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BALANCED CENTRAL SCHEMES FOR THE SHALLOW WATER
EQUATIONS ON UNSTRUCTURED GRIDS*

STEVE BRYSONT AND DORON LEVY?

Abstract. We present a two-dimensional, well-balanced, central-upwind scheme for approxi-
mating solutions of the shallow water equations in the presence of a stationary bottom topography
on triangular meshes.

Our starting point is the recent central scheme of Kurganov and Petrova (KP) for approximating
solutions of conservation laws on triangular meshes. In order to extend this scheme from systems
of conservation laws to systems of balance laws one has to find an appropriate discretization of the
source terms. We first show that for general triangulations there is no discretization of the source
terms that corresponds to a well-balanced form of the KP scheme. We then derive a new variant of
a central scheme that can be balanced on triangular meshes.

We note in passing that it is straightforward to extend the KP scheme to general unstructured
conformal meshes. This extension allows us to recover our previous well-balanced scheme on Carte-
sian grids. We conclude with several simulations, verifying the second-order accuracy of our scheme
as well as its well-balanced properties.
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1. Introduction. We consider a flow in a two-dimensional channel with a bot-
tom elevation given by B(Z), where & = (z,y). Let H(Z,t) represent the fluid depth
above the bottom, and let @(Z,t) = (u(Z,t),v(Z,t)) be the fluid velocity. The top
surface at any time ¢ is denoted by w(Z,t) = B(Z) + H(Z,t).

The shallow water equations, introduced by Saint-Venant in [24] (see also [10]),
are commonly used to model flows in rivers or coastal areas. When written in terms
of the top surface w and the momentum (Hu, Hv), these equations are of the form

we + (Hu), + (Hv), =0,
ay L e[S S ny] + [EE] s,
(rroy+ [0 U - BP] ——gw- BB,

This choice of variables is particularly suitable for dealing with stationary steady-state
solutions (see [14, 23] for details). For simplicity we fix the gravitational constant, g,
from now on to be g = 1.
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In this work we are interested in approximating solutions of (1.1) on triangular
meshes. Our goal is to investigate how to adapt the semidiscrete central schemes on
triangular meshes that were recently introduced by Kurganov and Petrova in [16] to
this problem. We are interested in deriving a discretization of the source terms in (1.1)
that preserves stationary steady-state solutions, as such solutions play an important
role in the dynamics of (1.1). While such a balance is not pursued for nonstationary
shallow water problems, our simulations indicate that our method works well for such
problems.

Central schemes for conservation laws have become popular in recent years as
a tool for approximating solutions for multidimensional systems of hyperbolic con-
servation laws. Like other Godunov-type schemes, central schemes are based on a
three-step procedure: a reconstruction step in which an interpolant is reconstructed
from previously computed cell averages; an evolution step in which this interpolant
is evolved exactly in time according to the equations; and a projection step in which
the solution is projected back to cell averages. When compared with other methods,
central schemes are particularly appealing since they do not require any Riemann
solvers and systems can be solved componentwise.

A first-order prototype of central schemes is the Lax—Friedrichs scheme [8]. A
second-order extension is due to Nessyahu and Tadmor [21]. Extensions to two di-
mensions are due to Arminjon and Viallon [1] and Jiang and Tadmor [13]. By esti-
mating bounds on the local speeds of propagation of information from discontinuities,
it is possible to pass to the semidiscrete limit (see [15, 17] and the references therein).
There are several extensions of central schemes to unstructured grids. A fully discrete
method is due to Arminjon, Viallon, and Madrane [2]; a recent semidiscrete scheme
was proposed by Kurganov and Petrova in [16]. Balanced central schemes for shallow
water equations on Cartesian grids are due to Russo in the fully discrete framework
[23] (see also [20]) and to Kurganov and Levy in the semidiscrete framework [14].

There are many approaches to approximating solutions of (1.1). We refer the
reader to, e.g., [3, 4, 7, 9, 11, 18, 19, 22] and the references therein. An equilibrium
technique for balancing scalar conservation laws is presented in [5, 6]. Our goal in
this paper is to show that balancing is also possible with central schemes. We would
like to emphasize that this is the first time in which the balancing issues are treated
for central schemes on unstructured grids.

The paper is organized as follows. We start in section 2 with a brief overview
of the Kurganov—Petrova (KP) central scheme on triangular meshes. We note that
this scheme is not limited to triangular meshes and it can be equally well applied to
general unstructured grids. We also make the necessary adjustments to incorporate
source terms into the scheme. We proceed in section 3 with the discretization of
the cell averages of the source terms for the shallow water equations. The goal is
to find a discretization such that the scheme will preserve stationary steady states,
i.e., zero velocities and a flat surface. We show that on general unstructured meshes,
there is no discretization of the source terms in the shallow water equations that
provide a well-balanced form of the KP scheme. We then proceed by showing how to
modify the original scheme in such a way that it is possible to obtain a well-balanced
discretization of the source terms. We conclude in section 4 with numerical examples
that demonstrate the accuracy of our scheme as well as its well-balanced property.

2. Central schemes for balance laws on unstructured grids. We consider
the two-dimensional balance law,

(2'1) Ut + f(u)w + g(u)y = S(’U,,.T,y,t),
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WE

Fi1c. 2.1. The triangular grid.

subject to the initial data u(z,y,0) = ug(x,y). We are interested in approximating
solutions of (2.1) that are computed in terms of cell averages on a fixed unstructured
conformal grid. To simplify this exposition we first consider the scalar case. The
scheme that is described below can be easily extended componentwise to systems of
balance laws. We will make this obvious extension later on when dealing with the
specific problem of the system of shallow water equations (1.1).

We focus our attention on the central scheme on triangular meshes that was
recently derived in [16]. We briefly overview the derivation of this scheme in the
setup of conservation laws of the form

(2.2) ui + f(u), + g(u), = 0.

We assume a conformal triangulation of the domain consisting of cells T); of area
|T;]. The neighboring cells to T; are denoted by T, k = 1,2,3, while the edge that
is joint between T; and T}y, is denoted by F; and is assumed to be of length hj,. We
also denote the outward unit normal to T; on the kth edge as n;, and denote the
midpoint of E;; as M (see Figure 2.1).

We assume that the cell averages on all the cells {T;} are known at time ¢”,

1
(2.3) A / u(Z, t")dz,
|Tj‘ T;

and reconstruct a piecewise polynomial

(2.4) a"(z,y) = Zu;?(a;, ¥)x; (2, y).

Here u?(x,y) is a two-dimensional polynomial that is yet to be determined and
x;j(z,y) is the characteristic function of the cell Tj. To simplify the notations we
omit the time-dependence in u;(x,y). We also denote by wu;i(z,y) the polynomial
that is reconstructed in the cell T}y.

Discontinuities in the interpolant u; along the edges of T} propagate with a max-
imal inward velocity a¥} and a maximal outward velocity agy- These velocities can
be estimated (for convex fluxes in the scalar case) as

aiy(Mjy) = —min{VF (u; (Mj1)) - njx, VF (ujr (Mj1)) - njx, 0},
a;};‘(Mj ) = maX{VF (Uj (MJ )) -njk,VF (ujk (Mj )) . njk70},



BALANCED SCHEMES FOR THE SHALLOW WATER EQUATIONS 535

where F' = (f, g). These local speeds of propagation are then used to determine evolu-
tion points that are away from the propagating discontinuities. An exact evolution of
the reconstruction at these evolution points is followed by an intermediate piecewise
polynomial reconstruction and finally projected back onto the original cells, providing
the cell averages at the next time step ﬁ?“. Further details can be found in [16].

A semidiscrete scheme is then obtained at the limit

d artl —qgn
2.5 —a? = lim 2—.
(25) at' T arte At
Most of the terms on the right-hand side (RHS) of (2.5) vanish in the limit as At — 0.
The only quantity that has to be determined is a quadrature rule for the integrals of
the flux functions over the edges of the cells. If we assume a Gaussian quadrature
with m nodes

/0 o(z)dr =~ chw(xs),

which is scaled to hjr, and denote the quadrature points on Ej; as G]"fk, the KP
scheme for triangular meshes is

m

_ 3
du, 1 hjk n s out s
@6 g =~ |5 kz::l an, + asy ;cs (@i F (ujn(G5p)) + a5t F(ui(G5e))) -

— alasy (uin(GS) — ui(G5))],

where F' = (f, g). If the fluxes are integrated with a midpoint quadrature (as suggested
in [16]) and we use the notation u$j’ := wj, (Mjk), ufy, = uj (Mjy), Fij = F(ulf),
and Fgpt := F(ug}'), the semidiscrete scheme (2.6) becomes

_ 3
du; 1 hijk in in in in
(1) T = 2 e WG + ) - mon = ajiasi (i = )
k=1 J

A basic observation that will be used below is that the semidiscrete scheme (2.7)
is valid for any conformal grid, not necessarily triangular. All that one has to do is to
make the suitable adjustments in the notations (e.g., |T;| being the area of the cell Tj
regardless of the shape of that cell) and replace the sum over the three edges of the
triangle by a sum over the N; edges of each cell 7. When approximating solutions to
balance laws of the form (2.1) the scheme has one additional term due to the source
term S(u,z,y,t), i.e.,

N
dﬂ 1 j J: h’ jk in ou ou in in _ou ou in
dtj (t) = _W W [(ajk: jk T ag jk) Mk A5 (ujkt N “jk)]
k=1 J J
(2.8) +8;(t)
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is a discretization of the cell average of the source term that should be obtained with
an appropriate quadrature. It is the discretization of (2.9) that serves as the topic for
the next section.

Remark. The above derivation carries on to systems of balance laws compo-
nentwise. In this case the maximal speeds of propagation can be estimated (for
convex fluxes) as

aj(Mjx) = —min{ A1 [J(u; (M) - njels Ml (g (M) - njx], 0},
°"”( k) = max{An[J (u;(Mjr)) - nji], An [J (wjn (Mji)) - njk], 0,

where J (u; (M,r)) is the Jacobian of the flux F' = (f,g) evaluated at M, and
A1 < -+ < Ay are its N eigenvalues.

3. A well-balanced scheme. In this section we present a scheme for approxi-
mating the solution of (1.1) which is balanced via a discretized average of the source
terms. In section 3.1 we show that the KP scheme (2.8) cannot be balanced using a
straightforward discretization of the source terms on general conformal unstructured
meshes. Using the insights gained from this analysis, in section 3.2 we present a new
scheme based on (2.6), which does allow such balance on general conformal triangular
meshes.

3.1. Balancing the KP scheme. Our goal now is to look for a discretization of
the source term (2.9) such that the scheme (2.8) will preserve stationary steady-state
solutions. Hence, we assume zero velocities, © = v = 0, and a constant surface, i.e.,
w = Const.

Since the first equation in (1.1) is homogeneous, we start by considering the second
equation. Similar analysis applies to the third equation. We are therefore looking for
a discretization of the average of the source term

(3.1) —(w = B)B;

over the cell T;. The velocities are zero and therefore the only nonzero component of
the flux in (1.1) is

1(w — B)%

(3-2) f=3

This means that in order for the scheme (2.8) to preserve stationary steady-state
solutions, the average of the source term (3.1) over the cell T, has to be discretized
such that, for f given in (3.2),

(3.3) = |T ‘ Z ey + a°“° el A f; %) Nk ] + 5.

Here n; . is the component of the normal n;; in the z-direction.
The eigenvalues of the Jacobian of the system (1.1) are u4+/w — B and u, which
are v/ w — B and 0 in the case of zero velocities. If we assume that w is constant

and that the point values of B are known, the one-sided velocities satisfy ajj, = ajy’.
Under these assumptions the condition (3.3) can be rewritten as

N;

_ font =+ ik 1 h;
(34) ;= |T | Z ik K) ng‘k,x] = m kZ::l %k [(w - Bjk)2 njk,w}v
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where Bjk =B (Mjk).
We now assume a discretization of the cell average of the source (3.1) of the form

(35) Sj = — i: gjk(w - Bjk)D,

where D ~ B,, and g, are yet to be determined. To simplify the notations we

denote my = hjEnji . It is easy to check that Egil my, = 0 and hence in order for
the representation (3.5) to be consistent with (3.4) we must have

1 S0y mi B (Bj — 2w)
2|75 Z;ivil gjx(w — Bjr)

Since D in (3.6) should not be a function of w we are seeking constants aj such that

N
E ax By,
k=1

where for simplicity we omit the obvious j-dependence from all the notations. Equa-
tion (3.7) can be rewritten as

N N N
—2 Z miBy = ng Z akBka
k=1 k=1 k=1

(3.6) D=

N

(37) kaBk k — 2w [Z gk w — Bk

k=1

)

(3.8)
N N N
D miBi==> 9B aB.
k=1 k=1 k=1
The coefficients of the powers of By, in (3.8) produce the following system of equations:
—2m; = a; e gk, i=1,..., N,
(3.9) m; = —a;gi, 1=1,...,N,

aig; = —a;jGi, 147, i,7j=1,...,N.
Finally, from (3.9) we have

1 .
(3.10) gi:§kz_lgk’ i=1,...,N.

Equation (3.10) can generally hold only for N = 2, which means that one can expect
to be able to balance the scheme (2.8) for stationary steady-state solutions only in
cells that have two edges that contribute to the flux in the z-direction. This obviously
excludes most meshes. There are two cases of special interest.

1. When the mesh is composed of triangles with one side that is parallel to the
x-axis (see Figure 3.1), each cell has only two edges that contribute to the flux in the
a-direction. In this case the system (3.9) can be solved. This result will enable us
to introduce in section 3.2 a modification of the scheme (2.8) that can be balanced
on general meshes. Due to symmetry considerations, such a mesh will not satisfy
the balance conditions in the y-direction (that come from the third equation in (1.1))
unless all triangles are right triangles that are aligned with both coordinate axes.
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FiG. 3.1. An admissible triangular mesh.

2. The scheme can be balanced in both directions in the very special case of
Cartesian grids. This corresponds to the case previously solved in [14]. The results of
[14] when viewed from the point of view of the system (3.9) amount to the equality

Bl(Bl - 211)) - BQ(BQ - 271}) = (2w - Bl - BQ)(BQ - Bl)

Remark. If we assume a more general discretization of the cell average of (3.1) of
the form

N N
(3.11) S;=— ng(w — By) Z g Brr,
k=1 k'=1

then the system (3.9) is replaced by (denoting my = my/(2|T}]))
_kazzgzlgk’ak’ka kZl,...,N,
(312) ﬁlk = —grLakk, /{Z 1,...,N,

IkOkkr = —Jk' Qk'k, k4K, kK =1,... N.

The system (3.12) can be solved in the general case (unlike the system (3.9)). For
example, in the case of a triangular grid (N = 3) one possible solution (assuming
my # 0 and mg 4 2msg # 0) is

e ma+2my mg
my 1 2m1 21y
S i = — e T
(3.13) g=|m2+ 3|, a= |1 21 +13 2ma+ms
%3 -
C 1 1 2

If 7y = 0, the expression (3.13) can be replaced, e.g., by

0 0 Metihe 1
N . _ 217 n:
(3.14) g=|mo+ % ) a=11 - zm;Tm;; - zmgn:m;,
77123 1 1 -2

If ms + 2m9e = 0, a permutation of the numbering of the sides of the triangle will
provide a solution. Other solutions of (3.12) exist.

While formally being able to balance the scheme with the expressions (3.13) and
(3.14), it remains unclear in what sense ) ,, axr By approximates the derivative B,.
In other words, it is not obvious that the consistency of this discretization can be
established. We therefore consider this approach unsatisfactory.
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Fic. 3.2. The two types of triangles. Left: type 1. Right: type 2.

3.2. A new well-balanced scheme. The analysis in section 3.1 tells us that
balancing the z-derivative flux term requires cells that have only 2 edges which have
normals with nonzero z-components (see Figure 3.1). This can be accomplished by
splitting our cells into subcells and solving the equation on these subcells. Similarly,
the y-derivative flux term can be balanced by a different splitting of the cells. We
now derive a new method based on this observation.

We focus on conformal triangular grids. Our ideas can be easily extended to
other conformal unstructured meshes. In order to create a balanced scheme for (1.1),
we propose to decompose every triangle T} into several triangles as explained below.
This requires a different decomposition for the two flux components. For the first
component, f, we decompose T into two triangles, each of which has an edge parallel
to the z-axis. For the second component of the flux we split 7 into two other triangles,
each of which has an edge parallel to the y-axis.

We denote the vertices of T; as Vi, k = 1,2,3, and define the edges of T} as
Ej1 = Vjo—Vj1, Ejp = Vjz — Vja, and Ej3 = Vj1 — V3. The midpoint of the kth edge
of Tj is M. I (a,b) denotes the closed interval with endpoints a and b. We also use
Vik,o (or Vjk ) to denote the = (or y) component of Vji. To simplify the treatment,
we classify the triangles into two categories as portrayed in Figure 3.2.

(i) Type 1: one vertex Vj; bisects the opposite edge in the y direction: the
y-component Vji, € I (Vja,,Vjs,) and a different vertex Vj, bisects the opposite
edge in the z-direction: Vjo . € I (Vj1,2,Vj3.2). (See Figure 3.2 (left).)

(ii) Type 2: the same vertex Vj; bisects the opposite edge in both the z and y
directions: Vj1 4 € I (Via,y, Vjs,y) and Vi1, € I (Vj2,5,Vjse). (See Figure 3.2 (right).)

Note that these definitions specify our vertex numbering convention. The decom-
position for the g-flux will depend on the type of triangle.

3.2.1. The decomposition in the x-direction. For the flux in the z-direction,
we decompose T into two triangles Tf’l and sz,z (see Figure 3.3). Define ngl
to be the intersection of edge Ejp with the line y = Vj;,. The vertices of Tf’l
are Vﬁl = Vj1, szl := Vj2, and Vﬁ)l The vertices ‘of Tf’Q are Vle = ng’l,
Vj”;’Q = Vjs3, and 1/]22 := Vj1. For both triangles 7}, the lengths of the sides

are h;’, the corresponding midpoints are Mj", the interior and exterior speeds of

. in,out,x,t i x,0 x,0 aps
propagation are ay , and the normals are nj, = (njkw7 n; k,y). These definitions

. z,l _ ) z,2 ) xz,1 _ ) x,2 ) z,1 x,2 ) z,l1 _
imply M5' = My, M5* = Mys, b3 = hyy, b3 = hys, h%3' + B3 = Ry, %! =
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V2

F1c. 3.3. The triangle decomposition for the f-flux.

1 2 2 2 .
Njl,a, “fﬁ = nfi = Nj2.a, nfé = N34, and nj3 = n%x = 0. For the velocities
we have aijul,uut,m,l o a;niollt7 aianOut x,1 _ a;anout’ a]jnlout.,m,Q _ aijxaouc7 and a in, out z,2 _

ln out

a;3°". The velocity a’" 108 Joes not play any role in the following computatlon since
xz,l _ x2

1
N3, = N3, = 0. Fmally7 the external reconstructions are denoted as uj} = wuji,
z,l _ x,2 ) z,2 )
ujy = uji = ugo, and ujy = ugs.

On each triangle Tf’i we denote the cell average of the component of the flux in
the z-direction by <I>; It is given by

2 T,0 T,t

i jk "Cik,x in,T,% T, T, out,T,i ) T,
¥} = g D et e (G (8 () + a5 (s (0530))]
J Jk

k=1 %k

for i = 1,2. The cell average of the z-component of the flux over the entire cell T} is
taken to be the weighted average

‘Tw,l‘ Ta:,Z
J 1 J 2
®; = o)+ 2
- T A
|71 T}
z,l wl _ z,l xl x,2 a:2 _ x,2 z2
Since 20 hjgnge = 0 we have hii'nji = —hiyngy, and hiyngy = —hj i

Hence, ®; can be rewritten as

hjng . | @) fouc asi' i B ajp f (uge (Pin)) + ags' f (uj (Pj1))

3.15) &, =—
( ) J |Tj‘ + aout an + aout
_hjsngsa | @ f‘mt agy' iz ajyf (uje (P2)) + a33'f (u; (Pj2))
|T]‘ a_ljn?, + aout alan + aout ’

where Pj; := Mfz’l and Pjp 1= Mfl’Q.
Remark. We would like to note that the flux term (3.15) can be derived directly
from (2.6) by changing the quadrature points on Ejp to P; and Ps.
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vV,

Fic. 3.4. The triangle decomposition for the g-flux. Left: type 1. Right: type 2.

3.2.2. The decomposition in the y-direction.
Type 1 triangles. We decompose Tj into two triangles T;”l and T;”Z (see
Figure 3.4 (left)). The intersection of the edge E;3 with the line x = Vj5 , is denoted

by V]yl1 The vertices of T]y’l are Vy’1 Vy’1 = Vi1, and V]%l := Vja. The vertices
of T;”Q are ijl2 = Vjo, ij22 = s and Vy 2= Vi1, As before, we have M;fg’l =
M1, MY%? = My, hY3' = hji, hY2 = hjg, h¥i' + hY = hjs3. The normals are
ngél = nj1, n?il = n?f = n;s, ngf = njo, ng;y = ”ngy = 0 and the velocities are
a;u]:out,y,l — aijxgouc a;uéout,y,l _ aijnl,out axjnl,out,y,Z _ aian,out aljnzoucy ,2 1;1 ,out . The VG]OClty
aij'g""t‘y’ does not appear in the result because nj3ly = nJ3 , = 0. Finally, the external

y,l _ vyl _ Y,2 Y,2
reconstructions are UG = U3, uj2 = uy1, uj1 = uj2, and uj2 = uy3.

We denote the cell averages of the component of the flux in the y-direction on
each triangle T7"" by F; It is given by

2 hY;

) 1 o ) ) )

i Jk Jk Yy in,y,i i i out,y, v ) yyi

I = |Tyz| § : RN {%k g (ujk Mjk +ajy Uj Mjk
J ik

k=1 "jk

for ¢ = 1,2. The cell average of the y-component of the flux over the entire cell T} is
then given by the weighted average

7], 2
;=14 L2 Ip2
S ETI N T
j j
Clearly hy’1 %y = hy’1 i’lly and hy2 Jylzy = hy2 JyQQy Therefore I'; can be

rewritten as

hjinjiy ']“195? + a9 _ ajsg (ugs (Pjs)) + ajs'g (uj (Py3))

3.16) I'; =-—
( ) J |er| + aout air + aout

B hjon;ja y J29;§t + a;‘étg;“z B a}n?,g (UjS (P )) + 073 g (UJ (Pj4))
|7“"7| a-;nQ + aout + aout
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e AU e AfY52
where Pj3 := Mj1 and Pjy := Mj2 .

Type 2 triangles. This case corresponds to Figure 3.4 (right). Analogous
computations to those for type 1 triangles provide the cell average of the y-component
of the flux over the cell T}, which this time is given by

(317) T, = _hjingy 3"195? +a3i'gfi _ afhg (ug2 (Py3)) + a3s'g (uj (Pj3))
J |TJ| m + aout ajz + aout
_ hjsn;sy }“39})? + a;’étg}‘é B U«ijnzg (uj2 (P' )+ a;lﬁtg (UJ (Pj4))
‘Tj| js + aout m _|_ aout ?

where Pj3 and Pjs are given in Figure 3.4 (right).

3.2.3. The new method (for conservation laws). We would now like to
combine all the different ingredients that we developed in the previous section into one
scheme. The scheme that we write here is still a scheme for approximating solutions of
the conservation law (2.2) without the source term. Based on our preliminary analysis
of section 3.1 we know that we will be able to find an admissible discretization of the
source terms that will result with a well-balanced scheme. We will treat the source
terms in the next section.

We write two versions of the scheme based on the type of triangle. For type 1
triangles, the discretization of the component of the flux in the z-direction, ®; is given
by (3.15) while the discretization of the component of the flux in the y-direction, I';,
is given by (3.16). In this case the scheme takes the form

dﬂ] _ hjlnjl o [ n\ out _"_aout 1n B mf(u]2 (P )) +a011t (uj (le))

E o |,-T]| am + (lout n o+ aout
hgangae | GBEE + OGS af (42 (P2 )4 a3 f (u; (Pp))
|7}| m + aout m + aout
(3.18) _hingy Jlgﬁt +asi'gli  ajg (uss (Pys )) +asy'g (u; (P3))
. |T]‘ m +aout m _|_a0ut
_ hyanizy azgﬁﬁt +agsgl  ajsg (ugs (P )) + a9 (uj (Pja))
|Tj‘ jg + a”“t J3 + aout
out
J’faﬂk out _ in
|T l Z JE i o out m Out [ jkt - u]k]
Here P, = V5 — %ElyE2>P2 ‘/E’;+1E39E27P3 V1+1E”E3,andP4_V3_
1E2.2
2FE;, 3

For type 2 triangles we replace the discretization of I'; by the one given in (3.17)
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ending with

da; _ hpngie |G ARt fE af (e (P)) + ags f (ug (Ph))
dt |T’]| + aout J2 + aout
hysngze | 95 fé" +agyfiy  ajif (uge (P )) + a3 f (uj (Pj2))
|T’J| a]g + aout 2 + aout
(3.19) _hpngiy }"1953‘ +aji'gh  ajhg (use (Pis)) + ajs'g (u; (Pjs))
. |Tj‘ + a“‘" aj2 + aout
_ hjsn;s .y ]29;? + a;lﬁtgﬁ B aijngg (sz (P' ) + a‘jn29 (uj (Pj4))
|T]‘ a}xé_’_aout m +aolxt
3 in out
1 a;asy
+ h " in.] J — oyct _ umk
T ’; J a]k+a]kt [ J j ]

In this case P, = Vi — ;g;yE Py = Vi + ;EHEQ, Py =V — lEUEQ, and
Py=Vs+3 Es = Fo.
Remarks.

1. For a general triangulation our method will not be conservative because the
fluxes from adjacent triangles will not in general be evaluated at the same point on
the edge. Our tests with irregular triangulations in section 4 show, however, that this
failure of conservation does not lead to serious problems.

2. A simple case of interest is that of coordinate-aligned right triangles. Such
triangles can be considered to be of type 1 with njo, = nj3, = 0 and Pj; = Mj»
and Pj3 = Mj3, which means that the method becomes (taking into account that

Shet hjknje = 0)

d,a] _ 1 fout out ni - aijn fjout Qut jnih .
- 7. m—t J1jlx in ¢ j21%52,2
dt ‘T]| a + aou a]2 + aou
1n out out m out ~in
(3.20) 1 Mh» . aj39;3" +073971h‘ "
: \T| ain + aout J1051,y a"‘3 i a°“t §371053,y
J J j
3 in out
1 (RO )
+ E h b — IR [ Ol],::t _ u)_nk]
‘T| J ai® + aqut J ]
I =1 gk T Tk

As expected, in this case the method (3.20) coincides with the KP method (2.7).

3.2.4. Adding the source term. We return to the shallow water equations
(1.1). Our goal is now to find an admissible discretization of the cell average of the
source terms that will preserve stationary steady states. Such a term will be added
to the RHS of (3.18) or (3.19) depending on the type of the triangle. In the following
we assume type 1 triangles. Similar analysis holds for type 2 triangles. We also note
that the first equation in the system (1.1) is homogeneous. This means that we only
have to consider the remaining two equations when dealing with the source terms.
We recall from section 3.1 that in stationary steady states all the velocities are equal,
afj, = ajy’ = ajr. Our new method (3.18) for the last two equations of (1.1) then
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becomes
(3.21)
0= _hj21|%1|$ :((w (M;1) —OB(Mgl))2) _ ((w (Pj1) —OB(Pgl))2):
_w _<(w (Mj3) —OB(Mjs))2) _ ((w (Pj2) _()B(Pj2>)2>:
_%%Eﬂ:waﬁ)PBU%OV)_(wNEwPBGhW>: )
_hJ;ZZ;y _<(w (Mj2) _()B(MjQ))Q) - ((w (Pja) _()B(Pj4))2>: * ( ji)

The last term in (3.21) represents the average of the source, i.e., g} = avg(—(w —
B)B,) and S’jz- = avg(—(w — B)B,), where both averages are taken over T}.

We use (3.21) to determine the admissible discretizations of the cell averages of
the source terms. For constant w the source terms (given by (3.21)) can be rewritten
as

& hjinie
Sjl = _%[wMjl - BMjl +wp;, — Ble][BMjl - Ble]
T
h‘3’/l‘37
(322) _W[wMjS _BMjs +wp,, _BPjZ][BMjS _Bsz]’
J
_ B Ts
SJ2 - _%[wMjl - BMjl + wp;z — BPjs][BMjl - BPJJ]
|T;]
hjon;
7%[101\47‘2 — Buy, + wpy, — Beyl[Bu, — Beyl-
J

Here, we use the notation wyy, := w (Mj1), etc. We take the expressions in (3.22) as
the discretization of the source even when w is not constant. Similar expressions can
be easily written for type 2 triangles.

LEMMA 3.1. The source discretizations S’; given by (3.22) are consistent approz-
imations of the source terms in (1.1) and lead to detailed balance in the stationary
steady-state case (3.21).

Before proving Lemma 3.1 we consider the following geometrical lemma.

LEMMA 3.2. With M and P defined as in section 3.2.1 (suppressing j),

7]
h2n2,z

7]

M, — P, = R
2702,x

)

; M3,w_P2w:

)

Proof. My = % (Vi + V), and for some s, Py = Vo + s (V53 — Va). We require that
Py y = M, 4, which implies that

L 1Viy Ve
2V3>y_v2’y.
Therefore
1 ]-Vl *VQ ].E1XE2
My, —Pio==-WVig+Voy,)—Vo,— -4 2 (Vo —Vp, )= —-— "=,
1,: 1, 2( 1,0 + Vo, ) 2, 2V37y—V2,y( 3, 2) > s,
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When the orientation of the vertices of Tj is clockwise, Eq x Ey = —2|T| and ny =
h% (—Esy, Ea ;), while when the orientation is counterclockwise, Eq x Ey = 2|T| and

ng = h% (Es,y,—F2 ), so

7|

MLI_Pla::_hTL .
27102 x

)

Similar arguments hold for M3, — Ps ;. - O
Proof of Lemma 3.1. We show that S} ~ avg(—(w — B)B;). To simplify the
notations we suppress the index j. From Lemma 3.2 we know that My, — P, =

Tl Since M, , = P, we have % = B, +O(|M; — Pl\z) at the midpoint

hong, . z— P11z

between M; and P;. Hence the first part of S} in (3.22) becomes

thll T BM - BP
——(wp, — By +wp, — Bp,) —+———+
2h2n2,$( ! ! ! 1) lul,z - Pl,ac
hiny x
=~ : - B — Bp,) B;.
Shanay (war, M, T Wp, p,) Bg

Applying a similar argument to the second term of 531» in (3.22) gives

_ 1 (hing g
(323) Sjl ~ 5 (h;n; (le - BM1 +wp, — BPl)

hans

hgngx (’u}]\/[3 — By, +wp, — Bp2)> B,.
Clearly, the coefficient of B, in (3.23) is a discretization of a weighted average of
—(w — B). For example, when w — B is constant we have

a1 . hanig + hang o

St~ —2 227 (w— B)B, = — (w— B) B,.

e P PRI (1~ B) B, = — (1w~ )
Similar arguments hold for 5’32 ]
Remark. If we consider a Cartesian mesh split into triangles along a diagonal, it

is easy to see that our method reduces to the method in [14].

4. Numerical examples. The scheme developed in section 3.2 did not assume
any particular reconstruction. There are several different second-order reconstructions
on triangular meshes that are being used in the literature (see [16] and the references
therein). We briefly describe the one we used in our simulations.

The starting point is the limited least-squares estimate of the gradients as done
in [2]. The first step is to compute a least-squares estimate of the gradient of a field
f on the triangle T}, @j f. We then limit the gradient D; f component by component
as

Df =MM (vjfv Vi f,Viaf, €j3f)7
where @jk f is the least-squares gradient estimate on T}; and MM stands for the usual
MinMod limiter

min; {z;} ifz; >0 Vj,
MM (21,22, ...) =< max;{z;} ifz; <0 Vj,
0 otherwise.
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Fic. 4.1. The two types of triangle meshes. Left: Uniform triangulation. Right: Perturbed
(nonuniform) triangulation.

We use the gradients D; to construct a piecewise linear reconstruction for the point
values of each triangle edge ;i as

uj (%) = u; + MM (Dju - (Z — &5) , Djpu - (T — 7).

Here Djju is the limited gradient estimate on T}y, Z; is the center of T}, and & € Ejy.
We find that this double use of the MinMod limiter minimizes spurious oscillations
while preserving the second-order accuracy of the reconstruction.

We use an adaptive time step given by

y 7
AN

At = 0.9 min
J

where 7; is the radius of 7} and |)\§V\ is the norm of the largest eigenvalues of the
Jacobian of the flux on T}.

We use two types of meshes in most of our simulations. The first is a uniform
triangulation of a Cartesian mesh with N x N nodes and constant spacings Az and
Ay, which divides each Cartesian cell into four triangles. To test our method on
more general meshes, our second type of mesh is generated from a uniform triangular
mesh with a perturbation of the coordinates of the interior vertices. Examples of
both meshes are shown in Figure 4.1. The only exception is Example 6, which uses a
uniform triangulation of a warped Cartesian mesh.

Example 1: Accuracy tests for a two-dimensional Burgers equation.
We test the accuracy of our method (3.18)—(3.19) on nonlinear problems by applying
it to the two-dimensional Burgers equation

x

u+ g (u?), +3 (w?), =0, [-2m 2],
(4.1)

ac+’y)7

u(z,y,t =0) =sin (%

with periodic boundary conditions. The relative L'-error (i.e., the L!-error divided by
the L'-norm of the exact solution) of our method at 7" = 0.5 is shown in Table 4.1 for
uniform and perturbed triangulations. The computed cell averages after singularity
formation at T' = 1.5 are shown in Figure 4.2. Note the sharp shocks that are captured
by our method.
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TABLE 4.1
L'-error and convergence rates for Burgers equation (4.1) at T = 0.5 on a uniform and a
perturbed triangulation of an N X N Cartesian mesh.

Uniform triangulation Perturbed triangulation
N Relative Ll-error ‘ L'-order Relative Ll-error ‘ L'-order
10 0.064 — 0.064 —
20 0.014 2.20 0.014 2.20
40 4.68 x 1073 1.58 4.65 x 1073 1.59
80 1.37 x 1073 1.77 1.36 x 1073 1.77

Side view

Fic. 4.2. Burgers equation at T = 1.5 on a uniform triangulation of a 20 x 20 Cartesian mesh.
Left: oblique view. Right: side view.

Example 2: The Sod problem. To test our method (3.18)—(3.19) on a system
of equations we apply it to the Sod problem for the Euler equations

P gu pU
pou pu” +p puv
4.2 0.
(4.2) po | T puv pv* +p
E J, u(E+p) ), v(E+p) ),

Here p is the density, (u,v) is the velocity, and E is the energy. The equation of state
for the pressure is p = (y — 1) [E — § (u® + v?)]. We set v = 1.4 and take the initial
conditions (constant in the y-direction)

_ {(1.0,1.0,0.0,0.0), x<0.5,
(4.3) (b, p u,v) = { (0.1,0.125,0.0,0.0), z > 0.5.

Figure 4.3 shows the computed cell averages at 7' = 0.16 using our method from
section 3.2 projected onto the y = 0 plane. A reference one-dimensional solution is also
shown. The two-dimensional problem is run on both a uniform triangulation based
on a 300 x 30 Cartesian mesh on the domain [0, 1] x [0,0.1] as well as a perturbation
of that mesh. The one-dimensional reference solution is computed using the second-
order central method of [15] with 3000 points in the domain [0,1]. As expected, the
quality of the solution slightly degrades on the nonuniform mesh.

Example 3: A balance test. In this example we demonstrate the well-balanced
property of our scheme (3.18)—(3.19) with the source discretization (3.22).
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Fi1G. 4.3. The pressure (left) and u-velocity (right) fields of the Sod problem at T = 0.16 on a
uniform triangulation (top) and a perturbed triangulation (bottom). The circles show an orthogonal
projection onto the y = 0 plane of the solution of the two-dimensional problem on a triangular mesh.

The line shows a one-dimensional reference solution computed with the second-order central-upwind
method of [15].

As a simple test of balance, we consider the shallow water problem with initial
conditions that represent a stationary steady state. We choose w (z,y,t =0) = 2,
u(z,y,t =0) = v(z,y,t =0) = 0, and a bottom topography given by B (z,y) =
sin(27z) + cos(27y) on the domain [0, 1]2. We assume periodic boundary conditions.
This initial value problem has the trivial stationary steady-state solution w (x,y,t) =
2, u(x,y,t) =v(x,y,t) =0 for all ¢.

The relative L'-errors at T = 1 on both uniform and perturbed triangulations
based on a 10 x 10 Cartesian mesh are given in Table 4.2. This table also shows
the result found using the KP method [16] with the same source discretization (3.22)
which is not balanced for this scheme. We see that our method balances to machine
accuracy.

Example 4: Propagating waves with a bottom topography. We apply our
method to a test problem from [18] of a small perturbation of a steady-state problem
on the domain [0, 2] x [0, 1] with periodic boundary conditions in the y-direction. The
bottom topography is the elliptical Gaussian mound given by

B(z,y) = 0.8exp (—5 (z —0.9)% — 50 (y — 0.5)2),
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TABLE 4.2
The relative L'-error in the balance for (3.18), (3.19), (3.22) and for the KP scheme with the
source discretization (3.22).

[ Method “ Uniform triangulation “ Perturbed triangulation ]
(3.18)—(3.19)—(3.22) 3.5 x 10717 6.9 x 10719
[16] + (3.22) 3.0 x 1073 3.5 x 1073

T=0.6
1 1
0.5 05
0 0
0 15 2 0 1 15 2
T=0.9 T=0.9
1 1 g
0.5 05
0 0 i
0 0.5 1 1.5 2 0 05 1 15 2
T=1.2 T=12
1 1 7
0.5 05
0 0 4
0 0.5 1 1.5 2 0 05 1 15 2
1 1
0.5 05
0 0
0 0.5 0 05
1 1
0.5 05
0 0
0 0.5 0 05

Fic. 4.4. Wave propagation over an elliptical hump at various times. Left: uniform triangula-
tion based on a 200 x 100 mesh. Right: uniform triangulation based on a 400 x 200 mesh.
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Fi1G. 4.5. Ezample 6: (a) The mesh. (b) Contours of w for a critical flow through a converging-
(c) Contours of w for a critical flow through a

diverging channel with flat bottom at T = 7.
converging-diverging channel with the topography shown below at T = 7. (d) The bottom topography

for figure (c).
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and the initial conditions are

( - (1.01,0.0,0.0) if 0.05 <z < 0.15,
Y= (1.0,0.0,0.0)  otherwise.

Figure 4.4 shows the result of our method at various times on a uniform triangulation
of both a 200 x 100 and 400 x 200 Cartesian mesh. These results are in good agreement
with other methods on Cartesian grids (see [14, 18]).

Example 5: Converging-diverging channel with bottom topography.
Our final example is that of a converging-diverging channel with critical flow adapted
from [12]. The channel is defined on the domain [0, 3] x [—0.5,0.5] with a half-cosine
constriction centered at z = 1.5. The mesh for this example is shown in Figure 4.5(a).
It is a nonuniform triangulation obtained by warping a uniform triangulation of a
Cartesian mesh under the mapping (z,y) — (z, (1 —0.2cos? (7 (z — 1.5))) y) when
|z — 1.5] < 0.5. The initial data is w = 1,u = v = 0. The y-boundaries are reflecting.
The left z-boundary is an inflow boundary with v = 5.0 and the right z-boundary
is a zeroth-order outflow boundary. We run the simulations on a 90 x 30 mesh until
T =7 after the steady state is achieved. We would like to emphasize that this is not
a stationary steady state.

We first present this example with a flat bottom, with contours of w shown in
Figure 4.5(b). Figure 4.5(c) shows the same channel at the same time with bottom
topography

B(z,y) = 0.8 (exp (—10 (r—1.9)% =50 (y — 0.2)2)

+exp (720 (z—2.2)% — 50 (y + 0.2)2)).

This topography is shown in Figure 4.5(d) and represents two elliptical Gaussian
mounds just downflow from the constriction.

We choose the initial and boundary conditions such that stationary shocks are
generated. The symmetry of the flat-bottom case (Figure 4.5(b)) is broken by the
nonsymmetric bottom (Figures 4.5(c)—(d)). These results are in qualitative agreement
with those that are shown in [12]. We note that the simulations in [12] correspond
only to the flat bottom case.

5. Conclusion. In this paper we presented a well-balanced semidiscrete central
scheme on triangular meshes for shallow water equations with bottom topography.
This scheme is derived by changing the quadrature rules for the flux integrals that
were proposed in [16]. A careful discretization of the source term then allows us to
preserve stationary steady states.

The numerical flux is complemented by a new second-order reconstruction on
triangular meshes. The accuracy and well-balanced properties of the scheme are
demonstrated in a variety of numerical simulations.

Several generalizations of this scheme are left for future research. This includes
dry beds and dissipative systems.

Acknowledgments. We would like to thank Jonathan Goodman and Benoit
Perthame for helpful discussions.
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