D. Levy

4 Approximations

4.1 Background

In this chapter we are interested in approximation problems. Generally speaking, start-
ing from a function f(z) we would like to find a different function g(z) that belongs
to a given class of functions and is “close” to f(z) in some sense. As far as the class
of functions that g(z) belongs to, we will typically assume that g(z) is a polynomial
of a given degree (though it can be a trigonometric function, or any other function).
A typical approximation problem, will therefore be: find the “closest” polynomial of
degree < n to f(x).

What do we mean by “close”? There are different ways of measuring the “distance”
between two functions. We will focus on two such measurements (among many): the L>-
norm and the L?-norm. We chose to focus on these two examples because of the different
mathematical techniques that are required to solve the corresponding approximation

problems.
We start with several definitions. We recall that a norm on a vector space V' over
R is a function || - || : V' — R with the following properties:

L X =MIfll, VAeRandVfeV.
2. ||f]l = 0,VfeV. Also || f|| =0 iff f is the zero element of V.
3. The triangle inequality: || f + gl| < |[[f[| + llg]l, V., g € V.

We assume that the function f(z) € C°a,b] (continuous on [a,b]). A continuous
function on a closed interval obtains a maximum in the interval. We can therefore define
the L™ norm (also known as the maximum norm) of such a function by

[fllec = max |f(z)]. (4.1)

a<e<b

The L*®-distance between two functions f(z), g(x) € C°[a,b] is thus given by

If = gl = max |(x) ~ g(a)]. (42)
We note that the definition of the L*°-norm can be extended to functions that are less
regular than continuous functions. This generalization requires some subtleties that
we would like to avoid in the following discussion, hence, we will limit ourselves to
continuous functions.
We proceed by defining the L?-norm of a continuous function f(x) as

191 =/ [ 1#(@)de. (43)
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The L? function space is the collection of functions f(z) for which ||f|lz < oo. Of
course, we do not have to assume that f(z) is continuous for the definition (4.3) to
make sense. However, if we allow f(z) to be discontinuous, we then have to be more
rigorous in terms of the definition of the interval so that we end up with a norm (the
problem is, e.g., in defining what is the “zero” element in the space). We therefore limit
ourselves also in this case to continuous functions only. The L2-distance between two
functions f(z) and g(x) is

If =gl = \// |f () = g(x)|” da. (4.4)

At this point, a natural question is how important is the choice of norm in terms of
the solution of the approximation problem. It is easy to see that the value of the norm
of a function may vary substantially based on the function as well as the choice of the
norm. For example, assume that || f||« < co. Then, clearly

b
I£lle =1/ / FRdz < (b - )|l

On the other hand, it is easy to construct a function with an arbitrary small || || and
an arbitrarily large || f||. Hence, the choice of norm may have a significant impact on
the solution of the approximation problem.

As you have probably already anticipated, there is a strong connection between some
approximation problems and interpolation problems. For example, one possible method
of constructing an approximation to a given function is by sampling it at certain points
and then interpolating the sampled data. Is that the best we can do? Sometimes the
answer is positive, but the problem still remains difficult because we have to determine
the best sampling points. We will address these issues in the following sections.

The following theorem, the Weierstrass approximation theorem, plays a central role
in any discussion of approximations of functions. Loosely speaking, this theorem states
that any continuous function can be approached as close as we want to with polynomials,
assuming that the polynomials can be of any degree. We formulate this theorem in the
L™ norm and note that a similar theorem holds also in the L? sense. We let II,, denote
the space of polynomials of degree < n.

Theorem 4.1 (Weierstrass Approximation Theorem) Let f(x) be a continuous
function on [a,b]. Then there exists a sequence of polynomials P,(z) that converges
uniformly to f(x) on [a,b], i.e., Ve > 0, there exists an N € N and polynomials P, () €
I1,,, such that Vx € [a,b]

|f(x) = Pu(x)[ <&,  Vn=N.
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We will provide a constructive proof of the Weierstrass approximation theorem: first,
we will define a family of polynomials, known as the Bernstein polynomials, and then
we will show that they uniformly converge to f(x).

We start with the definition. Given a continuous function f(z) in [0, 1], we define
the Bernstein polynomials as

0@ =31 (1) ([)ra-ar o<as<n

We emphasize that the Bernstein polynomials depend on the function f(x).

Example 4.2
Three Bernstein polynomials Bg(x), Big(x), and Byg(x) for the function

1
14+ 10(x — 0.5)2

/()

on the interval [0, 1] are shown in Figure 4.1. Note the gradual convergence of B, (z) to

f(z).
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Figure 4.1: The Bernstein polynomials Bs(x), Big(x), and Bag(z) for the function f(z) =
W{OB)Q on the interval [O, ]_]

We now state and prove several properties of B, (z) that will be used when we prove
Theorem 4.1.
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Lemma 4.3 The following relations hold:
1. (B,1)(z) =1
2. (Byz)(z) =x

9 (Bua?)(z) = o lp2 @

n n

Proof.

Finally,

<j)2(n>:j n—1!  n-1j-1 (n—1) L1 (n—1)!

J

n

nn—NG-1" n=1 n (a-NG-D nn-5HG-1)
-0

Hence

(Bua?)e) = (%) (1) —ay

n—1, " /n—2 =2 o1 " /n—1 - »
— 1 — n—j _ J 1 — n—j
— 2, (j—Q)x (1—x) +nsz_; i1 A

n—1 T

ST (1) e (1) =

n n’

In the following lemma we state several additional properties of the Bernstein poly-
nomials. The proof is left as an exercise.

Lemma 4.4 For all functions f(x), g(x) that are continuous in [0,1], and Vo € R

1. Linearity.

(Bu(aof +9))(x) = a(Bnf)(x) + (Bng)().
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2. Monotonicity. If f(z) < g(x) Va € [0,1], then
(Bnf)(x) < (Bng)(x).
Also, if |f(2)] < g(x) Vo € [0,1] then
(B, f) ()] < (Bng)().
3. Positivity. If f(z) >0 then

(Bnf)(x) = 0.

We are now ready to prove the Weierstrass approximation theorem, Theorem 4.1.

Proof. We will prove the theorem in the interval [0, 1]. The extension to [a, b] is left as
an exercise. Since f(z) is continuous on a closed interval, it is uniformly continuous.
Hence Vz,y € [0, 1], such that |z — y| < 4,

|f(x) = fy) <e (4.5)

In addition, since f(x) is continuous on a closed interval, it is also bounded. Let

M = max |f(z)].

z€[0,1]

Fix any point a € [0,1]. If |z — a| < 0 then (4.5) holds. If |[x — a| > ¢ then

|ﬂm—fmn<zM<zM($g“f.

(at first sight this seems to be a strange way of upper bounding a function. We will

use it later on to our advantage). Combining the estimates for both cases we have

£() ~ F@)] <&+ 2o (z — o)

We would now like to estimate the difference between B, f and f. The linearity of B,
and the property (B,1)(z) = 1 imply that

Bu(f = f(a))(x) = (Buf)(x) = f(a).

Hence using the monotonicity of B,, and the mapping properties of  and 22, we have,

2M 2M -1
1B f(z) — fla)] < Bn<5+?($—a)2)=€+?<nn x2+%—2a1’+a2)
oM , 2Max—a?
:5—1—?@—&) ‘l—? n .
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Evaluating at « = a we have (observing that max,ejo1j(a — a?) = 1)
2M a — a? M
[Buf(a) = fla)l S e+ 7 —— < e+ 5 (4.6)

The point a was arbitrary so the result (4.6) holds for any point a € [0, 1]. Choosing
N > T]\ga we have Vn > N,

M
<2 =

B,f — < < 2e.

e [s interpolation a good way of approximating functions in the oco-norm? Not
necessarily. Discuss Runge’s example...

4.2 The Minimax Approximation Problem

We assume that the function f(x) is continuous on [a,b], and assume that P,(x) is a
polynomial of degree < n. We recall that the L>-distance between f(z) and P, (z) on
the interval [a, b] is given by
1 = Paloo = max £(2) — Puf)]. (4.7)
Clearly, we can construct polynomials that will have an arbitrary large distance from
f(z). The question we would like to address is how close can we get to f(x) (in the L>

sense) with polynomials of a given degree. We define d,,(f) as the infimum of (4.7) over
all polynomials of degree < n, i.e.,

dn(f) = Jinf [If = Pulloc (4.8)

The goal is to find a polynomial P’(x) for which the infimum (4.8) is actually ob-
tained, i.e.,

dn(f) = lf = By ()]|c- (4.9)

We will refer to a polynomial P}(z) that satisfies (4.9) as a polynomial of best
approximation or the minimax polynomial. The minimal distance in (4.9) will
be referred to as the minimax error.

The theory we will explore in the following sections will show that the minimax
polynomial always exists and is unique. We will also provide a characterization of
the minimax polynomial that will allow us to identify it if we actually see it. The
general construction of the minimax polynomial will not be addressed in this text as it
is relatively technically involved. We will limit ourselves to simple examples.
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Example 4.5

We let f(z) be a monotonically increasing and continuous function on the interval [a, b]
and are interested in finding the minimax polynomial of degree zero to f(x) in that
interval. We denote this minimax polynomial by

Pj(z) =c.
Clearly, the smallest distance between f(x) and Py in the L*-norm will be obtained if

@+ )

2

The maximal distance between f(z) and P will be attained at both edges and will be
equal to

Fb) - fla)
2

4.2.1 Existence of the minimax polynomial

The existence of the minimax polynomial is provided by the following theorem.

Theorem 4.6 (Existence) Let f € C°a,b]. Then for any n € N there exists P}(z) €
I1,,, that minimizes || f(x) — P,(x)|lo among all polynomials P(x) € T1,,.

Proof. We follow the proof as given in [?]. Let n = (19, ...,n,) be an arbitrary point in
R and let

P,(x) = mei e I1,.
=0

We also let

Our goal is to show that ¢ obtains a minimum in R"™!  i.e., that there exists a point
n* = (05, .,m;) such that

¢(n*) = min ¢(n).

neRn+1

Step 1. We first show that ¢(n) is a continuous function on R"*!. For an arbitrary
§ = (0o, ...,0,) € R define

qn(z) = Z Sz,
i=0
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Then

¢+ 0) = lf = (P + tn)lloc < If = Palloc + lanlloc = &(1) + [|gnloo-

Hence

¢ +0) = o) < llgnllo < xrg[%ﬂ%l +[0ufle] + -+ [On]|2]").

For any € > 0, let § = &/(1 4 ¢+ ... 4 ¢"), where ¢ = max(|al, |b|). Then for any

d = (g, -..,0,) such that max |0;] < 5,% <’ i <n,

o(n+0) —¢(n) <e. (4.10)
Similarly
¢(n) = If =Palloo = I1f = (Patan) +anlloo < 1F=(Patgn)llootllgnlloc = ¢(n+0)+lgnlloo,
which implies that under the same conditions as in (4.10) we also get

o(n) —o(n+90) <&,
Altogether,

[6(n+0) — o(n)| <,

which means that ¢ is continuous at 7. Since n was an arbitrary point in R"™!, ¢ is
continuous in the entire R™*1,

Step 2. We now construct a compact set in R"*! on which ¢ obtains a minimum. We
let

S={ne R | o(n) < [|fl}-

We have

¢(0) = [ /lloe,

hence, 0 € S, and the set S is nonempty. We also note that the set S is bounded and
closed (check!). Since ¢ is continuous on the entire R"*! it is also continuous on S,
and hence it must obtain a minimum on S, say at n* € R**! ie.,

min ¢(n) = ¢(n*).

nes
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Step 3. Since 0 € S, we know that
min (1) < 6(0) = |/

Hence, if n € R"™! but n ¢ S then
¢(1) > [| flloo = min ¢(n).

ne

This means that the minimum of ¢ over S is the same as the minimum over the entire
R™*. Therefore

Pi(x) =) ', (4.11)
=0

is the best approximation of f(x) in the L* norm on [a,b], i.e., it is the minimax
polynomial, and hence the minimax polynomial exists. m

We note that the proof of Theorem 4.6 is not a constructive proof. The proof does
not tell us what the point n* is, and hence, we do not know the coefficients of the
minimax polynomial as written in (4.11). We will discuss the characterization of the
minimax polynomial and some simple cases of its construction in the following sections.

4.2.2 Bounds on the minimax error

It is trivial to obtain an upper bound on the minimax error, since by the definition of
d,(f) in (4.8) we have

do(f) S |If = Palloos  VPa(z) €11,
A lower bound is provided by the following theorem.

Theorem 4.7 (de la Vallée-Poussin) Let a < g < 1 < -+ < Tpy1 < b. Let P,(x)
be a polynomial of degree < n. Suppose that

f(z;) — Pu(x;) = (—1)ey, j=0,...,n+1,
where all e; # 0 and are of an identical sign. Then

min [e;| < d(f)-

j

Proof. By contradiction. Assume for some @, () that

Hf - QnHoo < m]m ’ej‘-
Then the polynomial

(@n — P)(x) = (f = P.)(x) = (f = Qu) (),
is a polynomial of degree < n that has the same sign at x; as does f(z) — P,(z). This
implies that (Q, — P,)(z) changes sign at least n + 2 times, and hence it has at least

n + 1 zeros. Being a polynomial of degree < n this is possible only if it is identically
zero, i.e., if P,(z) = @,(x), which contradicts the assumptions on @, (x) and P,(x). m
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4.2.3 Characterization of the minimax polynomial

The following theorem provides a characterization of the minimax polynomial in terms
of its oscillations property.

Theorem 4.8 (The oscillating theorem) Suppose that f(z) is continuous in [a,b].
The polynomial P (x) € 11, is the minimaz polynomial of degree n to f(x) in [a,b] if
and only if f(x) — Pi(x) assumes the values £||f — P*||o with an alternating change of
sign at least n + 2 times in [a,b].

Proof. We prove here only the sufficiency part of the theorem. For the necessary part
of the theorem we refer to [?].
Without loss of generality, suppose that

(f = P)(xi) = (=1)'Ilf = Pilley,  O0<i<n+1.
Let

D =|f = P}llo,
and let

dn(f) = min |[[f = Pl

Ppelly

We replace the infimum in the original definition of d,(f) by a minimum because we
already know that a minimum exists. de la Vallée-Poussin’s theorem (Theorem 4.7)
implies that D* < d,,. On the other hand, the definition of d,, implies that d,, < D*.
Hence D* = d,, and P}(x) is the minimax polynomial. m

Remark. In view of these theorems it is obvious why the Taylor expansion is a poor
uniform approximation. The sum is non oscillatory.

4.2.4 Uniqueness of the minimax polynomial

Theorem 4.9 (Uniqueness) Let f(x) be continuous on [a,b]. Then its minimaz poly-
nomial Pt (x) € I1,, is unique.

Proof. Let
dn(f) = min ||f = Polleo.
Assume that @, (x) is also a minimax polynomial. Then

Hf - P;Hoo = Hf - Qn”oo = dn(f)

10
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The triangle inequality implies that

1, 1 . 1 B
||f_ Q(Pn +Qn)||oo < §||f_Pn||oo+§”f_Qn”oo —dn<f>'

Hence, %(P,if + @) € 11, is also a minimax polynomial. The oscillating theorem
(Theorem 4.8) implies that there exist o, ..., Z,+1 € [a, b] such that

) = 5P + Qula) = dalf), 0 <i<n+1 (1.12)
Equation (4.12) can be rewritten as

F(5) — P2 + Fa) — Qula)| = 20n(f),  0<i<n+ 1. (4.13)
Since Pf(z) and Q),(x) are both minimax polynomials, we have

[f(zi) = Po(@i)] < |[f = Polloo = dn(f),  0<i<n+l (4.14)
and

[f (i) = Qu(@)| < If = @nllee = dn(f),  O0<i<n+1. (4.15)

For any 4, equations (4.13)—(4.15) mean that the absolute value of two numbers that
are < d,,(f) add up to 2d,(f). This is possible only if they are equal to each other, i.e.,

J(z5) = Pr(zs) = f2;) — Qu(zs), 0<i<n+1,
ie.,
(Pr—Qn)(x;) =0, 0<e<n+1.

Hence, the polynomial (P} — Q,)(z) € II,, has n + 2 distinct roots which is possible for
a polynomial of degree < n only if it is identically zero. Hence

Qn(z) = Py (),

and the uniqueness of the minimax polynomial is established. g

4.2.5 The near-minimax polynomial

We now connect between the minimax approximation problem and polynomial interpo-
lation. In order for f(x) — P,(z) to change its sign n + 2 times, there should be n + 1
points on which f(x) and P,(x) agree with each other. In other words, we can think
of P,(x) as a function that interpolates f(x) at (least in) n + 1 points, say xo,. .., Ty.
What can we say about these points?

11
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We recall that the interpolation error is given by (77),

1 n+1 -
f(x) = Pu(z) = mf( (&) le(x — ;).

If P,(z) is indeed the minimax polynomial, we know that the maximum of

Fe @ @ — ), (4.16)

1=0

will oscillate with equal values. Due to the dependency of f("+1(¢) on the intermediate
point &, we know that minimizing the error term (4.16) is a difficult task. We recall that
interpolation at the Chebyshev points minimizes the multiplicative part of the error
term, i.e.,

H(x — ;).

=0

Hence, choosing zy, ..., x, to be the Chebyshev points will not result with the minimax
polynomial, but nevertheless, this relation motivates us to refer to the interpolant at
the Chebyshev points as the near-minimax polynomial. We note that the term “near-
minimax” does not mean that the near-minimax polynomial is actually close to the
minimax polynomial.

4.2.6 Construction of the minimax polynomial

The characterization of the minimax polynomial in terms of the number of points in
which the maximum distance should be obtained with oscillating signs allows us to
construct the minimax polynomial in simple cases by a direct computation.

We are not going to deal with the construction of the minimax polynomial in the
general case. The algorithm for doing so is known as the Remez algorithm, and we refer
the interested reader to [?] and the references therein.

A simple case where we can demonstrate a direct construction of the polynomial is
when the function is convex, as done in the following example.

Example 4.10
Problem: Let f(z) = e, x € [1,3]. Find the minimax polynomial of degree < 1, P(z).

Solution: Based on the characterization of the minimax polynomial, we will be looking
for a linear function P} (x) such that its maximal distance between P} (z) and f(x) is
obtained 3 times with alternative signs. Clearly, in the case of the present problem,
since the function is convex, the maximal distance will be obtained at both edges and
at one interior point. We will use this observation in the construction that follows.
The construction itself is graphically shown in Figure 4.2.

12
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Figure 4.2: A construction of the linear minimax polynomial for the convex function e*
on [1, 3]

We let [;(x) denote the line that connects the endpoints (1, ) and (3, ¢€%), i.e.,
Liz)=e+m(z—1).

Here, the slope m is given by
e —e

5
Let l3(x) denote the tangent to f(z) at a point a that is identified such that the slope
is m. Since f’(x) = e*, we have ¢* = m, i.e.,

—_— (4.17)

a = logm.
Now
f(a) = 5 — m,
and
li(a) = e+ m(logm — 1).
Hence, the average between f(a) and [;(a) which we denote by 7 is given by

fla)+l(a) m+e+mlogm—m e+mlogm
2 B 2 B 2 '

g:

13
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The minimax polynomial P;(z) is the line of slope m that passes through (a, ),

e +mlogm

Pi(e) -

= m(z — logm),

ie.,

e —mlogm

P (z) = mx + 5 ;

where the slope m is given by (4.17). We note that the maximal difference between
Py (z) and f(x) is obtained at x = 1, a, 3.

4.3 Least-squares Approximations
4.3.1 The least-squares approximation problem

We recall that the L:-norm of a function f(x) is defined as

b
1]l = / (@) Pz

As before, we let 1I,, denote the space of all polynomials of degree < n. The least-
squares approximation problem is to find the polynomial that is the closest to f(z)
in the L2-norm among all polynomials of degree < n, i.e., to find Q¥ € II, such that

[f = Qull2 = min [[f —Qxlla-

Qnell,

4.3.2 Solving the least-squares problem: a direct method

Our goal is to find a polynomial in II,, that minimizes the distance ||f(x) — Qn(x)||2
among all polynomials @,, € II,,. We thus consider

n

Qn(z) = Z a;z'.

1=0

For convenience, instead of minimizing the L, norm of the difference, we will minimize
its square. We thus let ¢ denote the square of the Lo-distance between f(z) and @, (x),
ie.,

b
o) = [ (f(@) = Qulw)is
b n b n n b
— fQ(x)dx—QZai/ xif(x)dx+ZZaiaj/ ' dr.

a =0 5=0

14
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¢ is a function of the n + 1 coefficients in the polynomial @), (z). This means that we

want to find a point a* = (af),...,a’) € R"™ for which ¢ obtains a minimum. At this
point
9¢
— = 0. 4.18
Gak a=a* ( )

The condition (4.18) implies that

b n b n b
0 = —2/ xkf(x)dx%—Zaf/ x”kdx—l—Za;/ oI dy (4.19)
a i—0 a =0 a
n b b
= 2 [Za;‘/ x”kdx—/ xkf(x)dx]
i=0 @ @

This is a linear system for the unknowns (ag, ..., a}):

»'n

n b b
Zaf / R dr = / z* f(x), k=0,...,n. (4.20)
i=0 a a

We thus know that the solution of the least-squares problem is the polynomial
Q(x) =) aja’
i=0

where the coefficients af, ¢ = 0,...,n, are the solution of (4.20), assuming that this
system can be solved. Indeed, the system (4.20) always has a unique solution, which
proves that not only the least-squares problem has a solution, but that it is also unique.

We let H,,11(a,b) denote the (n+1) x (n+ 1) coefficients matrix of the system (4.20)
on the interval [a, b], i.e.,

b
(Hpy1(a,0)), = / v, 0<i,k<n.

For example, in the case where [a,b] = [0, 1],

/1 12 ... 1/n
HL0.1) 1{2 1/3 1/(n+1) o)
Un Umn+1) ... 1/@n—1)

The matrix (4.21) is known as the Hilbert matrix.

Lemma 4.11 The Hilbert matriz is invertible.

15
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Proof. We leave it is an exercise to show that the determinant of H,, is given by

(112! (n — 1))
120 (2n — 1)1

det(H,) =

Hence, det(H,) # 0 and H,, is invertible. m

Is inverting the Hilbert matrix a good way of solving the least-squares problem? No.
There are numerical instabilities that are associated with inverting H. We demonstrate
this with the following example.

Example 4.12
The Hilbert matrix Hjs is

1/1 1/2 1/3 1/4 1/5
1/2 1/3 1/4 1/5 1/6
Hs=|1/3 1/4 1/5 1/6 1)7
1/4 1/5 1/6 1/7 1/8
1/5 1/6 1/7 1/8 1/9

The inverse of Hs is

25 —300 1050 —1400 630
—300 4800  —18900 26880  —12600
Hs =] 1050 —18900 79380 —117600 56700
—1400 26880 —117600 179200 —88200
630  —12600 56700  —88200 44100

The condition number of Hy is 4.77 - 10°, which indicates that it is ill-conditioned. In
fact, the condition number of H,, increases with the dimension n so inverting it becomes
more difficult with an increasing dimension.

4.3.3 Solving the least-squares problem: with orthogonal polynomials

Let {P;}}7_, be polynomials such that
deg(Py(z)) = k.

Let Q,(z) be a linear combination of the polynomials { P, }}_, i.e.,

n

Qu(z) =) ¢;Pi(x). (4.22)

J=0

Clearly, Q,(z) is a polynomial of degree < n. Define

b
bcor. 1 en) = / (@) — Qu(x)Pde.

16
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We note that the function ¢ is a quadratic function of the coefficients of the linear
combination (4.22), {cx}. We would like to minimize ¢. Similarly to the calculations
done in the previous section, at the minimum, ¢* = (¢}, ..., ), we have

% :*: /aP,C dx—l—ZZ /

0=
8ck

Z / 2)dz = /ab Pu@)f(x)ds, k=0,  .n. (4.23)

Note the similarity between equation (4.23) and (4.20). There, we used the basis func-
tions {z*}7_, (a basis of II,), while here we work with the polynomials {Py(z)}7_,
instead. The idea now is to choose the polynomials {Py(x)}}_, such that the system
(4.23) can be easily solved. This can be done if we choose them in such a way that

b o
/ Py(a) Py(x)d = 6 — { é: ot (4.24)

Polynomials that satisfy (4.24) are called orthonormal polynomials. If, indeed, the
polynomials { P,(z)}7_, are orthonormal, then (4.23) implies that

b
c;:/ P(2)f(x)dze,  j=0,....n. (4.25)

The solution of the least-squares problem is a polynomial
=> ¢ P(x), (4.26)
§=0

with coefficients ¢}, j = 0,...,n, that are given by (4.25).

Remark. Polynomials that satisfy

b .
b Jo (Bi(@))?, i=j,
| PP @ -
¢ 0, i F 7,
with f ))?dx that is not necessarily 1 are called orthogonal polynomials. In

this case, the solutlon of the least-squares problem is given by the polynomial Q7 (x) in
(4.26) with the coefficients

! fa<Pj<x>>2daz

j=0,....n. (4.27)

17



4.3 Least-squares Approximations D. Levy

4.3.4 The weighted least squares problem

A more general least-squares problem is the weighted least squares approximation
problem. We consider a weight function, w(z), to be a continuous on (a,b), non-
negative function with a positive mass, i.e.,

/abw(:p)d:p > 0.

Note that w(z) may be singular at the edges of the interval since we do not require
it to be continuous on the closed interval [a,b]. For any weight w(z), we define the
corresponding weighted L?:-norm of a function f(x) as

[ fll2.w = \// (f(2))2w(z)dz.

The weighted least-squares problem is to find the closest polynomial @ € II,, to f(z),
this time in the weighted L?-norm sense, i.e., we look for a polynomial Q*(x) of degree
< n such that

||f - Q:LHQ,IU - QI?Ellr_Iln ||f - Qn”lw‘ (428)

In order to solve the weighted least-squares problem (4.28) we follow the methodology
described in Section 4.3.3, and consider polynomials { P }}_, such that deg(Py(z)) = k.
We then consider a polynomial @, (x) that is written as their linear combination:

n

Qu(z) =) ¢ Pi(x).

=0

By repeating the calculations of Section 4.3.3, we obtain for the coefficients of the
minimizer Q,

n b b
Z;c;/a w(x)Pj(:E)Pk(x)dx:/a w(z)Py(x)f(x)dz,  k=0,...,n, (4.29)

(compare with (4.23)). The system (4.29) can be easily solved if we choose {P;(z)} to
be orthonormal with respect to the weight w(x), i.e.,

| P@P @@ =3

Hence, the solution of the weighted least-squares problem is given by

Qn(x) = Z ¢; (), (4.30)

18



D. Levy 4.3 Least-squares Approximations

where the coefficients are given by

c = / Pi(z) f(z)w(x)dz, j=0,...,n. (4.31)

Remark. In the case where {P;(x)} are orthogonal but not necessarily normalized,
the solution of the weighted least-squares problem is given by

n

Qi(x) =D c;P(x)

J=0

with

4.3.5 Orthogonal polynomials

At this point we already know that orthogonal polynomials play a central role in the
solution of least-squares problems. In this section we will focus on the construction of
orthogonal polynomials. The properties of orthogonal polynomials will be studies in
Section 4.4.2.

We start by defining the weighted inner product between two functions f(z) and
g(x) (with respect to the weight w(z)):

<f,9>w=/ f(2)g(x)w(x)dz.

To simplify the notations, even in the weighted case, we will typically write (f, g) instead
of (f,g),- Some properties of the weighted inner product include

1. (af,g9) = (f,ag) =a(f,g), VaecR.
2. (fi+ fo,9) = (f1,9) + {f2, 9)-

3. (f,9) =9, f)

4. (f,fy = 0and (f, f) = 0iff f = 0. Here we must assume that f(z) is continuous
in the interval [a,b]. If it is not continuous, we can have (f, f) = 0 and f(z) can
still be non-zero (e.g., in one point).

The weighted Lo-norm can be obtained from the weighted inner product by

[fll200 = A/ fs o
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4.3 Least-squares Approximations D. Levy

Given a weight w(z), we are interested in constructing orthogonal (or orthonor-
mal) polynomials. This can be done using the Gram-Schmidt orthogonalization
process, which we now describe in detail.

In the general context of linear algebra, the Gram-Schmidt process is being used to
convert one set of linearly independent vectors to an orthogonal set of vectors that spans
the same subspace as the original set. In our context, we should think about the process
as converting one set of polynomials that span the space of polynomials of degree < n
to an orthogonal set of polynomials that spans the same space II,. Accordingly, we
set the initial set of polynomials as {1, z, 2%, ..., 2"}, which we would like to convert to
orthogonal polynomials (of an increasing degree) with respect to the weight w(x).

We will first demonstrate the process with the weight w(z) = 1. We will generate a
set of orthogonal polynomials { Py(x), ..., P,(z)} from {1,z,...,2"}. The degree of the
polynomials P; is 1.

We start by setting

We then let
P(x)=2—Py(z) =2 — .

The orthogonality condition ff P, Pydx = 0, implies that

b
/ 1-(x—)dx =0,

from which c= (a+b)/2, and thus
a+b

P(x)=x— 5

The computation continues in a similar fashion. We set

Py(x) = 2% — S Py(x) — c3(x).

The two unknown coefficients, ¢J and ¢}, are computed from the orthogonality condi-
tions. This time, Py(x) should be orthogonal to Py(x) and to P;(z), i.e.,

/ab Py(z)Py(x)dx =0, and /ab Py(x)Py(z)dx = 0,

and so on. If, in addition to the orthogonality condition, we would like the polynomials
to be orthonormal, all that remains is to normalize:
. Pu(x) P,()

R TE T R ey

The orthogonalization process is identical to the process that we described even when
the weight w(z) is not uniformly one. In this case, every integral will contain the weight.

Vn.
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D. Levy 4.4 Examples of orthogonal polynomials

4.4 Examples of orthogonal polynomials

This section includes several examples of orthogonal polynomials and a very brief sum-
mary of some of their properties.

1. Legendre polynomials. We start with the Legendre polynomials. This is a
family of polynomials that are orthogonal with respect to the weight

on the interval [—1,1].

In addition to deriving the Legendre polynomials through the Gram-Schmidt or-
thogonalization process, it can be shown that the Legendre polynomials can be
obtained from the recurrence relation

WV
\_}—‘

(n+1)P1(x) — 2n+ D)zP,(z) + nP,_1(x) = 0, n (4.32)

starting from the first two polynomials:

Instead of calculating these polynomials one by one from the recurrence relation,
they can be obtained directly from Rodrigues’ formula

1o
ol dan

Py (z) [(z*=1)"], n>0. (4.33)

The Legendre polynomials satisfy the orthogonality condition

2

= ——— . 4.34
2n+1 ( )

(Pry Prn)

2. Chebyshev polynomials. Our second example is of the Chebyshev polynomials.
These polynomials are orthogonal with respect to the weight

1
V1—22

on the interval [—1,1]. They satisfy the recurrence relation

w(zr) =

Toi1(x) = 22T, (x) — T o1 (x), n>1, (4.35)
together with Ty(xz) = 1 and T1(z) = = (see (??7)). They and are explicitly given
by

T, (7) = cos(ncos* z), n=0 (4.36)
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4.4 Examples of orthogonal polynomials D. Levy

(see (77?)). The orthogonality relation that they satisfy is

0, n#m,
(T, Tn) =4 m n=m=0, (4.37)
5, n=m#0.

3. Laguerre polynomials. We proceed with the Laguerre polynomials. Here the
interval is given by [0, 00) with the weight function

w(z) =e”

The Laguerre polynomials are given by

X dTL
Lo(z) = S~

= (z"e™), n>=0. (4.38)

The normalization condition is

Il = 1. (4.39)
A more general form of the Laguerre polynomials is obtained when the weight is
taken as

e—zxa7

for an arbitrary real a > —1, on the interval [0, c0).

4. Hermite polynomials. The Hermite polynomials are orthogonal with respect
to the weight

2

w(r) =e ",
on the interval (—oo,00). The can be explicitly written as

2
dte™*

Ho(w) = (~1e”

. n=0. (4.40)

Another way of expressing them is by

Hy(z) =) m(zx)n—%, (4.41)

where [z] denotes the largest integer that is < x. The Hermite polynomials satisfy
the recurrence relation

Hyi(x) —22H, () + 2nH,—1(x) = 0, n>1, (4.42)
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D. Levy 4.4 Examples of orthogonal polynomials

together with
Hy(x) =1, H(z) = 2z.

They satisfy the orthogonality relation

/OO ¢ Hyy(x) Hpp (2)dx = 2"1!/T6 . (4.43)

o0

4.4.1 Another approach to the least-squares problem

In this section we present yet another way of deriving the solution of the least-squares
problem. Along the way, we will be able to derive some new results. We recall that our
goal is to minimize || f(z) — Qn(2)||2.w, Y@y € II,, i.e., to minimize the integral

/ w(@)(f(x) — Qulx))?dz (4.44)

among all the polynomials @, (z) of degree < n. The minimizer of (4.44) is denoted by
@ ().

Assume that { P;(x) }x>0 is an orthogonal family of polynomials with respect to w(x),
and let

n

Qu(z) =) ¢;Pi(x).

=0

b n 2
1f = Qull5., = / w(x) <f(x) — chpj(x)> dz

Then

Hence
0 < <f—zcj f - Zc] > (P —2) i (i Py + cic (P, Py),
=0 =0 =0 j=0
= [I£113. — 22@- (f. Py, +Zc§|u%ué,w
2 n 2
=Hf!|§,w—z T w+2( e Pl
2,w _

The last expression is minimal iff

<f7 PJ)w
1P |20

—GllPill2w =0,  YO<j

N
S
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4.4 Examples of orthogonal polynomials D. Levy

ie., if

(P,

C;, =
S (]

Hence, there exists a unique least-squares approximation which is given by

Q;@g::§:<f*30wp(xy (4.45)

If the polynomials {P;(z)} are also normalized so that | P;|2,., = 1, then the minimizer
Q:(z) in (4.45) becomes

n

n

Qn(x) => (f. P, Pi(x).

j=0
Remarks.

1. We can write

If =@l = /z%ﬂ(ﬂ@—‘ qaag(mz

= [Ifl13., = 2> (£ Py e+ D B30
=0

J=0

Since || Pj||2.w = 1, ¢; = (f, Fj),,, so that

n

1f = Qi3 = 113, = D (P2

J=0

Hence

n

P = P = 11 = Qi < IIFIP,

J=0
ie.,

n

> By < 1w (4.46)

J=0

The inequality (4.46) is called Bessel’s inequality.
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2. Assuming that [a, b] is finite, we have
T 1 = Qa0 = 0

Hence

o0

§=0
which is known as Parseval’s equality.

Example 4.13
Problem: Let f(z) = cosx on [—1,1]. Find the polynomial in Iy, that minimizes

/ 1(2) = Qua)d

Solution: The weight w(z) =1 on [—1, 1] implies that the orthogonal polynomials we
need to use are the Legendre polynomials. We are seeking for polynomials of degree
< 2 so we write the first three Legendre polynomials

1
~(32% - 1).

Pyx)=1, P(z)=1z, P(z)= 2(

The normalization factor satisfies, in general,

1 ) 2
P2(x) = |
/_1 W) = 5

Hence

1 1 9 1 9
/ P2(x)dx = 2, / Pi(x)dx = =, / Pi(x)dr = =.
1 1 3 1 >

We can then replace the Legendre polynomials by their normalized counterparts:

1 3 V5

P()E—Q, P(x)= 3% 132(31,’):2\/§

(32% —1).
We now have

<f,Po>:/llcosa:\}§ \}ismx

Hence

Q5 (z) = sin 1.

\/§Sin1.
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4.4 Examples of orthogonal polynomials D. Levy

We also have

1
(f, P) = / cosx\/gxdx = 0.
-1

which means that Q7 (z) = Q¢(z). Finally,

1 2
53z —1 1 /5
<f7P2>=/1cosx\/; xz 25\/;(120081—881111),

and hence the desired polynomial, Q3(x), is given by

15
Qi(x) =sinl + (7 cos1 — 5sin 1) (32% —1).

In Figure 4.3 we plot the original function f(z) = cosz (solid line) and its approximation
Q;(z) (dashed line). We zoom on the interval x € [0, 1].

0.95-

0.9

0.85

0.8

0.75

0.7+

0.65-

0.6

0.55

05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.3: A second-order L?-approximation of f(z) = cosxz. Solid line: f(z); Dashed
line: its approximation Q3(x)

If the weight is w(x) = 1 but the interval is [a,b], we can still use the Legendre
polynomials if we make the following change of variables. Define
b+a+(b—a)t
xr = 5 :
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D. Levy 4.4 Examples of orthogonal polynomials

Then the interval —1 <t < 1 is mapped to a < & < b. Now, define

Ft) = f (b+a+2(b—a)t)

Hence
b _a 1
/a [f(z) — Qn(:)s)]zda: = b 5 /_ [F(t) — qn(t)]th.

Example 4.14
Problem: Let f(x) = cosx on [0, 7]. Find the polynomial in IT; that minimizes

/0 ") = Qu(a)]2de

Solution:
™ T 1
/ (f(2) = Qi(2))*dx = 3 / [F(t) — gn(t)]2dt
0 ~1
Letting
. T —; mt (1 L+ t)
we have
F(t) = cos (S(1+1)) = —sin%t,

We already know that the first two normalized Legendre polynomials are

(F, Py) = / —sm—dt—O
12

which means that Qf(t) = 0. Also

1
n 7t ot 3 8
(F, Py = 81n—\/7tdt \/7 C082 = —4/=—.
2 72
—1
Hence

)= -5 St=—"t = Qil)=—— <-x _ 1) |

In Figure 4.4 we plot the original function f(z) = cosz (solid line) and its approximation
Q7 (z) (dashed line).
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4.4 Examples of orthogonal polynomials D. Levy

Figure 4.4: A first-order L*-approximation of f(x) = cosz on the interval [0, 7]. Solid
line: f(x), Dashed line: its approximation Q7(x)

Example 4.15
Problem: Let f(z) = coszx in [0,00). Find the polynomial in IT; that minimizes

Awe*vm»—@mmPMa

Solution: The family of orthogonal polynomials that correspond to this weight on
[0,00) are Laguerre polynomials. Since we are looking for the minimizer of the
weighted Lo norm among polynomials of degree < 1, we will need to use the first two
Laguerre polynomials:

Lo(z) =1, Li(z)=1-—=.
We thus have

o

<f L > - /OO e Tcosxdr = e_z(_ COS$+Sinx) :1
P 2 . 2
Also
>~ 1 [ze ®(—cosz+sinz) e *(—2sinz)]™
L) = z l—2)de = —— — —0.
(f, L), /0 e “cosz(l—x)dx 5 [ 5 ) i

This means that

QW@ZUJ&J&@+UimJM@=%
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4.4.2 Properties of orthogonal polynomials

We start with a theorem that deals with some of the properties of the roots of orthogonal
polynomials. This theorem will become handy when we discuss Gaussian quadratures
in Section 7?. We let {P,(z)},>0 be orthogonal polynomials in [a, b] with respect to the
weight w(z).

Theorem 4.16 The roots x;, j = 1,...,n of P,(z) are all real, simple, and are in
(a,b).

Proof. Let z1,...,x, be the roots of P,(z) in (a,b). Let
Qr(z)=(x—x1) ... (v —x,).
Then @,(x) and P,(x) change their signs together in (a,b). Also

deg(Q.(z)) =7 < n.

Hence (P,Q,)(x) is a polynomial with one sign in (a, ). This implies that

/ Po(2)Q, (2w (x)dz # 0,

and hence r = n since P,(x) is orthogonal to polynomials of degree less than n.
Without loss of generality we now assume that x; is a multiple root, i.e.,

P,(z) = (z — 21)*Py_s(x).

Hence

P Prca(a) = (222 ) >0,

r — I

which implies that

b
/ P, (z)P,—a(x)dx > 0.
This is not possible since P, is orthogonal to P, . Hence roots can not repeat. m

Another important property of orthogonal polynomials is that they can all be written
in terms of recursion relations. We have already seen specific examples of such relations
for the Legendre, Chebyshev, and Hermite polynomials (see (4.32), (4.35), and (4.42)).
The following theorem states such relations always hold.
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Theorem 4.17 (Triple Recursion Relation) Any three consecutive orthonormal poly-
nomials are related by a recursion formula of the form

Poii(z) = (Apx + B,) Py (z) — C Py ().

If ay, and by, are the coefficients of the terms of degree k and degree k — 1 in Py(z), then

Ap+1 Ap+1 bn+1 bn Ap+10n-1
A = , Bn= — =], Cy=—5F—

ay, p \Gpi1 Gy a?
Proof. For
Ap+1
An = )
Qp,
let

Qn(x> = Pn+1(x) - Anxpn(x)

= (G/n+1l'n+1 -+ bn+1x" + .. ) —

a’TL b’fL n
:(bn+1_ +l )Z‘ + ...
an

Hence deg(Q(x)) < n, which means that there exists aq, ..., a, such that

Qp+1

r(apz™ 4+ bzt 4. ))

Qn

Qz) = Zaif’i(x).

For 0 <1< n—2,

(Q F)
(P, )

o; =

Hence

Qn(7) = anPy(7) + a1 Poo1 ().

Set «,, = B,, and «,,_; = —C,,. Then, since
an—1
J}Pn,1: = Pn—i_anla
Ay,
we have

Cn - An <xPn7 Pn—1> - An <Pn7xPn—l> - An <Pn7 @Pn + Qn—1> = An
a

n

Ap—1

Qn,
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Finally
P.i1= (A + B,)P, — C,P,_1,
can be explicitly written as
12" T b2 = (Apz+ By (anz™ by 2™ . )= C (an1 2™ by 2.
The coefficient of 2™ is
bpi1 = Apbn + Brhay,
which means that

1
B, = (bn—i-l - Anbn)_ |

n
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