
 

Surfaceswithef
Defy a minimal model is a

smooth projective surface

with K net

minimal surfaces

Thy Nonvorishing

Suppose Ky is ref

then for some m 0

Hok O CmkxD FO

Lor if K nef then H 70

coarse classification

every surface is birational
to a minimal surface Xm where

Xm is a minimal model



HCA 70

Xm is ruled or P2
Hex a

Thin Abundance

If K is ref then K semiample

lmk bpf for
Some M

Rink Norvanishing t abundance
classification of surfaces by
Kodaira dimension

Essentially need to classify to prove

these theorems

2 Backgvm

Big divisor Iitaka dimension
Positivity in AGI
by Lazarsfeld

L is a Cartier divisor on X

K L max dim 04mL K E din x

MENIL



f

NCL ml Intl Id numerical semigroup
of L

K X Ky HCA

PI L hals litaka dim K

thee exist a A set

for all me NCL large

am E hot 0 44 EAmk

Det L is big if KK L dim

hi Cmh Cmdimx

for me N L

Kodaindshemmay
Suppose D is big E effective

then Holly O CmD El to

for me NCD large



Core TFA E

D D is big
2 3 as ample A sit

D A TN N effective

G Suppose D is ref then

Dis big Ddinx o

E X is a minimal model in dim2
Ky is nef

then KCH _2 Kj o

Albanese morphism

Them let X smooth projective

then 7 abelian variety AlbCX

a morphism

2 X Albus

1 if f X 3T with T abelian



F B TX
P

Alb

4 Hi Ho Albee Dan HHNx
is on isomorphism

dim AlbCH din Hok
hb0 g x irregularity
fool

3 AlbH is generated by 4K

4 if f f B surjective
x Y

4 4 day If surjective
y fAlb Alba

5 a X 3 C NXT
m

Albay
if 2 factors through a smooth curve

C ther Alba Jacco

gcd h x Ek



Sketch of construction

T Yp
V Q vector space

integer lattice
complex

terns

polarization to make
it projective

Fact any vi T Tz
is up to translation is induced by

a V Vz linear map

St a Ti E 172

ni Hoctar't HTT rH
11 Ill

a
V VZ

Polarization
Alba HO Gor comes for

H Hodge
them

H inch Cx 2 Hok I
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X 7 Alblx aca

Iii3
i3iNonvmishi

X is a minimal model in din2

then HOKQ6k 0

Ky is net K Eo

then X O 70

PI K nef but not big so

Kf 0

Noether's formula

0
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1221cg k
2
te X Betti s

g s

e eetopCx
e bo b tbz bstby

topologicalEuler 2 I b tbz CH

211 7 40401 b 01 449 E
II

I

QltyhkE y
2h X 0 1 Hodge theory

by CA

1221107 2 2h14 tba

2 4h X tbs

2t4XCO 8 those
6 t 4XCG tbz



8 0 77 Gtb G

X Cox
70

proof of nonvanishing

Suppose K is net

but x X D

ther by Lemua above X 0 170
h'Cx h kk

H O

I WH 70 P

Also know Pm Hock QLmkxD O

in particular Pz 0

Castelnuovdscriteria pz h'K 0 1 0

x rational



Can't happen b c Ky is ref

h g so Wk 0 1 1
11

hokey
4 X Alb E elliptic

curve

4 surjective t connected

fibers flat

FEX a general fiber
is a smooth curve gCF _g

Claim g F 71 since Kx
is ref

F2 0 J
Kpfk F If 30

but if degk o g F 31

d is smooth i e fibers
claim 2

are smooth



tep suppose d p F Fz µ
let It be an ample f

H F Fz are linearly independent

numerical classes

3 Sf E din H'Cx L

o e 2 4h C O tbz
bz 2 Contradiction

g p is irreducible

Steph y 1
red ppg

irreducible

d p Mptp F

Lenin e Fp 2X Otp

with equality Fp smooth

2 2g 22K by RRl
Smooth case



Use n X X normalization

compute w adjunction

e Fp 7 2X Copp 2mtpXtE

typeCF ECF

gCF I
e F f 0 discriminant

of X
J

O e eff e Eld t 2 effp
PED

O

elf E t I Fp ECE

F elliptic are
PED 30

e Fp e CF for all p
L ELF
Mp

so either
1 e F O and Mp witray

g F I



2 g F 32 Mp _I

Thin Kodaira's canonical bundle Formula

let fix 7C be a minimal

genus 1 fibration no
curvesin

SCF the fiber

M Fp MnFpu are nonreduced fibers
w Mi I

w f we R'f 0Y 0524
ur

deg 0 in our f Mfddeg R'f Y XCQ case

for us X 0 7 0
p
mF

G E so WE Ox
ON ample on a

w d degTITegTo
has a lot of sections



Contradiction Mp evening I
Case go y is smooth

Step 3 y is a smooth
X family of genus 91
Ad curves

E g E

Thin If 21 X 7 E is a

smooth proper morphism w g E El
general fiber F

gff Z X is isotrivial

FxE E X X t finite
2 t th e'takt
E E

g
9 is a trsion line

bundle
C finite

ti E E sit Etoile
OE t 4 Wx WXYE


