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CHAPTER 1

Introduction

We discuss several models of random walks in random environment
on Z. Both the case of fixed environment and environment changing
with time will be considered. Many one dimensional models can be
analyzed completely and they exhibit a wide range of different asymp-
totic behaviours. We will present the resultss, methods and discuss
several open problems.






CHAPTER 2

Homogeneous random walk.

We review several properties of classical random walk on Z!. The
goals are to provide comparison with models studied later and to in-
troduce a number of methods which will be useful in the sequel. Let
Ay be Z-valued iid random variables taking finitely many values. Let
X, =3 1_, Ak Denote p; = P(A = j), p=E(A), 0% = Var(A).

1. Preliminaries.

We recall two results which extend familiar Central Limit Theorem
for random walks.
Let Wy (t) be a continuous time process such that

n Sp —np
()5
and Wy (t) is linear between those points.
THEOREM 2.1. (Weak Invariance Principle) As N — +o00, Wi (t)

converges in distribution to the Brownian Motion with zero mean and
variance o*t.

THEOREM 2.2. (Local Limit Theorem) Assume that the walk is ir-

reducible and aperiodic that is for any site i there exists N such that
P(X,, = 1) for alln > N. Then

1 G—nm)?
67 202n = 0

sup |v/nP(X,, = j) -
J

2mo

2. Large deviations.

2.1. Large deviations for walker’s position. Local Limit The-
orem gives a good estimate of P(X,, = j) only if j is close to nu. For j
far from nu we need a different approach. To fix our ideas we suppose
that j > npu, j/n ~ a where a is a number satifying u < a < R and R is
the maximum right jump of the walker. We want to study P(X,, > an).
We will see that this probability is of the same order as P(X,, = [an])

7



8 2. HOMOGENEOUS RANDOM WALK.

where [z] denotes the largest number greater than or equal to x. Let
7(s) be the logarithm of the moment generated function

s = ijesj.
J

It has the following properties

LEMMA 2.3. (a) v(0) =0, lim,_ o 22 = R,
(b) 7'(0) =0, lims— 400 7'(s) = R.

(c) v is conver.

PRroOF. (a) Follows from the definition of ~.
To prove (b) and (c) consider a random variable Al*) such that

p(A®) = j) = i@—?; Now (b) and (c) follow from identities
7'(s) = E(AY),  +"(s) = Var(A®).
O

By parts (b) and (c) of Lemma 2.3(b) there exists unique s(a) such
that 7/(s(a)) = a.

THEOREM 2.4.

(a) P(X, > an) ~ L Hs@n=s@fam] __ L
21" (s(a))n 1—esla)
1
(b) P(X, =an]) ~ eV(s(a))n—s(a)[an]
2my"(s(a))n
PROOF. Let X\ = 32" A Then
s(a)j
() — 5y = © —
P(X3" =) = Sl (Xn =),
that is
L etam
IED(X’H = ]) = 6S(a)j P(Xn = ])

In particular if j = [an] 4+ m then by the Local Limit Theorem
(2.1)
P(X, = j) ~ =m0 (@) () =s(a) ] = (sa)m
2y (s)n
uniformly for m < \/n.
(2.2) P(X, = j) < eme@)-s@)(nal ~(s(a)m

Summation over m > 0 completes the proof (the main contribution
comes from (2.1)). O



2. LARGE DEVIATIONS. 9

Part (a) of Theorem 2.4 can be rewritten as

1 s(a)an]
P(X,, > an) ~ Vs@)n—s(@yan_€ sy
2my"(s(a))n 1—e

where [an]| denotes an — [an]. Accordingly

lnIP’(X:L > an) ~ I(a) :=~(s(a)) — as(a).

Note that, as expected, I(a) < 0 for a > p. Indeed

I(p) = v(a)—px0 =0 and I'(a) = +'(s(a))s' (s)—s(a)—as'(a) = —s(a) < 0.

EXERCISE 2.1. Compute I(a) for the simple random walk.

EXERCISE 2.2. Let m, be a sequence such that ®» — a as n —

mnt
oo. Let Y, (t) denote the process X’”T" conditioned on X,, = m,,.
Show that as n — 0o Y,,(f) converges to a Brownian bridge-a Gaussian
process with zero mean and covariance
E(Y (1), Y (5)) = 7" (a) min(s, 1) (1 — max(s, ).

2.2. Large deviation for the maximum of the walk. Suppose
that © < 0. We shall use Theorem 2.4 to estimate the probability that
M = sup,,~, X, takes large values.

First we consider the case of simple(=nearest neighbor) random
walk which moves to the right with probability p and to the left with

Xn
probability ¢g. Then Z,, = (%) is a martingale. Let 7 be the first time
X, reaches either a or —b. Let p = P(X, = a). By Optional Stopping

Theorem i
q q
o) cvon(2)
p b

and so we obtain Gambler’s Ruin Formula
1—(q/p)"
(¢/p)* = (¢/p)~"

Letting b — oo we obtain

P(M > a) = (E)G

q
so that M has geometric distribution.

Next we consider arbitrary random walk. In this case P(M = a)
may have complicated form for small a but we will be able to compute
its asymptotics for large a. Lemma 2.3 tells us that y(s) < 0 for small
positive s and v(s) > 0 for large positive s. By convexity there is unique
s such that v(sg) = 0. Let ag = /(o).
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THEOREM 2.5. There is a constant ¢ such that
P(M > k) ~ ce k50 qs bk — oo,

PROOF. Define

fla)=— s(a).
Note that
oy = YD) _a6le) ) _ate(e)

so that ag is a critical point of f. By Lemma 2.3(b) f'(a) < 0 for «
near R and f(«a) = % — —o0 as @ — 0. Thus ap = argmax f(«).
Note that f(ag) = —s(ap).

Let p; = P(max,~0 X,, > —j). Considering the last time the walker
is above level k we get

P(M > k) ZZP w=17+k)p;

n=0 j=0
According to Theorem 2.4
1 D
P Xn _ +k5 -~ en'y(s(k/n))—s(k/n)k J .
( ’ ) 2" (k/n)n es(k/n)j

The index of the exponent in the above expression equals to kf(k/n).
Take ng such that k/ng is closest to o. Then writting n = ng+ An we

have , 3 (A2
1 (£) ~ b - L (0

Pi__ kf(ao) / - L Lege®
es(@0)j e 271"}/”(&0)

Pj ekf(ao)

es(@0)j \/’7” f// CVO 8
Summation over j proves the result. U

so that
P(X,=j5+k)~

REMARK. The proof of Theorems 2.4 and 2.5 also shows that con-
ditioned on X,, > [an], X,, — [an], has asymptotically geometric dis-
tribution and conditioned on M > k, M — k also has asymptotically
geometric distribution.

The argument presented above is valid in much more general setting
than sums of finite range lattice random variables. For example it can
give the following result.
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EXERCISE 2.3. Let X, = 7" | A; where A; are iid, have finite
range and are non-lattice in the sense that there exist no # such that
A € BZ with probability 1. Show that

IP(X > cm) ~ 1 e(1(s(a))—as(a))n

2m (s(a))ns(a)

and
P(M > t) ~ ce (@0,
Show also that conditioned on X,, > an, X — an has asymptotically

geometric distribution and conditioned on M > ¢, M — t has asymp-
totically geometric distribution.

Hint. Follow the argument presented above using the Local Limit
Theorem for non-lattice random variables instead of the Local Limit
Theorem for lattice random variables.

On the other hand there is a proof of Theorem 2.5 not using The-
orem 2.4. Namely, since v(s(ap)) = 0 it follows that e*(@)X» i5 a
martingale. Let 7, (a,b) be the first time when the walker reaches ei-
ther {—b,—b+1---—b+ M} or {a,a+1,...a+ R} where M denotes
the maximal negative jump of the walk. Likewise let 7_(a,b) be the
first time when the walker reaches either {—b,—b+1---—b+ M} or
{a = R,a— R+1,...a}. By applying Optional Stopping Theorem to
7_ and letting b — oo we see that

(2.3) P(M > a) < ¢ie 3@,

By applying Optional Stopping Theorem to 7, and letting b — oo we
see that

(2.4) P(M > a) > cpe (@0,

On the other hand q, = P(M > a) satisfies a linear recurrence relation
Go =Y Dilai-
J

It follows that g, can be represented as a finite sum Y P, (a)e** where
P, are polynomials. We claim that there is only one root of the charac-
teristic equation with absolute value e~ Indeed let \ = e~[s(@0)+ix]
satisfy 1 = 7. p; N for some

(2.5) 0<kKk<2m
Subtracting

1= ijes(%)j”j” from 1 = ijes(O‘O)j
J J
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ij s(ao)j zgn).

Note that the RHS has nonnegatlve real part. It follows that
jk =0 mod (27)

for each j € suppA. Since the walk is irreducible we have can reach
one at some time with positive probability. Thus 1 = 25:1 J1 where
Ji € supp(A). Accordingly £ = 0 mod (27) and hence k = 0 due to
(2.5). Now (2.3) and (2.4) imply that g, ~ ce s(@0).

we get

3. Visits to zero before given time.

A useful tool in understanding one dimensional random walk is its
local time. In this subsection we assume that p = 0 so that the random
walk is recurrent. By recurrence the walker visits each site infinitely
many times. We are interested in statistics of such visits. Let L,,(N)
be the number of visits to site m before time N.

THEOREM 2.6. As N — oo 220 — |N| where N is the standard

f
Gaussian random variable.
PROOF.
N
N)=> 1y,
n=1
Therefore

E(L§N) =k > P(Xj, =0,X;,=0...X;, =0)+my
0<j1<g2--<Jk
there my stands for the contribution of terms where not all j;s are dif-
ferent. By the computations presented below my = O(N®*~1V/2). On
the other hand by the Local Limit Theorem the main term is asymp-

totic to .
1
< 27r0) Z H Vs — Js—1

0<j1<g2--<jr =0

where jo = 0. Therefore

E((LJ(%)” (m) [ZNkH¢jS/N Gt/

The second term here is asymptotic to

1
0<ti<to-<tp<l 1:[ Vis —1Ts—1
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Note that I; = 2 and

1 1

1 1 ~1/2

Ik+1 = / — | | ——du, = / (1—t1)k/2t I.dty.
0 tl 0<uz--~<uk+1<1—t1 s V Us — Us—1 0 !

Thus

L TE+DIG) B
1) v [

The last equation implies that I, = C'
C = 1. Therefore

() )

From the doubling identity

INGIN (z + %) = 21722 /71 (22)

we get
k! F(ﬂ)2’g

PG+ Vr

| oLy \*)  T(HEH (V2"
() ) -5 -

ol

Since the family { m} is uniformly integrable, it is tight. Let Y be the
limit point. Then E(Y*) = E(|N|*). It follows that ¥ and N has the

so that

same distribution and hence \/L% = |N|. O
EXERCISE 2.4. Show that there exists unique distribution such that
By TCEEH(v2)"

E(Y") = v

Hint. Use the fact that the characteristic function of Y is analytic
around the origin.

EXERCISE 2.5. Prove that Theorem 2.6 remains valid for reducible
walks.

Hint. Consider Yy = X,y where r is such that the random walk
can reach zero only at times which are multiples of 7.

EXERCISE 2.6. Show that conditioned on X,, = 0 # has a lim-
iting distribution.
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Theorem 2.6 allows to study the distribution of L,,(N) as well. Let
T,, be the first time the walker visits m.

LEMMA 2.7. (Reflection Principle) As m — oo

2 o0 2 2 (o] 9
P(7,, > tm?) ~ 2P(X;p2 > m) = / e U2/ 27) gy, — \/j/ =224,
' V2T J1 T Ji/vi

PROOF. Since the random walk is recurrent for each € > 0 there
exists [ such that

P(there exists site 0 < 7 < R which is not visited by X,, up to time 1) < e.
Next

]P)(Xth > m)
tm? tm?2+1
= Z]P’(Tm =k, X2 > m)+ Z P(7,, = ky Xom2 > m)+P(7,, > tm?+1, Xy > m).
k=1 tm?2

The last term is less than ¢ by the foregoing discussion, the second

term is less than
tm2+1

Z P(Xy =m) = 0O(l/m)

tm?
by Local Limit Theorem while the first term equals

2

tm? tm
1 1
;P(Tm = B)P(Xp2e > m) ~ o ;P(Tm = k) = 5P(7m < m2t).

O

Lemma 2.7 says that as m — oo 7,,/m? = T-the random variable
with density
1 ven
V2mt3
COROLLARY 2.8. Suppose that N — oo, m/v/'N — x then
Ly(N)
VN
PROOF. By Lemma 2.7 % = 3™ — 427 On the other hand by
Theorem 2.6 conditioned on 7, = k we have L,,(N) ~ vN — k|N|. O

We say that a random variable Y has a Mittag LefHer distribution

= /max(0, 1 — 227T)|N].

if
cF k!
I(ak+1)
As we saw above for @ = 1 we get a one-side Gaussian distribution.

E(Y*) =



4. RAY-KNIGHT THEOREMS. 15

EXERCISE 2.7. [7] Let X,, be a Markov process and B be a set such
that there is a number ¢) > 0 such that uniformly for x € B we have
P,(z, B)n* — @Q. Show that L’f\,—(aN) converges as N — oo to a Mittag
Leffler distribution.

4. Ray-Knight Theorems.

Using moment asymptotics one can also obtain the joint distribu-
tion of local times at several points. However the local times at different
sites are strongly correlated due to the constraint > L,,(N)= N. To
remove this constraint we will randomize the time. In fact, we will kill
two birds with one stone by prescribing the position of the walker at the
final moment which will remove an unpleasant need to consider several
case depending on where the walker ends up. Thus in this section we
deal with the local times considered not at time N but at the time
when the walker has visited certain site certain number of times. To
simplify the analysis we treat in this section simple symmetric random
walk postponing the extension to general mean zero walks till later.

Lo(n)
2n

LEMMA 2.9. Asn — o
variable with mean 1.

converges to exponential random

PROOF. We claim that P(Lo(7,) = 0) = 5-. Indeed for this to hap-
pen the first step should be to the left which happens with probability
%. Next since X}, is a martingale

1
P(X visits 0 before n|X; =1) = o
n
Consequently Lo(7,) has geometric distribution with parameter i
Now the result follows easily. U

Next let 7, be the time of k-th visit to site n.

LEMMA 2.10. Asn — o0, ™ —

N
Lm(TO,n) = Z fj
j=1

n

where &; are iid variable having Exp(5-) distribution and N has Pois(3-)
distribution (Z?zl & =0 by definition).

ProoOF. Consider the random walk only at times it visits either
0 or m. Let 01,05...0%... be the lengths of consecutive stays at 0
and 01,02...0%... be the lengths of consecutive stays at m. Then
{7}, {6,} are mutually independent and by Lemma 2.9 % —>Esp(%),
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% —>Esp(%). Accordingly the number of transitions from 0 to m con-
verges to Pois(5-) and the result follows. O

The same reasoning also gives

LEMMA 2.11. Asn — oo, =" — , %—>t

N+1

L (Tok) N Z 3
j=1

n

where &; are iid variable having Exp(5-) distribution and N has Pois(5)
distribution.

Proor. Consider the random walk only at times it visits either m
or n and note that the walk comes to m first. 0

Next we turn to joint distribution of the number of visits to several
sites. As before we deal with two stopping times 7,, and 7 ,. In the
first case let my; > mgy--- > my be the sites such that “="
As before we consider the walker only at times he visits either one
of m;s or n. Let Z be the corresponding discrete time Markov chain
with state space {0,1,2...k}. If the walker is at site m; then the next
time he visits m,;_; with probability 2(mj_11 —nys Mt with probability
m, and m; with probability 1 — 2(mj_11_mj) - 2(mj_1mj+1). Ac-
cordingly the time the walker spends at m; has geometric distribution
with parameter S0 L — L__ Afterwards the walker goes to

j—1—1;5) 2(mj—myjq1)

m;41 with probability

— tj.

1 . ( 1 i 1 ) _ m;_1 —Mm;
Mj = Mg \Myj — My My — My Mmj—1 = My
Therefore the scaling assumptions we made imply

LEMMA 2.12. As n — oo Zg, converges to a continuous time
Markov chain Z; with generator G where

1 1 1 1

Gijr=——, Gpr=——, G =
P2t -ye)” T 20t —t)” T 20— to) 2t — )

and G;; = 0 otherwise.

In other words Z stays at site j for a time having Exp (2(tj —11;]-_1) — 2(tj+11 _tj)>
distribution. Whereafter it goes to j — 1 with probability ttﬁlf;t]l or
J J—

to j + 1 with probability %
J

1—tj—1
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COROLLARY 2.13.

(Lml(Tn)’ Liny (70) Ly (Tn)> = (1), Ty... T})

n n n

where T is the time Z, spends at site j before reaching site 0 given
that ZO =k.

Similar arguments apply to the stopping time 7,. We just state
the answer.

COROLLARY 2.14. Suppose 0 < m; < moy--- < my, be the sites such
that % — t;. Then

(Lml (TO,n>’ Lmz (TO,TL) o Lmk (TO,H)) = (Tb TQ . Tk)
n n n

where T] s the time Z, spends at site j before spending time 1 at site
0 given that Zy = 0.

Corollaries 2.13 and 2.14 may create an impression that the joint
distributions of the local times look quite complicated. However this is
not the case due to the Markov properties of the processes j — T; and
j— Tj Indeed by the time Z; spends time 7} at site j the number of
left and right jumps form independent Poisson processes. Therefore if
we know T the knowledge of Tj_1, ... T} does not give us any additional
information for the purpose of computing the distribution of Tj;. To
compute the transition probabilities of our Markov processes we use
Lemmas 2.11 and 2.12. Thus

N+1

N
T‘j—&—l - Zfsa T’j-i-l - ng
s=1 s=1

. ; . . .
where &, NEXp(m> ,and N ~Pois (m) (respectively Pois (m))
To compute the transition densities we introduce modified Bessel func-

tions
s 1 T 2k+r
I(z) = )
(z) %k!r(wkﬂ) 2

EXERCISE 2.8. Show that [, (z) satisfy the modified Bessel equation
221"+ ol — (22 + ) =0

and that Bessel functions J, (z) = i*I,(—ix) satisfy the Bessel equation

22 +at — (2 — v =0
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Denote A = Then

t]lt)

p(Tj1,Ty) = Z e 1A (AT)™ QTjH)mAe’T]’“’\

J m)! m)!

m=0

(2.6) = e MATONL 20T T + 1).

Note that since Ty = 0 the series for p(77,0) reduces to only one term
m = 0 so that p(T},0) = Ae ! in accordance with Lemma 2.10.
Next

(2.7) P(Tj11 = 0|T;) = e D
and for TjH #0

i i AT)™ AT )™ Ne—TiA

J+17 ' m'

(2.8) = e MTATOTAL (20T T + 1

We summarize our discussion as follows

THEOREM 2.15. (Ray-Knight Theorems, 1st formulation) [21, 30]
J — Tj and 57 — T} are Markov processes with transition probabilities
given by (2.6) and (2.7)—(2.8) respectively.

To complete the picture we consider the values of L,,(-) for all m

simultaneously. That is let L™ (¢) = L"“‘T“(T”) if nt is integer with

linear interpolation in between. Likewise let L (¢) = Lnelon) if pt s

integer with linear interpolation in between. We shall check that the
families {0 (¢)} and {IL™(¢)} are tight in the space of continuous
functions. Thus they have limit points T(t) and T'(t) respectively.
Note that the finite dimensional distributions of T and T are given by
Theorem 2.15. Since continuous processes are uniquely determined by
their finite dimensional distributions we conclude that L™ (t) = T(t)
and L™ () = T(t).

Let us check the tightness of {L™ ()}, {L(™(¢)} is similar. Let p;"
denote the number of passages of the edge [m, m + 1] in positive direc-
tion and and p;, denote the number of passages of the edge [m, m + 1]
in negative direction. Observe that L,,(n) = p; +p;. and conditionally
on Ly, (n) =1 pf ~Bin(l, 3). It follows from the Law of Large numbers

that Zi((z)) — 3 s0 before dealing with L™ (¢) we first establish that

- +
(2.9) F () 1= LoeT0n) 4o oy
n
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To study this process it is useful to consider an alternative description
of the simpler symmetric random walk. Namely instead of deciding
each time there the walker will go next we decide for each site m and
each k£ € N where the walker will go after the kth visit to m. Once the
decision is made for each site the trajectory of the walker is determined
uniquely. Let &, be the number of left steps from the site m between
J — 1st and jth right step. Then &;,, are iid random variables having
geometric distribution with parameter % Note that p,,,; = p;, since
the walker ends up at 0. Therefore

P
(2.10) P;H = ij,erL
=0

In other wordsp; is the branching process with geometric distribution
of offsprings started from Bin(n, 3).

Let F,, denote the o-algebra generated by p{, py ... p;-. Then (2.10)
implies that (p}, F,,) is a martingale.

By Kolmogorov’s theorem to show the tightness of R () it suffices
to check that

E(R™ (ts) — R (t2)[1) < Clta — 1,1

for some 0 > 0. Let m; = Nt;. We need to estimate E(|p;,, —p;, [*). Let
Ym denote the matringale difference ~,, = p;\, | — p;f,. By the maximal
inequality for martingles

mo 2
i, <ce(( 35 ) ) - ¥ sboiorTEoh.
m=m1-+1 m/,m' m
Using the identity v,, = >, (&m — 1) we get E(v,,) < CE((p},)?). Next
conditioning on p | = k we get
Er.((pr)?) = (Ex(pr,))* + Vary(py,) = k* + 2k.
Thus
E((pm)*) = E((pm-1)")+2E(py, 1) = E((py,)*)+2E(p5 ) = E((py,)*)+n.
Hence
E((py,)*) = E((pg)?) + mn.
It follows that there exists D > 0 such that for m < Tn we haveE((p;)?) <
Dn?. Also by Cauchy-Schwartz inequality E(v2,72,) < Dn?. Therefore

(2.11) E(phy = P [1) < Cl(ma — ma)n® + (ma — ma)*n’]
S C’n4(t2 - t1)2.
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Thus B B
E(|R™ (t2) — R™ (t2)[") < Clta — 1]
and {R™(¢)} is tight as claimed.
EXERCISE 2.9. Compute E(72,+2,,) exactly.

Likewise the tightness of {IE(”) (t)} follows from the estimate
(2.12) E((Limy(Tom) = Liny (T0.0))*) < Cn?(mg — my)?.

(2.12) is a consequence of (2.11) since L,,(10,) = p, + pt ;. The
tightness of {IL(") (¢)} follows a similar argument except that we move in
the opposite direction. Namely let G,, = o(p, |, pt 5...pt_,.). Then

we argue the same way as for L) using the fact that (p,—m — m, G)
is a martingale.

EXERCISE 2.10. Complete the proof of the tightness of {L™ (¢)}.

Recall that a Markov process T'(t) with continuous paths is called
a diffusion process with drift a(T) and diffusion coefficient o*(T') is

E(T(t+h) = T)?*T(t) =T)

E(T(t+h)—=T@)|T(t) =T
i BLEED = TOTO=T) _ o0
h—0 h h—0 h
In our case we have T(t+h) = Zivzl &; where &; NEXP(%)’ N NPOjS(%)‘
Conditioning on N = n we get

E,.(T(t+1t)) = 2nh,
En(T(t + 1)) = (B (T(t + 1)) + Var, (T(t + h)) = 4h°n* + 4h*n.
Consequently conditioned on T'(t) = T we get

Er(T(t + h)) = 2hE4(N) =T,

= o*(T).

Er(T?(t+h)) = 4h*Ep(N)+4h°Ep(N?) = 20T +4h*(Ep(N))*+Varp(N)) = T?+4hT.

Accordingly Er((T(t+h)—T)?) = Ep(T?(t+h))—T? = 4hT. Therefore

the drift and diffusion coeflicients of T" are

(2.13) a(T) =0, &*T)=4T.
For T' similar computations give
(2.14) a(T) =2, &*T)=A4T.

EXERCISE 2.11. Prove (2.14).

EXERCISE 2.12. Prove (2.13) and (2.14) using the relation of the
local time with the branching processes.

Therefore we can restate Theorem 2.15 as follows
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THEOREM 2.16. (Ray-Knight Theorems, 2d formulation)

(a) T is a diffusion process with zero drift and diffusion coefficient
47

(b) T is a diffusion process with drift 2 and diffusion coefficient AT.

EXERCISE 2.13. Find the limiting distribution of L™ (f) = Zz()

under the assumption that n — oo, ™t — .

EXERCISE 2.14. Extend Theorems 2.15 and 2.16 to weakly asym-
metric random walk moving to the left with probability % + \/Lﬁ and to

the right with probability % — \/Lﬁ

REMARK. Theorem 2.16 is stronger than Theorem 2.15 in that it
handles all sites simultaneously. It is possible to give relatively short
proof of Theorem 2.16 using deep results from the theory of diffusion
processes. We prefer to give a direct combinatorial proof since it gives
some insight on properties of T and 7.

REMARK. The diffusion processes with constant drift and linear
diffusion coefficient are called square Bessel processes since their tran-
sition densities are expressible in terms of modified Bessel functions.

5. Arcsine law.

Consider a simpler symmetric random walk. Let T be the first
positive time when X = 0.

LEMMA 2.17.
P(T > 2n) = P(Xy, = 0).

PROOF. Denote pp = P(Xo, = 2k, T > 2n). For above event to
occur we need that X; = 1 which happens with probability % Note
that p,r = P(Xon, = 2k) — P(X2, = 2k,T < 2n). To compute the
second term let X denote the reflected trajectory: X,, = X,, for X <T
and X,, = —X,, for X > T. Then the original and reflected trajectory
has the same probabilities so

]P(Xgn = 2]€,T < 2n|X1 = 1) = ]P(Xgn = —2]{?, |X1 = 1) = P(Xgn_l = 2]€—|—1)

Hence

P(Xon_1 =2k — 1) — P(Xp,_1 = 2k + 1)].

N | —

Pnk =

Summation over k > 0 gives

1
P(T > 2”,X2n > O) = §]P)(X2n,1 = 1)
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On the other hand

P(Xon = 0) = £ P(Xan1 = 1)+ 3 P(Xons = ~1) = P(Xp01 = 1)
so that

1
B(T > 20, Xy, > 0) = P(T > 20, X, < 0) = 5P(Xp, = 0).
O

Let Z, denote the length of the last zero-free period for the walk,
that if Xo, 7 =0,X,, #0 form > 2n — Z,.

LEMMA 2.18. (a) P(Z,) = 2k) = P(Xor = 0)P(Xopm-r) = 0).
(b) lim,, .o P(% < a) = 2 arcsin \/a.

PROOF. (a) For Z,, = 2k two event must happen. First, Xs, o =
0 and secondly the walk should avoid O for the last 2k steps. The
probability of the first event is P(X5(,—x) = 0) while the probability of
the second event is P(T > 2k) = P(Xy; = 0).

(b) From (a) and Local Limit Theorem we get

1 1

P(Xo, = 0)P(Xopmepy = 0) ~ ————
(X = P (Xaproty = 0) ~ s
(Recall that the simple symmetric random walk is not aperiodic so to
apply the Local Limit Theorem we use the fact that P(Xy = 0) =

P(Yy = 0) where Y is the random walk with increments #1522, In
particular Var(Y;) = £ so P(Y; = 0) ~ ﬁ = 1) Thus
— 1 1 “1  dz 2
P(Z,<na)~ ) ———=—-—— [ ————= = —arcsinya.
2 -k Jo mVal-g) T
U

Let U,, be the time spent by the random walk above 0. More pre-

cisely, let W, (t) be the process such that W, (2) = XTZL with linear

interpolation in between. Then U,, = nmes(t : W,, > 0).
LEmMMA 2.19. U, and Z, have the same distribution.
PROOF. We use induction on n. Note that
= P(Z, = 2n) = P(T > 2n) = P(Xy, = 0) = P(Z, = 0).
Also P(U, =2n) =P(X,, > 0 for 0 < m < 2n) Next we claim that
P(X,, >0 for 0 <m <2n)=2P(X,, >0form=1...2n) = P(Xy, =0).



6. EXTENSION TO FINITE RANGE RANDOM WALKS. 23

To this end consider the simple symmetric walk Y,, = X,,.; — X;. Then
1 1
P(X,,>0form=1...2n) = EP(Ym >0 form=1,2n—1) = §P(Ym >0 for m =0, 2n).

It follows that P(U, = 2n) = P(X,, = 0). By symmetry P(U, = 0) =
P(X5, = 0). Note that we have proved the statement for n = 1. For
n > 1 we still have to show that P(U,, = 2k) = P(Z,, = 2k) if 0 < k < n.
In this case the walk should return to 0 before the time 2n. Let 2r be
the time of the first return. Considering the cases where the walker
stay above and below z-axis separately we obtain

k n—k
P(U, — 2k) — % S P(T = 21)P(U, ., = 2(1{:—7’))4—% SOP(T = 20)P(U,, = 2k).

By induction the first sum is

k k
S BT = 20)P(Z, = 2(k—1)) = S B(T = 21)B(Xa_y) = OP(Xous) = 0)
r=1 r=1

= P(Xotm-r) = 0)P(Xo, = 0) = P(Z, = 2k)
and the second sum is
n—k n—k
> P(T = 2r)P(Up_y = 2k) = Y P(T = 2r)P(X,,_,_, = 0)P(Xo; = 0)
r=1 r=1
P(Xor = 0)P(Xom-r) = 0) = P(Z, = 2k).
Adding the two terms above we obtain the result. 0

EXERCISE 2.15. Show that the conditioned on X,, = 0, U, has
uniform distribution on the set of even integers from 0 to 2n.

Hint. Using the reflection principle show that P(U,, = 0) = P(U,, =
2n) = #1 The proceed by induction as in the proof of Lemma 2.19.
COROLLARY 2.20.

2
lim P (ﬁ < a) = Z arcsin v/a.
T

n—oo n

6. Extension to finite range random walks.

THEOREM 2.21. Corollary 2.20 is valid for arbitrary finite range
random walk with zero mean.
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PROOF. Let W, (t) denote the process on [0, 1] such that W, (™) =

X—\/’g and let W, (t) denote the corresponding process for a simple sym-

metric random walk X,,. Let W (t) be the standard Brownian Motion
with zero mean and variance t. Let U, and U, be the time spent by
the walker above 0. We have U,, = n®(W,,) = ®(*£=) where

O(W) = mes(t : W(t) > 0).
We claim that

(2.15) lim P (cb (%) < a) — POV (1)) < a)

n—00 o

Since by Weak Invariance Principle W”T(t) = W (t) we need to check
that

(2.16) P(W(t) is a point of continuity of ®) = 1.
Observe that if |V (t) — W (t)| < € then
mes(t: W(t) >¢e) < ®(V) <mes(t: W(t) > —¢).
Therefore it suffices to show that with probability 1
mes(t : [W(t)] <e) — 0ase— 0.

However by Fubini Theorem

1 5 1 22
E(mes(t: |W(t)]| <e) = e 2tdxdt — 0 ase — 0.
mestt: W) <o) = [ [ ——

Hence (2.16) follows. Thus

lim P <% < a) = lim P(®(W,0) < a) =P(®(W(t)) < a)

n—oo n n—oo

- - 2
= lim P(®(2W,,) < a) = lim P(®(W,) < a) = = arcsin va.
s

n—oo n—oo

O
EXERCISE 2.16. Show that W is a point of continuity of & iff
mes(t: W(t) =0) =0.

EXERCISE 2.17. Generalize the results of Section 4 to finite range
random walks. That is, prove that that if X is a finite range random

walk then "Lt;—z(m) converge to the diffusion process with drift 2 and

0Lton (TO,n)

variance 47 and 5

0 and variance 47.

converge to the diffusion process with drift
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Hint. By considering the walk only at the moments it visits m
and m + 1 show that typically L,,41(7) = Ly (7) + O(y/ L (7)). Con-
clude that for small § Ly, (1) ~ &= S7"*" [, (7). Then compare L, to

on k=m
1
% fo 1[m/0n,m/on+5} (W(t))dt

7. Favorite sites of transient walk.

Here we consider the walks with g # 0. To fix the notation we
assume that g > 0. In this case each site is visited finitely many times.
In fact the number of visits forms asymptotically stationary sequence.
Let L, denote the total number of visits of site n.

LEMMA 2.22. Given a finite sequence ly,ly .. .1, there is a limit
lim P(L, =lo, Lyy1 =11 .. Ly = lin)-

Proor. We shall show that there exists C' > 0,0 < 1 such that
P(L,, =loy Lns1 =1l ... Loy = b)) —P(Lpy1 = lo, Lnio =11 - .. Lyymi1 = ln)| < CO™.
Indeed keeping track of the initial point we have
Po(Lps1 =lo, Lpnyo =11 ... Lyyme1 =) =P_1(Lp =lo, Lps1 =11 ... Ly = L)

so we need to show that
Py (Ly, =lo,Lys1 =1 ... Lyswy =) —P_1 (L, = lo, Lys1 =1« .. Ly, = 1) < CO™.

To this end we will construct a coupling between the walk X,, started
from 0 and the walk X, started from —1 such that there exists random

variables k1, ko such that X, 1, = X,,1x, and

P(max( max X;, max X;) >n) < CO".
J€[0,k1] J€[0,k2]
Assume first that X is aperiodic. Then there exists k,~ such that
P(X; = X}/) > v where X’ and X" are two independent walks which
start within distance R apart (R is the longest right jump of the walk).
Then if at time k& we have Xj, = X then we can couple them requiring
A; = A for j > k. Otherwise we wait till X and X enter {x > kR} and
try to couple them again. Thus before the walkers enter {z > n} we
can make n/Const attempts to couple them. The probability that all
attempts fail is ¥/©°"*. This completes the proof in the aperiodic case.
If X is periodic we choose jo such that X, is in the same periodicity
class as 0 and then couple X,, and X, 1, using the above algorithm. [J

In particular let ¢ = lim,,_,o, P(L,, # 0). Let p denote the probability
that the walk will return to its initial position.

LEMMA 2.23. 1% = .
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Proor. Conditioned on L, # 0, L, has Geom(1 — p) distribution
so E(L,) = L’ﬁéo . Accordingly

J&IE;O—ZE e

Note that the sum in the LHS equals to the expected number of visits to
the interval [1, N]. On the other hand by the Large Deviation estimate

PGk € {EN (% - ) N} Xy [1,N]) < Cee

and
P(X, € [1,N]) < Ce " if k > (1 + 5) N.
Therefore '
| N
~ > E(L
and the result follows. " O

Next since in this case we do not have any non-trivial scaling behav-
ior for L, we consider the places where it exhibits unlikely behavior.
That is we consider favorite sites of the walk. Note that

1 —
P(L, > k) — —LpF.
I
THEOREM 2.24. Let ky — o0 so that along a subsequence we have
1L kN N — X\ Then along this subsequnce

I
Card(l1 <n < N : L, > ky) = Pois(\).

The proof will rely on an auxiliary estimate saying that the points
where L,, takes high values are well separated.

LEMMA 2.25. There is < 1 such that P(L, > k, L, > k) <
CproF.

PROOF OF THEOREM 2.24. According to Lemma 2.25 there exists
(£ > 0 such that

(2.17) P(Ly, > ky, Ly > ky) < N~0H0),

Take v < ( Divide [0, N] into long segments I of length N7 separated
by short segments .J, of length N7/2. More precisely I, = [z, £s+N7—1]
where z is the first site in (s —1)(N7+ N?/2) visited by the walk. Note

that
Nl—W/Q

P(3s,n € J,: L, > ky) < C =CN™? =0
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where the numerator counts the total number of points in the short
segments. Let & = > ., 1p,5ky. Thus & is the total number of

favorite points in I,. Let { = > ., L, where we only count visits
to I, before the first time the walker leaves I, and visits some I for
s’ # s. Note that if £ # &, then the walker should backtrack by N7/2.
Now by Theorem 2.5 given n

P(X visits | — 0o, n — N2 after visiting [n, oo|) < oN",
Hence
(2.18) P(L, = L, for all n € [I,N]) > 1 — No"""*.
In particular (2.17) is valid with L, replaced by L,. Thus
P& >2)< > P(Ly>ky, Ly > ky) < N?710
nn—mel,

while by Bonferroni inequality

P& =1)=Y P(L,>ky)+0 ( > P(Ly>ky, Lyom > k:N)>

nelg n,n—mels

= AN+ O(NP 1P,
Hence

Lz A )
it€s\ __ i 2v—1-0
E(e") = (1+ 15 (e" = 1) + O(V7719),

Since és are independent ) és has characteristic function

exp(A(e” —1))(1 +o(1))

SO Y, ¢, is asymptotically Poisson. By (2.18) >, & is also asymptoti-
cally Poisson. O

PrOOF OF LEMMA 2.25. Consider our walk only at the moments
when it visits either n or n —m. The transition probability takes form

b1 @1 M
q2 P2 T2
0 0 1

where the entries depend on m and we added a terminal state to ac-
count for the fact that the walk visits each site only finite number of
times. Let u be the probability that the walk started from n —m never
visit n. By one step analysis u = ¢; +pju so that u = 13—;1. Accordingly
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if the walk starts at n and is conditioned to return to n then it goes to
n —m with probability

q192 ( q192 —l—p) . q192
. o | = .
I—p 1—m 012 + (1 — p1)p2

Once the walker moves to n —m he can stay where k times with prob-
ability
Gops

> gy
so the expected number of returns to n — m before coming back to n
is 1_—1}71. Multiplying this by the probability of going to n — m we get

=pi ' (1—p1)

4192 1

E(Visits to n—m before return to n|X returns to n) = :
G1q2 + (1 =p1)p2 1 —p
Thus conditioned on L,, = k we have L,,_,, = Zf;ll & +no + ni where

7o counts visits to n — m before the first visit to n, n counts visits to

n —m after the last visit to n and &; counts visits to n —m between the

j-th and j + 1-st visit to n. Hence E(L,,_|L, = k) = v(m)k + O(1)

where

¢142 1

2.19 vim) = .
(2.19) ( @2+ (1—p)p2 1l —m

Due to the Large Deviation estimate it suffices to show that v(m) < 1
for all m > 0. Notice that as m — oo the transition matrix approaches

p (I=plc 1=p)(l-c)
0 p 1—0p
0 0 1

So the numerator of (2.19) tends to 0 while the denominator stays
bounded. Hence v(m) — 0 as m — 0 and so there exists mg such that
v(m) < 1if m > my. It remains to handle m € [1,my — 1]. Assume
by contradiction that v(m) > 1 for some m < my. Pick 61 € g9+ <
Eme K 1. We will show by induction that for j € 1...m,

(2.20) P(Ly—jm > (1 —¢j)k|L, > k) — 1 as k — oo.

For j = 1 the statement follows from the assumption v(m) > 1 and the
Large Deviation estimate. Next if the result is known for some j then

P(Ln—(j41ym < (1 = €j41)k[Ln > k) =

P(Ln—(j+1)m < (]_ — €j+1>k?, Ln—mj > (1 — €J)l{3|Ln > k?) + 0(1)
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The first term here equals to
P<Lnf(j+1)m < (1 — €j+1)k, Lnfmj > (1 — 6j)k‘, L, > k) <
P(L, > k) -
P(Ln—g+ym < (L= &)kl Lnmj > (L = &)R)B(Lu—jm > (1 —€5)k) _
P(L, > k) -

e 1(eej—1)k

cik

p

The last expression tends to 0 provided that €; < €;4;. This proves
(2.20). However (2.20) with j = mg contradicts to the fact that

v(n —mmyg) < 1.
Thus v(m) < 1 for all m as claimed. O

EXERCISE 2.18. Let Y be the simple random walk going to the
right with probability p > ¢ conditioned on returning to 0 a number of
times. Show that before the last return to 0

qg ifY,>0
PV —Yo=41Y,)=<p ifY,<0
Loy, =0

and use this formula to compute v(m) explicitly.
COROLLARY 2.26. Under the assumptions of Theorem 2.2/
Card(n : L,(N) > ky) = Pois (A\u) .
Proor. Using the Strong Law of Large Numbers
P(L,(N) =L, foralln < (u—¢e)N) — 1.
Accordingly by Theorem 2.24

liminf P(Card(n : L,(N) > kn) > m) > Z (u—e)" 7 CXP [— (u—¢e) Al
k=m ’
Likewise
P(L,(N)=0foralln>(u+ec)N)— 1.

Accordingly by Theorem 2.24

liminf P(Card(n : L,(N) > kn) > m) > Z <% + 6) z—l:exp [—(p+e)A].

k=m

Since ¢ is arbitrary we can let ¢ — 0 and get the required result. [
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EXERCISE 2.19. Prove that under assumption of Theorem 2.24
Card(n : L,(N) = ky+1),Card(n : L,(N) = ky+2),...Card(n : L,(N) = k+ly)

are asymptotically independent Poisson random variables with param-
eters

(AL = P AL = p)ppas - ML= p)p " pa)
EXERCISE 2.20. Prove that if My = max,, L,,(/N) then
lim P(My — ky > a) = exp (—Apu) .

N—oo

EXERCISE 2.21. Prove the following limit theorem for the favorite
site of recurrent walk. Let My = max,, L, (7o n). Then for z > 1

. My 1 2
—<z)=(1-=]) .
Nh—>moop< N x) <1 x)

Hint. Let M3 maxi,,~o Lm(7o.x). Use the analysis of Section 4 to
show that My and Mj; are asymptotically independent. Next use the
fact that the process T'(t) in Theorem 2.16 is martingale to show that

My 1
lim P =X >z)=—.
dm (=) =

EXERCISE 2.22. Prove the Central Limit Theorem for Card(l <
n<N:L,=0)

Hint. Use the small block-long block decomposition employed in
the proof of Theorem 2.24. Show that the contribution of the small
blocks is negligible and verify the condition of Lindenberg-Feller Cen-
tral Limit Theorem for the sum of contributions of the long blocks.

EXERCISE 2.23. Use the result of Exercise 2.22 to prove the Central
Limit Theorem for the number of cites visited by the walk utill time

N.



CHAPTER 3

Random walks in Markov environment

1. The result.

We consider the following model. At each site u € Z there is a
Markov chain z] with finite state space A and transition probability
Pav > 0. We denote by p.(n) the n-step transition probability of the
Markov chain and by 7, the stationary distribution of the chain. The
chains at different sites are independent and each chain is started from
the stationary distribution 7. Let A be a finite subset of Z. For each
a € Alet g, ; be a probability distribution on A. Given the environment
{22} the transition probability of the walk depend on the state of the
chain at the present position of the walker. That is X,,,1 — X,, = A,
where
A useful example to keep in mind is then the Markov chain has two

states L and R with transition matrix 8; 8§ and if the walker
is at state L then he goes left while state R forces him to go right.
One can also consider a softer situation when the A, can take both
values —1 and +1 at each state but L makes —1 more likely while R
makes +1 more likely. That is possible probability distributions are

qr, = (0.8,0.2), gr = (0.2,0.8) or ¢, = (0.8,0.2), gz = (0.4, 0.6).

THEOREM 3.1. ([10]) There exist numbers v, D such that
X, X, —nv
— = Vvand —F——

n vn

2. Environment viewed by the walker.

= N(0, D).

To prove Theorem 3.1 we employ the method called environment
viewed by the walker. There are two ways to understand this notion.
More common is the broad way when we look at all the sites at time n
shifted so that the walker is at the origin and study the distribution of
this random sequence. For the problem at hand it is more convenient
to take a more narrow or "nearsighted” view where the walker only
cares about the site he is presently in. That is, let w,, denote the pair

31
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(25, Ay) where z,, = 2% . We consider the sequence wp,w; ...w, and
we will show that it is asymptotically stationary. However the length
of this sequence changes with n so it will be convenient to introduce a
"fake past”. We say that a sequence {wy} is admissible if ¢, A, > 0.
Choose any admissible sequence & = {@k},;:l_oo. Let &, be the sequence
o W_pwowy - . . wy reindexed so that the symbols range from —oo to 0.
We would like to study the distribution of &,. Let o denote the shift,
that is, on is the sequence obtained from 7 by erasing the last symbol.
Let X denote the space of all admissible functions. To measure the
closeness we introduce the distance d(n’,n") = 6™ where ny = max{n :
n; =n"; for j <n} where § < 1. Then the environment viewed from
by the walker becomes a Markov chain with transition probability

Pn(n|€) = rn(xOv f)qxo,Ao

where 1 = (g, Ay),

o0, €) = o it L>n
mESS e, w0(L), if L<n

and L is the last time the walker was at the present site. Note that by
mixing of the Markov chain

(3.1) [Pn(nl§) —P(nl€)| < Cp"
where
o if L =00
r(20,8) = {ngo(L), if L < o0

and p denotes the spectral gap of the Markov chain. Consider the
generator

(Laf)(E) =D Pu(nl€) f(n).
on=¢
Let
(L1)(E) = Y Bl f(n).
on=¢§
Let Cy denote the space of dyp-Lipshitz functions.

LEMMA 3.2. (a) ||£,, — L||s < Constp™.
(b) L,1=L1=1 and ||L,]|c0 = ||L]]ec = 1.
(¢) If 0 > p then L,, and L preserve Cy.

PRrOOF. (a) follows directly from (3.1).
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We prove parts (b) and (c) for £,,. The proofs for £ are the same.
First, we have

(3.2) Ll=Y P,(n¢)=1
on=¢
Next
(L)< I Flloo D Pa(l€) = If oo

on=¢§
Thus ||£,]| < 1 which together with (3.2) proves part (b). Finally
suppose that first k£ symbols of £ and £” coincide. Given wy let 1’ =
E'wo, n" = €"wy. Note that first k£ + 1 symbols of " and 1" coincide.
Hence

B (0 1€7).f () =P (n"1€") £ (") < B (0 [ED1F ()= f () [+ ()P (17 1€7) =P ("7

< Pu(n'1€) L0 + 20| fllocp”

where L(f) is the Lipshitz constant of f. Summing over all admissible
wo we obtain

1L ()(E) = La(F)(E)] < [OL(f) + Const]| f]]oc] 0.
This proves part (c). O

The next theorem is proven in Section 4.

THEOREM 3.3. (Ruelle-Perron-Frobenius Theorem) There are con-
stants C' > 0, ¢ < 1 and a linear functional p(f) such that

L™ = u()Ue < CC[ f]lo-

In Section 3 we derive the following result from Theorem 3.3. For
f € 00 let Sn = Z;L;g f(gn)
THEOREM 3.4. (a) 22 = u(f).

(b) There exists D(f) such that S”%:(f) = N(0, D).

Letting f = Ag in Theorem 3.4 we obtain Theorem 3.1.
3. The Central Limit Theorem for Gibbs measures.
Here we prove Theorem 3.4.

PrOOF. Without the loss of generality we may assume that p(f) =
0. We have E(S,) = S_720 E(f(&)) where

E(f(&)) = LoLr ... Lr1f (@)
(3.3) = Lol ... Lxpp(LF2f) + O (0°7).
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By Lemma 3.2 the first term here bounded by ||£¥/2f||., which by
Theorem 3.3 is less that C'¢*/2. Tt follows that E(S,) is bounded. Next,

E(S7) = D> E(f*(&)) +2) E(f()f(&)).

i<k
Arguing as for E(S,) we see that the first term equals nu(f?) + O(1)
while for the second term we have

E(f(&)f(&k) = (LoLy . Lia(f(Lj. .. Leorf))

Using the analysis of (3.3) we see that £; ... L;_1 f decays exponentially
in k — j. Therefore E(S?) = O(n). Now (a) follows from Chebyshev
inequality.

EXERCISE 3.1. Show that

B )+ 23 uireiy).

n

EXERCISE 3.2. Show that in fact 22 — g almost surely. More-

n

over the same statement holds if the assumption that f is Lipshitz is
replaced by the assumption that f is merely continuous.

To prove part (b) let f, = f(&,). Using the general theory we
represent

fn :Yn_"ﬂn _ﬁnJrl

where
Bo =3 E(farilFact) =D Luct - Logjm1 () (&nr)-
j=0 j=0

Then S,, = ( Z;é Yi) + Bo — Bn and so it suffices to prove the Cen-
tral Limit Theorem for ZZ;& Yi. Since Y, is a martingale difference
sequence we need to show that - o B(Y2|Fi_1) converges to 0 in
probability. Parts (a) and (b) of Lemma 3.2 tell us that 3, = £,+0(¢")

where
oo

B =Y (L f)(&nn)
j=1
so it suffices to analyze ), E(}Mfk2|fk,1) where Yy, = fx — Bk + Brps1. Let
C denote the subspace of Cy consisting of functions such that pu(f) =
0. Since u(f) = lim; . E(L/f) the space C' is £ invariant and by
Theorem 3.3 1 — £ is invertible on C. Note that Y, = g(&,) where

9(§) = f(§) = h(&) + h(0&) and h = L(1 - L)™' f.
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By the foregoing discussion ¢ and hence ¢g? belong to Cy. We have to
show the convergence of £ S0 (Li-19%)(&). Due to Lemma 3.2(a) the

numerator differs by O(1) from - S o (L£g?)(&). However the conver-
gence of this expression follows from already proven part (a) of Theorem
3.4. U

REMARK. Theorem 3.1 remains valid for random walks in Markov
environment in Z¢ for any d (see [10]). The argument is the same,
the only distinction is that the proof of Theorem 3.4 is slightly more
complicated.

EXERCISE 3.3. Use Exercise 3.1 to show that the limiting variance
in Theorem 3.4 equals to

D(f) = p(f?)+2)  u(fL'f).

EXERCISE 3.4. Prove that Theorem 3.1 remains valid if the transi-
tion probabilities depend not only on the state of site where the walker
is located but also on the states of a finitely many sites around him.

EXERCISE 3.5. Let o : A x A — (0, 3) be a symmetric function.
Assign to each site a pair 2!, E! where x!, are Markov chains as above
and E! are conserved quantities evolved by the rule

B, = a(, a0 By tolan, o, ) B —(1=a(a, 2 0) —ala, 2,1) B,

Suppose that E? = §,0 Let A be a smooth observable. Show that
n N2
;A () B = E(AN))

where N is the Gaussian random variable with zero mean and variance

D.

Hint. Take M > N2. Consider the system where initially we
have M particles of mass ﬁ each concentrated at the origin. The
particles move independently so that if a particle is at site n at time ¢
then it moves to n + 1 with probability a(z!, 2! ), moves to n —
Iwith probability «(zf,z! ;) and stays at n with probability (1 —
ozl xtq) — ozl zl,_,))EL. Use Exercise 3.4 to obtain the Central
Limit Theorem for position of each particle. Then take M — oo and

show that the mass at site n at time ¢ converges to E.

4. Proof of Ruelle-Perron-Frobenius Theorem.

4.1. Cone geometry. The main difficulty in proving Theorem 3.3
is that we do not know pu(f). That is for each ¢ vector c1 is invariant by
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L and we do not know which of those vectors is approached by £" f. To
overcome this difficulty it is convenient to consider the induced action
of L on the projective space (that is we identify two functions if one is
a multiple of the other). So we need a little bit of projective geometry
which we now develop. Let B be a Banach space and K be a closed
convex cone in B (that is if f,g € K then af + g € K). We assume
that I N —K = {0}. We shall write f > g if f — g € K. Set

a(f,g) =sup{A: Af < g}, B(f.g9) =inf{n:g<pnf}.
We define Hilbert metric by the equation

B(f.9)
OO =1 (o)
Note that replacing f by cf changes A\ to % and p to £ so that
O(cf,g9) = O(f,g). Likewise O(f,cg) = O(f,g). To visualize © we
consider the plane passing through f and g. I cuts an angle in this
plane. By appropriate choice of coordinates K becomes the cone of
positive vectors (that is, vectors with positive coordinates). Now if f
and g have x coordinate 1 then f = (1, A), g = (1, B) where A < B
then

B d’y
(3.4) O(f,9)=InB—-—InA = —.
A Y
In general we have
O(f,9) = lné “m %,
1 g1

EXERCISE 3.6. Show that O satisfies the triangle inequality.

LEMMA 3.5. Given A there exists v < 1 such that the following
holds. Let By and By be Banach spaces containing cones Ky and Ko
respectively. Let T : By — By be a linear map such TK, C Ky and
moreover diam(TK;) < A. Then

@2(Tf7 Tg)
“oi(fg)

PROOF. Restricting our attention to the planes generated by f, g
and T f,T'g respectively and choosing appropriate coordinates we can
reduce the problem to the case where B; = By = R2, K; = K, is the
cone of positive vectors and 7T is orientation preserving. In this case T’

b ) . The condition

is given by a matrix with positive elements ( ﬁ d
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O(7(1,0),7(0,1)) < A reads

(3.5) ad < bee™.
Note that if (X,Y) = T'(x,y) then
Y  a+b(y/z)
X c+d(y/x)
so the induced action on the projective space takes form
a+ by
T er dy’
Thus
dz|  ad—bc
dy|  (c+dy)?
so that
y |dz (ad —bc)y (ad — be)y - ad — be
z |dy (a+by)(c+dy) (ad+bc)y + ac+ bdy? ~— ad + be’

By (3.5) there exists v < 1 such that £ : d?y < 1. In view of (3.4) the
result follows. U

LEMMA 3.6. Let ||-|| be a norm on B such that —f < g < f implies
that || f|| = ||g||- Let f and g be two vectors such that || f|| = ||g|| = 1.
Then

I =gl < 20 -1,

PRrOOF. O(f,g) = lng where af < g, g < Gf. Since —g < 0 <
af < g we have a < 1. Since —3g <0 < g < Gf we have < 1. Since

g—f<@B-Df<@B-a)fandg—f=>(a-1)f>—-(6—-a)f

we have

lg—fll<B—a<P=9_B_1_eua_
Q Q

O

To apply the above results to the problem at hand consider the
cone

Ka={f:f>0and for each &,& f(&) < f(&)eAdEeY
LEMMA 3.7.

o [e1E8)g(&) — g(&1)] [ f(ns) — f(m)]
OU )=l B o [TEE (&) — [(€)] [P mg() — g(n)]
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PROOF. By definition g > A\f iff for each & g(§) > Af(§) and for
each pair &1, &

(3.6) 9(&) = Af(&) < eAE1£2) (9(&) = Af(&)).
Thus «a(f, g) = min(ay, o) where
_inf 9(§) o — i [edE8) g(g9) — g(&1)]

R ALy T Tk

However if for some & we have g(&) = Af(&) then (3.6) can not hold.
Therefore o« = avy. Likewise

[eA46182)(£,) — g(€1)]

B(f,9) = sup '
( ) &1#£E [eAd(§1,§2)f(€2) - f(gl)]
O
LEMMA 3.8. If B < A then Kg has finite diameter in K 4.
PROOF.
[ g(65) — g(€0)] [0 f(ng) — fl)]
[eAdELE) F(&5) — F(61)] [eAdmm) g(ng) — g(m)]
(62)[ Ad(&1,62) _ e—Bd(&@)] f(772)[€14d(7717772) _ e—Bd(Ulﬂh)]
= (&) [eAdE&) — eBdE&)] g(n,)[eAdin ) — Bdlmm)]
AU &) o= BAE €] [eAdlmm) _ o=Bdlmm)]
= [eAd(§1,§2) _ eBd(§17§2)] [eAd(m,m) — eBd(WlW?)] .
O

4.2. Contraction of the transfer operator.
LEMMA 3.9. There is a constant C' such that L : Ky — Kgayic.

PROOF. Since L preserves positivity we just need to check the
Lipshitz bound. Let & and & be two sequences and n; = §w. Let
o(n) = InP(n|on). Note that ¢ € Cp. We have

e?) £ (my) < 22 f (g, )e(HO)+AI(EL L)
Summing over all admissible w we obtain the result. U

PrOOF OF THEOREM 3.3. Choose a large A so that A0 + C' <
A and consider f € K4 with ||f|| = 1. By Lemmas 3.9 and 3.8
O(L"f,1) <~™ and by Lemma 3.6

< Cy".
izl
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Combining this with Lemma 3.2(b) we get
L7 = 1£" ][] < C"
and invoking again Lemma 3.2(b) we see that
L7 =1L fl11]lee < C9"
In particular
12 oo — 1€ 1ol < O
Let p(f) = lim,, oo ||£™ f]]oo. Then
(3.7) 1£7f = p(f)1oo < Cy".
To prove the Theorem we need the same estimate for || - ||g-norm.
LEMMA 3.10. (a) There exists I' such that
L(LF) < OL(f) + L[| fl]se-
(b) There exists I such that
LL™f) < 0" L(f) + T[] f]oe-

PROOF. Let & and & be two sequences and 1; = &;wy. Then

‘e¢("2)f(772) _ e¢("2)f(772)‘ < ‘eqﬁ(nz) _ e¢(n1)| f(n2)+€¢(m) |f(772) — f(771)|

< O |floo + e®™OL(f).

Summation over wy completes the proof of (a). Iterating part (a) we
get
LL™f) <O™L(f) + [T+ 6T +...0"'T] || f]] -

Applying Lemma 3.10(b) with m = n/2 we obtain

L(L"f) = L(L" f=p(f)1) < 02LIL"2 f—p( F)DFTNL2 f=n( )|
Lemma 3.10(b) tells us that the first term is O(#™?) while the second
term is O(y™/?) in view of (3.7). Thus for f € K4 with ||f|| = 1 we
have

127 f = p()1]lp < CC.
Consequently for any f € K4 we have

1" f = u(£)tllo < CCI £llo.

To prove the theorem it remains to note that any f € Cy can be
represented as f = fi — fo where f; € K4 (for example, one can take

fu=101111la)- O
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EXERCISE 3.7. Let (Lnf)(§) = >_,,—¢ e? f(n) be an infinite se-

quence of Markov transfer operators (that is we assume that L,1 =1
for all n), n € Z. Assume that the functions ¢,, have uniformly bounded
norms ||¢,|lg < C. Show that for each n there exists a measure j,, such
that L., = L, Ly41 ... L1 then for all f e Cy

L = p(U < CO([ fo-

Prove that if &, is a realization of corresponding Markov process than

Zn[f(é-n) — fin(f)] -0

n
almost surely and that all limit points of

Jn

are Gaussian.



CHAPTER 4

Random walk conditioned to stay positive.

Let X be a zero mean random walk. Let 7.7 (7,) be the first time
the walker visits (—oo, x] (respectively [z, +00).
(

LEMMA 4.1. The limit —c :=lim,,—, 100 Ep (7)) exists. Moreover
E,. (7)) +c=0(6™)
for some 6 < 1.
PROOF. The proof is similar to the proof of Lemma 2.22. O
EXERCISE 4.1. Prove Lemma 4.1.

LEMMA 4.2.

Bo(ry; < 7)) = ) (1o (1Y),

PROOF. Since X, is a martingale the optional stopping theorem
gives

(4.1) m :E(To_l - +) —G—E(T]—\i;l + )

To <Tpnr TN<To
Since the first term here is O(1) and the second term is
P (13 < 79 )(N 4+ O(1))

we see that
m+ O(1)

N
Thus the first term in (4.1) equals to E,, (7, ) + O(%) and the second
term is NP,,(ty < 75) + O(%). Dividing (4.1) by N we obtain the
result. O

Po(my < 7o) =

Let XN be our walk conditioned on 737 < 75 . Thus if XY = m then
XN, =m+ j with probability
P Pmi (T < 79)
2k PPk (TR < 79)

(4.2) As N — 00, XV converges to a Markov process Y,

41
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such that
pj(m_'_j + B,y < TO_)
Sopkm+k+Epp <79)
We will call Y,, a random walk conditioned to stay positive. Let Yy 5(t)
Yt

denote the process such that Yy s(t) = & with linear interpolation in

between where where Yy = 6v/N. Let Y(t) denote D(%Q, o?) process
started at . Thus Y is a Bessel process of dimension 3.

THEOREM 4.3. ([4]) As N — oo Yn(t) = Y;(t).

P(Yyi1 =Y, =j|lY,=m)=

Let Y 6,0,6(t) denote the process Yy 5(¢) stopped at min(7_ e ’7'; \/N)
aV/'N or vV/N. Let Y03 denote Y (t) stopped when reaching either o
or [3.

LEMMA 4.4. For eaché > 0,0 < a <6 < Ynsas(t) = Ysas(t).

COROLLARY 4.5. For each 6 > 0, Yns(t) = Y;(t).

PROOF. Since Bessz does not visit 0 by Corollary 7.21 given € > 0
there exists a, 8 such that Ps(min(7,,73) < T') < . Now by Lemma
4.4 for large N P(min(7, 7, T3y%5) < 1) < 2¢. Consider a continuous
functional ® : C[0, 7] — R. By the foregoing discussion
[E(S(Y5(1)—E(P(Ys.as()] < ell®f], [E(R(YVns(t)—E(P(Ynsa,8(t))] < 2][P]].
Finally by Lemma 4.4 for large N

[E(®(Ynba,8(t) — E(P(Ysas(t))] <e.
O

PROOF OF LEMMA 4.4. First we prove tightness. Observe that by
Lemma 4.1.

P(A, = j|Y,) J 1 J 1
o =) g L ) = J — ).
" + Y, + 0O v? exp Y + O y?

Let A, = A, — Ey(A,). Note that the correction term Ey(A,) =
O(Yin) Consequently if Q denote the law of the original walk with the
same starting point and the same stopping rules as for Y,, then

%(Y} exp (— ; }A/—: + O(l)) .

Note that M = 22:1 %,n is a martingale with quadratic variation

> (5o () -0 (x)

n=1
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Therefore Theorem 7.6 implies that given € there exists C' such that

1 dQ
P < —=<C
(o=@ =c)s=-
On the other hand since X, converges to the Brownian Motion af-
ter diffusive rescaling there is a compact set K C C[0,T] such that

Q(YN,é,a,ﬁ ¢ K) S % Then
dpP
P(Yn a0 & K) < C + P(@ >C) < 2.
Since ¢ is arbitrary, tightness follows.
Next take f € D. Note that

>0 (Yo+c+ )i N o’ N
E(Y41 —Ya|Ys) = Y re 0(9 > Y—JrcﬂLO(@ ),
1
E(Yo1 = YalYy) = 02+ 0 <?) |
Accordingly

{((3)-1(35))

- () a2 (&) v -0 ()
) wrovw 2 \Un ) w0\ )
NT) shows that if Y is

Summation over n from 0 till min(Ta’ s 7-; w
a limiting point of Yy 54,4 then

min(7T,7a,73) 0_2 ) 1 ,
E vy - 1v) - [ {Y(t)ﬂwmﬁf <\Y<t>>] it = 0.

Similarly summing between min(7_ i Ta \F , NTy) and min(7_ i T \F NT5)
shows that
min(7T2,7a,78) 0_2 ) 1 ,
B £(¥(m) - ) - [ TPV + V()| dilF ) =0
T Y(t) 2
Thus M/(t) is martingale for each f € D so by Theorem 7.13 Y =
Y. U

LEMMA 4.6. There exists p < 1 such that for each r
P(r < m?r) < p".
Lemma 4.6 implies Theorem 4.3. Indeed by definition the Y| is the

Y +

limit of Y5 as 0 — 0. By Corollary 4.5 T‘s‘ﬁ%;m = Y while by Lemma

4.6 75 5/N — 0as § — 0.
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PROOF OF LEMMA 4.6. Define 0g = 0,my = 1 and let 0,4, be the
first time after o; such that Y;, > 2! or Vi, < 2™ In the first case
let m;1 = m; + 1, in the second case let m; 1 = m; — 1. Recall (see
(7.15)) that 1/Y is a martingale. Accordingly if j is large then

2

P(ij —m; = 1) ~ g

LEMMA 4.7. (a) Let m; be a process such that mj.; —m; = £1 and
there exists M > 0 such that

P(mjy —my = 11F;) > p if my > M.

Let Z; be a simple random walk such that P(Z; 11 — Z; = 1) = p started
from m. Then if mg > M then there is a coupling between m and Z

such that

m; > Z; on the set 1%1<1n Z; > M.
<j

(b) Consequently if p > 5 then

P(mj>Mf07‘allj>0)ZIP’(Zj>Mf0rallj>0):1—g.

p
PROOF. The coupling is constructed as follows. Let U; be iid ran-
dom variables having uniform distribution on [0, 1]. We let Z,,1 — Z; =

Lemma 4.7 implies that each time InY;, visits a site there is a
positive probability that it will never return there. Also by Lemma 4.4
the distribution of “%=% is asymptotically independent of m; so

P(oji1 <05 +2",mjy1 =m; + 1 and InY,, never returns to 4™)
is uniformly bounded from below. In other words there exists p < 1
such that

P(Y, . > 2" for [ > 4*]Y, € [2"7,2%]) > p.
Hence
P(Y spends time s4* inside [2°71,2%]) < (1 — p)°.
Next if 7,7 > m?r then there exists k such that 2¥ < m and Y spends at
least time 5 (N — k + 1)4% inside [2571,2%]. The probability of such an
event is O(07r(N — k +1)/C). Summation over k proves the lemma.
O

EXERCISE 4.2. Let X ~ D(a,b) on [, 5]. Let Y denote the law of
X conditioned on hitting (3 before o. Show that Y is a diffusion process
and compute its drift and diffusion coefficient.
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EXERCISE 4.3. Let X denote SqBess;, 0 < 2 conditioned on reach-
ing N before 0. Show that as N — oo, Xy converges to SqBess,_;.

EXERCISE 4.4. Consider a Markov chain where the particle moves
from n to n+1 with probability %—l—% and to n—1 with probability %— -
Suppose that Xy = N and the particle is stopped then it reaches either
aN or BN. Let YN(t) = % Show that as N — oo YV = D(%, 1).
Thus the limiting process in Bessyei1.






CHAPTER 5

Excited random walk.

1. Results.

Our exposition follows [22, 23].

We consider the following model. Fix M € N. For each site m € Z
pick M numbers p,,1, Pmo - - - Py between 0 and 1. Let X, be a walk
on Z such that X, ; — X,, = £1 and if X, visits m for jth time then

P(Xppy — X, =1) = bmi T ="
Denote ¢p; = 1 — pu,j.

We assume that (pm1,Pme---Pma) are iid random vectors even
though the case where p,,; = p is already non-trivial and presents
most of the difficulties of the general case. Let §,, = Zj]\il(pj —g;) be
the total drift stored at site m and let & = E(d,,). By replacing X by
—X if necessary we may assume that § > 0.

THEOREM 5.1. ([22]) If § < 0 then X,, is recurrent in the sense
that it visits every site infinitely many times. If 6 > 1 then X,, — 400
almost surely.

In case & > 1, X,, looks increasing after appropriate rescaling.
Therefore one can study 7y the time it takes to reach site V.

THEOREM 5.2. ([1, 23])

(a) If 1 <8 < 2 then {55 converges to a stable law.

(b) If & = 2 then there exists a constant u such that X=4Y12N
converges to a stable law.

(c) If 2 < § < 4 then there is a constant u such that ”]VVZ/J}[” con-
verges to a stable law.

(d) If 6 = 4 then there are constants u and D such that

TN—NU

47
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(e) If & > 4 then there are constants w and D such that
™ — Nu
VN

To describe the limiting distribution in the recurrent case we need
the following fact.

THEOREM 5.3. ([5, 6, 29]) Let |al, || < 1. Then almost surely
there exists unique solution to the equation

(5.1) Y(t)=W(t)+aS(t)+ pI(t)
where W(t) is a standard Brownian Motion, I(t) = infocs<; Y (s),
S(t) = supg< <, Y (s).

We shall call Y («, 3)—perturbed Brownian Motion and write Y ~
BM(«, ).

THEOREM 5.4. If0 < § < 1 then % = Y (t) where Y is (§,—9)-

= N(0, D).

perturbed Brownian Motion.

2. Ray-Knight Theorems.

The proofs of Theorems 5.1, 5.2 and 5.4 rely on extensions of Ray-
Knight Theorems from Section 2.4 to excited random walks.

Recall (see Section 2.4) that the trajectory of X, can be uniquely
determined if for each m,j we decide where the walker goes when he
visits site m for jth time. Let 7 x be the time of the N-th visit to 0.
Then the number of forward crossings of edge [0, 1] equals to pg = p'+¢
where p' ~ Bin(N — M, 1) and ( is the number of right steps during the
first M visits to 0. Likewise let p,,, be the number of forward crossings
of [m, m + 1] before 7y 5. Then the number of backward crossings is
also p,, and so

pm—M
(5.2) st = D &mj+m
j=1

where ;,,, are iid having Geom(%) distribution and on the event p,, >
M (,, is independent of &s and

(5.3) E(C| Frn) = M + 6.

Indeed if pf% . 1s the number of right (left) steps during first k visits to

site m then
k

Pk = P = > (P — Gmj)

j=1
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is a martingale and so if &k, is the first time p:;k =M

which implies (5.3).

Similarly if 7, is the first time when the walker reaches site N then
denoting p,, the number of backward crossings of [m — 1, m| we have
ﬁN =0 and

PAm+1*M+1
(5.4) pn= D Cmj+Cm
j=1
where —1 in p,,.1 + M — 1 appears because the number of forward
crossing of each each is by one larger than the number of backward
crossings and

Note that in contrast to simple symmetric random walk there is no
guarantee that 7y and 7y x are finite. However the following statement
can be proven by straightforward induction

PROPOSITION 5.5. (a) Let p,, be defined by (5.2). Let p,, be the
number of forward crossings of the edge [m, m~+1] by the time min(r y, 00).
Then p,, < pm and we have the equality if 7o n is finite almost surely.

(b) Let py, be defined by (5.4). Let p,, be the number of forward
crossings of the edge [m, m+1] by the time min(7o x, 00). Then p,, < pm
and we have the equality if Ton s finite almost surely.

In case of p it is convenient to change the direction of time and let

j=1
so that p,, = py_m and

pm0+n2t

THEOREM 5.6. (a) Suppose that pn,, = n. Let E)N‘ig’ﬁ(t) = -

stopped when it reaches either an or Bn. Then R"(t) = Y (t) where Y =
D(4,2y) stopped when it reaches either a or 3. Moreover if (Y (t)) is
a martingale then

Iamin T(;n,7'+ 0
g <+> = 6(®)+0(n0).

n
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(b) Suppose that pm, = n. Let Ry, 45(t) = @ stopped when it
reaches either an or fn. Then R"(t) = Y (t) where Y = D(1 — 6, 2y)
stopped when it reaches either o or [3.

Thus Y ~ SqBess,s and Y ~ SqBess,_,5. We now use the informa-
tion about square Bessel processes to obtain analogous results about
the branching processes. Recall that SqBess; tends to oo almost surely
if d > 2 and it takes arbitrary small values otherwise.

THEOREM 5.7. p,, dies with probability 1 if § < 1 and it survives
with positive probability if & > 1. Moreover the probability of survival
tends to 1 as py — o0.

Next recall that 0 is either regular or entrance boundary for SqBess,
if d > 0.

THEOREM 5.8. If 6 < 1 then 2 = Y(t) where Y ~ D(1 —6,2y)
started from 0.

Recall Lemmas 7.23 and 7.24. Let 79 = 0 and 7; be the first time
after 7,_; when p, < M. Let 7p = 0 and 7; be the first time after 7;_;
when Pz < 0. Let Oj = Tj — Tj—1, 6']' = %j — %jfl, Aj = Z:riz‘rj,ri-l Pm.-

LEMMA 5.9. (a) If § > 0 then there are constants Cy and Cy such
that

t°P(o > t) — Cy, t?P(A>t) — C,.
(b) There are constants Cs such that for each k < M we have

t°P(6; > t|ps, , = k) > Cs.

3. Recurrence and transience.

PROOF OF THEOREM 5.1. (a) Let 0 < § < 1. By Theorem 5.7 the
sequence defined by (5.2) dies out almost surely. Therefore by Propo-
sition 5.5 X, visits only finitely many sites in Z, before min (7 n, 00).
Similarly Proposition 5.5 implies that X,, visits only finitely many sites
in Z_ before min(7y n,00). (Note that changing the direction of the
space axis replaces d by —éd so to have finite number of visits to Z
we need 20 < 2 while to have finite number of visits to Z, we need

—26 < 2). Hence 79 y is finite almost surely, that is X visits 0 infinitely

many times. Next fix m € Z. By Theorem 5.6 2220%) — 1 and so for

N
each L
P(X visits m less than L times before 7y 5) — 0, as L — oo.

Thus X visits m infinitely often almost surely.
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(b) Let 6 > 1. By Proposition 5.5 conditioned on the event 7_y <
oo we have that & converges to a distribution which has no atoms at
0. Accordingly for each L

P(pp < L|T_ny < 00) — 0 as L — oo.
On the other hand by Theorem 5.7
P(p, dies out|p,, > L) — 0 as L — oc.
In other words
P(X visits finitely many sites before 7_y) — 0 as N — oc.

Hence X, does not visit — N if N is large enough. However if X visited
any other site m infinitely many times then it would visit —/N almost
surely since there are constants M and p such that

P(X,1r = —N for some k < N|X,, =m) > p.

Therefore X visits every site only finitely many times and hence X,, —
~+00. U

PRrROOF OF THEOREM 5.7. Consider three cases.

(a) 6 > 1. Let pp = 2™ (to prove the result we can assume without
the loss of generality that mg is an integer, however the proof below
will not rely on this assumption). Let Ty = 0 and let Tj4; be the first
time after T such that pr > 2™% or pr < 2™~ In the first case we
set m;y1 = m; + 1, in the second case we set m;;; = m; — 1. We wish
to compare In p; to a random walk. However we need to keep in mind
that pr; may be far from 2™ (even though this happen with a small
probability). To take care of this issue we say that p has a long jump

at time n if |p, — pn_1| > ﬁi/:ll.

EXERCISE 5.1. Show that
~ ~ ~3/4 —c/Pn
P(|pn — pn-1| > Pi/—ﬂ}—ﬁ < eV,

Let G; be the o-algebra of events which has happened before time
Tj;. Since § > 1 there exist p > %, M such that on pr, > 2M we have

P(mjp1 = m; +11G;) 2 p,
P(p has long jump on [ + 1, Ty1]) < exp (—e2 7).

Now let z; be the random walk gets killed at each step with probability
exp (—c2™i71) and on the event of survival z goes to the right with
probability p and to the left with probability 1 — p. We claim that

(5.5) P(z survives and z; — 00) — 1 as zyp — 0.
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Indeed if we disregard killing then given ¢ there exist constants a, A
such that

P(z; > 29+aj—Aforall j)>1—¢

(in fact one can take a = % independently of £). On the other hand
> _62z0+aj7A

P(z; gets killed|z; > zp+aj—A for all j) < e — 0 as zy — 00.

=0

This proves (5.5). Next arguing as in Lemma 4.7 we can construct a
coupling between m; and z; such that

{p has a long jump} C {z; is killed}

and if z; survives and z; > M then m; > z;. Now the result follows
from (5.5).
(b) 6 < 1. In this case we let Ty = 0 and let Tj;1 be the first time

after T such that pr > 2p7, or pr < %. We compare In ﬁTﬂ; with the

sequence z; defined as follows. Set zg = Inpg. If pr;,, < % we set
Ziy1 = 2; — L If pr,,, > 2p7; we let Z;1y = Z; + 1+ ¢ if p does not have
a long jump at time Tj4;. If p has a long jump then we set z;41 = Z; +k
where £ is the smallest number such that pr,,, < QkﬁTj.

By induction p; > 2% and there are exist constants L,p > % and -y

such that on pr; > L we have
P31 — 2 = —1G;)) > p, P(Gj — 3 = k|G;) < e for k > 2.
Thus we can compare In pr; with a random walk z; such that
P(zj41— 2 = —1|G;) =p, Pz — 2 = k[G;) = " for k > 2.

That is we can construct a coupling between p and z such that pr;, < z;
on the event maxy<; 2, > L. If L is large and ¢ is small then z is
recurrent implying that p falls below L infinitely many times. Since
every time p falls below L the probability of its dying at the next step
is uniformly bounded from below we conclude that p dies almost surely.

(c) 6 = 1. Let 7; be the consecutive times when either p, < % or
p has a long jump. Define m; and z; as in part (a).

EXERCISE 5.2. Prove that

—c2ktmo

P(z; is killed at site mg + k before visiting my — 1) <e

Using Exercise 5.2 we can compare Inp, with a random walk Z

c2k+m0

which moves k units to the left with probability e~ and moves 1
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unit to the left with probability

o0

1— Z g2,
k=0
Since Z is recurrent we can finish the proof as in part (b). U

4. Limit Theorems in transient case.

PrROOF OF THEOREM 5.2. To fix our ideas we give the proof for
in case 2 < s < 4. Other cases are similar.

Let L~ be total number of visits to Z_. Since X,, — +oo we have
(Ll; — 0 for any sequence a,, tending to co. Therefore we may restrict

the attention to visit to Z. . Since the number of forward crossing of
each edge is one more than the number of backward crossings we have

N
N=L" 42> pu—N
m=1

so it suffices to obtain the limiting distribution for Zﬁ;(l] Pm- Since

Zf,f;é Pm = ZZ:1 pm We can restrict out attention to the later sum.

Let i i
Rk:ZAja QkZZUj-
P =1

By Theorem 7.10(c) @, satisfies the Central Limit Theorem. Accord-
ingly for any sequence I'y, — oo we have

(5.6) P(|Qr — kEo| < TyWk) — 1.
Let ky be the first time when Q) > N. Then Ag, 1 < 7v < Ag,. By
ky — ——

(5.6)
P( E(0)

Hence with probability close to 1

<FN\/N) —0if I'y — o0.

N
R]\L STNSRN+ where Ni:mivaN.
g

We claim that if 22N 0 then

N2/8
R, - Ry
(57) angljagN_,_ W = 0.

Indeed (5.7) follows from the fact that if Dy, — oo then

i
(5.8) max VDo = 0.
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But (5.8) is an easy consequence of the Law of Large Numbers.
Accordingly the limiting distribution of

N-1 E(A)
D m=0Pm ~ gy IV
N2/8

is the same as the limiting distribution of
Ry —E(A)N_
N2/5
Now the result follows from (7.8). O

EXERCISE 5.3. Work out the proof in case d >4 or 1 < < 2.

PrROOF OF LEMMA 5.9. The proof is similar to the proofs of Lem-
mas 7.23 and 7.24. See [23] for details. O

5. Limit Theorem in recurrent case.

Let S,, = maxy<, X,,, [,, = ming<,, X,,. First of all we show that by
time n the walker consumes almost all the drift between I,, and S,,.

LEMMA 5.10. Given v > § there exists vo > 0 such that for each
0 <n < n* we have

(5.9) P(Card(n* —n <m < n*: Ly(1,) < M) >n™) <07
and
(5.10) P(Card(—n* <m < —(n* —n): Ly(7p) < M) >n") <™

Proor. We will prove (5.9), the proof of (5.10) is the same. We
consider the case where 0 < § < 1. By translation invariance we may
assume that n = n*. Let 0 = 7o < 74 < .-+ < 7% ... be consecutive
times when p, < M. Let 6; = 7; — 7j_1. Let j* be the first time when
G;+ > n. By Lemma 5.9 P(6 > n) > . Hence

P(j* > n™) < (1_§) |

Since Card(0 <m < n: L, (7,) < M) < j* the result follows. O
EXERCISE 5.4. Prove (5.9) in case 1 < § < 0.

Hint. Construct a branching process with migration p; such that
pi > pp, and E(pl, — pf) = 6" for some 0 < " < 1.
Next we show that v/ N is a correct scaling in Theorem 5.4.
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LEMMA 5.11. For each v3 < 2 there exists C' such that
N? C N? C
P(TNST) Sﬁ’ P(T—NST) < -
Proor. We prove the first inequality, the second is similar. Let T}
be the first time pp, > % and 75 be the first time after 77 such that
pr < N Then

2L¢
2

N N N
P(ry < T) SP(T1 > N — Ll_g) "‘P(T?_Tl = Ll—a)‘

In view of Theorem 5.8 there exists p > 0 such that

Plomn < pn<2) <1-p
pn+LE Lgpn LE p

Accordingly by induction we have that

N
P(pm < 7 for allj§k> <(1-pt*
LE €

SO
N oL
P(Ty > N — LH) < (1—p)*.
On the other hand if N
-1 < 7ic
then
S N
sup Pm = PTy Z 572
melTh Tt ] 2L
and similarly to (2.11)
N N\ N\ /NY!
P SUp P =P 2 oo | S C( 5) (—5) : (—E) =CL* 2
Since ¢ is arbitrary this proves the result. 0
Let Ak = XkJrl — Xk Spht Xn = Bn + Cn where
n—1 n—1
k=0 k=0
Denote XV (t) = %, BWM)(t) = %, CM(t) = % Then B, is a

martingale and by Lemma 5.11 its quadratic variation is n + O(y/n).
Thus by Theorem 7.7 BY) converges to a standard Brownian Motion.
Therefore we need to relate C,, to r, = S, + I,,.
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LEMMA 5.12. For each e > 0

C, — or,
R TR
PROOF. Observe that |C,| < Mr, so we can assume that r, >
]E\}/E By Lemma 5.11 for each &' there exists K such that P(ry >
KV/N) < ¢, so we can assume that

IIn] < KV'N, Sy < KVN.

>¢e) — 0.

Note that
Sn Sn L (n)+1
(5.11) Co=> 0m— > lpmenr Y (Dm— am)-
m=I, m=In, 7j=1
By the strong law of large numbers
>ty O — O
N
T'n

On the other hand the second term in (5.11) is less than
MCard(m € [I,,S,] : Lip(n) < M).

Divide the interval [I,,, S,,] into subintervals of length N'/4. By Lemma

5.10 with probability at least 1 — #N""* K N*/4 all the intervals except
the two extreme one have at most N"/* points which are visited less
than M times. Thus

P(Card(m € [I,, Sp] : Li(n) < M) > NOtW/ALaN1A) < gV e N1/4,
O

The last result we need to complete the proof of Theorem 5.4 is the
following.

LEMMA 5.13. The family {X™)(t)} is tight.

PROOF OF THEOREM 5.4. Since { XM (¢)}is tight we can assume
by choosing a subsequence that X™) = X (t). Next B™) () = W (t)-
the standard Brownian Motion while by Lemma 5.11

C™M(t) = 8[S(t, X) — I(t, X)].
O

Proor oF LEMMA 5.13. By Theorem 7.3 it suffices to estimate

P(Up<0tQn k1) where
X (k+1> _ X (E)‘ > 2—1/8}‘
2! 9l

QN = {
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k+1)N  —
Denote ny = ’“2—]?], Ng = %, n = mng —ny. Then

et = {| Xy — Xy | > N?P01/5Y,
We have Qi = QX{M U Oy ., Where
Q},k,l = {Xn, > X, + N?/Bn/8Y Qs = 1 Xy < Xy — N3/871/8Y,

We shall deal with Q3 , ;, Qy ,, is similar.
Counsider two cases:
(1) Spy > X,y + SN?/501/8. Let

n—1
Bt = Z [Ag — Ew(Ak|.7:k)]1Xk€[an,an+%N3/8ﬁl/8}7
k=n1
n—1
Cr = Z Ew(Ak|Fk)1xke[xn1,xn1+%N3/sﬁ1/g].
k‘z’l’Ll

Note that QF, , implies either

1
Qﬁfk’l ={ sup B > ZN?’/Sﬁl/S]} or

J€[n1,na]

1
Q%Zl ={ sup C:LF > ZNg/Sﬁl/S]}'

J€[n1,n2]
By Theorem 7.6
2 =\ 3/2
B+ n _ n
POk < Crn = € (§)
SO s
n
rlJotio<o(s) -
k
Next

1 1
max C < MCard(m € [nl,n1+§ﬁl/8N3/8] : Lk(n1+§ﬁ1/8N3/g) < M)

and by Lemma 5.10
P1/8 N3/8

) < 9cN3‘*2/Sn72/4
4M -

1 1
P(Card(m € [nl,n1—|—§ﬂ1/8N3/8] : Lk(n1+§ﬁ1/8N3/8) < M) >

so that

P a5 < PJorh)-
k k
This completes the analysis of case (1).

(2) Spy < Xy, + 3 N3/801/8 In this case QF , , implies that

TSn1+%ﬁl/8N3/8 = TSp,+1 < n.
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Recall that

= E’ 17—11/8]\[3/8 — \/__N
20 2 o+l

where [ = é. Hence there exists m such that

[m\/ﬁ (m+ VN

1
] C [Sp, + 1,8, + §ﬁ1/8N3/8].

l+2 7 9l+2
So we need to estimate P({J,,<yr+2 an,lﬂN) where
N
Qf " m
mIN — {T< E zzg = 28l}
By Lemma 5.11
C
T
P <leN> — 9673l
so that o
T

This completes the analysis of case (2) establishing Lemma 5.13. [

6. Branching processes with migration and Bessel processes.

Here we prove Theorem 5.6. To prove parts (a) and (b) simultane-
ously we consider general branching processes with migration. Namely
let

m+1 Z gm]"i_gm

where &, ; are iid, E(§,,;) = 0 and conditionally on V,, > M (,, are
independent of (1, (s ... (1 and of £s. We also assume that F(e®) <
o0, E(e™) < oo for some 7 > 0.

Let Vo = N and let VIV(t) = Y2 We stop V' at time min(7, , 78N T).

THEOREM 5.14. As N — 0o VWN)(t) = Y (t) where Y (t) ~ D(E({)—
M, Var(§)y) on [a, (] stopped when it reaches the boundary. Moreover
if (YY) is a martingale then

Vinin(ry i) B
(5.12) E(¢ (%) = ¢(1) + O(N~V2).

PRrROOF. Tightness can be proven similarly to (2.9). Writing
Vin—M

Vit =V = Y (mj— 1)+ (Gn — M)

j=1
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we compute
E(Verl - Vm’Fm) = E(C) — M,
E((Vins1 = Vin)?|F) = (Vin — M) Var(€) + E((C — M)?).
Let f be a test function. Then

2((5) - (%))

3 17 ()@ -5 (5) ] +o

Hence

R (CORIE)
-3 () o () ) )

Thus if Y (¢) is a limit point of V™ (¢) then

(2)

B )=o) = ([ |r0e@ - a0+ EEYvar(o)] (sas ).
A similar argument shows that for each s
B (1) - 1) - [ 7m0 -3+ T v sz ) <o

Thus Y ~ D(E(¢) — M, Var(§)y). To prove (5.12) observe that by
already proven first part of the theorem there exists ( > 0 such that

P(min(7,y, 75x) > N) < (1-¢)
and by induction
P(min(r,y, 75y) > kN) < (1 - Q).

Now (5.12) follows from the fact that the error term in (5.13) is O(N~%/2).
U

COROLLARY 5.15. Theorem 5.14 remains valid if we stop V,, only
at time 7. The limiting process is D(E(¢) — M), Var(€)y) stoped at
a.

PRrROOF. Let @ : C[0,T] — R be a continuous functional. Since oo
is inacessible given € we can find 3 such that

[E(®(Ya,s)) —E(®(Ya)| <e.
By Theorem 5.14 for large N

E(@(V) —E(@(Yap)| < e
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Fianally
E@(V) — E@VM)] < |o]|[p(V.E # V)

and since oo is inacessible the last probability can be made as small as
we wish by choosing large (. O

Theorem 5.8 will follow from the following more general result.

THEOREM 5.16. Suppose that E(C) > M. Let Vo = 0 and VN (1) =
YNe  Then as N — oo VIN(t) = Y (t) where

N
Y ~ D(E(¢) — M, Var(¢)y)
started at 0.

To prove this theorem we need to investigate the behavior of our

— 4E(Q-M)
process near 0. Let d = Var(@)

LEMMA 5.17. (a) If d < 2 then there exists C' such that for each
x<n/2

_ d
’V_l_i'

_ T\ ¥
P.(r,f < o) 2 C (ﬁ) .
(b) If d < 2 then for each € > 0 there exists C' such that for each
x<n/2

P (7, < T0) 2 C (%) -

(c) If d > 2 then there exists p such that for each x <n
P (1] < To/a) 2 P-

PROOF OF THEOREM 5.16. We will give a proof in case d < 2,
other cases are easier.
Fix 6 > 0. We say that [ny,ns] is a d-excursion if

Vo, > 0N, V,_1 <6N, V,, <6N.

Similarly we define d-excursions for Y. Let A; be the length of j-th
§ excursion for V' and B; be the time between j-th and (j — 1)-st
excursions. Let a; and b; denote the corresponding quantities for Y.
We define d-prunnings Y? and V(N), 6 of the processes Y and V)
respectively by replacing the intervals between consequtive d-excursions
by lines with slope 1 joining g and §. Note that Y consists of a sequence
of independent copies square Bessel process started from ¢ and stopped
at g separated by straight line segments. Accordingly Theorem 5.14
implies that

(5.14) VNS = y9 as N — 0.

EXERCISE 5.5. Give a detailed derivation of (5.14).
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Therefore Theorem 5.16 will follow once we show that if ¢ is small
then Y? is close to Y and V)9 is close to VIN) with probability close
to 1.

EXERCISE 5.6. Show that there exists ¢ such that Ps(75/0 > t0) >
ct™v.

Hint. Show that
IED6(T6/2 > té) = IED1<7'1/2 > t) > CPl(Tl/Q > Tt).

Also by scaling invariance of square Bessel process the distribution of
% is independent of J. Accordingly there exists t such that for each
<9

DO | —

]P)x(T(; > to) <

By induction

(5.15) Py(7s > to) < G)k

Next let j* be the first time when a;- > T. Note that the number of
d-excursions on [0, T is less than j*. By Execrise 5.6
P(j* > j) < (1—c".
Hence given ¢ there exists K such that
(5.16) P(j* > Ko™") <e.

Let n; be iid random variables, such that n ~ Geom(%). Combining

(5.15) and (5.16) we get

KéY
P (ij > m«> <P (todzm < /1) +e.

i i=1
The first term here tends to 0 as § — 0 since v < 1. Therefore the

compliment to d—excursions has small measure with probability close
to 1. That is Y? is close to Y.
The proof that V"9 is close to V) proceeds along similar lines.
Let J* be the first time when A; > TN. Note that if xx/N — §
then

IP);UN(AJ' > TN) Z PIN(T_(sN/Q > T]—\‘[_)PN(TN/Q > N) Z (015_11)02

where Theorem 5.14 was used to estimate both factors in the last in-
equality. Accordingly given e there exists K such that

P(J*>K§i")<e
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so to complete the proof it remains to show that there exists ¢y such
that for each x <IN

1
(5.17) P, (15 > todN) < 7

Let Ny = dN. Let n(m) be the m-th time when V,, > M. Note that
by large deviation bound there exists K > 0,60 < 1 such that

P(n(m) > Km) < 6™)
so it suffices to prove (5.17) for V,,(,,,) instead of V;,,. Denote
‘_/m = Vmin(n(m),rﬁlﬁ e = E(V;ﬂ - Vk‘—1|ﬁ/€—1)

where Fj, is the o-algebra generated by V; ... V. Split V,,, = M,, + H,,
where H,, = > ., nx. Then M,, is a martingale and since E((n;)?) <
CN; its quadratic variation I',, satisfies I',,, < C'Nym. On the other
hand on 73, > m we have

Take m = toNy then on 73, > m we have M,, > (cto — 1)Ny. But
CNity, o Clo
(cto — 1)2NZ (ctg —1)2

and this expression can be made as small as we wish by choosing ¢,
large.

This completes the proof of (5.17) and hence the proof of Theorem
5.16 in case d < 2.

P(M,, > (cto — 1)N;) < C

EXERCISE 5.7. Prove Theorem 5.16 for d > 2.

7. Perturbed Brownian Motion.

In this section we shall give the proof of Theorem 5.3. We consider
only the case where « and (3 are sufficiently small (that is, % <
1) referring to [6, 29| for the general case. We need the following fact.

LEMMA 5.18. (SKOROKHOD REFLECTION LEMMA ). Given a con-
tinuous function y(t) such that y(0) > 0 there exists unique decompo-
sition pair (z(t),a(t)) such that

(i) 2(t) = y(t) + a(t)

(i1) z(t) > 0 and

(111) a(t) is non decreasing and grows only on the set where z(s) = 0.
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Moreover

(5.18) a(t) = sup max(—(y(s),0).

s<t

PROOF. Define a by (5.18), z = y + a. Then a(t) > —y(t) and a
grows only if —y(t) = sups<;y(s) = a(t). This proves existence.

Next let (z1,a1) and (22, az) be two pairs having the required prop-
erties. Since z9 — 21 = ay — a1 has bounded variation we have

0 < (sa—m)2(t) = / (22— 21)(8)d(za—21)(s) = / (22—21)()d(az—a2)(s)

_ _/Ot 2a(s)das (s) — /Ot 21(s)das(s) < 0.

Hence, in fact, z5(t) = 2z;1(¢). This proves uniqueness. O
PrROOF OF THEOREM 5.3. Equality
Y(t)+1(t) =W(t)+aSt)+ (6 —1)1(t)
and Lemma 5.18 yield

(5.19) (B-1)I(t) = sup —(W(s) +aS(s)).
Likewise
(1= )S(#) = sup(W(s) + B1(s)).
Hence )
1
S(t) = oS {W(s) +t1o 3 sup —[W(u) + aS(u)]} :

Define a mapping I' : C[0, T| — C|0, T] by

(T9)(t) = 1iozilil,? [W(s)+ s =W ) —i—ozS(u)]} |
Then
TS, — TSl < P15, — 5yl
T (1-w(1-p) =

Therefore by Contraction Mapping Principle there exists unique S such
that I'(S) = S. Thus if (Y3, S1, [1) and (Y3, S, I5) two solutions of (5.1)
then S} = S,. Likewise I1 = [5. Then (5.1) implies that Y7 = Y5. This
proves uniqueness.
To prove existence let S satisfy I'(S) = S, I satisfy (5.19) and Y
satisfy (5.1). Combing (5.19) and (5.1) we get
(8 —1)I(t) = BI(t) +supY(s),

s<t
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that is I(t) = infs<; Y (s). Next substituting (5.19) into I'(S) = S we
get
(1= 0)5(t) = sup(W(s) + BI(s)) = sup(¥(s) — al(s)).

Thus S(t) has the following properties:

(i) (1 —a)S(t) > Y(t) — aS(t), that is S(t) > Y (¢);

(ii) S(t) is non-decreasing;

(iii) S grows only if

Y(t) — aS(t) =sup(Y(s) — aS(s)) = (1 — a)S(t)
s<t

that isit S —Y = 0.

By Lemma (5.18) S = sup,, Y (s). O



CHAPTER 6

Random walk in random environment.

1. Recurrence and transience.

Consider stationary inhomogeneous walk where if the walker is at
site n then he moves to n + 1 with probability p, and to n — 1 with
probability ¢, = 1 — p,. Denote «,, = Z—Z. We state have the following
criterion for recurrence and transience of the walk.

THEOREM 6.1.
(a) Py(X reaches 0) =1 iff Zalag Q= 00

(b) P_y(X reaches 0) =1 iff Z ! = 00.

a_10_9...0_p

PROOF. We start by looking for a function ¢ : [0, co[— R such that

»(X,,) is a martingale. We have
d(n) = pad(n+1) + ¢o(n — 1)
which can be rewritten as
Pul@(n +1) = ¢(n)] = gu[¢(n) — (n — 1)].
Therefore normalizing our function by conditions ¢(0) = 0,¢(1) = 1
and introducing 1, = ¢(n) — ¢(n — 1) we get
wnJrl = O‘nwn wl =1

which implies 9, = a,,_1 ... a; so that

n—1
o(n) = Z a0 ...y
j=1

Now the optimal stopping theorem says that

1
P, (X reaches 0 before n) = —.
! )= o)
Letting n — oo we see that
Py (X reaches 0) = 1 iff ¢p(n) — oo, n — oc.
This proves part (a). Part (b) is similar. O

65
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Let w = {pn},? € Z be an ii.d. sequence of random variables,
0 < p, < 1. The sequence w is called environment (or random en-
vironment). Let (Q,P) be the corresponding probability space with
Q) being set of all environments and P the probability measure on ).
The expectation with respect to this measure will be denoted by E.
Given an w we define a random walk X = {X,,, n > 0} on Z in the
environment w by setting Xy, = 0 and

Pw(XnJrl = Xn—i-l‘XO Ce Xn) =DPx, ]P)w(Xn+1 = Xn_lyXO e Xn) =dx,,

where ¢, = 1 —p,,. Thus, a fixed (quenched) environment w provides us
with a conditional probability measure P,, on the space of trajectories
starting from 0; the corresponding expectation will be denoted by E,,.
In turn, these two measures naturally generate the so called annealed
measure on the direct product of €2 and the space of trajectories which,
formally speaking, is a semi-direct product of P and P,,. However, with
a very slight abuse of notation, P and E will also denote the latter
measure and the corresponding expectation; the exact meaning of the
corresponding probabilities and expectations will always be clear from
the context. The term annealed walk will be used to discuss properties
of the above random walk with respect to the annealed probability.
We assume that p,, satisfy ellipticity condition

(61) g0 < pp <1 —¢g.
Let v = E(In(p,/qn))-

COROLLARY 6.2. [35] (a) If v > 0 then X,, — +00 almost surely.
(b) If v < 0 then X, — —o0 almost surely.
(c) If v =0 then X is recurrent.

PROOF. Assume that v > 0. Then the strong law of large numbers
tells us that there is a constant C'(w) such that

1

A_10_9...0_p

1
Z
A_10_9...0_
n 1 2 n

so that if the walker moves to the left then he returns to his original
position with probability 1. Likewise

ooy ..oy < e_""/2C(w)

> 6”0/2071(0&)).

It follows that

so that
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Therefore after moving to the right the walker never returns to his origi-
nal position with positive probability. Hence the walker visits every site
only finitely many times eventually moving to the right. This proves
(a). The proof of (b) is similar. Finally if v = 0 then using recurrence
of zero mean walk we see that both oy ..., >l and ;... a0, > 1
infinitely often which cause both

1
E aie ... oy and g
a_10_9...0_p
n n

to diverge so that the walk is recurrent. ([l

In fact the proof gives an explicit estimate on the probability of
backtracking which will be useful in the sequel.

LEMMA 6.3. If v > 0 then there exist C' > 0,3 < 1 such that
P(X wisits n after n +m) < Cp™.

PROOF. By translation invariance we may assume that n = 0. By
Optional Stopping Theorem

n—1 n—1
oAy Q...
Py, (X reaches 0 before n) = 1— ¢(n) = 2 1 ! < 2 j=m O 2

Qb(m) Z?:_ll aq ... Oéj o €o
By the Large Deviation Bound

j .
P (There exists j > lenaj > —%) < om.
k=1

On the other hand if a; ... a; < e79/2 then Z;‘:—é ap...a; < f__;—:%

2. Transient walks: the results.

In this section we consider transient walk. That is we assume that

(6.2) E(In(p/q)) > 0.

In this case we have X,, — 400 almost surely. Let s be the positve
solution of the equation

E((¢/p)°) = 1.

If the above equation has no solution we let s = +oc.
Since X, is transient it looks monotonically increasing on a large
scale and hence it makes sense to study the hitting time Ty := min(n :
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X, = N) which can roughly be viewed as the inverse function of X,,.
The following condition will be useful in the sequel

(6.3) the distribution of In(p/q) is non arithmetic

THEOREM 6.4. (]20]) Assume that either s > 2 or (6.3) holds.
Then the annealed random walk X, has the following properties:

(a) If s < 1 then the distribution of % converges to a stable law

with indezx s.
(b) If 1 < s < 2 then there is a constant u such that the distribution

of TJZVV]/]:[“ converges to a stable law with index s.

(c) If s > 2 then there is a constant u such that the distribution of
N]/J;f“ converges to a normal distribution.

(d) If s = 1 then there is a sequence uy ~ c¢NIn N such that the

distribution of TN% converges to a stable law with index 1.

(e) If s = 2 then there is a constant u such that the distribution of
Ty—Nu
]}[VIHN

converges to a normal distribution.

The following definitions and notations will be used. The occupation
time Ty of the interval [0, N) is the total time the walk X,, starting
from 0 spends on this (semi-open) interval during its life time. In other
words, Ty =#{n: 0<n<oo0, 0< X, <N-1}

We thus use the following convention: starting from a site j counts
as one visit of the walk to 7. The occupation time of a site j is defined
similarly and is denoted by &;. Observe that Ty (and &;) is equal to the
number of visits by the walk to [0, N) (respectively, to site j). Since
our random walk is transient to the right, both T and &; are, P-almost
surely, finite random variables. It is clear from these definitions that

N-1
Tn=)%&
j=0
The following lemma shows that Ti and the hitting time Ti have the

same asymptotic behaviour.

LEMMA 6.5. For any e > 0

Ty —T
P<|]\;V—1/SN‘>5>—>O as N — o0.

PROOF. It is easy to see that

Ty =#{n:0<n<Ty, X, €0, N=1]}+#{n: 0<n <Ty, X, <0}
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and
Ty =#{n:0<n<Ty, X, €[0,N=1]}+#{n: n>1Ty, X, €[0,N-1]}.

Since the first terms in these formulae are equal, [Ty — Ty| can be
estimated above by a sum of two random variables: the number of
visits to the left of 0 and the number of visits to the left of N after Ty:

Ty —Tn| < #{n: n>0, X, <0} +#{n: n>Ty, X, <N}

The first term in this estimate is bounded for P-almost all w. Since Ty
is a hitting time, the second term has, for a given w, the same distri-
bution as #{n: n >0, X,, < N| X, = N} (due to the strong Markov
property). Finally, the latter is a stationary sequence with respect to
the annealed measure and therefore is stochastically bounded. Hence
the Lemma. 0

From now on we shall deal mainly with ty which is the normalized
version of Tly:

S - if 0 <s<1,
Tn—FEu(Tn :

O P
TMN) 1 .
o ifs <2

It is also important and natural to have control over the E, (7). The
corresponding normalized quantity is defined as follows:

p E:Nilzg;_w i 0 j s<1,
ey e 5

Uy =48 = Ni/s ifl<s< 2,
Eo(Txn)—E(T .
S

Set

Then z — Fy(x) is a sequence of random processes. The limiting
behaviour of the sequence ty can be described in terms of a point
Poisson process which we shall now introduce.

Given a ¢ > 0, let © = {©;} be a Poisson process on (0, 00) with
intensity ;%5. For a given collection of points {©;} let {I';} be a col-
lection of i.i.d. random variables with mean 1 exponential distribution
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labeled by these points.! Let
Z]@j<F]_1) 1f1§8<2

Observe that Y is finite almost surely. Indeed, there are only finitely
many points with ©; > 1. Next, if 0 < s < 1 let

Y=Y or,

@j<1

~ L chdp c
EY = = .
/0 01—}-5 1—s <00

Then

In case 1 < s < 2 let

Ys= ) 6;I;-1)

0<O;<1

Then E(Y;) = 0 and
- L eh?df c o s
Var(Yé):/é Ol+s :2_8(1_5 )

THEOREM 6.6. Suppose that (6.3) holds For 0 < s <2 and ad >0
there is a sequence Qx5 C 2 such that P(Qns) — 0 as N — oo and a
sequence of random point processes

P O\ (N,5) (NV,0)
(OWD) TNy — ({8 (w), T (w, X)})

J

defined for w € Qy s and having the following asymptotic properties as
N — oo:

(i) The component OWN9) converges weakly to a point Poisson process
0 on [,00) with intensity 5= (with some constant ¢ > 0)

(ii) The component T'™N9) converges weakly to a point process I' =
{T';} whose realizations are collections of mutually independent mean
1 exponential random wvariables labeled by the points of ©. Moreover
I'; are asymptotically independent of w in the following sense: given
k,xi,zq... 25 let Qnsp = Qns N Card(©; > k) then given € > 0 there
15 a subset QN,M C Qnpo such that P(Qn sy — QN,M) — 0 and for
each w € QN,(;Jg

|]P(F1 > ,CEl,FQ >xq... 1 > I’k> —exp(—(xl + o + .Tk)| < E.

(11i) The ty and uy can be presented in the following form:

IStrictly speaking we should write {l'e,} instead of {I';}. However, we believe
that the meaning of the concise notation will always be clear from the context.
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(a) If 0 < s <1 then forw € Qns
ty = Z @;N’a)F§-N’6) + Ry, where Ry >0 and E(Ry) = O(6)
J
uy =y O™ 1+ 05" )
(b) If s =1 then for w € ;2N75
ty = Z@ N 1) 4+ Ry, where E(|Ry|) = O(57?)

uy =Y (0" —E) + Ry, where E(|Ry|) = 0(6"?)
J
(c) If 1 < s < 2 then for w € Qn s
ty = OWNTYY — 1)+ Ry, where E(|Ry|) = 0(5'*/?)
J
uy =Y (08 —E)+ Ry, where B(|Ry|) = 0(5'*/?)
J
Given a © let F'© be the conditional distribution function of Y.

The following statements are easy corollaries of Theorem 6.6.
(a) If 0 < s < 2, s # 1 then F¥ converges weakly to F'©.

b) If 1 < s <2 then ( Fy¥ w converges weakly to
N1/

Z@ 531

0;>6

(c) If s = 1 then there exists uy ~ ¢N In N such that (F]‘\“,, W)

converges weakly to

PRCIEIC)

®j>5
where E(0) = E (25<@j<1 ®j> . We complete the picture by stating
the result for the case s > 2.

THEOREM 6.7. (a) If s = 2 and (6.3) holds then there are constants
D+, Dy such that

(TN —E,(Tn) Eu(Ty) — E(TN))
VNInN =~ V/NIN
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converge weakly to (N1, N) where Ny is the distribution of the Gauss-
ian random variable with zero mean and variance Dy and Ny is the
Gaussian random variable with zero mean and variance Do indepen-
dent of Nv. Moreover %{;&Tvﬂ, 1s asymptotically independent of the
environment in the sense that there is a set Qn such that P(Qy) — 1

and
Fy(z) — PNy < x) uniformly for w € Q.
(b) If s > 2 then there are constants Dy, Dy such that
(TN —E,(Ty) Eu.(Ty) — E(TN)>
vN VN
converge weakly to (N1, N2) where Ny is the distribution of the Gauss-
ian random variable with zero mean and variance Dy and Ny is the
Gaussian random variable with zero mean and variance Do indepen-
dent of Ny. Moreover %}”\;TN), is asymptotically independent of the
environment in the sense that there is a set Qy such that P(Qy) — 1
and

F3(z) — PNy < x) uniformly for w € Q.

The reason why the hitting times do not always satisfy the Central
Limit Theorem is the presence of traps which slow down the particle. It
will be seen in the proofs that Theorems 6.6 and 6.7 state that if traps
are ordered according to the expected time the walker spends inside
the trap then the asymptotic distribution of traps is Poissonian with
intensity 5i%. This result holds regardless of the value of s. However,
if s > 2 then the time spent inside the traps is smaller than the time
spent outside of the traps.

PrOOF OF THEOREM 6.4. If 0 < s < 1 then our result follows
from Theorem 6.7(a), Lemma 7.8(c) and Lemma 7.11(a).
f1<s<2let

Yy=> o, Y=Y 6, Y;=Y/-Y
;>0 0;>4
Observe that E(Yy) = E(Y)"). By Theorem 6.7(b) Ty —E(7T) is asymp-
totically distributed as
Y5+ (Y5 — EYy) = (Y5 — EYj).

Therefore the result follows by Lemma 7.8(c) and Lemma 7.11(b).
The proofs in case s = 1 is similar.
If s > 2 then the result follows from Theorem 6.7 and the fact that
the sum of independent Gaussian variables is Gaussian. O
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3. Preliminaries.

3.1. Occupation times. Recurrence relation. As before, let
&, be the number of visits to the site n and p, = E_&,.

LEMMA 6.8. If Xq =0 then forn >0

(6.4) Pn = prjlqﬂ—&-lpn%—l —l—p;l = p'r_l,l(l + g1 + Q1o + ),
where o; = 4
Dj
PROOF. Let n and n, be the number of passages of the edge

[n,n + 1] in the forward, respectively, backward direction. Denote
of =E,nT. We have

Pn = ZIP’UJ(X]- =n) and o} = ZIP’UJ(X]- =n,X;11 =n+1).
J J

Thus o, = pnpn. Likewise 0, = ppi1¢nt1. Since &, — +o0o we have
that n,7 —n, =1 for n > 0. Hence

PnPn = Pn1ne1 = 1.

This implies the first relation in (6.4). The second one is obtained by
iterating the first one. 0

For future references, we shall introduce here several elementary
but useful relations. We start with a direct corollary of (6.4):
(6.5)
Pn—k = p;ikan—k-l—l cee an—lann+(1+an—k+1+' il al@ TN I R an—l)p;ik-

Observe that &, has geometric distribution with parameter 1/p,,. Next,
we introduce
Zn =14 apy1 + apr1Qpio + oo+ Qi1 Qe + oo

(6.6)
== 1 + O[n+1 + Oén+105n+2 + —|— Oén+1...an+mzn+m

It is clear that z,, = 14+, 112,41, Where a,,11 and 2,41 are independent
random variables and the sequence {z,}_so<n<oo considered backward
in time forms a Markov chain. Obviously, p, = p, 'z, is a function
on the phase space of a Markov chain {p,, z,} (where p, and z, are
independent). Since E(In«) < 0 the series in (6.4) and (6.6) converge
P-almost surely and the distributions of z, and of (p,,z,) are the
stationary measures of the respective processes. The following heavy
tail property of these stationary measures plays a very important role
in the sequel.
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THEOREM 6.9. ([19]) If (6.3) holds then there exists ¢ and ¢* > 0

such that
lirf 2°P(z, > ) = ¢, lir+n 2*P(p, > x) = ¢,

Note that here the second relation is a simple corollary of the
first one because P(p, > z) = E(P(z, > ap,|pn) ~ E(cz™p~*) =
cx*E(p~*). We also see that ¢* = cE(p~*).

To prove Theorem 6.9 we need a number of auxiliary estimates.

Call b; = Inay, y; = > 7_, bj. By Exercise 2.3

Py, > an) ~ ——

e V(a)n

Let ag = argmin @ We have s = %‘?)

LEMMA 6.10. (a) P(miny_,, >Y) < Ce™*,
(b) P(Iny, ng : ny > ny+k and y_n; > Y forj=1,2) < Ce—(sY+5k)

PRroOF. By Exercise 2.3

o= G| (42))]

(6.7) < % exp|—sY] exp [—c (% _ a0)2 %

The main contribution to this sum comes from n ~ Y/aq. For those n
Y 2 Y — agn)?
(% -a) v s
n Y

Since

_ 2
Z eXp { YTaon)] < Const

(a) follows.
To prove (b) we use the foregoing argument and the Markov prop-
erty to conclude that

Z [i(Ymy > Y, Ymy, > Y) > Conste” V),

mi,ma:mo—mi>k

U

LEMMA 6.11. Suppose that n,Y — oo so that \/5 — [ Denote

={yp > Y,ym <Y forall0 < m < n}. Let g : R2¥*2 - R be a
bounded continuous function. Then the following limits exist
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(a) lim P(Q,)VYe™;

n—oo

(b)  lim P(lg,9(yn — Y, Qne Ny Qe Nyt - - - Q- an+N))\/?eSY.

Moreover both limits are bounded by Conste %"

PROOF. (a) By the argument of Lemma 6.10 it is enough to show
that for each k the following limit exists

lim iy, > Y,ym <Y forn —k <m <n).

This can be reduced to computation of the limits
(6.8)  P(an € Ly, any € Li_y.. .0 € Ln_pps i € J)VY Y.
Therefore part (a) follows from Exercise 2.3 and the Markov property.
Likewise part (b) also reduces to computing limits (6.8). Finally the
fact that above limits are O (e‘cﬁ2> follows from the estimates in the
proof of Lemma 6.10 (see (6.7)). O

PROOF OF THEOREM 6.9. We have zp = >~ je¥". Let Y = Int.
Take M > 1. We claim that terms with y, <Y — M can be ignored.
Indeed for terms with Y — M —1 <y, <Y — M to make a contribution
greater than e™/? there should be at least ¢M/2/C such terms. By
Lemma 6.10 the probability of such an event is

O (exp — [s(Y — M) + 5exp(M/2)])

which establishes our claim. Therefore for large M and k we have

ZM(lQn,M 1B;yk,5>t8 —€= P(ZO > t)ts < Zﬂ(lﬂn,MlB;k,s)ts +e

where

Qv ={yn>Y —M,y, <Y — M for 0 <m < n},

Bik: Z eym >t Fe.
Im—n|<k
The fact that the last sum has limit follows from Lemma 6.11(b). O

Next we derive a number of consequences of Theorem 6.9.

LEMMA 6.12. There exist €1 > 0,69 > 0,0 < § < 1 such that for
any 6 > 0 there are Ny and C = Cs > 0 such that for N > Nj one has:
(a) If k < ey ln N then

k
P(pn = ON'*, pp_yy > SN'7) < %;
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(b) If k > e;In N then
P(p, > N5 p,_j, > 6NV/*) < ON~(==F1,
PROOF. (a) It follows from (6.5) that
Pt < Prnek@nfPrln - - . Op_ji1 + Ckey*
< Cpnan_i...an_p+Cei(InN)gg= ™V
< Cppip_1...0p_j + ON3 = ConApi + C_'Ni,

where g¢ is from (6.1), £; is chosen so that —e;Ingg < é, N is suf-

ficiently large, and A, = q,—1... . We note that A, ; is inde-
pendent of p,. (Here the C' does not depend on d; the n — k + 1 was
replaced by n — k just for convenience.) Next, there exist 01,5y < 1
such that

P(an—l ce Qg > ﬁf) < 55

Indeed, if 0 < h < s and (3 is such that E(a”) < 8 < 1 then it follows
from the Markov’s inequality that

Y
P(ap_1...an > 0F) < —(E(O,ik)) =gk
1

We can now choose Ns so that for N > Ns we shall have
P(p, > 6NV po_t. > SNY*) < P(p, > ONY*, CppApi + CN2 > SN

< P(p, 2 NV, Cpudus = SNV

Finally, the right hand side in the above inequality is estimated as
follows:

P(p. > IN'", Cpuu > SN
- P(pn Z 5N1/Sa épnAn,k 2 gNl/s, An,k S 5f>

_ )
+ P(pn > 5N1/S7 CpnAn,k > §N1/57 An,k > 6f)

—k 1/s ks k

SNV

<P PnE—ﬁl = +P(p, > 0NY* and A, > ) < Const—=—2 +52,
2C ’ N

where the last step makes use of Theorem 6.9 (hence the dependence

of the Const on d) and of independence of p,, and A, k.
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(b) For any €3 > 0 we can write
(6.9)
P(p, > ON'*, pp_y > ON'?)

= P(ONY* < py SON"=", pug = SNY*) 4 Ppy > SN 5, poyy = 6NV)

1+eg

<P(ONYS < py <IN, pu > ONVS) £ P(p, > 6N °)

< +PONY? < p, SN, pug > SN,

N1tes
where the last step follows from Theorem 6.9. It follows from (6.5) that

Pn—k S éAn,kpn + OBn,k;

where B, = 14+ g1+ + 11 - .. ay—1. The following inequal-
ities are self-explanatory:
(6.10)

P(SNY* < p, <N =, pu_g > ON*)
< P(ONY* < p, <N, CAyppa + CBuy = 6N'°)

l+eg l+eg

<P(NY* < p, <IN, CA 0N "5 +CB,p > 6NY?)

_ 1/s Ies ~ tes ~ 1/s

=P(ON/ <p, <ON =+ )P(CA,x0N s +CBpp >N,
where the last step is due to the independence of p,, and (A, Bux)-
Next, let 1 > h > 0 be such that 3 = E(a") < 1, then E(B],) <

(1 —B)~'. By Markov’s inequality
(6.11)

l+eg

P(CA, 0N~ 4 CBn > 6NV < C"

egh

<CNTB+CN~.

E(0"N AL, + Bl
Gh Nh/s

ezh €3

Since k > e;In N, we have that N5 ¥ < N e _ € (with &3
sufficiently small so that to make & strictly positive). Finally, it follows
from Theorem 6.9, (6.10) and (6.11) that

(6.12)

P(éNl/S < pn < 5N&%, Pk > 5N1/S) < Const N~ 1min(h/s)
This together with (6.9) implies the proof of (b). O

Next we need the fact that p, is exponentially mixing. To prove
this we use (6.5). Conditions (6.2) and (6.1), imply that there exist
01, P2 < 1 such that

L L
P (maX Qi1 ... Oy 1 > ﬁl) < 5.
k>L
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Therefore for typical realization of « the dependence on p, decays
exponentially. We formulate this statement as follows. Let p, be a
random variable with distribution v independent of {¢;},<,. For k > 0
define
(6.13)
ﬁn—k = p;ikﬁnQHan—l ce Qg1 T (an—l B P T T e 1)]7;:%

Observe that {p,_x} is a stationary sequence.

LEMMA 6.13. Let p,_y be defined by (6.13) with p, having the sta-

tionary distribution v and independent of {o;}<,. Then there exist
K >0 and B, B2 < 1 such that for k > Klnp,

3.2. Occupation times. Correlations. We will make use of
several elementary equalities and inequalities concerned with a Markov
chain Y = {Y;, ¢t > 0} with a phase space of 3 sites and transition
matrix

(6.14)

o QI3
O QBN
G )

Namely, let 77 and 77 be the total numbers of visit to the first and the
second site respectively. Set U; = E(n|Yy = 1), Us = E(7|Yy = 2),
Vi = E(nYy = 1), Vo = E(5|Yo = 2). It follows easily from the
standard first step analysis that

(6.15) =0 =L vy =

£q €
Next, set W; = E(nn|Yy = i), where i = 1, 2. Once again, by the first
step analysis, one easily obtains that

1

)g\ |'Q”

(6.16) Wi =pWy + Wy + Vi, Wy =qW; + pWs + Us.
Solving (6.17) gives

(6.17) Wi = iUy + Us), Wa = Un(Vi +V3)

and hence

(618)  Cov(7,ilYo = 1) = Cov(,7lY = 2) = U

It is a standard fact that i conditioned on Yy = 1 has geometric distri-
bution whose parameter is thus U; !. If our Markov chain starts from 1
it must visit 2 before being absorbed by 3. Hence the distribution of n
conditioned on Yy = 1 is the same as the distribution of 7 conditioned
on Yy = 2 and is geometric with parameter V; ! = . We therefor have
that Var(n|Yy = 1) = U? — Uy and Var(|Yy = 1) = Vi — V5. We can
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now compute the correlation coefficient of 7 and 1 which, taking into
account (6.15), can be presented as follows:
(6.19)

Corr(n, 7YYo = 1) =

ViU __4a
VOT=U)(VE —Ve)  d+te
This formula implies lower and upper bounds for correlations in two
different regimes: (a) when ¢/ — 0 and (b) when ¢ — 0 while g, ¢
remain separated from 0. Here is the precise statement we need.

(=02 (1= 1) 7

LEMMA 6.14. (a) Suppose that Uy > 1+¢, Vo > 14 ¢, where ¢ > 0.
Then

(6.20) Corr(7,n|Yo =1) < Constg = Const ¢V/.

(b) If ¢ > ¢ and ¢ > c for some ¢ > 0 then for € small enough, or,
equivalently, Uy large enough

_ _ 1
(621) COH‘(ﬁ?ﬁD/O - ]-) >1- g? Corr(ﬁuﬁnf() - 1) >1—-—
c Uy
PROOF. (a) Inequality (6.20) is an immediate corollary of (6.19).

(b) (6.19) can be written as

I

Corr(,n|Yo =1) = (1 — °q )5 (1— )_l
orr(n, n|Y — = €) 2.
Mo q+c¢ q-+e¢

If % < 1 then it follows from here that

Due to (6.15) and conditions of the Lemma we have ¢ =

(6.22)  Corr(f,fi|Yy = 1) = 1 — (1 _ q*—q - ( )
LUt + o)

and hence
_ 1
623)  Com(pio=1)=1-(1-220) L o2,
2 QUl
(6.21) is now a simple corollary of (6.22) and (6.23). O

LEMMA 6.15. There is a C' > 0 such that for P-almost all w and
n>0

(6.24) Corry,(&n,&ns1) > 1 — g

PRrROOF. Let w be such that the random walk X runs away to +oo
with P, probability 1 (which is the case for P-almost all w). For a given
n > 0 consider a Markov chain Y = {Y;, t > 0}, with the state space
{n, n+1, as}, where n, n+ 1 are sites on Z and as is an absorbing
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state. Let kg < k1 < ... < k; be the sequence of all moments such that
X, €{n,n+1}; weset Y, = Xj, if t <7and Y, = asif t > 7. It easy
to see that the transition matrix of Y is as in (6.14) with transition
probabilities given by
D= Gn; q = Dn, (?: dn+1,
p = P, { X} starting from n + 1 returns to n + 1 before visiting n},

e = P, { X, starting from n + 1 never returns to n + 1}.

Also, in this context, n = &,, n = &,41 and hence V; = p,. Next,
g, q are separated from 0 because of condition (6.1). All conditions of

Lemma 6.14 are thus satisfied and hence, for p,s which are sufficiently
large, (6.24) follows from (6.21). O

LEMMA 6.16. (a) There exist sets Qn, K > 0 such that P(Q%) <
N7 and if w € Qn then for all 0 < ny, ny < N such that ny >
n, + KlnN we have

Corry, (§ny, €ny) < N1,

(b) If K is sufficiently large then for each N there exist random vari-
ables {&,}N_, such that for each w € Qu for any sequence 0 < ny <
ng -+ < ny < N such that nji1 > n; + KIn N, the variables {fnj };?:0
are mutually independent and

(6.25) P(fnzﬁnfornzo,...,]\f)zl—N?OO.

ProOF. (a) Consider a Markov chain Y which is defined as in
the proof of Lemma 6.15 with the difference that its state space is

{n1,n9,as} and that 7 =&,,, n = &,,. Then by (6.20)
Corry, (&, &n,) < Const gpy, -

But, by Theorem 6.9, p, < N+ except for the set of measure O(N~103),
Now Lemma 6.3 guarantees that we can choose K so that if the sites
are separated by KInN then § < N~(1014103/5) except for the set of
measure O(N 103, This proves (a) for fixed ny,ny on a set of measure
> 1 — O(N~19) which in turn implies the wanted result.

(b) Let &, be the number of visits to the site n before the first visit
to n + L85 Tt follows from this definition that {&,, }*_, are mutually
independent. Next,

P(&, = &,) < P(X visits n after n + 0.5K In N)
Now (6.25) follows from Lemma 6.3. O
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4. Convergence to the stable law.

In this section we will prove Theorem 6.6. Our goal is to show
that the main contribution to T comes from the terms where p, is
large. However, the set where p,, is large has an additional structure.
Namely, if p,, is large the same is true for p,+; and more generally for
pn, and p,, when ny and ny are in a sense close to n; this implies that
the corresponding &,, and &,, are strongly correlated. But if n; and
ny are far apart then p,, and p,,, and also &,, and &,,, are almost
independent. In the arguments below we need to take care about this
additional structure.

But first we show that terms where p, < §N'/* can be neglected.

LEMMA 6.17. Let 6 > 0. Then there is Ns (which depends also on
s) such that for N > Ny the following holds:
(a) If 0 < s <1 then

E Z &n < Const N5+,

pn<6N1/s

(b) If 1 < s < 2 then there is an Qu s such that P(Qys) — 1 as
N — oo and for w € Qy s
2

Eo | Y. (& —pa)| < ConstN*5>7"

pn<6N1/s

(c) If 0 < s <1 then

E Z on | < Const N'/5§1-5,
pn<ON1/s
(d) If 1 < s <2 then

Pl > (pa—E(p)>eN"/"| —0.

pn<dN1/s

(e) If s =1 then

(6.26) P < > (&= pa) > EN) -0

pn<oN

(6.27) P ( > (pn —E(plycsy)) > 5N> —0

pn<ON
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PROOF. (a) Denote Y5 = 3" _;yi/s §n. Then
B(Y5) = NE(pl,csp1/0).

By Theorem 6.9 this expectation is bounded by ConstN/$§'~* proving
our claim. . .
(b) Denote Y5 = > _sni/s(§n — pn). Then E,(Y,) = 0 and so

it suffices to show that Var,(Ys) = o(N?/%) except for a set of small
probability. Due to Lemma 6.16 for most ws we have
(6.28)

Varw(f/(;) = 0(1) + Z 2Cov,, (gmgnz) + Z Var,, (Sn)

no—KIn N<nj<ng

<1+ Const Z Py Pra

na—KIn N<nj<ng

where the summation is over pairs with p,, < SN'/*. The last step uses
Cauchy-Schwartz inequality and the fact that &, has geometric distri-
bution, namely |Covy, (&n,8n,)| < \/varw (&ny) Vary, (§ny) < Py Pny-

Next, we estimate the expectation of the last sum in (6.28). Set
Xn =1, <sni/s and 8 = E(a) < 1; these concise notations will be used
only within this proof. Using (6.5) we can write

Pn—kPn = p;ikpi%@nfl N o T R T (O./n,1 B R 1)p;ikpn

Since p,, and {a;, j < n} are independent we obtain

E (pn—rpnxn) < Const

k—2
BEE (02xn) + B (paxn) > ﬁj]

j=0
Thus
KInN
(629) E ( > (pn_kpnw) < Const [E (p2xn) + In NE (p,xn)] -
k=0
Hence

E ( Z pmmeanz) < E < Z pnlanXn2>

no—KIn N<ni<ng no—KIn N<ni<nsg

< Const Z E ((pm)2 Xn) + W NE(p,,)] < Constd> s N/,

(¢) The proof of (c) is the same as proof of (a).
(d) We assume first that

(6.30) V(SN — N1 §NYS 4 N1 < N2,
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In view of Theorem 6.9 it is enough to estimate
o= Z (Pn — E(pn[pn<6N1/S))
pn<8N1/s

(recall that we can take § < ¢). To estimate o we compute its variance.
Lemma 6.13 shows that if (6.30) holds then for |ny —ny| > Kln N

1
COV (pnl Ipnl <ON1/s; pnz.[pn2<5N1/s) < m

provided that K is large enough. Hence

|Var(o)| <1+ Z Cov <pn1[pn1<5N1/S’ anIpn2<5N1/s) :

|n1—n2\<l~(1n N

provided that K is sufficiently large. The estimate of the last sum is
exactly the same as in part (b). This completes the proof of part (d)
in the case when (6.30) holds. In case (6.30) fails we can repeat the
computation below with § replaced by ¢ and 0” where ¢',9” satisfy
(6.30) and such that

§ <& <84 N0+ 5 N=O0FLs) 5 < 5,

The bound for ¢ will allow us to estimate the sum of part (d) from
above and the bound for §” will allow us to estimate the sum of part
(d) from below.

(e) We prove (6.26), (6.27) is similar. In view of (6.28) it suffices
to show that for a set of w of measure close to 1 we have

Z PriPny < EN.

n1<n2<n1+KInN,ppy <6N,pny <IN

Take k < 1. We have

E Z Pni Py

n1<n2<n1+KIn N,pp; <N,pny <IN

S Z E ((pnlpng)ﬁ Ipn1 <5Nlpn2<6N) .

ni<ng<ni+KIn N

K

Using that E(a”) < 1 we can proceed as in part (b) to estimate the
last sum by

C Y E((pn)" Ip,<on) = CN*F 6>,
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Lemma 6.17 allows us to concentrate on sites where p, > SN'/*. In
view of Theorem 6.9 for each fixed § we expect to have finitely many
such points on [0, N] (namely the expected number of points is O(6~*)).

Let M = My := Inln N. We shall say that n is a massive site
if p, > 6NY*. A site n € [0, N — 1] is marked if it is massive and
Pnrj < ONV* for 1 < j < M. For n marked the interval [n — M, n] is
called the cluster associated to n.

It may happen that not all massive sites belong to one of the clus-
ters. This situation is controlled by the following

LEMMA 6.18.

M
(6.31) P (p, > SNY* and n is not in a cluster ) < Const%.

PROOF. Suppose that n is a massive point which is not in a cluster.
Then consider all massive points such that n <n; < ... <np <n+ M.
Note that such points exist because otherwise n would have been a
marked point. Let now n* > ng be the nearest to n, massive point.
Then by construction n* > n+M. Alson* < n+2M because otherwise
n, would have been a marked point and n would belong to the ny-
cluster. Hence the event

{n is massive and not in a cluster} C U {pn > N4, py > SNV},
n’€[n+Mmn+2M]

By Lemma 6.12(a) we obtain

P (n is massive and not in a cluster)

n—+2M 6M
< P (p, > 6NY*, p, > 6NY*) < Const—
<30 Pon 2 6N, g2 6N < Const
n'=n+M
which proves our statement. O

We shall now turn to the analysis of the properties of clusters. The
next lemma is the main technical result of the paper. It will be proved
in Section 5.

We need one more definition. For each marked point n, we set

(6.32)
M )
ap = pn/aNl/sa b, = Zj:opn_]
Pn

We call m,, the mass of the cluster.

and m, = X;Zopn—j = SNYa,b,.

LEMMA 6.19. For a given > 0 the following holds:
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(a) The point process {(5,an,by) : n is marked } converges as
N — oo to a point process {(t;, a;, l;])} where t; form a Poisson process
with a constant intensity ¢o—*.

(b) For a given (finite) collection {t;} the corresponding collection
{(@,,b;)} consist of i.i.d. random variables which are independent of
{t;} (except that both collections have the same cardinality). The dis-
tributions of the pair (a,b) does not depend on 6.

(c) Consequently? {(N, Nl/s>} converges to a Poisson process A% =

{(t;,0;)} on [0,1] x [4, 00).

We claim that A° has a limit as § — 0 in the following sense. Let ®
be a continuous function whose support is a compact set disjoint from
the segment {6 = 0}. Then

lim By (Z D(t;, @j)>
J

exists. Indeed let & < §. Consider again the converging sequence
{(;, N /)} corresponding to 4. We may have more clusters corre-
sponding to & but for any fixed b it is unlikely that one of those new
clusters will have mass greater than bN'/* since this would mean that

all points in that cluster would have

le/s

(6.33) pn < SN but Z Prj > ——

where the sum is over n in the addltlonal cluster. But (6.33) is unlikely
in view of parts (c) and (d) of Lemma 6.17.

The second distinction between A° and A° is the following. Consider
a 0-cluster C' and a d-cluster C intersecting it. Then C and C are shifted
with respect to each other so they have different masses. However, with
probability close to 1 the masses of all such pairs of clusters differ by a
relatively small amount. Indeed C'\ C always contains only sites with
pn < 0N and C'\ C is unlikely to contain sites where p, > 6 N'/* due
to Lemma 6.18. On the other hand, from Lemma 6.17 we know that
terms with p, < §N'/* are unlikely to make a large contribution.

Let A = lims_o A°. Let {©;} be the projection of A into the second
coordinate. By Lemma 7.8(a), {©;} is a Poisson process.

LEMMA 6.20. There exists ¢ such that the intensity of {©,} equals
to 1.
01+s

Zpart (c) of Lemma 6.19 follows from parts (a) - (b) and Lemma 7.8.
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PROOF. For each x, we have A = lims_o A®®. A° depends on § in
two ways. First its intensity is proportional to ¢~*. Second, ©,/0 =
djl;j. Recall that the distribution of dji)j is independent of 0. Therefore
replacing 0 by kd replaces © — kO and multiplies the intensity by
x~°. In other words re-scaling {©;} by x amounts to multiplying its
intensity by x7°. Now the result follows from Lemma 7.8(a). u

We are now in a position to finish the proof of Theorem 6.6. We
shall do that in the case 0 < s < 1. In all other cases the proof is
similar.

Present the time spent by the walk in [0, N) as

N-1

(6.34) Tn=>) &="5+ S+ S

n=0

where

Sl - Z fn

n: pn<SN1/5 n gany cluster

Sy = > &n

n: pn>0N1/$ n is not in a cluster

Sy = Z &n-

n:n is in a cluster

By Lemma 6.17, (a) we have that E(S;) < ConstN'/*6'~*. Next by
Lemma 6.18 we have that P(S9; > 0) — 0 as N — oo. We readily have
that for w & QY

ty = N"+83 + N8, = N"55; + Ry,

where Ry := N:S; and satisfies the requirements of (a), Theorem
6.6.

Next, consider S35 which comes from the sum over the clusters and
is the main contribution to T. Let us present it as follows:

M

NT=8= > N> g
n:n is marked 7=0
In turn
M M M
anj_z<&__]_§_n) nfj—’_g_nzpnﬁ]
=0 j=1 Pr—j Pn " =0
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Next, using Lemma 6.15 and the fact that &, is a geometric random
variable and therefore Var,(¢,) = p2 — p, one obtains

’ i &n g & _ &n < Const Z —
Pn—j Pn Pk Pk+1 p— ]
Here and below || f|| := +/E,(|f|?) with f being a function on the space

of trajectories of the walk.

For n — j belonging to a cluster, that is (n — j) € [n — M, n] we
have that p,_; > ceg/[ pn = ¢N~¢p,. (Remember that if ¢; in Lemma
6.12 is small enough then £ can be made very small which is what we
shall use in this proof.) Thus

M =9 M

gn—j fn) N6/2

— — =— | pn—j|| < Const Pri
; (pn—j pu) V/Pn 2 s

J=1

If for n marked we set

pn]

then ||¢,|| < Const®2 — 0 as N — oo and we have

Von
M

D B R
N1/s - " "] N1/s’

Next &, /py, is asymptotically exponential with mean 1 since &, is geo-
metric with parameter 1/p,. Also by Lemma 6.16 {%}” is marked are

asymptotically independent. On the other hand {37% }n is marked are
asymptotically Poisson by Lemma 6.19. In other words, we proved the
statement (a) of Theorem 6.6 with

mn &
(@6, Py ({ n cn} ) |
Nl/s Pn n is marked

5. Poisson Limit for expected occupation times.

In this section we prove lemma 6.19.
To understand the asymptotic properties of the distribution of a,
defined in (6.32) we need the following
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LEMMA 6.21. (a) For each m > 0 and y > 1

(6.35)
m . pTL S S
p"(y) = lim NP (Nl/s S Sy purs < SNVE, o < NV )
= 5*50E[(D8y*5 _ 1r§n]aé)fn Dj’)[mamgjgm Dj<D0y_1]7

where Dj = p;ijan+j+1...ozn+m (and by convention D,, := p;im )
(b) There exists p™(y) = lim,, o ™ (y)-
(c) p>(1) > 0.

PROOF. (a) We shall make use of (6.6) and the relation p, = p,'z,.
For a fixed m and 0 < 7 < m we can write

_ -1
Prn+j = PntjOntj+1---Cntmintm + O<1)

Set D; = p;}rjanﬂﬂ...oznm (with a convention that D,, := ppim)-
The inequalities p,/NY* > 6y and p,,; < SNV/* in (6.35) are equiva-
lent to

Zpem > NY36(Dg'ly + O(N7Y#)) and 24 < 1\71/55(Dj‘1 +O(N~Y%))
respectively. Thus

Pn s s
P (Nl/s > 0Y, P+ < SNV s Pntm < 6NV ) =

P <N1/55(D01y +O(N*)) < 2y < NY*6 min (D;' + O(N”S))) :

1<j<m
Since 2Zp4m and {pn4;}j<m are independent, we can compute the fol-
lowing limit by conditioning on {p,+;};<m and using Theorem 6.9:
lim NP (0, N7"* >y, prs1r < SNV e < N [{pujbjcm) =

N—oo

—S S,,—S S
0 %c(Dyy~* — 1%%}51 Dj)lmaxlgjSm D;<Doy1-

To compute the limit (6.35), it remains to take the expectation with
respect to {Pntjtj<m:
lim NP (PN >y, puir <INV prgm < ONY®) =
6fscE[<DSy*S _ lglj;i}:n Dj)‘[maxlgjgm Dj<D0y_1]'
This completes the proof of part (a).

b) The probability P (£2- € ¢, d], pny1 < SNV, .., ppam < SN/®
N1/ +

is a monotonically decaying function of m. Hence the proof.
(c) If u> = 0 then NP(n is marked) — 0 as N — oo. Consequently
for each fixed j NP(n is marked and p,_; > IN'/*) — 0 as N — oo.



5. POISSON LIMIT FOR EXPECTED OCCUPATION TIMES. 89

Thus the Dominated Convergence Theorem implies via Lemma 6.12(a)
that
(6.36)

E(Card(n < N : p, > §N* and n belongs to a cluster)) — 0.

On the other hand by Lemma 6.18
(6.37)
E(Card(n < N : p, > §N/* and n does not belong to a cluster)) — 0.

Combining (6.36) and (6.37) we would get
E(Card(n < N : p, > 6NY*)) =0
contradicting Theorem 6.9. This proves (c). O

REMARK. The measure ji,, depends on 6. We do not emphasize
this dependence in our notation, however, it is easy to see from the
proof that

poo([0¢, 0d]) = 0" fio([c, d])

where the measure fi,, does not depend on 4.

Lemma 6.21 gives the limiting distribution of a; in Lemma 6.19.
Next we address the distribution of b,.

M
LEMMA 6.22. The distribution of % conditioned on p, >

SN/s converges as N — oo to the distribution of
14 pZigo + P 5qo0—1 +  + P pQoQ—1 .- Qg1 + ...
PROOF. According to (6.5)
Pn—j = p;ijqnozn_l e Qu_jr1pn T+ O(KM).
Since KM < N'/* we see that
Zj]\/i() Pn—1
Pn

As N — oo, also M = My — oo and so the limiting distribution of
the above expression is the same as the distribution of

= 1+p;i1Qn+p;i2Qnan—1+' : '+p;iMQnan—l s an—M+1+0(1)-

(6.38) 1+ pT1go + P aGov—1 + -+ + D pGoQ_1 .. Qg + ..
O
PrOOF OF LEMMA 6.19. Take 5 < g4 < &9 where &9 is from
Lemma 6.12(b). Divide all possible values of a,, into intervals Iy, I, ..., I,

-
Divide [0, N] into a union of long intervals L; of length N** and short
intervals of length N¢*. (Intervals are numbered in decreasing order).

Then by Theorem 6.9 the total number of clusters originated in short
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intervals tends to 0 in probability. Observe that by Lemmas 6.12 and
6.21

[e.9] ]m
P (n is marked, a, € I,, and p,_ < INY* k= M...N%) ~ % (1-0(8")).
Recall that b, is independent of a,,. Hence if we divide [1, 00) x [1, 00)
into rectangles Jy, Jy ... Jg, then

P (n is marked, (ay,,b,) € J, and p,_ < SNV k= M... N€4)

fioo (Jm) M
e )

where fioo is a product of pe and the distribution function of b,,.
Let V; be the vector whose m-th component is

Card(n € L; : n — marked, (a,,b,) € Jp).
Then
P(Vi = en) ~ i(J) N1, P(|[Vj] > 1) = o(N=7)
SO

(6:39) E(exp(i(v, V})) = L+ N1 Y fi(J)(e™™ = 1) + o(N=71).

Next, let W; = 337 _ Vi.. We claim that

(6.40) InE(exp(ifv, Wy)) = iN*"1 Y () (e — 1) + o(GN"1).

This holds because V; is almost independent of Vi, V5 ... V;_;. Namely,
by Lemma 6.13 the value of p, at the left endpoint of L; could only
influence V; only if p,,_ is BN _close to the boundary of I,,,. However
it N is large then the probability that there is n — k € L; such p,_j
is close to the boundary of I,,, is o(N®#~!) and hence arguing as in the
proof of (6.39) we obtain (6.40). Taking j ~ N'~** we obtain Lemma
6.19. O

6. Central Limit Theorem.

Here we prove Theorem ThQLT. We split the proof of part (a) into
two parts.

LEMMA 6.23. there is a set Qy such that P(Qyn) — 1 and
Fy(z) — PN, < ) uniformly for w € Q.
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LEMMA 6.24.
E,(Ty) — E(Ty)

vVNInN )

converges weakly to a centered Gaussian normal variable.

Proor or LEMMA LMQLTGAuUSS. . We split
N

Z(fn —pn) =Sp+ Sy + Su

n=1
where Sy corresponds to the high values of p,,, namely, p, > v/ N In'® N,
Sy corresponds to the moderate values of p,, namely, H\{WNTV < pn <
\/_ In'™ N and S;, corresponds to the low values of p,, namely, p, <

o Yy ~- We begin by showing that high and moderate values of p, can
be ignored. First, by Theorem 6.9

C
Second, arguing as in the proof of Lemma 6.17(b) we see that

E(Si/l) < Const Z E ((pn)2 ]\/ﬁ/ 10100 N < p, </N 1n100 N) < ConstN Inln N

and hence Sy;/v N In N converges to 0 in probability.

Therefore the main contribution comes from S;. To handle it use
Bernstein’s method. Divide the interval [0, N] into blocks of length
Ly =1In'" N and Iy = In? N following each other. More precisely the
7-th big block is

Ii=[(Ln +1n), G+ 1)Ly + jly — 1]
and j-th small block is
Ji =[(j+ 1)Ly +jln,(j +1)(Ly + ) — 1].

Accordingly, we split S;, = S¥9 + S5mall where SY9 (S3™!) is the
contribution to Sy coming from big (small) blocks. Arguing as in the
proof of Lemma 6.17(b) we see that

E(Var, (S;™) < C Z ) + E(pnly)] (summation is over the small blocks)

In I
< C’(Nl NHJrNLN)
and hence the main contribution comes from the big blocks.
Next we modify &, as follows. If n € I; let &, be the number of visits
to the site n before our walk reaches I;1;. Let p, = Ew(gn) Observe

that &, corresponds to imposing absorbing boundary conditions at the
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beginning of ;11 80 P, = P, 'qny1Pn + p,* With absorbing boundary
condition at 7 := (Ly + Ix)(j + 1). Hence
dn

Pn— Pn = —CQn...Qz_1P5
n

and so

<1

Z [ﬁn - pn]

n

except for the set of probability tending to 0 as N — oo. Also
P(gn:f‘n forn=0...N) —1las N — 0.

S’ = Z(En - ﬁn)
where the sum is over big blocks. By the foregoing discussion it is
enough to show that
(6.41)

with P probability close to 1 the quenched distribution of S is close to normal.

Let

We claim that the following limit exists (in probability)

. Var,(S)
42 | —_— =
(6.42) Nl—r>Ic1>o NIn N

Before proving (6.42) let us show ho to complete the proof of (6.41).
Let ~ B
S =Y (& —pn)

’VLEIJ'
be the contribution of the j-th block. Since summation is taken over n
with p, < VN/In'"™ N and &, has geometric distribution we have for
keN

2.

(6.43) P, ( VNLyk

Sj > m) < CG_kLN.

Indeed 5']- > YNLyk implies that §~n > YNk {51 some n in the block.

lnlOO N lnlOO N

(6.42) and (6.43) show that . S; satisfies the Lindenberg condition.
It remains to establish (6.42). To this end we prove two facts.

an <ng—M COVW (g?h ) énl )
NInN

(A) V€>03M:P< >s><5 and

>, Covi(€n &ni)  Ea)fer L
(B) Vk NI N = =5 in probability




6. CENTRAL LIMIT THEOREM. 93

where ¢* is the constant from Theorem 6.9.

The remaining part of Section ?7 is devoted to the proofs of state-
ments (A) and (B). We will drop tildes in £ and p in order to simplify
notation.

To obtain (A) we show that

(6.44) E(|Covy (§n—k: &n)| |Fn) < Cgk(pn)2

for some 6 < 1. Pick a small € > 0 and consider two cases
(I) pr > (1 + €)*. Then we use that

|C0Vw(€n7k; fn)‘ S \/V&ru.)(gnfk)varw(én) S Cpnlpng
and that

(I1) pn < (14 €)*. Then by (6.20)
|COVw (€n—k7 gn” S Cvarw (Sn)pn—kq*

where ¢* is the probability to visit n — k before n starting from n — 1.
Hence

E(|Cove(&ni &) [|Fn) < Coav/E((pn—i)*|Fa)E(q"| F)
We have
E(pn-1)?|Fn) < pn + Ck
since s = 2 whereas E(¢*|F,,) < C6* by Lemma 6.3.

Summing (6.44) over k we obtain (A).
To prove (B) observe that by Lemma 6.15 for fixed k& we have

Cov,, <€n*k7 fn) = Pn—tPn + O (pn>
where the implicit constant depends on k. Since E(p,_x|F,) = pnE(a)*+
C we get
E(Covy(&n: &) = E((pn)*)E(a)* + O (E (pn)) .
Let Z,, = Cov(én,én,k). Next

Var (Z Zn) = Var(Z,) +2 Y Cov(Zn,, Zn,).

ni<n2
Observe that Z,, and Z,, are independent if nq,ns belong to different
blocks and so we can limit summation over ny,no in the same block.
Since
Zn = pran ... 0p_1+O(pn)
Theorem 6.9 gives

N
Var(Z,) < Const 20
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By Cauchy-Schwartz inequality

N
Cov(Zyn,y Zn,) < Const—so—.

1n200 N
Therefore
NL?
Var (Z Zn> < Constﬁ.
This completes the proof of (B). O

PROOF OF LEMMA 6.24. Let us denote § = E(a), H = v/ NIn'® N.
Arguing as in the proof of Lemma 6.23 we see that it suffices to estab-
lish the convergence of By/vNIn N where By =Y i By ;j and

Byj =Y (pnloyer — B(pnlsyen))

and the sum is over the j-th big block. Since By ; are independent and
satisfy Feller-Lindenberg condition (since |By ;| < v/N/N) we need
to show that limy_, %\%’) exists. To this end we show that
Var(By
(6.45) lim Y (Bx)
N—oco In"" N
exists. This we will follow from two estimates
(A) There exists constants C' > 0 and 6 < 1 such that for each k
we have

1
COV(Ién]‘ﬁn<H7ﬁn—k1ﬁn7k<H) <C |:(9k InN + ﬁ:| .

(B) For each k the following limit exists

Cov(pnlp,<m, Pr-ilp, n<H)
_ 1 n n—k .
%= e n N
Once (A) and (B) are proven (6.45) follows by the Dominated conver-
gence Theorem. To prove (A) we note that by (6.5)

o0

(6.46)  E(puilFn) =E(p) + 8 puguE (p, 1)) = Y FE(P ).
j=k

Next we claim that on p, < H we have
1

041 Busly, enlF) < C |30 64 ]

To show this observe that

(648) ﬁn—klﬁn_k<H § p;ikan—k-i-l e an—l‘]nﬁn + Alpn_k<H
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where

A=(1+appy1+ -+ apps ... Oén—l)p;ik-
The conditional expectation of the first term can be estimated by
CB*p,. Next

P(pnr > H|F) <Pt on ki1 1Gnpn < H/2F,)+P(A < H/2|F,)

o1
SO{@ +ﬁ]‘

Now by Theorem 6.9
C N
P(A>tlF,) < 7] so E(Al4|F,) < Cy\/P(QFnN)

for each set (2. Thus the second term in (6.48) is less than C [om/2 + L]
This proves (6.47). Combining (6.46) and (6.47) we get

In N
E(pnlpn<Hpn*k1pn7k<H> = E(P)E<P1p < H)+0 <9m + 0, In N + ?> .

This proves (A).

To prove (B) we consider two cases:

(1) pn > H/In"*N. Since P(p, > H/In"*N) < €Y the contri-
bution of this case to E(pn15,<mpn—kls, <o is less than CvIn N.

(1) p, < H/ In'/* N.In this case Pn—t < H and so the contribution
of this case to E(p,1,<mpn—kls, ,<m equals to

1 1
E(q.p21;,<1)8"E (—) +0(1) = CIn NG"E (—) +0(1)
p p
where we have used the identity qnﬁ% = g—;én where Z,, is F,, 11 measur-
able due to (6.6). This proves (b). O

Lemmas 6.23 and 6.24 prove part (a) of Theorem 6.7.
The proof of part (b) proceeds along similar lines but it is simpler
because there is no need to introduce the cutoffs.

EXERCISE 6.1. Prove part (b) of Theorem 6.7.

7. Favorite sites of transient walk.
Let {§ = max,n) &n-

THEOREM 6.25. If s > 0 then ]\fTN/ converges to max; ©;, where ©
is a Poisson process on (0, 00) with intensity 91% for some constant c.
Accordingly
C
P (f}kv < J,‘Nl/s) — exp [——xs] .

S
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ngoo_my

PROOF. Consider the following process A%, = {(F, 7175) ) where n;
are marked points and 72; is the maximum of p,, inside the j-th cluster.
Similarly to Lemmas 6.19 and 6.20 we prove the following statement.

LEMMA 6.26. (a) As N — o0 Af\, converges to a Poisson process
A = {t;,;m;)} on [0,1] x [5,00).

(b) As 6 — 0 A? converges to the Poisson process A.

(¢) There exists a constant ¢ such that A has the intensity £

Next we show that the low values of p are unlikely to contribute to
the maximal occupation times. Fix 6 > 0. Denote

Qnp = {Fn < N NVt < o < NY527F and €, > ONV/*}
and set
DN m = {Nl/SQ—(k-H) < pn < Nl/s2—k;}'
Then by Theorem 6.9
P(Qny) < NP (Pnpn) P (& > ONYS 1Py y,) < Const2™P (&, > ONY* | Dy )
Since &, has a geometric distribution with parameter p, ! we have that
P (&, > ONY?|Op ) < (1— p; )N < Conste?".

The first term here is O(27%) in view of Theorem 6.9 and Markov
inequality and the second term is less than

Nl/s
4FPp (gn > N4 p, <

o ) < Constd** 3% g <1

since &, has geometric distribution with mean p,,. Summing these bounds
over k > log,(1/0) we see that the points from outside of the clusters
can be ignored. The rest of the proof of Theorem 6.25 is similar to the
proof of Theorem 6.6. Namely Lemma 6.15 implies that the maximum
occupation time inside the j-th cluster occurs at the site n; such that
pi; = 1. This shows that if ¢ is sufficiently small then with proba-

bility close to 1 {3 = max; m]fn& where the maximum is taken over
J

the d-clusters. For large N the fnij is asymptotically exponential with

mean 1. Therefore letting N — oo and oy — 0 we obtain that the

distribution of % is asymptotically the same as that of

Hl]aX Qij

where A = {(¢;,6;)} and T; are i.i.d random variables independent of
A and having mean 1 exponential distribution. It remains to notice
that by Lemma 7.8 {#,I';} also form a Poisson process. O
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8. Sinai-Golosov localization.

In this section we consider recurrent random walk in random envi-
ronment, so that E(Inp —Ing) = 0. Let 02 = E((Inp — Inq)?).

THEOREM 6.27. [16, 17]. There exists a random variable T and a
sequence I'y(w) such that
Iy (w)
In® N
[’ is symmetric and there are probability distributions v
that

=T,

* on 7 such

P(Xy — Ty =k|+ Ty >0)=vi.

We shall see that distribution of I' is universal in the sense that the
distribution of I'/o does not depend on the distribution of p whereas
v* depend strongly on the distribution of p.

XN
In®> N

We now describe I',,. Define
SN if n> 0,
Wn,=<0 if n =0,
SN ifa<o.

Jj=n

COROLLARY 6.28. [33] =T

We say that a < v < b is a valley if
Wy =maxW;, W, =maxW;, W, =minl¥;.

[v.0] [a,7] [a,b]
We define the depth of the valley as min(W, — W, W, — W,). Let
(an,Tn,by) be the smallest valley of depth at least In N containing 0
(if ming,, 5y is achieved at several points we let I'y to be the point
which is closest to 0).
Let W (t) be the Brownian Motion with zero mean and variance
o%t. Let a,T",b be the smallest valley of depth at least 1 containing 0.

'y

EXERCISE 6.2. As N — o0 TN = T.

Fix J,0. Let ay be the closest number to the left on ay such that
Wiy > W, +0InN. Let by be the closest number to the left on ay
such that W; > W, + dIn N. We say that time N is (J,d)-good if

° @N,TN,BN is a valley;
o by —ay < JIn® N;

o If (a,7,b) C (an,by) is a valley with v # 'y then its depth is
at most (1 —6)In V.
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EXERCISE 6.3. Show that for each £ > 0 we can choose J so large
and 0 so small that P(N is (J,60)-good) > 1 — ¢ provided that N is
large enough.

The proof of Theorem 6.27 consists of the following steps. To fix
our notation we assume that I'yy > 0.

LEMMA 6.29. For each J,0,¢ there exists Ny such that if N > Ny
is (J,0)-good then
Po(try < Tay) >1—c¢.
Let X, denote the random walk moving in the same environment as
X, but with reflecting barriers at ay and by. We let P be corresponding

quenched distribution. Our next result shows that X, is unlikely to
reach the boundary of (ay,by) so we can study X, instead of X,.

LEMMA 6.30. Given J,6,¢e there exists Ny > 0,0 < 1 such that if
N > Ny is (J,0)-good then
(b) Po(rry, < IN'T2) <6
(¢) Ery(Tay) > N2 and Er (15,) > N1F9/2,
(d) Po(Tay < N'1) < e and Py(r;, < N'0) <e.
Let vV denote the invariant measure of Xn.
LEMMA 6.31. (a) For each ¢ there exists M such that
PNy — M,Ty +M]<1—¢)<e.
(b) There exists a random process v on Z such that

Ytk — 1/; as N — oo.

We will say that N is (J,M,9,d')-good if it is (J,d)-good and
voN(Py — M,Ty + M]) >1-14.

LEMMA 6.32. Given J, M, 6,0 there exists Ny such that if N > Ny
is (J, M, 9,8")-good then then
(a) If N and 'y have the same parity then

sup |Po(Xy =Ty + 2k) — 2V1‘f1’\]]\_[~_2k| <24
k

(b) If N and T'x have different parity then
sup |Po(Xy =Ty + 2k +1) — 21/?(,’52k+1| < 20
k
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Lemmas 6.31 and 6.32 demonstrate universal behavior of Xy con-
ditioned on the fact that I'y has a given parity. To complete the
description of the distribution of Xy it remains to show that I'y is
equally likely to be odd or even.

EXERCISE 6.4. Show that P(I'y > 0,T'y is even) — % as N — oo.

Hint. Construct I'y for the environment shifted by one unit.

9. Recurrent walk: Estimates of hitting times.
Here we prove Lemmas 6.29, 6.30 and 6.32.

Proor or LEMMA 6.29. In the notation of Theorem 6.1 we need
to show that ®(I'y) < ¢(ay). We have

r
W . 2 .
() ;e < [P exp(max W) < JIn* Nexp(_ max W)
while
p(ay) > e"on,
Since
Way =2 0In N+ max W
j€lan,I'n]
the result follows. O

PROOF OF LEMMA 6.30. (a) We consider k € [ay,I'y] the other
case is similar. Let ¢ = E(m, ). We have

G =14 prCes1 + @rlr-1-
Thus denoting 1, = (x — (rr1 We get

1
Y = — + 1, Yay = L.
Pk

Therefore
1 o QO
U= — 4 —— 4 L gy Qaya
Pr  Pk—1 Pr—2

1 JIn? NN1-9
< 2: Win—W;
=2 € =~

£
U jelan+1,k] 0

since (ay,'y) contains no valleys of depth greater than (1 — d)In N.
Accordingly

I'n 4 1-6
JIn®" NN
Ck = E P < B —
=k

proving (a).
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(b) By part (a)

™ 1-5/2 1

P(rr, <n+2N |Fn) < 3

Iterating this [ times we obtain the result needed.
The proof of part (c) is similar to the proof of part (a).

EXERCISE 6.5. Prove part (c).
(d) In view of part (a) it suffices to prove that
IEI‘N(TN S N1+6/4) S E.
If this was false then by part (b) we would have that for each k €
(dNy bN) "
]P)FN(TN S 2N1+6/4) Z E.
Arguing as in part (b) we would get

E(TM) < O N1H9/4
contradicting part (c). O

PROOF OF LEMMA 6.32. Let X’ and X” be two independent par-
ticle moving in our environment with reflecting barriers. We assume
that X’ starts from 0 and X starts 27 N [ay, by] and is distributed
according to the restriction of "V to this set. Let ¢ be the first time
the particles meet. To prove the lemma it is enough to show that

(6.49) P(np> N) < 24
Let 7, be the first time when X visits I'), and let 7;41 be the first time

after 7, + M when X’ visits T',,. We claim that there exists 4 < 1 such
that if

(6.50) P(¢ > 7;) > 20
then
(6.51) P(¢ > Tjt1) < P(¢ > 75)P.

Indeed if (6.50) then
P(X,, € [[x — M,Ty + M]|¢ > 75)

P(X, € Iy =M T+ M,C>m) 61

P(¢ > ;) =2 2

On the other hand if at time 7; the walkers are distance less than M
apart then the probability that they will meet before time 7; + M is at
least €}!. This implies (6.51).
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Iterating (6.51) we get
P(¢ > 7;) < min((1 — 8)7,1 — 26").
On the other hand by Lemma 6.30(b)

J
~ - t
k=1
where &; ~ Geom(#). Combining two last inequalities we obtain the
lemma. U
10. Invariant measure.
Here we prove Lemma 6.31.

EXERCISE 6.6. Show that
Nw _ L H?:@N Dj
where Z is a normalization factor.

Thus up to normalization

qn+1
Accordingly to establish part (a) it is enough to show that for each e

[n—Tn|>M

P Z >ece"in | 5 0as M — 0.

We shall show that this inequality holds even if we condition on Wr €
[—m, —(m+ R)] where R is the maximal downward jump of W and m ~
Inn. Indeed for this condition to happen three evens should happen

(i) W_,, should reach Inn — m before reaching —m.

(ii) W, should reach m before Inn — m.

(iii) After reaching m, W, should go Inn units up before going R
units down.

Note that (i) is concerned with behavior of the process on (—oo, 0],
(ii) is concerned with behavior of the process on [0,I'y] and (iii) is
concerned with behavior of the process on [y, 00) so we consider the
sums over whose three intervals separately.

. —W, .
7} e ' <lay|exp(— min W,
@) D e < law] exp(— min W)

an<n<0
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so the needed estimate follows since |ay|/In* N has a limiting distri-
bution while
min[aN,g] Wn +m
In N
conditioned on minf;, oy W,) > —m has a limiting distribution which
has no atom at 0.
(ii) The result follows from two estimates

(A) Vko P(T7 ok — M) —0as M — oc.

(B) Let V4 be the total time W spends in [, := [—m+2FT1 —m+2F]
before 7. Let Ay = {V} > 9*. Then

P(U Ak>—>0ask;0—>oo.

k>ko

< T_

m

Indeed on [, A Wwe can estimate the contribution of terms with
W, > —m + 2% as

exp(m)

i 9k eXp(—Zk)]

k=ko

and the second factor can be made as small as we wish by choosing kg
large. So it suffices to prove (A) and (B).
To prove (A) note that

P(r” <71

—m-+-2k0 m

- M) < P0<7'2k0+R > M)

which tends to 0 since 2% + R is a fixed number.
To prove (B) note that there a constants 31, 53 > 0 such that

P(W, e < —m +2F|W, € I,) > B and
P (W does not return to Ijafter time n+4%|W, 4 < —m+2%) > 5,275
Hence
P(W does not return to [ after time n + 4’“) > (316,27

and by induction
P(Vi > 14%) < (1- 518,27

proving (B).

To handle n € [12,,,00) we need to obtain the analogues of (A)
and (B) for n > 7_,,. However since we require that the walk reaches
—m + In N before visiting —m + R the behavior of W, on [12,,,by] is

similar to the behavior of the random walk conditioned to stay positive
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so (A) and (B) can be established similar to corresponding estimates
in Chapter 4. This completes the proof of part (a).
To prove part (b) note that by part (a) Vlj“VNLik can be well approxi-

mated by
I'n+k pj
M—1 11in+k  pj °
k=—M Llj=an+1 g;41
The last expression depends only on p,, n € [['y — M,T'y + M] so it is
enough to show that the vector

has a limiting distribution. To this end let o9 = 0 and ajc be the first
times after J;E when Wy, < W _=. Let
J

Hji = HiaXi (S:I:n — S:tgj),
n€lo; 057 ]

rﬁ = min(j : Hf > InN), Ffv = Oy, mﬁ =5,

N

Let Z7* denotes the process
‘7:l: J—
Z" = Wi(aijrk) - Wiaj.t

and let djt =W, =+

Jj+1

— W, +. Note that Z7s and hence d; are iid and

since
rt
+ +
my = g d;
j=1

the Law of Large Numbers implies that there are constants a® such

+
that =& — a*. Note that I'y = '} if m} < my and Ty = I'y

otherwise. Accordingly to complete the proof it suffices to show that

(pl“f,—M7 <Pt PpE M)
have limiting distribution and that those vectors are asymptotically
independent of m3. For
Pri_p - - - Prs

this follows from the next result

EXERCISE 6.7. Let k; be consecutive numbers such that H; > In N.
Then vectors

(ij—M’ Zlcj—M—‘,—l7 ij—l’ kfj/N)

converges to the Poisson process with measure m x 7 - - - X 7 x Leb where
7 is the law of Z.



104 6. RANDOM WALK IN RANDOM ENVIRONMENT.

Finally, since Prigi---Priqim depend only on Z"™ " and so are inde-
pendent of Pri_a---Pry and of m}, to complete the proof it remains
to show that Qpt gy Oy approach a limiting distribution. The
proof of this result is similar to the proof of (4.2) in Chapter 4.



CHAPTER 7

Appendices.

Here we review some tools which are used in the analysis of random
walks.

1. Convergence of random processes.

By a (continuous) random process we mean a measure on the space
C[0,T]) of continuous functions on the interval [0, T]. Accordingly a
weak convergence of processes means the weak convergence of the cor-
responding measures. That is X,,(t) = X(¢) if for any continuous
function ® : C[0, T] — R we have E(®(X,,)) — E(®(X)). In fact the
continuity can be replaced by a weaker condition

THEOREM 7.1. If X,,(t) = X(t) and ® : C[0,T] — R is a function
such that the set of discontinuity points of ® has zero measure with
respect to the law of X then

E(®(X5)) — E(@(X)).

Recall that a sequence {u,} of probability measures on a topolog-
ical space X is tight if given € > 0 there exists a compact set I C X
such that u,(K) > 1 — ¢ for all n. By Arcela-Ascoli theorem a sub-
set K C C]0,T] is compact if it consists of uniformly bounded and
equicontinuous functions.

THEOREM 7.2. (Prokhorov) X, (t) = X(t) iff the sequence {X,}
is tight and the finite dimensional distributions of X, converge to the
finite dimensional distributions of X.

THEOREM 7.3. Suppose that there are constants a, 3,C such that
for each | we have

kE+1 k
P (There exists k < 2'T : ‘X(N) ( ; ) — X (E)‘ > 2“) < Q

Then the family { XM (t)} is tight.

THEOREM 7.4. (Kolmogorov) Let X, (t) be a family of processes
such that there exists constants K, a, 6 such that
E(|Xn(t1) — Xn(t2)|a> < K|t2 — t1|1+6.
105
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Then {X,} is tight.

2. Martingales.

Let G,, be an increasing sequence of o-algebras and Z,, be a sequence
of G,, measurable random variables. (Z,,,G,) is called martingale pair if
E(Z,11|Gn) = Z,. Then Y,, = Z,, — Z,,_1 is called martingale difference
sequence.

THEOREM 7.5. (Optional Stopping Theorem)

(a) Let T be a stopping time such that the sequence Zinnr) is
uniformly integrable. Then E(Z,) = E(Zy).

(b) If Y, is uniformly bounded and E(T) < oo then E(Z;) = E(Zy).

THEOREM 7.6. (Mazimal Inequality) There are constants Cy and
Cy such that for any martingale (Z,,, G,) satisfying Zo = 0 the following
holds. Let Z* = max,, Z,, AZ =Y Y.2. Then

1
FE((AZ)") <E(Z7) < GE((AZ)?);
1
THEOREM 7.7. (a) Let (Z,,G,) be a martingale pair such that
27;@:1 E(Kﬁ’gmfl) = g2

n

(7.1)

and for each € > 0

1 n
~E Y21 0
n (Tnzl m Ym>€\/ﬁ) -

then \Z/—% converges to Gaussian random variable with zero mean and

variance o>.
(b) In particular if |Y,,| < C with probability 1 then (7.1) suffices
for the Central Limit Theorem.

We shall also use the following fact. Let f, be a G,-measurable
sequence such that

On = ZE(fn+j|gn—l> < Const
=0

then
(72) fn = Yn + ﬁn - ﬁn—i—l

where Y, is a martingale difference sequence.
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3. Poisson process.

The proofs of the facts listed below can be found in monographs
(31, 34].

Let (X, ) be a measure space. Recall that a Poisson process is a
point process on X such that
(a) if A € X, u(A) is finite, and N(A) is the number of points in A
then N(A) has a Poisson distribution with parameter p(A);
(b)if Ay, Ay ... Ay are disjoint subsets of X then N(A;), N(As) ... N(Ax)
are mutually independent.

If X ¢ R? and p has a density f with respect to the Lebesgue
measure we say that f is the intensity of the Poisson process.

LEMMA 7.8. (a) If{©,} is a Poisson process on X and ) : X — X
is a measurable map then ©; = ¢¥(0;) is a Poisson process. If X =
X =R and v is invertible then the intensity of © is

7o) = s |2}

(b) Let (©;,';) be a point process on X x Z such that {©;} is a
Poisson process on X and {I';} are Z-valued random variables which
are i.i.d. and independent of {Oy}. Then (©,,1;) is a Poisson process
on X X Z.

(c) Ifin (b) X = Z =R then © = {T';0,} is a Poisson process. Its

ntensity 1s
~ 0\ 1
f(0) = Er (f <f> f) :

LEMMA 7.9. Let © be Poisson process on X, ¢ : X — R a measur-
able function with [ |1(0)|du(f) < oo then

V= ()
J
15 finite with probability 1, the characteristic function of V' is given by
(7.3) E(exp(ivV)) = exp {/ (emp(e) —1)du(9)],

and

(7.4 B(V) = [ w(6)du(0)
If in addition to the above conditions [ *(0)du(8) < oo then

(75) Var(V) = [ w#(0)du(0)
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REMARK. Proofs of the statements listed in Lemmas 7.8 and 7.9
can be found in [31].

4. Stable laws.

We say that U has standard positive stable law of index s if its
characteristic function is equal to
(7.6)

; ! i , sdu © it sdu
E(GSU):GXP(/O [e" — 1 —igu] u5+1+/1 [t — 1] u3+1>'

We say that U has a stable distribution of index s if

U= O[+U+ — O[_U+O{0

where o, ,a_ and o are constants and U, and U_ are independent
identically distributed random variables having characteristic function
given by (7.6).

Let X; be iid random variables such that

t°P(X >t) — Cy, t°P(X <—-t)—Cyast— oo.

Let Sn = Z?:l Xj.

THEOREM 7.10. (a) If 0 < s < 2 define a, = inf{t : P(|X| > t) <
1Y, b, = nE(X1x|<q,). Then S”a—;b" = U where U ~ St(cglcz, %, 0).
(b) If s =2 then

S, — nE(X) ( Cy+ 02)
- 2 = N0, .
vnlnn 2

(c) If s > 2 then
Sy —nE(X)
Vn
Note that in part (a) a, ~ [(Cy + Cy)n]'/*. Also if s < 1 then
by ~ 7=[C1 + C] = (Cy — Co)nt/*, if s = 1 then a, ~ (C;, — Cy)nlnn,
if 1 <s < 2then b, = E(X) + o(1). Therefore if s < 1 then Theorem
7.10 can be restated as follows

= N (0, Var(X)).

Sh Ch Co
77 é St bl b)
(7.7) [(Cr + Co)n] /s (cl 10, O+ Oy O‘“)
where o o
- T
a = 1[G+ G Cy + C,

and if s > 1 then Theorem 7.10 can be restated as follows

7.8 = St , ,0 ).
(7.8) [(C1 + Co)n)V/s (01 +Cy CL+ Oy
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LEMMA 7.11. (a) If 0 < s < 1 and ©; is a Poisson process with
intensity 0~ 1F9) then Z]. ©; has a stable distribution of index s.

(b) If 1 < s < 2 and ©; is a Poisson process with intensity 6=+
then
T DY) [
6—0 J (S - 1)(5571

(5<@j

has a stable distribution of index s.
(¢c) If s =1 and ©; is a Poisson process with intensity 0~ then

lim Z@j — | Ind|

6—0
5<@j
has a stable distribution of index 1.

EXERCISE 7.1. Derive Lemma 7.11 from (7.3).

5. Diffusion processes.
In this section we review some facts about diffusion processes. Proofs

can be found in [24] and [36].

5.1. General Theory. Let a and b > 0 be smooth functions on
R which have at most linear growth. A Markov process X(t) with
continuous path is called diffusion process with drift a and diffusion
coefficient b if

E.(X(t+h)—X (1)) = a(x)h+o(h), E (X (t+h)—X(t))* = b(x)h+o(h).
In this case we shall write X ~ D(a,b).

THEOREM 7.12. The law of a diffusion process is uniquely deter-
mined by a, b and the initial point.

Let D denote the space of bounded continuous functions f such
that Lf = af’ + gf” is bounded and continuous.

THEOREM 7.13. Let X (t) be the process with continuous paths.
Then X ~ D(a,b) iff for each f € D

MY (1) = F(X(8)) — F(X(0)) — / (CF)(X,)ds

1s a martingale.
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THEOREM 7.14. If X ~ D(a,b) then for each smooth function
u(t, X)

N* =u(t, X(t)) —u(0,X(0)) — /0 (% + £u> (X (s))ds
1s a martingale.

A function s(z) is called a scale function if s(X(t)) is a martingale.
That is £s = 0. We say that X (¢) is on natural scale if = is a scale
function. That is a(x) = 0. Note that Y (¢) = s(X(¢)) is on a natural
scale. The equation for natural scale reads

b
! 1/
—-s" =0.
as —1—23

Noticing that this is a first order equation for s’ we find that the general
solution is of the form s(z) = Asy + B where

so(z) = /0 exp — (/Oy 2—ba(u)du) dy.

Let 7, .~ be the first time X hits either 2’ or 2”. Then the optional
stopping theorem implies that

P(X (7o) = 7') = %

Let ¢ be a monotone function, then ¢(X (¢)) is also a diffusion process.
Note that

L(fod)=ad'f'+ gw = g<¢’>2f" + (aqﬁl + g¢) f.
Thus
(7.9) ¢(X) ~ D(a¢' + ggb b(¢)?).
Next we consider time changes.

THEOREM 7.15. Let X (t) ~ D(a,b). Consider a time change s(t, X)
defined by ds = k(x)dt. Then X (s) ~ D(%,2).

k' k

Intuitively, As = h means that At = % so that
E.(AX) = a% +o(h), E,((AX)*= b% + o(h).

In particular if X (¢) is on a natural scale then X(¢) ~ D(0,b) and
so the time change ds = b(X)dt makes X(s) ~ D(0, 1), that is X (s)
is a standard Brownian motion. In other words any one dimensional
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diffusion process can be obtained from the Brownian motion by the
change of space and time variables.

In our study we shall need diffusion processes defined on a subin-
terval (o, f) C R. Let a and b > 0 be smooth functions on (a, ). Let
7 = 7% be the first time the process X reaches either a or f3.

THEOREM 7.16. There exists unique Markov process X (t) which is
stopped at time T and such that M7 (min(t, 7)) is a martingale for each

fenD.

To continue the process beyond 7 we need to classify the boundary
points. Let 7, denote the first time the process hits y.

A boundary point « is called accessible if P(1, < 75,7, < 00) > 0
and it is called inaccessible otherwise. If « is inaccessible then it is
called entrance boundary if for all ¢ lim, ., P,(7, < t) > 0 and it is
called natural boundary otherwise. To proceed further it is convenient
to put process on a natural scale

LEMMA 7.17. If X is on a natural scale and o = —oo then it is
inaccessible.

PRrROOF. X visits x+¢ infinitely many times before coming to av. [J

Suppose that « is accessible and X is on a natural scale. Then «
is finite. By the foregoing discussion X is obtained from a Brownian
Motion W (s) by a time change dt = k(W )ds. We can extend W beyond
the first hit of « as a reflected Brownian Motion. The intristic time
passed before W reaches y is T = fOT’y kE(W(s))ds. We say that « is
an exit boundary if P,(T < t) = 0 and that it is a regular boundary
otherwise.

The following fact is helpful in our studies.

LEMMA 7.18. Let X ~ D(0, cx?).

(a) oo is a natural boundary if v < 1 and an entrance boundary
otherwise.

(b) 0 is a natural boundary if v > 1, an exit boundary if 3 <~ <1
and a reqular boundary if v < % and

PROOF. Let Tg be the first time when X (7") = 2™ for some m. If
X(T;) = 2™ let Tjy1 be the first time after 7; when X (T) = 2™,
Let 0; = T;+1 —T;. Note that the random variables 6; = 2(:—;)% are iid
random variables. Let J be the first time when m; = 0. Let m;(t) = k
ifT; <t <Tjy; and m; = k. Let Vj, = mes(t : m;(t) = k. Suppose that
~v > 1. Observe that

2
]P’(mjﬂ =m; — 1) = §
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Thus m; is transient to the left and so there exits p > 0 such that
P(m;(t + s) # k for s > 22078 (1) = k) > p.
Accordingly
(7.10) P(V;, > 122079y < (1 — p)l.
Next there is a constant C' such that if 7; > t then there is k£ such that
V> 522(1—7%

SO
P(ry >1) <> (1—p)* < Const(1 — p)/°.
k
Hence oo is an entrance boundary.
On the other hand if 4 < 1 then o; > 220=Y™i5, > 5, so 7 >
. G,. Since J — o0 as — 00 we have
j_l 5. Since J X(0 h

J
P(ry<t)<P()_6;<t)—0.
j=1
This completes the proof of part (a).
(b) Consider first the case where v > 1. Then using the notation
of part (a) we see that o; = &; and since the walk m; should take a
growing number of steps to pass either from 0 to —N or to —N to 0
we see that both
Py(mp-~ <t) and Py-n (11 < 1)

tend to 0. Hence 0 is a natural boundary.
Next consider the case v < 1. Since the walk is transient to the left

P(m; < 0 for all j) > 0.
On theother hand (7.10) implies that for each x € (277, 1)
Pp(rp-n 1 >1) < (1— p)t/c.
It follows that there exist numbers (,t
Pijo(mo-n < 1,78 < t) > (.

However
Nn{m-~ < 71, 7p-~ <t} D {7 < t}.
Therefore 0 is accessible.
Next E(Card(j < J : m; = —k) = Const2* because the number of
excursions from 27% to 0 before reaching 1 has geometric distribution
with parameter 27%. Accordingly

(711) ]E(V—k‘) = Const2k2_2(1_"/)k — COHStQ(}Y_l)k,
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Summing over k we see that

(7.12) E.(1) = 0.
if z € (0,1) and v > 1. Assume that
(7.13) Po(m1 <t) > (¢

for some t,  and % < 7 < 1. Since z has continuous trajectories it passes
through each point in (0,1) before reaching 1 and so P,(my < t) > ¢
for all z € [0,1). By induction

(7.14) P.(r > 1t) < (1= ()

contradicting (7.12). Hence (7.13) is false, that is 0 is an exit boundary.
Finally if 7 < § then summing (7.11) over k we see that

E()(Tl < Q.

It follows that (7.13) and hence (7.14) are true. Hence 0 is a regular
boundary. O

EXERCISE 7.2. Let X ~ D(0, cz®’) where v > 1. Show that X (¢) —
0ast— oo.

EXERCISE 7.3. Suppose that a and b grow not faster than linear
functions. Prove that oo are inaccessible.

THEOREM 7.19. Suppose that 3 is inaccessible boundary.

(a) If o is inaccessible then there is unique process with continuous
paths such that M/ (t) is a martingale for all f € D.

(b) If « is a regular boundary then there is unique process Markov
process X (t) such that X spends zero measure proportion of time at
a and X ~ D(a,b) between the visits to «. If X is on a natural scale
then this process is characterized as a process with continuos paths such
that M’ (t) is a martingale for all f € D such that %(a) = 0. We call
this process the diffusion process with drift a and diffusion coefficient b
reflected at a.

(c) If a is an exit boundary then the only Markov process with
continuos paths such that X ~ D(a,b) between visits to a has X (t) = «
for t > 1,. This process is characterized as a process with continuos
paths such that M/ (t) is a martingale for all f € D such that f(a) = 0.

If 3 is accessible then X has to be supplemented by boundary con-
ditions at 3 which are analogous to boundary conditions at a.

THEOREM 7.20. Let X,(t) denote the diffusion process with drift
a and diffusion coefficient b started from x and stopped at reaching 3.
If « is an entrance then X, (t) converges weakly to a limiting process

Xa(t).
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We will call X, (¢) the diffusion process with drift a and diffusion
coefficient b started from a.

5.2. Bessel processes. Let X(t) be a diffusion process on (0, c0)
which is invariant by rescalings * — cx,t — ct. That is we assume
that Y (t) = ¢X(t/c) has the same distribution as X. By the foregoing

discussion
ay(y) =a (%) , by(y) =cb (%) '

Choosing ¢ = y we get

ay(y) = a(l), by(y) = yb(1).

That is X is invariant by rescalings iff X ~ D(A, BX). Changing time
s = Mt replaces (A, B) by (A/\, B/A) so the processes differ only by
the choice of time scale if A;/B; = Ay/Bs. It is customary to chose
time scale so that B = 4. Thus we call D(A, Bx) square Bessel process
of dimension 4A/B. We will denote square Bessel process of dimension
d by SqBess,. For example if W is a standard Brownian Motion and
X = W? then by (7.9) X ~ D(1,4x) that is W? ~ SqBess;.

Next let X; ~ D(A;, Bz) and Xy ~ D(Ay, Bx) be independent
Bessel processes, X = X; + X,. Then by approximating any function
by sum of products we see that

P(Xi(t), Xa(t)) — &(X1(0), X5(0))—

2 2
/ ( 99 4,90 g, 00, B@gj’) (X1 (s), Xa(s))ds
2

8131 89[:2 8 2
is a martingale. If ¢(x1, z9) = f(21 —|—x2) then the integrand reduces to
(A1 4 Ao) f'+ 2 (214 22) f so that X ~ D(A; + A,, Bx). In particular
it Wy, Wy ... W; are independent Brownian Motions then

W32+ W3 +...W2 ~ SqBess,.

Next all diffusion processes invariant by rescalings © — c¢’x,t — ct can
be obtained by are of the form X” where X ~ SqBess,. For example
if X sin SqBess; then Y = VX is called Bessel process of dimension 8.
According to (7.9) if X ~ D(A, Bz) then

A-£ B
y~D ( : _> |
20 4
We will denote Bessel processes by Besss.

Let X be a standard square Bessel process of dimension d. The
equation for natural scale takes form 2xs” 4+ §s’ = 0 so if we define for
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§ # 2
(7.15) Y = Xl—%
then Y ~ D(0, (2 — §)?y*") where v = 1=2. (Recall that for § = 2

we just have an absolute value of two dlmenswnal Brownian Motion.)
Now Lemma 7.18 gives the following

COROLLARY 7.21. 0 is an entrance boundary if 6 > 2, a reqular
boundary if 0 < 0 < 2 and an exit boundary if 6 < 0.

PROOF. If § > 0 then Y maps 0 to co. Also v = g:—; > 1 and so oo
is an entrance boundary for Y. If 6 < 2 then Y maps0to0.v=1— ﬁ
S0y € (—00,3)if 0 <6 <2and~y € [3,1)if § <0.In the former case
0 is a regular boundary for Y, in the later case 0 is an exit boundary
for Y. Finally the case § = 2 follows since X is the absolute value of 2
dimensional Brownian Motion. U

EXERCISE 7.4. Show that SqBess; is recurrent if 0 < § < 2 and
transient otherwise.

In particular 0 is reached almost surely if § < 2. We need the
asymptotics of the probability that 0 is not reached for long time. Let
v=1- %.

LEMMA 7.22.

]P)]_(TQ > t) < ctv.

PROOF. Let kg be the largest number such that 7« < 7. Denote
N =log,t and let R,y be large numbers to be specified later. Consider
the sets

A = {mes(u < 719 : 2 < X(u) <2%) > R(N — k)2*} k> 1

Ao = {mes(u < 1 : X(u) < 1) > io}k:>1

Note that
N-ly

Z R(N — k)28 = tRZ 127
1=lo
so if [y is so large that Zoo 1270 < 2 then 7y > t implies that either

1OR
k> N — [y or A; happens for some k > 0. The probability of the first

alternative is less than Ct~%. On the other hand for £ > 1
P(Ap) < Py(1 < 70)Por(mes(u < 7 : 2871 < X (u) < 2%) > R(N—k)2%).

The first factor equals to 2% while the second is O(7N=R) for some
6 < 1 because there exists p > 0 such that

P(X(s) ¢ [2"7, 2% for all s € [t + 2% ]| X (¢) € [2F71,2%]) > p.
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Choose R so large that 2% < 1 in which case

N-ly

STP(A) <Y (2907) T ONE < cor V) < ot

k=1 k
Finally a similar argument shows that P(Ag) < e 7" completing the
proof of the lemma. O

LEMMA 7.23. The limit limy ., t*Py (19 > t) exists and is positive.

PROOF. If s > ¢ then
t"Py (10 > t) > (t"P(10 > 71/5))Pi(70 > t|m0 > Tiys) = 8"Pyss(m0 > t) = 8Py (19 > 5).

Thus t*P1(7p > t) is an increasing function of ¢. Since it is bounded by
Lemma 7.22 the result follows. O

LEMMA 7.24. The limit limy_.o t*Py([)° X (u)du > %) ewists and
18 positive.

PRrRoOOF. If s > t then

70 70
t”]P’l(/ X (u)du > t*) > (t"P(ry > Tt/s))Pl(/ X(w)du > |19 > 7/5)
0 0

= s"IP’t/S(/ X(u)du > t*) = s"IF’l(/ X (u)du > s?)
0 0

Thus t*P:( [,° X (u)du > ¢*) is an increasing function of ¢. It remains
to show that it is bounded. We have

70 70
t"IPl(/ X (u)du > t*) < tYP(mg > Tt)—l—t"IP’l(/ X(u)du > 13,79 < 7).
0 0

The first term equals to 1. Next observe that if [ X (u)du > ¢* and
X(u) < t for t < 7y then 79 > t so the second term is bounded by
Lemma 7.22. The result follows. U
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