomorphism classes of objects over
k and the k points M(k) of our moduli space. More generally, we have a bijection between
families of objects over T and morphisms T — M given by pulling back the universal family
U — M. In some sense, all the geometry of all families of objects at hand are captured by
the geometry of the universal family U — M over the moduli space M.

Often fine moduli spaces don’t exist, but we have the following slightly weaker notion.

Definition 3. A scheme M and a natural transformation ¢ : F — hpy is a coarse moduli space if
(a) ¢(k): F(Speck) — hp(Spec k) is a bijection for all algebraically closed fields k, and

(b) forany scheme M’ and any natural transformation &' : F — hyy, there exists a unique morphism
a : M — M’ such that &’ factors as hy o €.

We can think of a coarse moduli space as the initial scheme whose closed points cor-
respond to objects of our moduli problem. However, coarse moduli spaces need not have
universal families. It is clear from the definition that a fine moduli space for F is a coarse
moduli space.

Example 1. The global sections functor Schg — Set given by X — Ox(X) is representable by AL.
The universal global section is x € Og|x] where AL = Specg Os|x].

Example 2. The scheme IP¢ represents the following functor on the category Schs.
X — {(L,so,...,sn) : satisfying condition (*)}/ ~ .

Here L is a line bundle, s; € HY(X, L) are global sections of L, and condition (%) is that for each
x € X, there exists an i such that s;(x) # 0. Two such data (L,so, ...,su) and (L', s,...,s)) are
equivalent if there exists an isomorphism of line bundles

a:L— L

with a(s;) = s}. Here the universal line bundle with sections on P" is given by (Opn (1), X0, . .., Xn).
Another way to write condition (x) is that the map of sheaves

oyt > L

induced by the s; is surjective.



1.1 Criteria for representability

Recall that a presheaf F on Schg is a (Zariski) sheaf if for any X and any Zariski open
cover {U; — X} the following diagram is an equalizer.

—>HP ) = F(U; N Uj)

Proposition 1. Representable functors are sheaves for the Zariski topology.

Proof. We need to check that for any scheme X, hx = Homg(—, X) is a sheaf. This follows
from the fact that we can glue morphisms. O

This gives us our first criterion for ruling out representability of a functor. In particular,
given a candidate moduli functor, it had better sheafify it to have any hope of representableﬂ
The following is a useful property of the category of presheaves.

Lemma 2. The category Fun(C°P, Set) is closed under limits and colimits. Furthermore, the Yoneda
functor h_ preserves Zimits.ﬂ

Definition 4. (a) We say that a subfunctor F of a functor G is open (respectively closed) if and only
if for any scheme T and any morphism T — G, the pullback T X g F is representable by an open
(respectively closed) subscheme of T.

(b) We say that a collection of open subfunctors F; of F is an open cover of F if for any scheme T and
any morphism T — F, the pullbacks {U; := T x¢ F; — T} form an open cover of T.

We can rephrase the above definitions using the moduli functor language as follows.
An open (resp. closed) subfunctor F C G is one such that for any family { € G(T), there is
an open set U C T (resp. closed subset Z C T) such that a morphism f : T' — T factors
through U (resp. Z) if and only if f*¢ € F(T'). Similarly, a collection of open subfunctors
{F; C F} form an open cover if for any ¢ € F(T), there exists an open cover {U; — T} such
that §|uZ € Fi(ui).

Proposition 2. Let F € Fun(Schg’, Set) be a functor such that
(a) F is a Zariski sheaf, and

(b) F has an open cover {F;} by representable open subfunctors.
Then F is representable by a scheme.

Proof. Let X; be the scheme representing F; with universal object §; € F;j(X;). We can con-
sider the pullback
Uj — X;

|

Fi—F

1See [1} I1.1.2] for sheafification.
ZNote it does not in general preserve colimits.



where U;; C X; is an open immersion since F; is an open subfunctor. Furthermore, we have
an equality

€i|ui]' = €]|Ul]
by commutativity of the pullback diagram. This induces an isomorphism ¢;; : U;; — Uj;
such that

9ii6j = Giluy-

Now we want to construct a scheme X along with an object ¢ € F(X) by gluing the

schemes X; along the open subsets U;; using the isomorphisms ¢;;. We need to check that

the isomorphisms ¢;; : U;; = Uj; satisty the cocycle condition. To make sense of this, we first
want to know that ¢;; identifies

u,']' NU;y = u]'i N Ujk'

This follows since the left side (resp. the right side) is characterized by the fact that &;]| u;nUy €

Fie(Ujj N Uk) (resp. &jlunuy € Fe(Uji N Uj)) and @85 = ;.
Now it makes sense to require that

(ij|LIj,-ﬂll]-k o (Pij|U,-]-ﬂUik - q)ik|u,'kﬂui]'

as maps U;; N Uy — Uy; N Uy;. This follows since both maps pullback &y to ¢;.
Now we can glue the X; along the open subsets U;; using the isomorphisms ¢;; to obtain
a scheme X. Moreover, the universal objects {; over X; are identified on the overlaps U;; and
so since F is a Zariski sheaf, the ¢; glue to form a { € F(X) induced by a morphism X — F.
Now we need to show that (X, {) represents F. Let T be a scheme with a morphism
T — F induced by an object { € F(T). Since F; form an open cover, there exists an open
cover U; of T such that (|, =: {; defines a morphism U; — X;. Moreover,

Cilunu; = Gjluny,

so the morphisms U; — X; glue to give a morphism f : T — X with f*¢ = (.

2 Grassmannians
Definition 5. For any k,n, let Gr(k, n) denote the functor Sch — Set given by
S {a: 0" »V}/ ~

where w is a surjection, V is a rank k locally free sheaf, and ~ is given by isomorphism € = &’
commuting with the surjections « and «’.

We will use the above representability criteria to construct a scheme representing Gr(k, n).
Note that when k = 1, we recover the functor represented by IP"~! as above.

Remark 1. Let £ = ker(a : OJ" — V). Since V is locally free and the sequence

0—E&— 05" =0
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is exact, then for each x € S, we have
0= &y = k(x)" = Vy—0

is exact. Thus E|y is an n — k-dimensional subspace of k(x)" for each x € S. In particular £ is a
rank n — k locally free sheaf on S and we can think of the inclusion of € — Og ® V as a family of
rank n — k subspaces of an n-dimensional vector space parametrized by the scheme S. More precisely,
this identifies the Grassmannian functor with the functor

S — {rank n — k sub-bundles of O% }.

Let us give some a sketch of the construction over a field that we will make more precise
later. When S is the spectrum of an algebraically closed field, V is just the trivial bundle and
soamap & : OF" — O?k is given by a k x n matrix. The condition that « is surjective is that
the k x k minors don’t all vanish. Finally, isomorphism is given by the action of GL; on the
left.

Thus, set theoretically, the set of closed points of the Grassmannian is the quotient set
U/GLy where U C A" is the open subset of the space of k x n matrices of full rank.

To give it the structure of a variety over a field, we note that for each subset i C
{1,...,n} of size k, we can consider the set of full rank k x n matrices where the i*# mi-
nor doesn’t vanish. Then using the GL action, put such a matrix into a form where the i*
minor is the identity matrix. E.g. if i = {1,...,k} then we act by GL; so our matrix looks
like

1 ALkl O1kt2 -+ A1

1 akki1 kg2 - Gkn

This identifies GLj orbits of such matrices with an affine space A"~%) and we can glue

these affine spaces together by changing basis. This gives Gr(k, n) the structure of an affine
variety.

We will upgrade the above construction to obtain a proof over a general base scheme
using the above representability criterion.

Theorem 1. Gr(k,n) is representable by a finite type scheme over Spec Z.

We will prove this next time using the representability criterion above. For each sub-
seti C {1,...,n} of size k, we will define a subfunctor F; of the Grassmannian functor as
follows. First, let

51 08 — OF
denote the the inclusion where the j direct summand is mapped by the identity to the i
direct summand. Now let F; be defined as the subfunctor

F(S) ={a: 05 =V |aos;issurjective } C Gr(k,n)(S).
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