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ABSTRACT. We study the distribution modulo 1 of the values taken on the integers of r linear
forms in d variables with random coefficients. We obtain quenched and annealed central limit
theorems for the number of simultaneous hits into shrinking targets of radii n="/¢. By the
Khintchine-Groshev theorem on Diophantine approximations, r/d is the critical exponent for
the infinite number of hits.

Riésumic (Théoréme central limite pour des approximations diophantiennes simultanées)

Nous étudions la loi de probabilité modulo 1 des valeurs prises sur les entiers par r formes
linéaires de d variables a coefficients aléatoires. Nous montrons un théoréme central limite,
« en moyenne » et « presque sir », pour le nombre de points atteignant simultanément des
cibles de rayon décroissant & une vitesse n=r/d, D’apres le théoreme de Khintchine-Groshev
sur les approximations diophantiennes, r/d est le seuil critique & partir duquel le nombre des
points tend vers I'infini.
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1. INTRODUCTION

1.1. Resurrs. — Animportant problem in Diophantine approximation is the study of
the speed of approach to 0 of a possibly inhomogeneous linear form of several variables
evaluated at integers points. Such a linear form is given by £: T x T¢ x Z¢ — T

d
i=1

More generally, for 7 > 1, one can consider r linear forms £,; (k) for j =1,...,r
corresponding to @ = (a!) € T™" and = := (z',...,2") € T", where each o/,
j=1,...,r, is a vector in T¢.

Diophantine approximation theory classifies the matrices @ and vectors  according
to how “resonant” they are; i.e., how well the vector ({,i 4i(k))j—; approximates
0:=(0,...,0) € R" as k varies over a large ball in Z%. One can then fix a sequence
of targets converging to 0, say intervals of radius r, centered at 0 with r,, — 0, and
investigate the integers for which the target is hit, namely the integers k such that
.,
radii following a power law, r,, = en™7 for some v, ¢ > 0 (see for example [18, 15, 30]
or [5] for a nice discussion related to the Diophantine properties of linear forms).

Fix a norm |- | on R?, and let || - || denote the Euclidean norm on R". For ¢ > 0,
define the following sets

(k) € [=rg|, k)] for every j = 1,...,r. An important class of targets is given by

Bi(k.d,r,c) = [0,clk|™"]" C R
and
By(k,d,r,¢) = {a € R" : ||| < ¢|k|~¥"}.
For « = 1 or 2, we then introduce
VN (a,x,c) = # {0 < k| < Nt (lyiai (k)51 € Bu(k, d,r, c)} ,
(1.1) Un,.(a,c) =Vy,(a,0,c).

A matrix @ € T is said to be badly approzimable if for some ¢ > 0, the se-
quence Un,(a,c) is bounded. By contrast, matrices a for which Ug ,(a,c) is un-

bounded for some € > 0, where U (a, c) is defined as Uy, but with radii en~rE

instead of en~%" are called very well approzimable or VWA. The obvious direction
of the Borel-Cantelli lemma implies that almost every a € T¢X" is not very well
approximable (cf. [7, Chap. VII]). The celebrated Khintchine-Groshev theorem on
Diophantine approximation implies that badly approximable matrices are also of zero
measure [17, 15, 12, 28, 6, 4]. Analogous definitions apply in the inhomogeneous case
of Vi, (a,x, c), and similar results hold.

For targets given by a power law, the radii cn~%" are thus the smallest ones to
yield an infinite number of hits almost surely. A natural question is then to investigate
statistics of these hits, which we call resonances. In the present paper we address in

this context the behavior of the resonances on average over a and x, or on average
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CLTs For sSIMULTANEOUS DIOPHANTINE APPROXIMATIONS 3

over a while x is fixed at 0 or fixed at random. Let Vol denote the Euclidean volume
and consider the expected number of hits

?N,L = Vol(B,(1,d,r,c))In N

when « and a are uniformly distributed on corresponding tori. Let .4 (m, 02) denote

the normal distribution with mean m and variance o2.

Turorem 1.1. — Suppose (r,d) # (1,1), and let a be uniformly distributed on T,
Then,
UN,L(a’7 C) - ‘7N,1,
VIn N

converges in distribution to A (0,02) as N — oo, where

((r+d—1) ., w2,

1.2 2 —=92¢"d>———2Vol(# = =

( ) 01 c C(T +d) o. ( )7 O3 1-\(% T 1) 01,

and A is the unit ball in | - |-norm.

Remark 1.2. — The restriction (r,d) # (1,1) above is necessary. In fact, it is shown in

[25, 27] using continued fractions that in that case the Central Limit Theorem (CLT)
still holds for Uy, but the correct normalization should be vIn N Inln N rather than
vVInN.

Turorem 1.3. — Let a and = be uniformly distributed in T . Then,

VN,L(O‘7 €, C) - ?N,L

converges in distribution to A (0,1) as N — oo.

The preceding theorems give CLTs in the cases of « fixed to be 0 or & random.
The CLT also holds for almost every fixed x.

Tueorem 1.4. — Suppose (r,d) # (1,1). For almost every x, if a is uniformly dis-

tributed in T, then (VN (a,z,c) — ‘A/Nyb)/\/ ‘A/N,L converges in distribution to a nor-
mal random variable with zero mean and variance one.

1.2. Pra~ or tue parer. — Using a by now standard approach of Dani correspon-
dence (cf. [9, 23, 24, 1, 2, 3, 21]) we deduce our results about Diophantine approxi-
mations from appropriate limit theorems for homogeneous flows. Namely we need to
prove CLTs for Siegel transforms of piecewise smooth functions; these limit theorems
are formulated in Section 2. The reduction of the theorems of Section 1 to those of
Section 2 is given in Section 3. The CLTs in the space of lattices are in turn deduced
from an abstract Central Limit Theorem (Theorem 4.2) for weakly dependent random
variables which is formulated and proven in Section 4. In order to verify the condi-
tions of Theorem 4.2 for the problem at hand we need several results about regularity
of Siegel transforms which are formulated in Section 5 and proven in the appendix.
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4 D. Dovrcopyar, B. Favap & I. Vinocrapov

In Section 6 we deduce our Central Limit Theorems for homogeneous flows from the
abstract Theorem 4.2. Section 8 contains the proof of the formula (1.2) on the vari-
ances. Section 7 discusses some applications of Theorem 4.2 beyond the subject of
Diophantine approximation.

2. CeEnTRAL LimiT THEOREMS ON THE SPACE OF LATTICES

2.1. Noration. — We let G = SLg4,(R), G = SLgy,(R) x R*". The multiplication
rule in G takes form (A4,a)(B,b) = (AB,a + Ab). We regard G as a subgroup of G
consisting of elements of the form (A4,0). We let I be the abelian subgroup of G
consisting of matrices A, and L be the abelian subgroup of G consisting of matrices
(Mg, (0,9)) where 0 is an origin in R?, y is an r-dimensional vector, a is a d x r matrix

and
_(1dg 0
Ba = ( a Idr> '

Let .# be the space of d 4+ r dimensional unimodular lattices and M be the space
of d + r dimensional unimodular affine lattices. We identify .# and M respectively
with G/ SLa4r(Z) and G/ SLay,(Z) x Z4+7.

We will need spaces C*"(RP), C*"(.#), and Cs”"(//?j of functions which can be
well approximated by smooth functions, given s, > 0. Recall first that the space
C*#(IRP) consists of functions f: R? — R whose derivatives up to order s are bounded.
To define spaces C*(.#) and C""(/Z/v)7 fix bases for Lie(G) and Lie(G); then, C*(.#)
and CS(/Z/V) consist of functions whose derivatives corresponding to monomials of
order up to s in the basis elements are bounded (see Appendix for precise definitions).
Now we define C*"-norm on a space equipped with a C*-norm and an L'-norm by
(2.1) [fllgsr = sup sup — "([f T os + 1 Mles)-

0<e<l  pogf<st
IFF=fllpa<e

In the examples considered above (R .# and .#), the L'-norm is taken with
respect to the Haar measure. Some properties of these spaces are discussed in the
Appendix.

Given a function f on R™t? we consider its Siegel transforms .7 (f) : .# — R and
F(f) : M — R defined by

SINL) = fle), LNL) =) fle).
ec? ec?
We emphasize that Siegel transforms of smooth compactly supported functions are
never bounded but their growth at infinity is well understood, see Subsection 5.3.

2.2. RESULTS FOR THE SPACE OF LATTICES. — In this section we present general Central
Limit Theorems for Siegel transforms. The reduction of Theorems 1.1, 1.3, 1.4 to the
results stated here will be performed in Section 3.

Let f € C*"(R%") be a non-negative function supported on a compact set which
does not contain 0. (The assumption that f vanishes at zero is needed to simplify
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the formulas for the moments of its Siegel transform. See Proposition 5.1.) Denote
f= ff]Rd-H‘ f(z,y)dzdy.

Given positive numbers K and « we say that a subset S C . is (K, «)-regular
if S is a union of codimension 1 submanifolds and there is a one-parameter sub-
group h, C L such that

wZ: h[,s’a]f NS # o)< Ke,
where p denotes the Haar measure on .#. We say that a function p: .# — R is
(K, a)-regular if supp(p) has a (K, «)-regular boundary and the restriction of p to
supp(p) belongs to C* with
Hp”CO‘(supp(p)) < K.
(K, a)-regular functions on M are defined similarly.

Let A be subgroup of G consisting of diagonal matrices. We use the notation
da for Haar measure on A. We say that p is K-centrally smoothable if there is a
positive function ¢ supported in a unit neighborhood of the identity in A such that
J, ¢(a)da =1 and

po(2) = [ pla)o(a)da
has L* norm less than K. We say that a function p on M is K -centrally smoothable if
P (&)= sgpp(K )
is a K-centrally smoothable function on .#. As before, we write .4 (m,a?) for the
normal distribution with m and variance 02 and “ = ” stands for convergence in

distribution.
For p € N and t € R, we denote the p x p diagonal matrix

2t
and let

22) 0= ("5 bytagm)

Tueorem 2.1. — Suppose that (r,d) # (1,1).
(a) There is a constant o such that if £ is uniformly distributed on .4 then
Yoo L (g"L) — NT

oV N

= 4(0,1)

as N — oo.
(b) Fiz constants C,u,a,e with € < 1/2. Suppose that £ is distributed according
to a density py which is (CN*, «)-reqular and C-centrally smoothable. Then

SN N L9 L) - NT
VN

= 4(0,1)
as N — oo.
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6 D. Dovrcoryar, B. Favap & 1. Vinocrapov

TueorEm 2.2

(a) Let £ be uniformly distributed on M. Then there is a constant & such that

SN AL~ NT
VN

= A4(0,1)

as N — oo. .
(b) Fiz constants C,u,a,e with € < 1/2. Suppose that £ is distributed according
to a density py which is (CN*, a)-reqular and C-centrally smoothable. Then

SN L9 L)~ NT
VN

= 4(0,1)
as N — oo.

Let  be an unstable box, that is

7 = {(Aa, (0,2)) Lo} (a.m)e, x50,

where ffvg is a fixed affine lattice and R; and 9, are boxes in R4*" and R” respectively.
Consider a partition II of & into IL-boxes. Thus elements of II are of the form

{(AlM (07 mo))%}aeﬁl

for some fixed xg.

Turorem 2.3. — Suppose that (r,d) # (1,1). Then for each unstable cube 9 and for
almost every £ € 9, if & is uniformly distributed in TI(Z), then

SN A ()gnL) - NT

/N = 4(0,1)

as N — oo.

The explicit calculation of o and & when f is an indicator function (the case needed
for Theorems 1.1-1.4) will be given in Section 8.

Remark 2.4. — Central Limit Theorems for partially hyperbolic translations on ho-
mogeneous spaces are proven in [10] (for bounded observables) and in [22] (for L%
observables); see also [31, 26] for important special cases. It seems possible to prove
Theorem 2.1 for sufficiently large values of d + r by verifying the conditions of [22].
Instead, we prefer to present in the next section an abstract result which will later be
applied to derive Theorems 2.1, 2.2, and 2.3. We chose this approach for three reasons.
First, this will make the paper self contained. Second, we replace the L* assumption
of [22] by a weaker L?*° assumption which is important for small d + 7. Third, our
approach allows to give a unified proof for Theorems 2.1, 2.2, and 2.3.
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3. DIAGONAL ACTIONS ON THE SPACE OF LATTICES AND
DI(,)PHANTINE APPROXIMATIONS

In this section we reduce Theorem 1.1, 1.3, and 1.4 to Theorems 2.1-2.3. To fix our
notation we consider Uy ; and Vi 1, the analysis of Uy > and Vi 2 being similar. We
also drop the extra subscript and write Uy ; and Vy 1 as Uy and Vi, respectively,
until the end of this section.

In Subsections 3.1 and 3.2 we explain how to reduce Theorem 1.1 to Theorem 2.1.
The reductions of Theorems 1.3 and 1.4 to Theorems 2.2 and 2.3 require only minor
modifications which will be detailed in Section 3.3.

3.1. DANI CORRESPONDENCE. In this subsection we use the Dani correspondence
principle to reduce the problem to a CLT for the action of diagonal elements on the
space of lattices of the form A, where a is random.

Let a be the matrix with rows a; € R%, i =1,...,r. Let

Idg 0
Ao = .
(a Idr)
Let ¢ be the indicator of the set
(31)  E.:= {(x,y) R X R" : |z| € [1,2], |2*"y; € [0, ] for j = 1,...,7’}

and consider its Siegel transform ® = .7(¢).
Now n = (ny,...,nq) with |n| < N contributes to Un(a,c¢) (from (1.1)) precisely
when there exists (mq,...,m,) € Z" such that

d d
(3.2) (Z nioq; +ma, ..., Z nio; + mr) € B(n,d,r,c).
i=1 i=1

Clearly such a vector (mq,...,m,) is unique. It is elementary to see that (3.2) holds
if and only if
(3.3) g Aa(ny,...,ng,m,...,m,) € E,.

for some integer ¢t < 21982 M where g is the diagonal matrix defined in (2.2).
Below we will use the notion Ay < By to mean that the ratio |Ay|/By is
bounded. From (3.2)—(3.3) we obtain

Lemma 3.1. — For each € > 0
[log, N]
Un(a,c) = Z o g (AaZT) + Ry,  with BN 1 (q) < (logy N)®
t=[(log, N)e]

and L'(a) denoting the L*-norm with respect to the Lebesque measure on the unit
cube in R4,

Proof. — From (3.2)—(3.3), it follows that

Ry < {2“%’2 N < fn] < N,

or [n] < 20082 M)°) : (lo.ar(n), ..., Lo,ar(n)) € B(n,d,r, c)} .
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8 D. Dovrcoryar, B. Favap & 1. Vinocrapov

Note that for a fixed n € Z¢ and j € 1,...,r, the form {¢;(n,0,q;)} is uniformly
distributed on the circle. Hence

Leb {a € T : (Lo a1 (1), ..., Lo.ar(n)) € B(n,d,r, 0} <

In|®’
and so
1 1 R
BN 11 (a) < > i+ > i < (logy N)*. 0
ollog2 N1 |n|<N |n| 22 N)E
Hence, to prove Theorem 1.1 we can replace Uy (a,c) by
[logy N]
Z ® o gt (AgZ4TT).
t=[(log, N)¢]
3.2. CHANGING THE MEASURE. — Note that the action of g* on the space of lattices .#

is partially hyperbolic and its unstable manifolds are orbits of the action A, with
a € M(d,r) ranging in the set of d X r matrices. This will allow us to reduce the proof
of Theorems 1.1, 1.3 and 1.4 to CLTs for the diagonal action on the space of lattices.
A similar reduction is possible for the g’-action on the space of affine lattices since in
that case the unstable manifolds for the action of g* are given by (A4, (0,)), with
acM(dr),zeR".

Let n = 1/k1%¢ where k = [logy N]. For i = 1,...,r +d — 1 let ¢; be independent
uniformly distributed in [—7, n]. Also introduce a random matrix b € M (r,d) where
all the entries of b are independent uniformly distributed in [—1,1]. Let

D, = diag (1 Ftr,e L+ tapro, ( Zif‘l(l + tg))il)

— (14 b
Ay = ( 0 Idr) '
Let A(a,b,t) = DyApAqg.

It is clear that if a is distributed uniformly in a unit cube, then K(a7 b,t) is dis-
tributed according to a (Ck'9% 1)-regular and C-centrally smoothable density for

and

some constant C. Note that
gtx(m b,t) = D¢Ap,g'Aa, where |by < et
Observe also that for h € G and E C R¥*", we have
SAp)(hZ) = S (Ly1p)( L),
and thus if ¢ is sufficiently small then for ¢ > k° we have
7 (L) (g'Ma, b, )Z7) = 7 (1g,) (9" MaZH7)| < L (1) (g AaZH7),

where E denotes a Ck—104 neighborhood of the boundary of E.. Now the same argu-
ment as in Lemma 3.1 gives

JI.P. — M., 2017, tome 4
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Lemma 3.2 For each ¢ > 0,
[log, N] [log, N] _ _
S @og(MZ™) = > Bog'(Ala.bt)ZMT) + Ry,
t=[(log, N)¢] t=[(log, N)*]

with HENHLl(a,b,t) <L

Now Theorem 1.1 follows from Theorem 2.1 except for the formula for o which is
derived in Section 8.

3.3. INHOMOGENEOUS CASE. The reduction of Theorems 1.3 and 1.4 to Theorems 2.2
and 2.3 requires only small changes compared to the preceding section. To wit, Lem-
mas 3.1 and 3.2 take the following form.

Lemma 3.3
(a) For each e >0,
[logy N] N
Vn(a, o)=Y S(1e)(g (AaZ™ + (0,2)) + R (a,a,c),
t=[(log; N)¢]

where || Ry |14y < (logy N)©.
(b) Let b and t have the same distribution as in Subsection 3.2 and y be uniformly
distributed in [—1,1]%. Then for each & > 0

[log, N] .
S (1e) (9" (MaZ™ +(0,2)))

t=[(logy N)*]
[logy N]

= Z Z(15,)(g" (A(a, b, )24 + (y,x))) + Ry (a,b,t,z, y,c),
t=[(logy N)<]

with ||§N||L1(a,b,t,’y) <L

Note that in part (a) the error has small L!'(a) norm for each fixed . This fol-
lows from the fact that for each & and k, ak + @ is uniformly distributed on T".
This is useful in the proof of Theorem 1.4 since we want to have a control for each
(or at least, most) x. We also note that part (b) is only needed for Theorem 1.3 since
in Theorem 2.3 we start with initial conditions supported on a positive codimension
submanifold of ./ . (One of the steps in the proof of Theorem 2.3 consists of fattening
the support of the initial measure, see Subsection 6.3, however Lemma 3.3(b) is not
needed at the reduction stage).

4. AN aBstrRACT CENTRAL Limit THEOREM

In this section, we present an abstract Central Limit Theorem for weakly dependent
random variables that is well adapted to variables coming from deterministic dynami-
cal systems. In order to make our theorem applicable to mixing flows on non-compact
manifolds as well as to non-uniformly hyperbolic systems we allow the variables to
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be unbounded and take into account the existence of small exceptional “bad sets” on
which the variables are not controlled. In Section 6, we will use the abstract CLT (The-
orem 4.2) to prove Theorems 2.1, 2.2, 2.3. There, we will take the variables & to be
(L) = 0(g".L), ® = Z(f) (or L(f)), for a positive function f € C=7(R) sup-
ported on a compact set which does not contain 0. The functions ® are not bounded
but, since we excluded the cases of linear lattices with » = d = 1, they are in L* for
s > 2. The latter fact follows from the results of [23] and [21] (which will be recalled

in Section 5.3 and the Appendix).

4.1. BounbpeEp raNDOM vARIABLES. — Before we state our CLT for variables in L*,
s > 2, we give a simplified version of it in the case of bounded variables.

In what follows C,u > 0,0 € (0,1) are fixed constants. Let &, be a sequence of
random variables satisfying the following conditions. Write 5,, =&, — E(&,) for the
corresponding centered random variable.

—_—

(H1) There exists filtration {.%}s>0 such that for every ¢, k there exists a bounded
Fu+-measurable random variable & ¢4 with E& o, = EE such that

P& — Eoovi] = 0F) < O+ 1)"0%.

(H2) For £, k, there exists an event Gy x such that P(G§ ;) < C6* and for w € Gy

E(Erir] Fo)(w)| < C(L+ 1)"0".

(H3) There is a sequence by, such that for w € Gy ¢ and k' > k

E(&oyulorn |1 F0) (@) — br—k| < C(L + 1) e * Rk,

Turorem 4.1. If & is a bounded sequence satisfying (Hl)f(ﬁg) then

Pl (& — B (&)
\/ﬁ

converges as n — oo to the normal distribution with zero mean and variance

o? = b0+22bk.
k=1

Theorem 4.1 follows from a more general statement (Theorem 4.2) that we now
formulate and prove.

4.2. Tue GENERAL STATEMENT. — In what follows C,u > 0,6 € (0,1), and s > 2 are
fixed constants. Let &, be a sequence of random variables satisfying the following
conditions. Write &, = &, — E(&,,) for the corresponding centered random variable.
(H1) Given any K, there is a sequences £X of random variables such that
(Hla) |€X| < K almost surely;
(H1b) E (& — &al) = O(K' =), E((& — &)%) = O(K?7*).

JI.P. — M., 2017, tome 4
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(H2) There exists a filtration .%y = % ,, defined for 0 < ¢ < n such that for every
pair of nonnegative numbers ¢, k with ¢ + k < n, there exists a variable 552 4, that is
F+p-measurable, |§f€+k\ < K almost surely, ]Eﬁfu_k = E¢X, and

P& = Eleral > 0F) S CKM(C+1) 0"
(H3) For £, k, there exists an event Gy ¢ such that P(GY, ) < C6* and for w € Gy
B4l Fe) ()] < O+ 1) K 6"

(H4) There exists a numerical sequence bk i, for k > 0 such that for w € Gy, ¢ and
k' >k,
(€55 1&85 k| F0) (@) = i —e| < C(E+ 1) K e * —Pgk,
In the following Theorem, part (a) is sufficient to prove results such as Theo-
rem 2.1(a), where the distribution of the lattices is given by the Haar measure, while

part (b) is tailored to adapt to the case of localized initial conditions such as in
Theorem 2.1(b).

Tueorewm 4.2
(a) Under conditions (H1)—(H4) if w is distributed according to P then

o &

S0 — (0,07
= (0.0%),
with
(4.1) 0’2:0'0+2§:10'j, Gj:I(lgnoobKJ.
=

(b) Suppose conditions (H1)~(H4) are satisfied. Fiz e > 0 such that = +¢ < 1/2
and set K,, = n(1+e)/s Suppose that w is distributed according to a measure P,, which
has a density p, = dP, /dP satisfying

(D1) pn < Cn¥;
(D2) for each k there is an Fj-measurable density py r such that

> 0F) < Cn"0%;

IPj(|pn - pn,k
(D3) For each n® < { < n,
En(lée — &) < OK,~°,

where E,, denotes the expectation with respect to Py, that is, E,(n) = E(npy).
Then,

-1 =

?:nf gl

n = A(0,0?%).

JIEP M., 2017, tome 4



12 D. Dovrcoryar, B. Favap & 1. Vinocrapov

4.3, LLIMITING VARIANCE. Here we show that the normalized variance converges.
Levma 4.3. — Under conditions (H1)—(H4) we have that
—1 ~
E((XCi—0 §)%) _ o

lim —==">"" = g7,
n—o00 n
with o as in (4.1).
Proof. First we record a property of cross-terms in the sum that lets us pass from &,
to the truncated sequence. We have
(4.2) D :=E(&njém) — E(En16m) = O(K>™).

Indeed, we have
D= E(gmﬂ"fm) - E( 'rlri-&-]grirg)
— E(&n+7)E(Em) + E(En i )E(ER)
= E(&niy (Em — &0)) +EEm (Emts — Emes)) +E(Em — £0) Emts — Emsy)
~ E(€mr ) E(Em — &0) = BAER)E(Emts — Emry) = ElGm = E0)E(Ems — Emsy).
Now applying the Cauchy-Schwarz inequality followed by (H1a) and (H1b), we arrive
at the bound (4.2) since s > 2.
Next, applying (H1), (H3), and (H4) with £ = 0 gives
(e s6m) =BG 6mlo,.) + EER & e, ,)
(4.3) = bicj + O(K"e"0™) + O([| €54l o= |5 | L= P(G 0))
=bg,; + O(K"e"0™) + O(K?0™).
Combining (4.2) and (4.3) we get
bij = E(Emj&m) + O(K>™%) + O(K"e"0™) + O(K?0™).
Take a small number £ > 0 and assume that j < £K, K < K < 2K. Taking m = K/2
we see that
bk —bg ;= O(K?79).

Therefore for each j, the following limits exist,

gj = Klgnoo bej.
and moreover
(44) bK,j = O'j + O(K2_S).

We give now the key estimates on the cross-terms in the variance according to
different regimes for ¢ and j.

SusLEmMmA 4.4. — We have the following estimates.
(a) There exists A > 0 such that for all (¢,£+ j) € [0,n]?

|E(€eéers)| < A.

JI.P. M., 2017, tome 4



CLTs For sSIMULTANEOUS DIOPHANTINE APPROXIMATIONS 13

(b) Let = min ( 3(s—2) ,%) If j > Inn? and £ < n, then
E(eers) = O(8").
(c) If j <Inn? and £ > Inn*, then
E(&éets) — 05 = O(n2).
(d) There exists C > 0 and v > 0 such that for j > Inn?,
loj| < CoI.

Before we prove the sublemma, we show how it implies Lemma 4.3. We have

E n:l gé 2 1 n—1 R

D LS e@ 12 3 @)

£=0

n
Le[0,n—2]
Jj€E[1,n—{]

{Z EE)+2 Y E(&&H)}wm

{=Inn* 2e(lnn* n—2
j€[1,lnn?]

1

n
Inn?

o9 + 2 Z 0 —|—0(1)

=0

=0y +220j +o(1),
§=0

where the second equality follows from parts (a) and (b) of Sublemma 4.4, the third
equality follows from part (c), and the fourth equality from part (d). (|

Proof of Sublemma 4.4. — Part (a) follows from (4.2) and (Hla).
To prove part (b) assume j > Inn? and let K = 6~% with § = 3/20(1 + u). We
claim that
[B(E &5 ) < COT°.
This is seen by writing
E(E €8 5) = B(E s o BE | Py 2) — BAEL €y pp — €)= T+ T
and then estimating
I<CK [eﬂ'/? LR 1)“9]'/2} < CK2+2ugif?
using (Hla) and (H2), and
I <CK x K*({+1)“¢7/2 < CK?+2ugi/?

using (Hla) and (H3).
Now (4.2) implies that

E(Ees )| < CO//5 1 Co-2/24 — o)

as needed.
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14 D. Dovrcopyar, B. Favap & I. Vinocrapov

To prove part (c) we let K = n~=2/(2=%) Then (4.2) yields
E(€éers) — E(EEL) = O ™).
Now (H4) and (4.4) imply
PNUSN _ nnd
E(&1€r;) —oj =0~ %) +0(0™™)
and (c) follows.
To prove part (d), fix j, let K = 075/ where € < 1, and take ¢ = j/2. Then (H4)
and (4.4) imply that
E(&€;) — o5 = 0(67),
with v = &(s — 2)/2. From (4.2) it follows that
B(Ekers) = o5 = 0(8"),
which together with (b) yields (d). d

4.4. Proor or Turorem 4.2. — In our proof, we shall use a standard Bernstein
method based on “big block-small block” technique. That is, we divide the inter-
val [0, n] into big blocks of length n alternating with small blocks of length ne”. The
big blocks will be almost “independent,” each from the preceding ones, due to the
buffer zones that are the small blocks, while the contribution of these small blocks
can be neglected.

From now on we fix € > 0 so that 1= + & < § and let K = K,, = n(179)/5. Let

by, =m[nf], m=0,...,[n'"¢] := m,. Denote
lopt1—1 Lpy1—1 - Zm,+n£2 -1 n—1
¢ ~ —~ = —~ . —~
Zm: Z g( ) Zm: Z 55’ Zm: Z 557 Z: Z 6[7
0=Lp+ne? 0=L,y +n=" t=tm t=Ltm,,
so that

n—1

N«

R mnflz mp—1 ~
=2 Zm+ ) Zm+
m=0 m=0

1

We claim that

mn—l:: ~ my—1 >
Zm:O Zm + Z and Zm:O (Zm B Zm)
NG NG

converge to 0 in probability; it will therefore suffice for the proof of Theorem 4.2 (a),

(4.5)

to prove the following.

Levma 4.5
Dm0 Zm
oy/n
We first prove the claim. To begin with, observe that following the proof of Lemma
4.3, we have

(4.6) ]E<( i%m n Z)2> O+ = ofn).
m=0

= A4(0,1).
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As for the second sum in (4.5), we write

Uy —1
Zon — I = Z (& — &) — (E(&F) - E(&))] -
=ty +n?
Condition (H1b) gives
bpp1—1
E|Zm —Zm| <2 ) E(EF —&l) < On°K'.
(=L +n?
Therefore,
A E| Zy — Zom| - e 1 .
(4.7) mZ:lT:O(K \/ﬁ):O(ns 2>:O(n ) — 0.

We now prepare for the proof of Lemma 4.5. We start by defining an exceptional
set Gy, on which we will not be able to exploit the almost independence of Z,, 1
from (Zy,...,Zy). The exact reasons for the definition of each condition on the
“good set” G, will become evident in the course of the proof.

Let Zerl =lma1 + ne’ /2. With sets Gy 1 as in hypotheses (H2)-(H4), we let

G = N (G

k=ne?

L NG5

m+1, €m+1J€)

for m < m,,. Next, define for ¢ > 0,41 + ne
e nsz/lO
Gy = {w : E(!&f - gfg_,'_ngz/z‘ ’fzmﬂ)(w) <0 }

and set

nt

G'Er%): n éem+1+k‘

k=ns?

For k,k' € [nf",n¥] with &' — k > n® /2 define

~ 2/10
Em,k,k/ = {w’ . ’E(fﬁL+l+k/|9\67n+1+k+"le2/2)(w/)‘ > Qng }

and let ,
_ 2/10
e = {w B(1s,,, (|77, )w) <™}
and
G= N G
k:,k:'E[nsQ,nE]
k’—k>n52/2

Finally define “the good set”
G =GYnG?na®.
Observe that (H2)—(H4) show that
£2/100

(4.8) P(G;,) < CO" .
The main step in the proof of Lemma 4.5, and thus of our CLT, is the following
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16 D. Dovrcoryar, B. Favap & 1. Vinocrapov

SuBLEMMA 4.6. For w € Gy,

ixZmtL n® o o
(4.9) lnIE(e v ?znﬂ)(w) = _F)\ a“(1+ o(1)),
where o(1) is uniform inm=1,...,my.
Proof. — To prove (4.9), we expand the exponential
i\ Zmt1 A A2
E(e" v | Jw) =1+ zﬁﬂa(zmm%m“)(w) — 5 Bl 7y, )W)

Lt

)\3
+ 0(55E(Z T, ) @)
2

A A
EE(ZmH Tz, )W) = %E(an-}—l [ Z5, )W)

)\2
+o( SE(ZE a7, )@),

—1+4i

where the last step uses that |Z,,41| < Kn® = o(n'/?).
Next, (H3) implies that on G, (which is contained in G Lk foreach k € [nsz’ )
we have

]E(Zm+1|ﬁzm+l)(w) = IE< nze aK)‘meﬂ) (w) = 0(90.5115 ).

j=nc
To complete the proof of (4.9) it suffices to show that for w € G,

(4.10) ‘E(Zgwﬂyz )(w) — n°o?| = o(n®).

m+1

Note that

nt

=
E(Zp |7, W) = Y EEE bl Fr,, )W).

k,k'=ne?

Let us estimate individual terms in this sum. Without loss of generality assume that
k' > k. Let R be a large constant and consider two cases.
(a) k> R(K — k). In this case (H4) and (4.4) give

E(EE k€5 o T, @)+ O(0F) = bicpr— = ow—i + O (K*7%) + O(6").
(b) k < R(K — k) and hence k' — k > n®"/R. Then
E(EE kbl | Z0, @) =BG o bl i, ) (@)

K K K
+ E((Qm“ +k gemﬂ.;.k,zmﬂ-&-k-s-nez/?)55m+1+k” |9\an+l) (w)

=I+1.
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52 ~
The second term is 0(6'" /wK) since w € Gy
w € ém,k,k’ to obtain

mi1+k- For the first term use that

1= ‘ §I7n+1+k[m.+l+k+n€2/2 (§€m+l+k/|'/£m+1+’€+n52/2)lyzmﬂ)(w)

£2/10

< K’E(lg,,, . W F5, )W)+ K6"

K29”E /10
so both I and I are negligible. Combining the estimates of cases (a) and (b) we obtain
(4.10) completing the proof of (4.9). O
Proofof Lemma 4.5. — Tt now remains to derive Lemma 4.5 from (4.9). For j < m
set
N 7+1
Zj = Z gl ne?
L=L; +n5
Then
ULREPY e2/1
E(Z 17, - zjy> —o(em"")
§=0
and so
(411) E(e \FZerl ) — E(el%(zgl:o 2])+i%Z'm+l) — 0(0715 /10)
(4.12) E(e'vn T/ %) _E(evn i 4y = o (0 ™).
Therefore,

Tonss

E(e \FZMH ) (4;1) ( fZJ o ]E( m+1|04 )) +O<9"E2/10)

4O g (e’% Yo Zing BRI 7y )) +o( ™)

Trsr
(4.9) 67702(;:”5 E(ei% >ito 2;’) +o0(nf/n)

12 efﬁéﬁfbﬁE(eiﬁ Lo Z]) +o(n°/n).
Iterating this recurrence relation m,, times we obtain
E(@iﬁ i my = TN 4 o(1),
completing the proof of Lemma 4.5, and thus of part (a) of Theorem 4.2. 0

Part (b) of Theorem 4.2 can be established by a similar argument and we just briefly
describe the necessary changes. To extend the proof of the Central Limit Theorem
to the setting of part (b) we need to prove (4.5) and (4.9) with E,, instead of E. For
(4.5) we need to prove the analogues of (4.6) and (4.7).

We claim the following. First, (4.9) still holds with E,, instead of E. Second,

(4.13) ((WZE +7) ) O(n'==+") = o(n).
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18 D. Dovrcoryar, B. Favap & 1. Vinocrapov

(Note that in contrast to (4.6) the sum here starts with m = 1, not m = 0.) Third,

n—1 n—1
(4.14) ﬂ%( REDD sf") — 0,

{=n* {=n*

where K,, = n{(1+2)/5, To prove (4.14) note that

n—1 n—1
P, ;)< P, e
(ZZE & # é; & ) nmaxPy (& # &),
so (4.14) follows from (D3). Observe that once these three points of the claim are
established, the rest of the proof of part (b) proceeds exactly as in part (a). To obtain
the other two points of our claim we will need the following

SusLemMA 4.7. — There ezists a set G, with P(G,,) < Ccon"™ such that for
w € G, for £ =n° and for n a bounded random variable we have that
£/100

[En(n|-70)(w) — E(n|-Z0) (@) < Cllnllecd™

Proof. — Let ) be a bounded random variable, £ > n® and w be such that

(4.15) put(@) = 02, |E(Fd Fo) (@) < 02Y% where B = pu— pos-
Then
E((pnt + pot)nlZe)  pudB(n]Fe) + O(0%/3) )
En20 = B (Gons + 7 == o =E(y|.F;) + 0(0"%).
) E((pn,e + pn,e)|-Fe) Pt + O(02073) (n|F) (6/°)

We prove now that the set where (4.15) fails has measure that is exponentially small
in £. The proof consists of two steps. First, it follows from (D1) and (D2) that

(4.16) P (|pm.e| = 0°) < CnvP(|pns| > 0°) < Cn>6",

0 P, ({|E(pn.e| F0)(w)| = 62/3}) is exponentially small by Markov’s inequality. Sec-
ond,

Pr(pnye < 072, pnp < 0°) < Pplpn < 20Y2) = E(pul,, coger2) < 202
and 50 Py, (pn.¢ < 0/?) is exponentially small due to (4.16). d
Sublemma 4.7, together with Sublemma 4.6, imply that (4.9) holds for E,, instead
of E provided that we decrease slightly the set G, to Gy, N G,.
It remains to prove (4.13). Note that the arguments used to establish Sublemma
4.4 in fact give for w € G,
o;+0(0™) if m>2uj/|Iné|

E(&mémti|Fpere)(w) = _
(Embmt| Fnera) () 0(¢”) otherwise.
Hence Sublemma 4.7 implies that for w € G,,, N G,

aj +0(0™) + 00"
O(07) + 0(om"*")

£/200

) ifm > 2uj/|Ind)

otherwise.

E,(€mémi| Fnere)(w) = {

JI.P. — M., 2017, tome 4



CLTs For sSIMULTANEOUS DIOPHANTINE APPROXIMATIONS 19

This estimate implies (4.13) by direct summation. The proof of Theorem 4.2 is thus
completed. O

5. PRELIMINARIES ON DIAGONAL ACTIONS AND SIEGEL TRANSFORMS

In Section 6, we will use the abstract Theorem 4.2 to prove Theorem 2.1, 2.2, 2.3.
For this, we just have to check (H1)-(H4) for the case where our probability space
is .4 equipped with the Haar measure and &(.%) = ®(¢°.%), ® = #(f), where
f € C®"(R¥7) is a positive function supported on a compact set which does not
contain 0.

Before we construct the filtrations and prove (H1)-(H4) for the sequence £,(.£) =
®(g*.%), we recall and prove preliminary results about functions defined on the space
of lattices, on Siegel transforms, and on the action of diagonal matrices. We will cover
this in Sections 5.1, 5.3, and 5.2 respectively. Then we will prove Theorems 2.1, 2.2, 2.3
in Section 6. In Section 8, we compute the variances in the special case that interests
us of f being the characteristic function of E. given in (3.1). This will finish the proof
of Theorems 1.1, 1.3, 1.4.

1. SIEGEL TRANSFORMS AND ROGERS’ IDENTITIES

Prorosition 5.1 ([23, Th. 3.15 and 3.16], [14, App. B]). — Let f: R — R be a piece-
wise smooth function that is supported on a compact set which does not contain 0.

Then
@ [ sn@ )= [ rea
(b) Ifd+1r > 2 then

| 12 0r @) au2) - [ f(w)dm}
M Rd+r
- Z Ad+r (px) f(qzx) + f(px) f(—qx)] dz.

(p,q)EN?
ged(p,q)=1

Suppose that f: R = R is a piecewise smooth function of compact support. Then,

/ FND) dw(Z) = | f(w)da;

(@ /Jﬂf)] D aud)=| [ s@ie] + [ P

52 BATE OF EQUIDISTRIBUTION OF UNIPOTENT FLOWS AND REPRESENTATIVE PARTITIONS
Recall the notation of subsection 2.1. Let g be the matrix defined by (2.2) Let h,,
be a one parameter subgroup of IL. For example one can take the matrices with ones
on the diagonal, an arbitrary number in the upper left corner and zeros elsewhere.
Note that
gnhug = h2d/r+1ugn$.
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20 D. Dovrcopyar, B. Favap & I. Vinocrapov

The filtrations for which we will prove (H2)-(H4) for the sequence & (%) =
®(g*.%), will consist of small arcs in the direction of the flow of h,,. The exponential
mixing of the G-action will underly the equidistribution and independence properties
that are stated in (H1)—(H4).

We will need the notion of representative partitions that was already used in [11].
These will be partitions of .# whose elements are segments of h,, orbits, whose push-
forwards by g° will become rapidly equidistributed. To guarantee the filtration prop-
erty, we would ideally consider an increasing sequence of such partitions with pieces
of size 27, ¢ = 0, ...,n. However, such partitions with fixed size pieces do not exist
because h,, is weak mixing. We overcome this technical difficulty due to the following
observations:

(1) Rudolph’s Theorem (see [8, §11.4]) shows that for each € we can find a parti-
tion & into hy-orbits such that the length of each element is either L or L/ V2 and
if 2, = hy(Z) then

w( & Juel0,L]: 2, (L) has length L/V?2) <.

(2) Given n € N, it suffices to check the properties (H2)—(H4) away from a set of
measure less than 6”.

Having fixed n, we will therefore abuse notation and say that a partition is of size L
if £ in (1) is less than #”. In light of this, let & be a partition of size 1 and 2* be its
sub-partition of size 2. Due to (1) and (2) we can assume without loss of generality
that for every fixed u € [0, 1], the partitions 95 form an increasing sequence and that
as a consequence the sequence % of o-algebras generated by 2! forms a filtration.

Fix a small constant £ > 0. Given a collection ¥ C C*"(.#), a set of natural
numbers {k, }nen, and a number L, we call a partition & of size L is representative
with respect to ({k,}, ¥) if for each A € ¥ and for each n € N,

M(fﬁ / A—p(A)| = [[Allcer (Qk"'L)7H> < Al o) (250) "
gon 2(2)

The curve gk 2 (%) is of the form h,.Z with u € [0,2%*L], and we use the nota-
kn J—

tion f7 A for the normalized integral 2,631 - 02 L A(hyZ)du. Given a finite collection

U C C*" (M), {kn}nen, and L > 0, we let

(kb 0, L) = S [Allcercay 3 (25L)

Acv n

Let ¢ be a small number. Then we have as in [11, Prop. 7.1]

ProrosiTion 5.2. Let Z({k,}, V) C [0,1] be the set of u such that 2, is represen-
tative with respect to ({kn}, ¥). Then Leb(Z({k,},¥)) > 1—0({k,}, ¥, L).

Proof. We quickly recall how Proposition 5.2 can be deduced, exactly as in [11,
Prop. 7.1], from the polynomial mixing of the unipotent flow h,. Indeed, assuming
that p(A) = 0, polynomial mixing implies implies that

(A A(hy))| < CHZu™,
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with #4 = ||Al|s.». Thus for curves v(Z) of the form h,.Z with u € [0, L] we get

that
. (y :

with ko := k/3. This implies that if we consider a partition & of size L and its
corresponding shifted partitions &, u € [0, L] we get for the measure @ = p X Lebjg,y
that

/7 A‘ > J{AL’”O) <CL™™,
+(2)

n((z,u) € % [0,1] '/@u(g) A

where Z, () denotes the piece of &, that goes through .. The claim of Proposi-
tion 5.2 then follows by Markov’s inequality. 0

> %AL‘W) < CL™",

Remark 5.3. Proposition 5.2 will be used in the next section to obtain a parti-
tion of .# into pieces of h,, orbits satisfying the condition of Theorem 4.2. We could
also use a partition into whole IL-orbits. The proof of Proposition 5.2 in that case
would be simpler since we could use effective equidistribution of horospherical sub-
groups [19]. We prefer to use h,, orbits instead since it allows us to give unified proofs
of Theorems 2.1, 2.2, and 2.3 (as well as Theorem 7.1 in Section 7).

5.3. TruNcaTION OF SIEGEL TRANSFORMS. — In this Section we give some useful results
on truncations of a Siegel transform of a compactly supported function f € C*"(RP).
These bounds are essential to control the truncated £X that appear in the abstract
CLT of Section 4. We will leave all the proofs and constructions to the appendix.

In particular, we will define by g : A (or #) — R, with the properties described in

Lemma 5.4 below. We will always use the following notation for ® = . (f) (or Z(f)):
oK = ®hy k. In the sequel we will consider 55 = K o g,

Levma 5.4 ([11]). — There exists a constant QQ > 1 such that for each pair of inte-
gers s, and each R there is a constant C = C(R, s,7) such that the following holds.
Let f be supported on B(0, R) in RP.

(a) If f € C*(RP) then
125 | ce () < CK||fl| e (o)
(b) If f € C*"(RP) then
85| car iy < CK||fllgor(mr)-
(c) If f € C*"(RP) then
|95 - (@F 0 ¢) [|coer(ary < CK|[ [l Eer )@

Lemma 5.5. — For every r,d there exists C > 0 such that ® = (f) or & = e?(f)
satisfy
(5.1) E(® - &%) <
(5.2) E((® - 2")%) <
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Ifr=d =1, then ® = . (f) satisfies
(5.3) E(® - &%) < C/K?,
(5.4) E((® — ®%)?) < O/K.

In addition, the same inequalities (5.1)—~(5.4) hold if the expectation is considered with
respect to a measure that has a C-centrally smoothable density.

Recall that an IL-box is a set of the form II(fR, .:?7) = {Aa,?}» where a belongs to
the box % in R¥". Also define a: .# — R by

a(Z) = max{(covol(Z))"! : Z < £}

Levva 5.6. — For each g, L there exists a constant C > 0 such that for any box R
whose sides are longer than  and which is contained in [—L, L)¥ and for any £ with

a(X) < L, I =1I(R,.%) satisfies

(5.5) Pr(|®ogt| > K) < O/KT,
(5.6) |En(®og" — X o g")| < O/K 1,
(5.7) En((®og’ — " 0g")?) <C/KH2,

where Py is a restriction of the Haar measure on uy, to Il and Ery is expectation with
respect to Pry.

6. Proor or THE CLT FOR DIAGONAL ACTIONS
We are ready now to prove Theorem 2.1, 2.2, 2.3 using Theorem 4.2.

6.1. CLT ror varrices. Proor or Tueorem 2.1. For f as in the statement of Theo-
rem 2.1 (that is, f € C*"(R%*") non-negative and supported on a compact set which
does not contain 0 € R¥*1), recall that we defined the Siegel transform ® = .7(f) and
&(L) = @(g°Z). Recall also the notation X = @by ;¢ and X 1= &K o gt. We will
now prove (H1)—(H4) for the sequence {&,}.

6.1.1. Property (H1). — Fix any s € (2,d + r). Property (H1) follows from inequali-

ties (5.1) and (5.2) of Lemma 5.5. The fact that (H1) fails to hold when d =7 =1is
the reason why the CLT does not hold in this case.

6.1.2. Constructing filtrations. We will use the notion of representative partitions
of Section 5.2 to construct the desired filtrations.
First of all, note that to prove (H4) we need to deal with function of the form
OKn . ®Kn o g7 Therefore we define for every j < n the collection of functions
PU) .— {®, dKn @Fn . §Kn o g7}

Fix constants R; > Ry > R3 > 1, and define for every ¢ < n the following collection
of functions and sequences of integers

(6.1) U ({E + iz Rattog, Knts)» 9.

Jjsn
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Next let & be a partition of size 1 and ¢ be its subpartition of size 2~¢. By Propo-
sition 5.2 and 5.4 there is u such that for each 0 < ¢ < n, Wﬁ is representative with
respect to the collections of integers and functions in (6.1). Let %, be the filtration
of g-algebras generated by 2¢. Denote §f§z+k = E(f | Frto)-

We claim that (€, {Z}) satisfies (H1)—(H4) with u = 2s provided that 0 is suffi-
ciently close to 1. Since (H1) has been checked above it remains to verify (H2)-(H4).

6.1.3. Property (H2). — If k < Clogy K then (H2) holds if we take u sufficiently
large. By Lemma 5.4 there are functions ®* such that

- <K <dF, ||Bt -0 <275, ||0F|| o < CK2°TR
Then
& — &L SE & <& &

where fzt and ffk are defined analogously to §f and ffk with &K replaced by ®=.
Since ®* are Lipschitz, we have

l&F — &f, | < CK2Em— Dk,

Soif 271 < 67 and C is sufficiently large then [ —£/%, | > 0% implies & —¢ = 0k/3.
Hence Markov’s inequality gives

P(|ef — eS| = 0%) < (279/0)".
This proves (H2) provided that u is large enough and
2Er=D/2 < g < 27F,
6.1.4. Properties (H13) and (H4). — Property (H3) follows from the definition of rep-
resentative partition if k > Rglog, K, while for k < Rslog, K,
E(¢f ol Fo) < K < K0*

provided that @ is sufficiently close to 1.
Likewise, if k > R;i(logy K, + k' — k) then (H4) holds by the definition of the
representative partition with

ik = E(EFES) — (B2

If k< Ri(In K, + k' — k) we consider two cases.

(a) k' — k < Ralogy K, and so k < 2R?log, K,,. In this case (H4) trivially holds
similarly to (H3).

(b) ¥ —k > Rylogy K, and so k < 2R (k' — k). Accordingly to establish (H4) with
br ., = 0 it suffices to show that there is a constant 6 < 1 such that

(62) P (|EEE &7 > 8) <.
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We are going to show that (6.2) follows from already established (H1)-(H3). The
argument is similar to the proof of Sublemma 4.4. Namely, denoting by j = k' — k
we get

E(&5w &5l Fe) = E(gﬁk+j€ﬁk,é+k+j/2‘yf) + E(fzﬁkﬂ (fﬁk,ukﬂ/z — &) F0)
=I1+1.

(Hla) and (H2) imply that P(|Z] > K69) < 67. Next,
1] = ‘E([5ﬁk,£+k+j/2E(§ﬁk+j|9€+k+j/2)] \f/})‘

and (H3) shows that the expected value of the RHS is O(K?“67/2). Now Markov’s
inequality shows that P(|I| > K2“67/4) < ¢7/*. Combining the estimates of I and I
we obtain (6.2).

Having checked (H1)-(H4), we have established Theorem 2.1(a) via Theorem
4.2(a).

6.1.5. Starting from localized initial conditions. — To prove Theorem 2.1(b) we just
need to check condition (D1)—(D3) of Theorem 4.2(b) for py.

Property (D1) follows from (CN*, a)-regularity since |[pn L=~ < [|pn]lcesupp(p))-
To check (D2) let pn ¢ = E(pn|-Fe). If

(6.3) hi_g-t 2-01.Z N (supp(p)) = @
then py is Holder on the element of &2 containing .Z, so
lon — pel < CONU27°,

and so the exceptional set for (D2) consists of points violating (6.3). This set has a
small measure since d(supp(p)) is (CN“, a)-regular.

Finally (D3) follows from inequalities (5.1) and (5.2) of Lemma 5.5 applied to the
centrally smoothable density py.

The proof of Theorem 2.1 is thus complete. (]

6.2. CLT ror ArrINE LATTICES. PROOF OF THEOREM 2.2. — For f as in the statement
of Theorem 2.2 we define ® =.%(f) and &/(.%) = ®(¢*.%L), with £ € .4 distributed
according to Haar measure. We also use % = @b, i and £ = ¥ o g

If (r,d) # (1,1) the analysis is exactly the same as in the case of linear lattices.

If (r,d) = (1,1), (5.1) and (5.2) of Lemma 5.5 are not sufficient anymore to prove
Property (H1), and we replace them by (5.3) and (5.4). The proof of properties (H2)—
(H4) proceeds exactly as in the case of linear lattices.

Theorem 2.2(a) thus follows from Theorem 4.2(a).

The changes needed for Theorem 2.2(b) are the same as for for Theorem 2.1(b).
Observe that (D3) and (H1) hold since (5.1)—(5.4) are valid if Haar measure is replaced
with measures having centrally-smoothable densities. 0
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6.3. Fixeo . Proor or TaeorEM 2.3, Here we deduce Theorem 2.3 from a refined
version of Theorem 2.2. Using (5.5) we conclude that it is sufficient to prove the
Central Limit Theorem for sums with a shorter range of summation,

Sun- LN 2) - NT
VN '
Next, take a large constant 8 and for L€ D let
V(L) = {(Dehs. (y70))v§/;}|t|<N*3, Bl<N 5, |y|<N—8-
Let 9 = Uzes ”I/(.,?) We have a partition Il of 7 so that each element of the
partition is of the form II(.Z*) for some £* € .#, where I1(.£*) := U:?eH(:?*) V(L).

Lemma 6.1. — If B is sufficiently large large then there is a constant 6 > 0 such that
N-1
Pm%( S ANG"Z) — AU (Deo, (9,0).2)] > 1) < N0+
n=N¢€
except possibly for a set of(:??/* of measure O(N—10),
Proof. — In accordance with notation of Theorem 4.2(b) we will use notation Ky =
NU+e)/(r+d) - Also denote £ = (D¢As, (y,0)).Z. First we replace .7 (f) by ®K~.

This can be done in view of the following estimate those proof will be given in the
appendix.

Levma 6.2
Prz, (FNG"D) #0K(5"2) or F(f)(g"2) # ¥ (g" D)) < O/,

—20 we get functions ®+ such that

Hence denoting ey := N
O < OFY <o) 0T — 97| <en, and  [|®F|ce < Oy
We claim that
KN (g P) — oK (g"_?)( < ‘qﬁ(gnf) — 3 (¢" D) + CKnex™ NP = I, + IL,.

—~ —~

Consider for example the case where XV (g".2) > &K~ (g".¥), the opposite case
being similar. Then

0 < KN (9" 7) — &KV (g".7) < o (g".7) — & (g"L)
<O (g" L) — (" L) + |8 (9" L) — (g L)
The second term can be estimated by
|~ ||crd(9"Z.g" L) < CKne N7

proving our claim. Next if 3 is sufficiently large then | >", I,| < 1/2 while

s

Now the lemma follows from Markov’s inequality. 0

) < C&NNA
L
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Lemma 6.1 allows to reduce Theorem 2.3 to the following result.
Tueorewm 6.3. Suppose that (r,d) # (1,1). For each v > 0 and each € > 0 the
following holds. If P . denotes the uniform distribution on II(£*) then

N-1 o -

—~ .S "L)y—N 1 z 2

]P’(f*:sup‘]P’g*(Z"=N Ef)(g ) ! <z) ——/ e’ /2d5‘ 26)
z U\/N V2T J -
=O0O(N7T).

The proof of Theorem 6.3 is also very similar to the proof of Theorem 2.1. Let us
describe the necessary modifications.

The property (H1) follows from Lemma 5.6 instead of (5.1) and (5.2). To define the
required filtration of (H2)—(H4) we need to adapt Proposition 5.2 as follows. Take dn
going to 0 sufficiently slowly, for example, oy = 1/N. We let & be a partition into
segments of h,, orbits of size 6y and ¢ the corresponding subpartitions of pieces with
length 527 We let Z¢ be the translates by h, of these partitions and denote by
@fi(ﬁ") the collection of pieces of 22 which are contained in ﬁ(ﬁ") We say that Z*
is N-good if there exists u € [0,1/N] such that for each N® < ¢ < N, 95(.:?;‘) is
representative with respect to the families (6.1). The proof of Proposition 5.2 also
shows the following.

Levma 6.4. — Given r € N, if we take R3 in (6.1) sufficiently large then
IF’(C.{”/* is not N-good) < C/N".

On the other hand if ZL*is N -good then the filtration generated by the partitions
PL(L*) satisfies (H2)-(H4). Theorem 6.3 thus follows from Theorem 4.2. O

Remark 6.5. — The argument given above does not tell us for which & Theorem 1.4
holds. Of course rational & have to be excluded due to Theorem 1.1. Now a simple
Baire category argument shows that Theorem 1.4 also fails for very Liouvillian .
It is of interest to provide explicit Diophantine conditions which are sufficient for
Theorem 1.4. The papers [13, 32] provide tools which may be useful in attacking this
question.

7. REIATED RESULTS

The arguments of the previous section are by no means limited to the space
SLg+r(R)/ SLg4r(Z). In particular, we have the following result.

Turorem 7.1. — Let & be a C" diffeomorphism, r > 2, of a manifold M and let
S = {0, Yus0 be a C” flow on that space. Suppose that

(i) both 4 and S preserve a probability measure p and there exists ¢ > 0 such that
(ii) There are constants K > 0 and Q > 1 such that
Ao |cr < KQ'||Aller
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(iii) S is polynomially mizing, that is, there exist a € (0,7], kK > 0, and K > 0
such that if

(7.1) AeCY(M) and u(A) =0
then

K||A]%.
(72) nado )| < KA,

Fiz L > 0 and let U be a random variable uniformly distributed on [0, L]. Let A
satisfy (7.1). Then for p almost all x € M

SN A )
VN

converges as N — oo to a normal random variable & with zero mean and variance

d= > /MA(y)A(g”y)du(y)-

n=—oo

Moreover for each €, D there is a constant C such that

(25;01 A" Hyx)
VN

The constant C can be chosen uniformly when L wvaries over an interval [L, L] for

some 0 < L < L.

N

u(x:suplP’ z)—]P’(Qfgz)’>5)<C/ND.

z€R

We note that (ii) is automatic if M is compact. For non-compact manifolds this
assumption means that ¢ is compatible with the chosen C” norm on M in the sense
that the composition with ¢ is a bounded operator.

The proof of Theorem 7.1 is similar to but easier than the proof of Theorems 2.3
and 6.3. Namely since A is bounded we only need to check conditions (/H\l/)f(/H\Z%/) of
Theorem 4.1.

Fix a partition IT of M into 5%, orbit segments of size L. Given x the element of IT
containing x is of the form {J2} _(2)<o<w(a) for some positive numbers u(z), w(x).
Let II, denote the partition of M of the form J#,)II. As in Section 6.3 we let Pt
be the subpartition of I, into segments of size §,27.

Consider the following collections:

(7.3) ({kJrE};@Rl(long),[A.(Aogj)})
and
(74) ({k +€}k2R3 log, n,{A})

We say that x is N-good if for each £ < N the partition £2¢ is representative with
respect to families (7.3) and (7.4). Lemma 6.4 easily extends to show that for each D,

P(z is not N-good) < C/NP

provided that Rj, R3 are large enough. Hence almost every z is N-good for all suffi-
ciently large N. Next let . be the filtration corresponding to 2L If x is N-good
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o~ —~——

then {#}icn satisfies the conditions (H1)-(H3) of Theorem 4.1 which implies the
CLT in view of Theorem 4.2.
We note the following consequence of Theorem 7.1.

CororLrary 7.2. — Let G be a semisimple Lie group without compact factors, and
' C G be an irreducible lattice. Let h, be a unipotent subgroup which is expanded by
an element g € G in the sense that

gnhu = he“”ugn

for some ¢ > 0. Fix L > 0 and let U be a random variable uniformly distributed on
[0,L]. Let A be a C* function for some o > 0 with zero mean. Then for Haar almost
all go € GJT

an\,,:_ol A(g™hugo)
VN

converges as N — oo to a normal random variable & with zero mean and variance

S /G Al A" o))

n=—oo

Moreover for each e, D there is a constant C such that

,u(go:itelg P(W gz) -P(Z < z)‘ >€) < C/NP.

The constant C' can be chosen uniformly when L varies over an interval [L, L] for
some 0 < L < L.

Corollary 7.2 follows from Theorem 7.1 with M = G/T and ¢ and J# actions of g
and h respectively. To apply the Theorem we need to check the polynomial mixing
for C functions. If rg is large enough (namely ro = 2¢ where £ is the constant from
[20, Th. 3.4]) then (7.2) with C™ functions follows from [20]. For a < 79 we use a
standard approximation argument. Let g be the Lie algebra of G, k = dim(G), and
¢: g — R be a nonnegative C*° function with integral 1. Set

A = [ Ao /) 5
Then,
14: = Allco < Cre™™ | Allgmintnay,  [[Aclloro < Coll A oe ™.
Therefore we have
|u(AA 0 H,)| < |(AAs 0 H6,)| + Cae™™led | 4|2,
< Cy (572’"%7”’ + smi”{l"“}) | AlZa.

Choosing € appropriately as a function of u” we obtain (7.2) with smaller &.
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8. VARIANCES

8.1. Variance or Uy. — Here we establish (1.2). We prove the formula for o2, the
computation for o2 is the same. By Lemma 4.3 it suffices to compute

[log, N]—1
0? = lim —Var( Z S (1g,) ”Z)),

N—ooo In N
n=0

where the Vananco is taken with respect to the Haar measure on the space of lattices.
Note that Z[logz 1. (1p,)(g"Z) can be replaced by & (Lg,vy)(£) where

E(N) = {(z,y) € R" x R" : |z| € [1,N], |z|"y; € [0,]}.

Now Proposition 5.1(b) gives

1
2 _
of = lim — > /RW L, vy (P2, py) L i, () (g, qy)dzdy
ged(p,q)=1
. 1
= 2]\}21100 ™5 Z /Rd“ 1g, v (v, py)1 g, (N) (42, qy)dzdy

ged(p,q)=1
p<q
Since p < ¢, the last integral equals to

/Rd+ 1[1,N](|px\)]1[1,1v](\qx|)H (]1[0,01(p“d/r\wld”yj)]l[o,c] (g /||y )) dzdy
J

= T < dx
= Jo Bomovraa L (a1t ) oy = 252 | Bupaalll)

To evaluate the last integral we pass to the polar coordinates © = ps where s is a unit
vector in the Euclidean norm. Then,

, da / /N/q|s\ p=1dp / ds
1 ) = — ds ——F =In(Np/q IR
/Rd [1/p,N/q](| |)|:L‘|d a1 1/pls| |s|dpd (Np/q) sa—1 |s]?

The second factor here equals to

ds 1/ls]
— =d ds pitdp=d dx = d Vol(A).
1 5[ _
sd-1 sa-1 Jo |z|<1

o? :2&12%\/ (%
qg=1

Therefore,

By [16, Th. 288]

— o(q)  ((d+7r—1)
gt ((d+r)

q=1
SO
C(d+r—-1)

2 r
o1 =2c"d D)

Vol(2)

as claimed in Theorem 1.1.
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8.2. VArIANCE oF Vy. Here we compute the limiting variance for V. As in Sec-
tion 8.1 we consider the case of boxes, the computations for balls being similar.
The same computation as in Section 8.1 shows that we need to compute

. 1 =
i - Var (#(s)(2)),

where the variance is taken with respect to the Haar measure on the space of affine
lattices. By Proposition 5.1(d) this variance equals to

) N
/ g v (z,y)dedy = / Lg. (v (2, y)dzdy = Vy.
Rd+r Rd+r

Remark 8.1. — The fact that the variance of Vv has a simpler form than the variance
of Uy has the following explanation. Let

M = Lpdre(ka), Tk = lpwdre (T + ka),

Uy = Z Nk, V= Z M-

|[k|<N |E|<N

so that

Then 73’s are pairwise independent (even though triples 7/, 7k, g are strongly
dependent) and hence uncorrelated (see e.g. [29]) while 7;’s are not pairwise indepen-
dent.

/’\PPENDTX. TRU\ICATION AND NORMS

For a fixed dimension p € N, we denote by .# the space of p dimensional
lattices. We let C*(.#) denote the space of smooth functions on .#. Namely, let
Uy, s, ..., 8,2 be a basis in the space of left invariant vector fields on .#. We let

|®]|cs = Orgggsﬁ%@ﬁk max Ay;, Oy, - - - O, P(L)].

C*(M') is the space of functions with finite || - ||¢s-norm. The space C*(.#) of smooth
functions on the space of r-dimensional affine lattices is defined similarly.
We have the following inequality:

[V®]lce < Cl[¥|[ca][®]lcs-
Below we provide an extension to approximately smooth functions.

Levyia Al — There is a constant C' such that if ®1,®2 are C*7 functions on A
or M then ®;D5 is a C’S’Q’"(///)function and

(A1) [|®1Ds]|cs.2r < C || P1]|gsr || 2] conr-
Proof. Suppose first that 1 < ®; < 2. Given ¢ let @;t be the functions such that
— + — —
D7 <P <P, [0 [les <2677, @) — @ || <e

Without the loss of generality we may assume that

- +
0<®;, @ <3,
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since otherwise we can replace @f by x(@f) where x is an appropriate cutoff function.
Then
Py 0y < 010y < OFRF, 07 Of — @7 05| <6e, 27D loe < CeT

This proves the result in case 1 < ®; < 2. To obtain the result without this assumption
we may suppose without the loss of generality that

1
[®1llcer = l1®2llcer = 5.

Split ®; = (f) - &’ where &) =3 <AI:J' = 3 — ®;. Then both <T> and 5 are between 1
and 2. Thus we could apply the foregomg dlscussmn to each term of the product

(@1 (I>1) (@2 — <I>2) and obtain (A.1) in the general case O

Let a(#) = max{(covol(Z))~! : £ C £}. The role of this function is explained
by the following lemmata.

Lemva A2, — For each sufficiently large R there is a constant Cy = C1(R) such that
if [ is supported on the ball of radius R centered at the origin, then

(A.2) L (L) < Cra(2)
and

(A.3) FZ +@) < Cra(2).
Also

(A.4) a(Z) < C1Z(1po,r))(L)-

Proof. — (A.2) and (A.4) are taken from ([21, Lem. 5.1]). (A.3) follows from (A.2).
Indeed suppose that #(f)(-Z + «) # 0. Then there exists € € £ + x such that
f(€) # 0. Now we have

INL +w) = 7 (7=0)(2L),
where 7z(f)(e) = f(e +€). Applying (A.2) to 7z(f) we get (A.3). O
Lemma A.3. — There is a constant Co such that
WL a(Z) > t) < Cy /.
Proof. — The proof follows from (A.4) and the estimate
WL S (Lpo,m) > 1) < Co/tT
given in [23, Th.4.5]. O

Lemvia A4, — [20, 11] For each s there are constants Cs, Cy such that for each K > 1
there is a function by i : M — R such that

(CHOo<h k<1,

(C2) b1, k(£ )—1ifa($)>K,
(C3) b1,k (L) =0ifa(L) < C3K
(C4) |Ib1,xllcsary < Ca.
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For example, one can take
k= [ GlOLagusculs2) dulo)
/8Ly (R)

where G is a non negative function with integral one supported on the set
Cit < lgll < C3. We write hs = 1 — bh;. We can also regard h; as functions
on .4 defined by the formula h;(.Z, ) = h;(.Z). We are ready now to give the proofs
of the statements from Section 5.3.

Proof of Lemma 5.4. — We prove the estimates for ., the estimates for .7 are similar.
(a) We have

| () (ZL)2,x (L) < Loy | (H)I(Z) < CK,

where the last step uses Lemma A.2(a). The derivatives of .(f) are estimated simi-
larly using the formula

0u(Z(f)) = L (0qf) where (Ogf)(x) = %!t:of(etum)~

(b) Given ¢ consider functions f* such that f~ < f < f* and (2.1) holds. Then
([ )b2.x < L(f)ba.x < L(fT)b2,k so the result follows from already established
part (a) and Proposition 5.1(a).

(c) We already know from part (b) that

-7 (f)b2,x = = O(K).
A similar argument shows that
I (Fb2,x] 0 ¢ [lcer = O(2°K).
Now the result follows by Lemma A.1. O

Proofof Lemma5.5. — Property (C2) of Lemma A.4 and Lemma A.3 imply that

|E(® — ") < C |®(Z)| dp
a(ZL)2K/Cs

<C a(L)dp < C/KHT1
a(ZL)2K/Cs
which gives (5.1), and

E((@ - 25)?) < C $(L)dp
a(L)2K/C3

<C a}(L)dpy < C/K¥H =2
a(ZL)2K/Cs
which gives (5.2).
Now we deal with the case of affine lattices and (r,d) = (1,1). Let £ be such that
a(¥) =t > 1. We claim that

(A.5) / O( L, x)dx < C, 0?( L, x)dx < Ct.
R2/¥ R2/%
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This gives the required improvement of an extra power of ¢ that is sufficient to verify
(5.3) and (5.4) using Lemma A.3.

To show (A.5) let e; be the shortest vector in .Z. Note that |e1]| is of order 1/¢.
Thus & is contained in a union of lines going in the direction of e; so that the distance
between the lines is almost ¢. If we shift x in the direction perpendicular to e; then
the probability that one of the shifted lines intersects the ball of a fixed radius around
the origin is O(1/t). Since ®(.Z,x) = O(t) due to (A.3), the estimate (A.5) follows.

We now show that (5.1) and (5.2) hold if Haar measure is replaced by a measure
having a C-centrally smoothable density with respect to Haar measure. We just prove
(5.1) in the lattice case, since the proofs of (5.2) as well as the proofs for affine lattices
are exactly the same.

|E (@ — &%)| = / lo(gezysi |29 L) p(L)dp
o

< C/,, Loy 2)> i ycalg L) p(L)dp,

where the inequality follows from Lemma A.2 since ® = .%(f) with f having a
compact support. Next, the K-central smoothability of p and Lemma A.3 imply that

/ﬂ Lator2)5 K/ 0(96L)p( L) dp = /

o(a) / La(oraseys i /cP(0.2)a(ge(a.2))duda
o M

<C [ tugrrwjcalsn?) ( / ¢><a>p<a$)da) du
M o

< C//{ lagge)>k/cM(9eL)dp

<C a(L)dp < CKd+),

a(L)>K/C

Inequality (5.1) is thus proved.
As for the case of affine lattices and (r,d) = (1,1), (5.3) and (5.4) can be proved
as in the case of Haar measure, if one makes the following two observations:

(1) Equation (A.5) still holds for a measure with density p;
(2) The tail estimate of Lemma A.3 can be proved for measures with centrally
smoothable densities following the same lines as the proof of (5.1). g

Proofof Lemma 5.6. — Let U be the set of points obtained by issuing local center-
stable manifolds through all points of II. That is

U= U DAy .

el |o|<1,|b|<1
Let pur, and pg denote the Haar measures on L and G respectively. Then
Pu(|(y'Z")| > K) < Cupa(Z € Ut [a(g"Z)| > K)

(A.6) P o
< Coug(Z e M |a(g* L) > K) < C/KT.
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Similarly for ¢ € {1, 2},

[ 1902 = 0 (PN i Z) < € [ 106" DN 05y dr (D)

< C/U 0(g" )L, vy e A (D),

where the last step follows from (A.3). Since the integrand depends only on projection
of &' to A the integral can be estimated by

c /ﬂ 1a(9" L) Lagge )i dpics(L) = C //ﬂ 10(D) o)1 i (2).

Thus (5.6) and (5.7) follow Lemma A.3. O
Proof of Lemma 6.2. — We use the notation from the proof of Lemma 5.6. In view
of (A.3)

a7 (FUNG"2) £ 05" 2) o F(f)(g"Z) # 05 (g" D))
<Oipa(Z e U:la(¢"Z)| > K),
so the result follows from (A.6). O
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