CHAPTER 5. THE INCOMPLETENESS THEOREM

1. INTRODUCTION

Godel’s famous Incompleteness Theorem states that there are sentences
true on N which are not consequences of PA. In fact, this holds for any
reasonable set of axioms in place of PA, as we will explain later. Analogous
results hold for arithmetic on many other number systems, such as Z and
Q, but we will not discuss them. The proof depends on the following three
separate developments:

e The Completeness Theorem, which implies that consequences of PA
are in fact deducible from PA.

e Godel Numbering, by which formulas and deductions are coded by
integers in such a way that the usual syntactical functions and rela-
tions on them become recursive functions and relations of the asso-
ciated numbers.

e The Theorem that all recursive functions and relations are repre-
sentable in PA, which enables us to talk about (the numbers coding)
formulas and deductions using formulas and sentences of L.

With all of these pieces in place the proof of Incompleteness is quite easy
— we will give a sentence o which is true on A iff it is not provable from
PA. In fact the sentence o will say “I am not provable from PA”. But
before we do this we need to discuss Gédel Numbering, which we do in the
next section.

2. GODEL NUMBERS

The idea behind Godel numbers is very simple — first, assign non-negative
integers to the symbols of a language; then every finite sequence of symbols,
such as a formula, is assigned the sequence number of the sequence of num-
bers assigned to the symbols in the sequence. This sequence number is then
called the Gddel number of the sequence. Since the usual operations on
sequence numbers are recursive, the corresponding operations on formulas,
for example, become recursive as operations on their Gédel numbers. This
process may then be repeated, assigning Goédel numbers to finite sequences
of formulas, for example deductions from some set of axioms.

The symbols of the language L are the variables v,, for n € N, the other
logical symbols =, —, V, =, the punctuation symbols (, ), and ,, and the non-
logical symbols s, +, -, 0, and <. We define g(v,) = 2n for all n € N, and we
define g(—=) =1, g(—) =3, ..., g(<) = 23. The precise numbers assigned
are not important. We only require that different symbols are assigned
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different numbers and that the function Var defined by Var(n) = g(vy,) is
recursive.

Note: It is important to distinguish between elements of N and the terms
of L naming them. We therefore use 0 for the constant in the language and
7 for the term built from 0 by n applications of s. We also use the notation
of Chapter 2 for terms and formulas, thus we have +(v1,v1), not (vy + v),
and < (v1,v2), not (v; < v).

Definition 2.1. Let ¢ . . . €,, be a sequence of symbols. The Gddel number of
the sequence, notation "¢ . .. €, 7, is the sequence number (g(ep), ..., g(€,)).

For example "17 = "s(0)" = {(g(s), 9((), 9(0),9()) = (15,9,21,11).

Definition 2.2. Suppose «; is a sequence of symbols for each ¢ < n. Then

the Gddel number of the sequence av, ..., is g, ..., = (Tag ™, ...,Ta, ).

For example "< (v1,v2), Vo1 < (v1,v1) " = ("< (v1,02) 7, Vo1 < (v1,01) 7).
The terms 7 are called numerals. We show below that the set of all Godel
numbers of numerals is recursive.

Definition 2.3. The function Num is defined by Num(n) =" n 7.
Lemma 2.1. Num s recursive.

Proof. The equations Num(0) =707 and Num(n+1) = "s("« Num(n)*")7
define Num by primitive recursion. O

Note that n < Num(n) for all n.
Lemma 2.2. The set N of all Gédel numbers of numerals is recursive.

Proof. By the remark preceding the statement of the Lemma we have k € N
iff In(n < kANum(n) = k). Therefore N is recursive since Num is recursive
and bounded quantification preserves recursivity. O

We give a second proof of Lemma 2.2 which does not use the fact that we
have a recursive function listing the Goédel numbers of the numerals. This
second proof uses Course-of-Values Recursion and will also be used when we
show, for example, that the set of all Godel numbers of terms is recursive.

We first give a definition by recursion of the set of all numerals as follows:
« is a numeral iff either « is 0 or « is (/) for some numeral 5. Since " 7 7 <
Tn + 17 we can translate this definition to Gédel numbers of numerals in the
following way. k € N iff k ="0"v3l(l < kAl € NAk="s("xl*")7). Note
that [ € N is allowed in Course-of-Values Recursion since it is the same as
(Kn(n)), = 1.

We may reformulate the recursive definition of the set of terms as follows.
t is a term iff either ¢ is O or ¢ is v,, for some n or there is a term ¢; such that
t is s(t1) or there are terms ¢; amd t9 such that ¢ is +(tq,t2) or t is -(t1, t2).

Theorem 2.1. The set T'm of all Gédel numbers of terms of L is recursive.
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Proof. We follow the recursive definition of the set of terms just given to
see that k € Tm iff k =707V 3In(n < kAk = (Var(n))) VIl <kAl€
TmAk="s("xl«")) VIl (lh <kANlp <kANlp € TmAly € TmA [k =
'_—i—("'*ll*'—,"'*lg*'_)—'\/k:'—'(—'*ll*'—,"'*lg*'_)—']). O

In exactly the same way we see that the set of Godel numbers of formulas is
recursive. We can give a definition by recursion of the set of deductions from
PA as follows: a sequence is a deduction iff it has length 1 and consists of
just a logical axiom or an element of PA or it consists of a deduction followed
by one more formula which is either a logical axiom or an element of PA
or follows from two formulas in the deduction by modus ponens. Since the
set of Godel numers of the logical axioms and the set of Godel numbers of
sentences in PA are both recursive it follows that the set of Gédel numbers
of deductions from PA is recursive.

We will need the following results in the proof of the Incompleteness
Theorem.

Theorem 2.2. (a) There is a recursive function S of two arguments
such that whenever | = "™ for some formula p(v1) then S(I,k) =
r 1
p(k)™.

(b) Let the relation Pf be defined by Pf(n,m) holds iff m = "¢ for
some formula 1 and n is the Gddel number of a deduction from PA
of ¥. Then Pf is recursive.

3. PROOF OF THE INCOMPLETENESS THEOREM

We can now put all of the pieces together to give the proof of Godel’s
Incompleteness Theorem. First note that if the relation R is representable
in PA by the formula 6 then 6 defines R in N (since N' = PA).

Theorem 3.1. (Gddel’s Incompleteness Theorem) There is a sentence o of
Ly such that N |= o iff PA [~ 0. Thus N |= o, PA [~ 0, and PA [~ —o.

Proof. Define R(n, k) to be Pf(n,S(k,k)). Then R is recursive by Theorem
2.2, and R(n, k) holds iff k = "¢ for some formula ¢(v1) and n is the Gédel
number of some deduction from PA of the sentence (k). R is representable
in PA by some formula 6(z,v;) and thus R(n, k) holds iff N |= 6(n, k).
Now let ¢(v1) be =320(z,v1), let k = "¢(v1)7, and let o be (k). So o is
—=320(z, k) where k = "=320(z,v1)".
Then the following are equivalent:
(1) No
(2) N = —320(z, k)
(3) N = —0(n, k) for all n € N
(4) R(n,k) fails for all n € N
(5) for every n € N, n is not the Gddel number of a deduction from PA
of ¢(k)
(6) PA o
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Since N' = PA we can’t have N }£ o, and so N = o and therefore
PA (- o. O

PA could be replaced in Theorem 3.1 by any set I" of sentences true on N/
such that {"¢ ™ : ¢ € I'} is recursive. In particular, Incompleteness still holds
if we add finitely many new axioms or finitely many new axiom schemes to
PA. We thus obtain the following:

Theorem 3.2. {707: 6 € Sny and N |= 0} is not recursive.

This means that there is no “effective” procedure to decide, given any
sentence 6, whether or not N' = 6. One can also show that there is no
effective procedure to decide, given any 6, whether or not PA = 0 — in fact
there is no effective procedure to decide whether or not Q |= 6. This last
fact can be used to derive A. Church’s negative solution to the Decision
Problem.

Theorem 3.3. {707 : = 0} is not recursive, that is, there is no effective
procedure to decide, given any 0, whether or not 6 is valid.



