D. Levy

2 Numerical Methods for Linear PDEs

2.1 Introduction and Examples

Consider the advection equation

Uy + au, = 0, —o00 < x <o00,t >0,
(2.1)
{ u(x,0) =ug ().
In order to numerically approximating the solution of (2.1), we first discretize the x — ¢
plane: set h = Az (mesh width) and & = At (time step). This generates a lattice in the
x —t plane, i.e., equally spaced mesh points (z;,t") where z; = jh, j=...,—1,0,1,...
and t" = nk, n = 0,1,... With these notations, we have, e.g., zj1/2 = x; + h/2 =
(7 +1/2)h.

We denote the pointwise values of the exact solution to (2.1) at the grid points,
(x;,t"), as u?, and by v? we denote an approximation of u7. We denote the forward
differencing operator by Dyu} = (u},, — u})/Az. Similarly, backward differencing
and centered differencing are denoted, respectively, by D_u} = (u} — uj_;)/Ax, and
Dou} = (u},; —uj_;)/(2Ax). Often, we can find in the literature other notations for
these operators, such as A" or A, for the forward difference, which may or may not
include the factor 1/Aw.

There are several possible strategies for approximating the solution of (2.1). One
thing we can do is to replace the derivatives with finite-difference approximations. Al-
ternatively, one can use Taylor based methods for deriving such approximations. Let’s

briefly explore both these possibilities.
Example 2.1 (Forward Euler)

Replace u; in (2.1) with a forward difference approximation (in time), and replace u,
by a centered approximation (in space). Hence

n+1 n
U T (T ) 0.
k 2h

ie.,

Aa
n+l _ ,n __ 77 n _ ,n
Vi T T (1 = 1) s

where the mesh ratio is defined here as A = k/h.

Remarks.

1. If we are given the data at time step ¢" then we can compute the data in the
next time step t"*1. Thus this is a two-level method.

2. This is an explicit method.
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3. In matrix form, this method can be written as

ntl Aa Aa n
> LoE L (o
a a
U1 5 1 -5 U1
A A
UN-1 \ ?a /\1 _?a UN-1
UN — 2a Ta 1 UN

where the entries in the upper right and lower left appear due to the periodic
boundary conditions. Adjustments should be made for different types of
boundary conditions.

Example 2.2 (Backward Euler)
We repeat the same approximations we made in Example 2.1, only this time the spatial
derivatives are evaluated at " :

Uﬂ“ — " UTL+11 — 'U”jll

J J J+ J —
+a =

k

Hence

Aa
n+1 oyt ntl) _ n
vt (v —vity) = of.

This is an ¢mplicit equation which takes the matrix form

X X X X X w " w \"
—% 1 % U1 U1
—% 1 % UN-1 UN-1
X X X X X UN UN

Again, the additional terms in the top and bottom rows should be determined by the
boundary conditions.

The points we use in the computation of the v?“ are the stencil of the method. In

Example 2.1, the stencil is {(z;_ 1,t ) (x;,t"), (xj+1,t ), (:E],t”“)} See Fig. 2.1a. In
Example 2.2 the stencil is {(z;, "), (z;_1, "), (xj41, "), (2, ")} (see Fig 2.1b).

Jﬂ o 1

Figure 2.1: (a) The stencil of the Forward Euler method. (b) The stencil of the Backward
Euler method.
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Example 2.3 (Lax-Wendroff)
An example of a Taylor-based method is the Lax-Wendroff (LxW) method. We first
expand

1
u(x, t+k)=u(x,t)+ ku (z,t) + §k2utt (x,t) + ... (2.2)
Now the PDE we are solving is u; = —aug, so
Uy = —QUy = —AUyy = —a (—auy), = T (2.3)

Plugging (2.3) into (2.2), and replacing u; with —au, yields
1
u(z, t+k)=u(x,t) — kau, (z,t) + §k2a2um (x,t) + ...

The LxW scheme is obtained by truncating this series after the second derivative and
replacing the derivatives with centered differencing:

2,2
ntl _ . n ka k“a

Yj Yi T o (vf1 — i) + o2 (U1 = 207 +0f) - (2.4)
The LxW method, (2.4), is an explicit two-level scheme with the three-point stencil
{(zj_1,t"), (x5, 1), (51, t"), (x;, ")}, which is exactly the same stencil as the one
of the Forward Euler method (see Fig. 2.1a). It can be written in a matrix form as

n+1 n
Vo Vo
U1 U1
= A ,
UN-1 UN-1
UN UN
where
2.2 Aa, 13y2.2
/\1 i\ a > + 2)\ a . ) X
284 2N 1—MNa? =224 1022
2 2 2 2
A= . y
% + X% 1— X\ —% + $\%a?
Aa | 142 2 9 9
X 5 T 5\ 1— \a

2.2 The Courant-Friedrichs-Levy (CFL) Condition

The Courant-Friedrichs-Levy (CFL) Condition comes from work done around 1928
which used finite difference methods to prove the existence of solutions of certain PDEs.

In order to heuristically demonstrate this condition, consider u; + au, = 0 and
discretize it using forward differences in space and time

n+l

Yj vf Vil —Uf
i o 2.
3 +a( . ) 0 (2.5)




D. Levy 2.2 The Courant-Friedrichs-Levy (CFL) Condition

This is a two-point scheme with a stencil {(x;,t"), (zj41,t"), (z;,t")}. Now, if a > 0
the characteristics of u; + au, = 0 point in the positive x direction. Therefore the data
at (z;,t"™) depends on data to the left of z;. See Fig 2.2. But any interval to the
left of x; is not included in the stencil of this method, so the solution computed by this
method at (z;,¢"') is based on information that does not correspond to the analytical
direction of the flow of information in the problem. Hence, there is no hope that such
an approximation would be correct in any sense.

t/a>0 \t\a<0

Figure 2.2: Characteristics for the advection equation

In this example, the analytical domain of dependence of the PDE (contained in
the interval [z;_q1, ;] X "), is not contained in the numerical domain of dependence
(determined by the stencil: in this case the interval [z;,z;41] x t"). It is important to
note that there is a hidden assumption of continuity, i.e., if we know the approximate
solution at time t" at z; and x4, then we can define a solution everywhere in the
interval [z, z;41].

The CFL condition states that a necessary condition for the convergence of a numer-
ical method is that the numerical domain of dependence contains the analytical domain
of dependence. It is important to note that the CFL condition is not a sufficient con-
dition for the convergence of the approximate solution to the exact solution. In our
example, the CFL condition requires that

r—ak € (z,x+h).

See Fig. 2.3. Hence 0 < —ak < h, ie., 0 > Aa > —1, which implies that a < 0 and
Ala| < 1. This is the CFL condition for (2.5).

Figure 2.3: Numerical and analytical domains of dependence for a < 0.
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The quantity Aa is often called the Courant number and measures the “numerical
speed”.

2.3 Von-Neumann Stability Analysis

For a periodic function u(z,t) we can write the Fourier series

- .
u(z,t) vir > i(w,t) e,

where

1 T .
i (w,t) = E/ u(x,t) e “de.

It is a well-known fact that a translation in space amounts to a phase shift in the Fourier
space. In other words, if we define the “shift” (translation) operator as

Eiu(z) =u(z+jh),
then
Eiu(w) ! /7r (z + jh) e ™*d
uww) = — [ u(z e T
V2T J_n J
T+jh

vl
B 2m —7+jh

At this point we have enough tools for studying the stability of numerical schemes for
approximating solutions of linear problems with constant coefficients and with periodic
boundary conditions. Consider, e.g., the Forward Euler (FE) scheme for u; = au,
(+periodic boundary conditions)

w(z) e @I gy = 99hg (W) .

v(z,t+ k) —v(z,t) v(z+h,t) —v(x—ht)

k 2h ’

which we rewrite as
Aa
v(:t:,t—l—k:):U(J:,t)—l—7[v(:p—i—h,t)—v(x—h,t)]. (2.6)
Fourier transforming (2.6) gives

U(w,t+k) = 0(w,t)+ % [e™h — e b (w, t)

= [1+ Aaisin (wh)] v (w,t).

We define the amplification factor (or symbol) Q by b (w,it+ k) = Qb (w,t). In this
example, ) = 1+Aaisin (wh) . Then if the initial data is u (x,0) = f (), then the Fourier
transform of the approximate solution at time " equals ¥ (w, ") = Q"0 (w,0) = Q" f (w).

6
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A numerical method is stable in the time interval [0, 7] for a sequence k,h — 0 if
for some constant K (7',

wp o
0<tn<Tiw,k,h

< K (T).

~

In the case of (2.6), Q) = 1 + Aaisin (wh) so

‘Q‘ = \/1 + A2a?sin? (wh).

Therefore, ‘Q’ > 1 whenever sin? (wh) # 0 and ‘Q‘n will diverge in the limit k, h — 0.

We can conclude that the Forward Euler method is unconditionally unstable when the
mesh ratio A = k/h is held fixed. It is left as a simple exercise to check that the FE
methods is stable when the ratio k/h? is held fixed. Is there anything wrong with such
stability condition? Yes. Such stability requirement forces the time-step to be too small
(for a hyperbolic problem).

2.4 Artificial Viscosity

A natural question at this point is the following: given an unstable numerical method can
we stabilize it? In general, for first-order linear equations, the answer to this question is
positive. All we have to do is to add a sufficiently large quantity of “artificial viscosity”.
Numerically, this can be done by adding a dissipative term to the scheme, in the form
of a second derivative. For simplicity, let’s consider the case where the velocity is a = 1
so that the Cauchy problem becomes u; = u,, u(z,0) = f(z). Consider a numerical
scheme that is given by

{ v = (I + kDo) v} + okhDy D_v? (2.7)
v
J

O:fj

Here, o is a constant that we still need to determined. We will see that there is a

non-unique choice of ¢ that will result with a stable method. First, we rewrite (2.7) as
Un+1 — "

% = D[)U;l 4+ O'hD+D,’U;l. (28)

In the limit & — 0, equation (2.8) is a consistent approximation of
U = Uy + ohig,.

As h — 0 we return to u; = u,. Hence, (2.8), is a consistent approximation of u; = u,.
Our goal is to choose o, k, and h such that the resulting scheme is stable in the sense

that ‘Q

computation shows that the amplification factor of (2.7) is

< 1 (reference: Gustafsson, Kreiss and Oliger p. 44-46). A straightforward

Q =1+ iAsiné — 4o\ sin? g
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where £ = wh and A = k/h. Hence

‘Qf — 1 — (80X — 4)?) sin’ g + (160% — 4) A% sin® g

There are two ways to proceed:

1. Suppose 20 < 1, then 1602 — 4 < 0. Then if 80X — 4A? > 0 then ‘Q‘ < 1. This

implies that 0 < A < 20 < 1. Example: take o = k/2h = A/2. With this choice of
parameters we recover the Lax-Wendroff scheme:
2

k
v;’H _ v}l + k;DOu;L + ?DJFD_U?.

What we just proved is that the LxW method is stable, assuming that the CFL
condition A <1 is satisfied.

2. Suppose 20 > 1, so if 20\ < 1 then ’Q‘ < 1. For example, take 0 = h/2k = 1/2\
SO

1
vt = v + kDov) + §h2D+D_U§L,

ie.,

Q}n+1 =

; (vf1 + 1) + kDouj (2.9)

DN | —

Equation (2.9) is the Lax-Friedrichs (LxF) scheme. The LxF scheme is also stable
for A < 1. Note that the only difference between the LxF scheme and the FE
scheme is that the term v} in (2.6) is replace with the average % (v}ﬁrl + v}"‘_l) in
(2.9). This averaging has a stabilizing effect; the dissipation we introduced leads
to stability.

2.5 Stability and Convergence

Consider the 27-periodic initial value problem

uy (z,t) = P x,t,% u(z,t),
Lo 2 fgn 210

for h = NQ—L, k > 0. A general difference approximation of (2.10) can be written in the
form

Q*lvn_‘_l = g:() QUUH_U7 n=4dq,q + 17 cee
{’ngf(g),O':O,l,...,q (211>

where @), are difference operators. Define the discrete solution operator S;, that evolves
the solution from time t” to " through the relation

vt =S, (1", ) v".

Let (u,v), = Zjvzl jv;h, and |Jul|} = hZ;.V:l lu;|>. We then have

8
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Definition 2.4 The difference approximation (2.11) is stable for 0 < h < hq if there
exists constants ag, ¢, kg such that for all h

lezill, < e

||Sh (tnutu)Hh S Hseas(tn_tu)-

A stable numerical scheme satisfies for all initial conditions f the following:

[0, < m @) 1N

where  (t") = kge®s™". The exponential factor is required so that we can treat approx-
imations to differential equations with solutions that grow in time, such as u; = u, + u.

Definition 2.5 Let u (x,t) be a smooth solution of (2.10). Then the local truncation
error is defined by

P
k"= Q-1u (asj, t”“) — Z Qsu (xj, t”*") .

o=0

The local truncation error is the extent to which the solution to the PDE fails to satisfy
the difference approximation.

Definition 2.6 A difference approximation is accurate of order (pi,po) if for all suffi-
ciently smooth solutions u (z,t) of the PDE if there is a function L (t") such that for
h < hg

[T, < L(8") (AP 4 KP2)

where L (t") is bounded on every finite time interval. If p; > 0 and py > 0 then the
approximation is called consistent.

Example 2.7
The Leap-frog scheme for u; = u, is obtained by approximating both derivatives with
a centered approximation, i.e., for A = h/k,

n+1 n—1 n n
ot =T A (0] — o)) (2.12)

The local truncation error for the Leap-frog scheme (2.12) is given by

k= (2, ") = Xu (241, 8") — u(@j-1,t")] —u (z;,t"71) . (2.13)

9



2.5 Stability and Convergence D. Levy

Expanding the terms in (2.13) around (z;,t"), we have

1 ]{72 3 4
T]n = E {u + kut + gutt + Eum + ﬂutm + O (k5)
k? K? k*
- |:U - k:ut + ?utt - Eum + ﬂutm +0 (k’5):|
h? h3 4
h? h? Rt
1 = . K3 .
= 4 2ku 25w + O (K°) = X ( 2hu, + 2 taza + O (h°)
k2 2 kQ 2
= 2 (ut - u:v) + guttt + guzzz + ) (k47 h4) = guttt + ?uﬂmr + O (k4’ h’4) .

We can therefore conclude that the Leap-frog approximation is accurate of order (2, 2).

Stability by itself is not sufficient to give a good approximation (for example, v =1
for all j and n is a stable but wrong approximation to the solution of u; = u,). We have
already seen that consistency is also not sufficient for a good approximation (forward
Euler is consistent but unstable: the approximation will diverge). Fortunately, requiring
both stability and consistency does guarantee convergence to the solution, as stated by

Theorem 2.8 (Lax Equivalence Theorem) Assume that the solution of (2.10) is
smooth and that the approzimation (2.11) is stable. Assume that the approzimation and
its initial data are accurate of order (p1,p2). Then on any finite interval [0, T, the error

satisfies
an —u (.J")Hh < Kg <€a5t" HUO —Uu (’O)Hh + HQ:H‘h 902 <a>tn) ogr?gf—l ‘|Tth>
= O(h" + k™).

That is, the solutions of the difference approximation converge to the solution of the
differential equation as h — 0.

In other words, stability and consistency implies convergence. It is important to
emphasize that we can expect such a result to hold only for linear problems. There is
no such general theorem for nonlinear problems.
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