CONSERVATIVE COEXPANDING ON AVERAGE DIFFEOMORPHISMS
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ABSTRACT. We show that the generator of a conservative IID random system which expands on
average codimension 1 planes has an essential spectral radius strictly smaller than 1 on Sobolev
spaces of small negative index. Consequently, such a system has finitely many ergodic components.
If there is only one component for each power of the random system, then the system enjoys multiple
exponential mixing and the central limit theorem. Moreover, these properties are stable under small
perturbations.

As an application we show that many small perturbations of random homogeneous systems are
exponentially mixing.

1. INTRODUCTION

1.1. Overview of the main results. In this paper we provide sufficient conditions for exponential
mixing of the IID random dynamics on higher dimensional smooth manifolds.

We now explain our main hypothesis. We say that a measure p on Diff! (M) is coexpanding on
average if there exists N € N and A > 0 such that for all x € M and & € T}* M, the unit contangent
bundle,

(1.1) [N 0. e () 2 A > o

Here and below D f* denotes the adjoint (pullback) action on the cotangent bundle: if £ € T}, M and
v € TpM, then (D, f*¢,v) = (£, D, fv); and pY denotes the law of N-fold composition of independent
maps with law pu.

Our main result is the following:

Theorem 1.1. Let M be a closed Riemannian manifold and p be a coexpanding on average measure
on Diff o, (M) with compact support. Then there exists so > 0 such that for s € [0, so] the associated

generator G: H (M) — H *(M) defined by (Go)(z) = [ ¢(fx)du(f) has essential spectral radius
less than 1.

Theorem implies a variety of additional results. We say that that the random system is totally
ergodic if for each natural number ¢ there is no non-trivial function ¢ which is invariant for p? almost
every f. We show that for coexpanding on average systems, the manifold M decomposes into a
finite number of totally ergodic components (Theorem . If we assume that both g and p~! are
coexpanding on average, we are able to improve Theorem to an essential spectral gap on H*® for
all s € [—s0, so] (Theorem [7.1]).

The above results pertain to the essential spectral gap: they do not show exponential mixing yet.
The problem is that the spectral argument does not give ergodicity. However, for many examples,
ergodicity is already known. In that case, we obtain an actual spectral gap, which has a number of

dynamical consequences. In Section [§] we derive the following result

Corollary 1.2. If i is coexpanding on average totally ergodic measure on Diff ;o) (M), then the random
dynamics is multiply exponentially mixing and satisfies the annealed central limit theorem. The same

properties hold for small perturbations of .
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For the rest of the we will say for brevity that a random system is strongly chaotic if it enjoys
the properties of the above corollary, that is, it is multiply exponentially mixing and satisfies the
annealed central limit theorem, and these properties are stable with respect to small perturbations.

It turns out (see Proposition that in the conservative setting the coexpansion property is the
same as the much more studied expansion of average on codimension one planes property. Therefore
we can utilize a previous work on this subject including the invariance principle of Avila-Viana, to
verify the coexpansion on average in many examples. In particular,we obtain the following statement.

Theorem 1.3. Suppose that dim M > 1 and let & C Diff 5o, (M) be an open set consisting of uniformly
C" bounded volume preserving diffeomorphisms where r = r(dim(M/)) is a sufficiently large constant.
Then the set of measures on U so that the corresponding random dynamics is strongly chaotic contains

weak™® open and dense subset.

The proof of Theorem relies on the following ingredients:

(1) The set of coexpanding on average measures is open and dense.
(2) Exponential mixing is dense.
(3) Exponential mixing is open among coexpanding on average systems.

The first two ingredients are due to [El123] (see also [BCG23| for some related results). Our contri-
bution is the third ingredient which relies on essential spectral gap given by Theorem [I.1] and stability
of the peripheral spectrum, given by Keller-Liverani stability theory in [KL99].

Remark 1.4. We note that neither ergodicity nor exponential mixing are open by themselves. Indeed,
take M = T? and let u be a random translation x + 2 + o where « is uniformly distributed on T¢.
Then p is exponentially mixing (in fact, the points of the orbit are IID uniformly distributed on T¢).
Let ug be defined similarly but now « be uniformly distributed on rational vectors with denominator
Q. Then pq is not ergodic. Thus the openness comes by combining ergodicity with coexpansion on
average.

Theorem allows us to produce coexpanding on average random systems but the size of the
support of their generator can be arbitrary large. It is of great interest to study coexpansion on
average for tuples of fixed size, where the random dynamics is generated by the uniform measure on
the elements of the tuple. As was mentioned above, we can use classical techniques for producing
hyperbolicity for random systems to provide such examples. In particular, we shall show that many
homogeneous systems satisfy this condition, as well as their perturbations. This is discussed in detail
in Section [dl Here, we provide several representative examples. Note that the words coezpanding on
average do not appear explicitly in the statements below.

Corollary 1.5. (a) Let (A1, ..., A;,) be atuple of SL4(Z) matrices generating a Zariski dense subgroup
of SL4(R). Let (f1,..., fm) be either of the following systems:

(i) M =T¢=R%/Z% and f;(z) = Ajx + b; for some vectors bj;

(ii) M = SL4(R)/T where T is a uniform lattice in SL4(R) and fjz=A;z.

Let fj be small, smooth, volume preserving perturbations of f;. Then the random system generated
by (fi,..., fm) is strongly chaotic and its generator has the spectral gap on L2,

(b) Suppose that d is even and let (Ry,..., R,,) be rotations of the sphere S% generating a dense
subgroup of SOg4y1(R). Let f] be small, smooth, conservative perturbations of f;. Then either the
random system generated by ( fl, . fm) is strongly chaotic and its generator has the spectral gap on
L? or the fj are simultaneously conjugated to rotations.

It is possible that the same results hold in odd dimensions as well but we are unable to prove this
(the reason for this is discussed in . However, we have the following partial result. Recall that an
1sotropic manifold is a rank 1 symmetric space of compact type of dimension at least 2. The full list
of such manifolds includes S¢, RP?, CP¢, HP? and the Cayley projective plane.
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Theorem 1.6. Let M be an isotropic manifold and m > 3, then there exists an open neighborhood
U of Isom(M)™ in the space of m-tuples in Diff 5o (M )™ such that on an open and dense set in U the

vol
corresponding dynamics is strongly chaotic and enjoys a spectral gap in L2.

In contrast, the question of when the random isometries of M enjoy spectral gap in L? is wide open.
The first examples are constructed in [Mar80; [Sul81|. [BGO§| proves density of the spectral gap for
random symmetric SU(2) actions. |Fis06] shows that the spectral gap has probability zero or one in
SU(2)™ but it is unknown which alternative holds. Theorem shows that the questions is much
easier for small perturbation of isometries.

1.2. Related Results.

1.2.1. Ezpanding on average. The expanding on average condition first appeared in the study of IID
matrix products, and shows up naturally for the following reason. Suppose pu is a probability measure
on SL(d,R), and we study the Lyapunov exponents of the associated random walk. Consider a pu-
stationary measure v for the induced random walk on RP?!. For a matrix A and a unit vector v,
define ®(A,v) = In||Av||. Then consider the integral:

// O(A,v)dv(v)du(A).

According to Furstenberg’s formula, the values that this integral takes for different stationary measures
v are a subset of the Lyapunov exponents. Further, if there is a unique stationary measure v, then the
integral is always equal to A1(u), the top Lyapunov exponent. Moreover, if the stationary measure is
unique, we have uniform convergence of Birkhoff sums against ®. Namely,

li_)m En|AZv||] = A (w)

uniformly independent of v. Hence we obtain the expanding on average condition as long as A1 (p) is
positive. For a more detailed discussion see [BL85, Cor. I11.3.4] and [Vial4, Ch. 6].

The Lyapunov exponent results of Furstenberg were extended to random dynamical systems and
beyond in |[AV10; | BM20; |Bax89; |[Bax86; |BK87} |Car85; |Crad0; Kif86} [Led86; Led84| and others.

The expanding on average condition was applied to studying ergodic properties of random dynamical
systems in [BS88; [DKKO04]. An application to stable ergodicity problem appears in [DKO07], which
proved stable ergodicity of certain random isometric systems. This property is also crucial for stable
ergodicity results of the present paper.

The application of expansion on average to the mixing of random systems appears in [DKKO04] and
was expanded in [BFP24; BCG23]. The latter paper obtains mixing results similar to ours under
stronger conditions. (The expansion on average is not explicitly assumed in [BFP24] but they refer
to other papers such as [BCG23| for the verifications of the assumptions of their main theorem in
specific models, and the first (among many) steps of such verification usually amounts to expansion
on average.) Roughly speaking [BFP24] use similar ideas to handle high frequencies, but they use
PDE techniques to treat low frequencies, while we rely on ergodic theoretic approach which seems
more flexible. Thus we can obtain similar conclusions under less restrictive assumptions. On the
other hand [BFP24] do not assume the independence of the consecutive maps, they work with more
general Markov chains. Similar extensions seem possible in our setting as well, but it would make the
arguments less transparent.

Later, interest in expansion on average increased when it was realized that the condition should
be generic and also leads to a variety of interesting results. Perhaps most surprising were measure
rigidity results obtained by Brown and Rodriguez Hertz in [BR17], which showed, in particular, that
for a volume preserving expanding on average random dynamical system on a surface all stationary
measures are invariant, and all invariant measures are either periodic or volume. Quite recently, the
results of [BR17| were generalized to higher dimensions under the condition of being expanding on
average in all dimensions |Bro+25|, plus additional assumptions such as all Lyapunov exponents being
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NON-Zero. E| Also in [Liul6] large deviations were studied for expanding on average systems. Chung
constructed some discrete perturbations of the standard map and gave some alternate characterizations
of the expanding on average condition |[Chu20]. This generalized perturbations due to Blumenthal,
Xue, and Young that used continuous noise [BXY18, Prop. 9], [BXY17]. A generalization of the
expanding on average condition was also used by Eskin and Lindenstrauss in the homogeneous setting
|[EL]. As will be discussed more below, Potrie [Pot22] showed how one could construct more examples
of expanding on average systems on surfaces and that these systems are dense in weak™ sense. Later,
in [DD24], the authors showed that conservative expanding on average random dynamics on surfaces
satisfies quenched exponential mixing. In the dissipative setting, an important question is the existence
of an absolutely continuous invariant measure. In [Bro+24], Brown, Lee, Obata, and Ruan showed
that for dissipative perturbations of a pair expanding on average pair of Anosov diffeomorphisms there
exists an absolutely continuous stationary measure.

The above mentioned work is, in the non-homogeneous case, limited to surfaces. In higher dimen-
sions much less is known. An important work by Elliott Smith [ElI23] implies that the expanding on
average condition, and its generalization to k-planes, is weak* dense in the space of driving measures.

1.2.2. Contracting on average diffeomorphisms. The importance of expanding on average condition for
IID matrix products is that it is equivalent to the fact that the induced projective action is contracting
on average. This fact was crucial in the study of statistical properties of random matrix products,
see |GRS85; [Le 89; Le 82], and led to a general theory of contracting on average systems, see [Ant84;
BM24; Bla01; [Kai78; |[Mall7; Stel2]. We note that similarly to the present work, quasicompactness of
the associated transfer operators plays a key role in most of the above mentioned papers. However,
since contractions improve regularity, in the mostly contracting case one can get quasicompactness on
the spaces of smooth (Ho6lder) functions, while in the present case one needs to work with less regular
functions which introduces additional complications. We emphasize that unlike the contracting on
average property, whose random dynamics are extremely similar to that of an actual contraction,
conservative expanding on average maps look much more like maps that have at least one positive and
one negative Lyapunov exponent. In this sense the dynamics looks partially hyperbolic.

1.2.3. Generic dynamics. For deterministic systems, establishing even weak statistical properties is
quite difficult whereas for random systems this is much easier. If the random dynamics is sufficiently
rich, then many statistical properties can be shown. This was done in [DKKO04] in the context of
stochastic flows. A recent work of Blumenthal, Coti Zelati, and Gvalani shows exponential mixing of
some random flows including the Pierrehumbert model [BCG23|. An important question is just how
“rich” the random dynamics must be in order to exhibit chaotic behavior. The following conjecture
appears in |DKO7]E|

Conjecture 1.7. For each closed manifold M and regularity class k£ > 1, the expanding on average
pairs (f,g) are open and dense in Diff* | (M) x Diff®  (M).

vol vol

Naturally the idea of the conjecture is that it should take very little randomness for a random system
to have strong properties.

Similarly, [DD24] conjecture that for a generic tuple the associated random dynamics is exponentially
mixing. The present work shows that the two conjectures are intimately related. See Proposition [7.8]
for the precise statement.

The foregoing discussion was mostly limited to understanding dynamics in the random conservative
setting, however, there are some notable results in the dissipative setting as well, see [BM24; DKKO04;
Le 86).

We note that the conditions of |Bro+25| also imply ergodicity so that paper provides additional examples of expand-
ing on average systems that are ergodic. The ergodicity plays important role in the applications of our results described
in Section

2This statement is the strengthened statement that the result hold for pairs—and not longer tuples—which was
demanded by the audience during the first author’s talk at the 2024 Penn State Fall Conference.
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We also note that the Smale and Palis conjectures [Pal00; Sma67] about the genericity of good
behaviors from either the topological or ergodic theoretic point of view, were motivated by the success
in understanding hyperbolic systems. In fact, a reasonable description could be obtained for large
classes of nonuniformly hyperbolic systems [BCS25; DVY16]. The problem with deterministic systems
is that they could admit small invariant regions where dynamics is far from hyperbolic [Berl6; Berl7;
New79]. The fact that hyperbolicity is much more prevalent in the random setting because non-
hyperbolicity implies existence of invariant geometric structures motivates a quest to understand the
behavior of generic random systems.

1.3. Comments on the proof. There are two main approaches to establishing exponential mixing
for systems without large symmetry group. The first, more classical, approach is based on quasicom-
pactness in an appropriate space. It goes back to the work of Lasota—Yorke [LY73|] and Ruelle [Rue7§]
and requires establishing Lasota—Yorke type inequalties (see [Bal00; PP90; [Via99]). This approach got
a powerful boost in the last two decades with the development of weighted Banach spaces |[AGTO06;
Bal00; [BKLO02; |(CL22; |GLO6; [Tsu01], which led to powerful results in the deterministic setting. In the
present paper we also follow this approach. While deterministic systems may require the use of an
anisotropic Banach space that is well adapted to the dynamics of the system, in our case because of
the uniformity of the assumption we are able to work directly with the simplest Hilbertian spaces—the
Sobolev spaces H*(M).

The proof of our main results in this paper is quite different than in our earlier work [DD24], which
used a coupling method developed in [Dol00; [You99]. The proof of [DD24] relied on a delicate argument
to construct a coupling between two curves lying in our surface. The proof makes detailed use of Pesin
theory and many tools from smooth dynamics. The consequences obtained are stronger as well: that
paper is able to show that a C1THOder_cyrye exponentially equidistributes. The methods in this paper
do not yield such a result because a measure along a curve is not regular enough to be in H® for s
close to 0.

The current proof proceeds by a direct calculation of the essential spectral radius that gives a
relatively explicit relationship between the expansion on average constant and the spectral radius. In
this sense, the argument is not a particularly dynamical one as it does not shed much light on how the
dynamics comes to be mixing, whereas the argument in [DD24] shows this quite explicitly. On other
hand, the analytic approach of the present paper makes it much easier to see how the system changes
under small perturbationsﬂ both when we change the diffeomorphisms, which entails spectral stability
results elucidated in and when we apply a multiplication by a small function which allows one to
obtain the Berry-Esseen bound of Theorem [7.11](b).

On the other hand, the approach of [DeW24] seems less sensitive to the independence assumption
and so it may be easier to extend to the setting of partially hyperbolic skew products. We note that
for partially hyperbolic systems there are many results in the setting where all central exponents have
the same sign. They were first studied in [ABV00; BV00|, and [Dol00]. Later more properties were
shown in [And10; DVY16; [VY13]. The systems with mixed exponents in the center are much less
understood, even though their abundance was demonstrated in [AV10], and we hope that studying
expanding and coexpanding on average systems could shed some light on their properties.

We also note that both coupling and analytic techniques only show mixing on small scales and so
they require mixing to start the argument. Namely, in the case of coupling we need the two pieces of
the curves to be close to start the coupling procedure, while in the analytic case we only have good
control of high frequencies, so we only get quasi-compactness as opposed to the spectral gap. In the
two dimensional case the mixing was already known due to [Chu20; [DK07|, but in the present setting
it is not known in the full generality, see for a detailed discussion.

The reader may notice that the present proof is significantly shorter than the proof in [DeW24].
Moreover, a significant part of the present paper is devoted to examples, with the proof of the main
result being limited to Sections The reason for this disparity is that in [DeW24] required novel

3There is also an approach to perturbation theory based on coupling and shadowing, see [CD09a; |CD09b; [Dol05;
Dol04|. However, the results obtained by this method are weaker than the results relying on analytic techniques.
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finite time estimates in Pesin theory which are of independent interest. In the present paper we can
use the well developed theory of pseudodifferential operators. This is the main reason why we assume
that the our random maps are C'°°. While this assumption is clearly not optimal it allows us to cite
many references that do not explicitly track the smoothness required for various estimates.

Acknowledgments. The first author was supported by the National Science Foundation under Award
No. DMS-2202967. The second author was supported by the National Science Foundation under award
No. DMS-2246983. The authors are grateful to Carlangelo Liverani for helpful discussions. After we
had proved the main results of this paper, we learned from Zhiyuan Zhang that he had independently
obtained a related proof using curvelet spaces, and we remain grateful to Zhiyuan for the ensuing
discussions. In particular, the results of §7.7| were suggested by Zhiyuan.

2. BACKGROUND

Here we describe the necessary background.

2.1. Symbols and the Operators. First we describe, the symbol class S™(X) where X C R" is an
open set.

For a domain X C R™ a symbol of class S™(X), m € R is a smooth function a(z,£): X x R* - R
so that on every compact set K C X there exists Cy, g such that

(2.1) D¢ Dfa(x, )] < Cap(1+[¢))™ 1.

The corresponding symbol class S™(M) on a manifold is defined analogously, see [Tre80, Ch. 1.5],
by means of charts. In the language of Shubin, this is the class S77(X) [ShuOl, Def. 1.1.1]. We
write U™ (X) for the class of pseudodifferential operators on X defined using symbols by the standard
quantization in R™. The operators in ¥~°°(X) are called smoothing because they map H® — C* for
all s € R.

Write ¥ (M) for the class of pseudodifferential operators whose restriction to any charts—up to
perturbation by a smoothing operator in ¥ ~°°—is pseudodifferential operator on the chart as described
above. In particular smoothing operators have symbol 0. The principle symboﬂ of an operator is an
element of S™(T*M) and is well defined modulo S™~1(T*M). If two pseudodifferential operators
in U™ (M) have the same principle symbol then their difference is an operator in ¥™~}(M). We
write o4(x,&): T*M — R for the principle symbol of a pseudodifferential operator A. The association
between symbols and pseudodifferential operators is given by a quantization procedure Op that takes a
a function on T*M and produces a pseudodifferential operator in ¥ (M) with that principal symbol.
For our purposes, we only need to know that such a quantization procedure exists.

2.2. The Pullback. A useful construction is the pullback of a pseudodifferential operator. If A is a
pseudodifferential operator in symbol class S™(M), and f: M — M is a smooth diffeomorphism, then
the pullback A’ of A acts on a function ¢ by ¢ + (A(¢of))of L. See the discussion surrounding [Tre80),
Thm. 1.3.3] or [Shu01, Sec. I.4.2]. An important fact for the symbolic calculus of pseudodifferential
operators is that the principle symbol is functorial with respect to the pullback. Namely, if A has
symbol a(z, ), then A7 has principle symbol a(f(z), (D, f*)~1(¢)) [Tré80, Thm. 1.4.4]. This is why
the symbol class S™ (M) is well defined.

The random dynamics acts on pseudodifferential operators via the pullback. For an operator ¥, we
let LU denote the averaged pullback

(2.2) (CV)(6) = / (W) dpu(w),

where we defined the pullback of a pseudodifferential operator in a previous section. Note that this
will preserve the symbol class of W if the f, lie in a compact subset of Diff > (M).

4We do not provide a precise definition of the principle symbol here since it is not important for our purpose, we only
use Lemma H below.
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2.3. Elliptic Operators. We will have particular use for elliptic operators. For an open set X C R",
we say that a symbol o(z,£) € C*°(X x R"™) is an elliptic if for every compact subset K C X, there
are positive constants C,Cs such that for all sufficiently large &.

(2.3) Crléle" < lo(x, §)] < Calg]™.

As the principle symbol transforms appropriately under pullback, this definition extends naturally to
manifolds and the estimate (2.3)) holds there. See [Shu01, Sec. I.5] for more information.

2.4. Sobolev Norms. One can use pseudodifferential operators for defining the Sobolev spaces. In
fact, there are several equivalent approaches to this. See a discussion in [Shu01}, Prop. 1.7.3].

Here we will just use the fact that for every s € R that there exists pseudodifferential operator A®
with principle symbol ||€]|* such that A®: H*(M) — L?(M) is an isometry, see e.g. [Tre80, Lem. I1.2.4].
Note that the notation for the pullback of A® by a diffeomorphism f looks crowded: (A®)f.

We can choose a particularly simple definition of the Sobolev norms. For s > 0, one defines the H*®
Sobolev norms by

ol = Id +A%)¢|5.
For s < 0, one can defines them as
o113 = 1A~"9]5.
Note that these definitions are basically the same, up to the Id term which is compact as a map
H* — L% Also, compare with |Lef24, pp. 5.3.2.1, 5.3.2.2]. Shubin and Lefeuvre’s definitions of the
Sobolev norms for 0 < s < 1 are different but only by a compact error, which is the quadratic form
defined by a compact operator.

2.5. Interpolation inequalities. We now review a useful fact concerning the interpolation of the
spectral radius for an operator on an interpolation space. For an operator A: V — V on a Banach
space, we write 7.(A) for its essential spectral radius.

There are two main types of interpolation: real and complex interpolation. Complex interpolation
will be more useful for us. In this case, one starts with a complex Banach couple, which is a pair
(Ao, A1) of Banach spaces along with an embedding in a complex Hausdorff vector space. For each
6 € (0,1) one obtains an interpolation space, which we denote by [Ag, A1]jg. For an overview of the
general theory see [BL70].

The following result allows us to interpolate the norm, the spectral radius, and the essential spectral
radius.

Lemma 2.1. (|[BL76, Thm. 4.1.2], [Szw15| Prop. 5.2]). Suppose (Ag, A1) is a complex Banach couple,
then

(2.4) 1Ty < 171 TN,
and
(25) 7“@<TZ (A(),Al)[g] — (AQ,A]_)[Q]) < ’I“e(TZ AO — A0>1_97”6(T1 Al — Al)e.

Note that the estimates on the norm of the interpolation imply that we can interpolate the spectral
radius because the spectral radius of an operator A is equal to lim n~'log [ A"|.
n—o0

The use of this is that one can interpolate between Sobolev spaces (|[BL76, Thm. 6.4.5], [Ham75,
p. 22]). The pair of Sobolev spaces (H®0, H%), s9,s1 € R, form an interpolation couple and complex
interpolation gives

(2.6) [H*, H*]jg) = Ffso+(1—0)s1

Remark 2.2. Similar results hold for real interpolation. In that case interpolation spaces depend on
two parameters 6 € (0,1) and ¢ > 1, and

(2.7) [H*,H*)g, = Bs,

where s* = (1 — 0)so + 0s; and B, is the Besov space B,,.
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Using this fact one can also obtain spectral gap on appropriate Besov spaces (see Remark [7.2)) but
this will be less useful for us, so we do pursue this subject in detail.

2.6. Weak mixing of random systems. Random dynamics on a manifold M is naturally encoded
by a skew product F on ¥ x M where ¥ = supp(u)Y. It is defined by

(2.8) F(w,z) = (Sw, fu, (z))
where S is the shift. If v is a stationary measure for the random dynamics given by a measure pu

on Diff, (M), then we say that a random system is weak mizing on L?(v) if there does not exist a
non-trivial function ¢ € L?(M,v) such that

(2.9) E,[¢o f] =e’¢ for § € R.

Note that this is implied by the usual skew product on ¥ x M being weak mixing for the invariant
measure p X v. Indeed, without loss of generality we may assume that ||¢||Lz = 1. Then taking the
scalar product of both sides of (2.9) with ¢ we obtain [(¢,d o f)du(f) = €* which is only possible if

dof=e?p for p almost every f.
Note that the last equality shows that u is weak mixing iff p~! is weak mixing.
2.7. Perturbation of the essential spectrum. We recall a result of Keller and Liverani [KL99)
that is convenient for studying the essential spectrum of perturbations. Let (B,|| - ||) be a Banach
space. Suppose that there is a second norm |- | on B and a family of operators G.: B — B indexed

by € > 0 and constants n € (0,1), C,M > 0, and a monotone upper semicontinuous function 7(¢)
satisfying the following conditions:

(2.10) There exist C, M such that for all ¢, |G| < CM™;

(2.11) G20l < Cln™ (|l + M™|¢|];

(2.12) Spec(G:) N {|A| > n} consists of isolated eigenvalues of finite multiplicity;
(2.13) For all ¢ € B, |Ge¢p — Gog| < 7(€)||¢|| where 7(¢) — 0 as ¢ — 0.

Fix 7 > n and let V,.5 = {\ : |A] > r and d(), Spec(Gp)) > d}. The next result is a special case of
[IKL99, Theorem 1 and Corollary 1].

Proposition 2.3. Suppose (2.10)—(2.13). Then there exists 8, D > 0 such that for each r,d there
exists €1 < gg, depending only on the constants fixed above, such that for |g| < eq:

(i) Ge has no eigenvalues in V. s;
(ii) The multiplicity of eigenvalues in each component of (C\ V,.5) N {|A| > r} is constant;
(iii) Each simple eigenvalue Ao of Gy can be continued so that [A. — Ao| < D7(e)?.

2.8. Ergodicity. Recall that for a random dynamical system, a stationary measure v is ergodic if it
does not have any a.s. invariant sets of intermediate measure. As was mentioned above, our results
show essential spectral gap but do not show ergodicity. Ergodicity is not known to follow from just
the coexpanding on average assumption or even expanding on average on all k-planes defined in §3.0]
below. This is due to a possible presence of zero Lyapunov exponents.

That said, it is possible to prove ergodicity with additional hyperbolicity assumptions. In [DKO07],
it was shown that knowing the expanding on average condition for all k-planes, combined with a
lack of zero Lyapunov exponents, is enough to deduce ergodicity for a random dynamical system. In
particular, for conservative dynamics on a surface expanding on average dynamics is ergodic [DD24,
Sec. 6]. The proof is given by a type of random Hopf argument where the role of the stable and
unstable manifolds in the usual Hopf argument is replaced by the use of the stable manifolds for
different realizations of the random dynamical system. See |Chu20] where this argument is explained
in detail. A consequence of this approach to ergodicity is that the examples in [DKO07] are only known
to be ergodic for even dimensional spheres, whereas the dynamics on odd dimensional spheres might
have a zero Lyapunov exponent. This can happen due to the formula for the Taylor expansion of the
Lyapunov exponents in [DK07, Thm. 2]. This is why Corollary requires even dimensional spheres.
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We shall also use the following criterion for ergodicity of the random system, which follows from
[Kak51, Theorem 3] or [LQ95| Prop. 1.1.3].

Proposition 2.4. The following properties are equivalent:

(a) The skew product defined by (2.8) is not ergodic.
(b) There exists a measurable set 2 C M with 0 < v(£2) < 1 which is invariant mod 0 for u
almost every f, i.e. v(f(Q)AQ) =0 for u-a.e. f.

2.9. Transversality. We recall here Thom’s Jet Transversality Theorem. See for example |[GG73] or
[CEM24] for a general discussion.

Let X and Y be smooth manifolds and W be a submanifold in Y. We say that a smooth map
[+ X — Y is transversal to W if for each x € X such that f(z) € W we have that Ty,)Y =
TpyW + Df(T, X). We will use the notation f m W to mean that f is transversal to W. Note that
if fm W and dim(X) + dim(W) < dim(Y") then the image of X is disjoint from W. We also recall
that for each smooth map f from X to Y and each k there is a smooth map j*f from X to the space
J¥(X,Y) of k-jets. The following result is helpful for constructing maps with certain properties:

Theorem 2.5. |[GG73, Thm. 4.9] (Thom Jet Transversality Theorem) Let X and Y be smooth
manifolds and W be a submanifold of J*(X,Y). Then

Tw = {f € C*(X,Y) | j*f h W}
is a residual subset of C*°(X,Y’) in the C*° topology.

We emphasize that the submanifold W in this theorem need not be closed or compact. The Thom
transversality theorem also applies in the volume preserving setting [Vis71, Thm. 3].

2.10. Measure Theory. The following result is useful in proofing that certain properties are generic.

Proposition 2.6. Let A be a measurable set in a closed manifold M such that 0 < vol(A4) < vol(M).
Then for each r > 1 the set

N, (A) = {g € Diff;;(M) : vol(gA N (M \ A)) > 0}

vol

is open and dense.

Proof. Denote B = M \ A and let A* and B* be the density points of A and B respectively.

To see that N, (A) is open, take g € N,.(A4). Since vol(AAA*) = vol(BAB*) = 0, we have that
gA* N B* #£ (). Take x € A* such that y = g(z) € B*. Since g is Lipshitz, there is a constant § > 0
such that for all ¢ small enough the sets Uy = B(z,t), Uy = B(y, t) satisfy that:

(i) Uy and U, are closed;
(11) Uy C Int(gUl);

(i) vol(B NUs) + vol(ANUy) > vol(Uy) = vol(gUy).

For a fixed sufficiently small ¢ > 0, (i)—(iii) will also be satisfied with g replaced by its small perturbation
g, which shows that g € N,.(A4), whence N,.(A) is open.

To show that N;.(A) is dense we need to show that any diffeomorphism g can be approximated by
diffeomorphisms from N,.(A). If g € N,.(A) we are done, so we may assume that vol(AAgA) = 0. Then
g preserves A*. Let z be a point on the boundary of A*. Then for each r, B(z,r) contains points
from both A* (since z € 9A*) and from B* (since otherwise z € Int(A*)). Thus there are points
Ty, € A* y, € B* converging to z. Hence there are maps h,, arbitrary close to identity such that
hnxy = Yy, and hence h, A* N B* is non-empty. Then g, = h, og also has this property. Now the same
argument as in first part of the proof shows that g, € N,.(A). Since g, — g, N,.(A) is dense. O

3. EXPANDING ON AVERAGE CONDITIONS

3.1. Bundle maps associated to a random system. In order to adequately describe the expanding
on average conditions that we use, we will introduce a small amount of formalism. Suppose that £
is a Riemannian vector bundle over a smooth manifold M. Let Aut(€) be the space of all vector
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bundle automorphisms of £ fibering over a homeomorphism of M, and let Aut®(€) be the space of all
C*° bundle automorphisms of £ fibering over all the diffeomorphisms C*° diffeomorphisms of M. For
example, for any C° diffeomorphism f, Df € Aut® (T M). Now consider a measure p supported on
the space of maps F': £ — £ in Aut™(€) that cover a diffeomorphism f.

Definition 3.1. We say that a measure p on Aut(€) is expanding on average if there exists N, A > 0
such that for every unit vector v € &,

(3.1) /ln | ENv|| du™ (w) > A > 0.

There is also a more general notion of expanding on average on k-planes, which seems to first be
mentioned in [El123, Def. 1.2].

Definition 3.2. Suppose that u is a probability measure on Aut(€). Then we say that p is expanding
on average on k-planes if the following holds. There exists N, A > 0, such that for all k-planes V in &,

[ wlEz o [ di (@) > 2> 0

Note that given dynamics in Aut(€) there are naturally associated random bundle maps of the
associated Grassmannian bundles. For a measure p we let pj, denote the associated random dynamics
on Gry(€). If the dynamics of u are denoted F, then we write F, for the induced dynamics of F on
Gl"k (5)

3.2. Characterization of Expansion on Average. The expanding on average property for bundle
automorphisms is characterized similarly to the expanding on average property for diffeomorphisms.
The proof of the following is a straightforward extension of [ElI23, Thm. 3.2], which is a generalization
of the proof of [Chu20, Prop. 3.17], although [El123, Thm. 3.2] does not claim the full characterization
that [Chu20| obtains.

Proposition 3.3. Let £ be a smooth Riemannian vector bundle and suppose that u is a probability
measure on Aut(£) with bounded support. Then pu is expanding on average if and only if for all a
p-stationary measures v on P(€),

(3.2) // In || D fol| dv(v) du(f) > 0.

The analogous characterization holds for the expansion on average on k-planes. Namely, p is
expanding on average on k-planes if and only if for all p, stationary measures v on Grg(£),

(3.3) // In || F|V]| dv(V) du(Fy) > 0.

Proof. First suppose that p is not expanding on average. Then for every n € N, there exists a vector
v, such that

/ In | E7 ()] dp™ (@) < 0.

—1
1 n
Let v, be the measure /5ann dp™(w), and 7 be a weak* limit of the measures v], = — Z v;. As
¢ n

i=0
w v}, is increasingly close to v),, it follows that 7 is p-stationary. Further, for any e and all large
N we have that [In|FJv,| du™(w) < e. Hence, for any weak* limit we have by continuity that
/ln | Fv|| dv(v) < e. But € > 0 was arbitrary so we obtain the needed conclusion.

Suppose now that p is expanding on average; then it is straightforward to see that there exists A > 0
such that not only is the integral of v positive, but in fact for any stationary measure v, the integral
is at least A. This completes the proof. The argument in the case of k-planes is identical. O
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In the following proof we will say that a vector v is a.s. non-expanding if almost surely lim sup n=! In || F*v|| <
0. Also a v-measurable family of subbundles is a collection of k-dimensional subspaces in R? defined
at v-a.e. point. The invariance of such a measurable family means that this collection is permuted by
the random dynamics p.

Proposition 3.4. Suppose £ is a Riemannian vector bundle over a smooth manifold M and that g
is a probability measure on Aut(£).

(a) The measure p is expanding on average if and only if for every stationary measure v on M, there
is no non-trivial v-measurable p-a.s. invariant subbundle of £ comprised of vectors that a.s. have
Lyapunov exponent at most 0.

(b) A volume preserving driving measure p is expanding on average if for all stationary measures
v there do not exist any p-a.s. invariant v-measurable family of subbundles or a v-measurable
Riemannian metric.

The advantage of part (b) is that in the volume preserving case we do not need to verify expansion
directly, only rule out measurable invariant structures.

Also, note that the condition (b) is not necessary for expansion on average. A simple counterexample
is the product of two expanding on average systems. That is, if 4 is expanding on average, then the
measure u X p on Diff 5o (M x M) is expanding on average, see below for this and similar examples.

Before we proceed, we comment on condition (b), which is slightly different than the statements
appearing in the literature. For example, a similar characterization appears in [Pot22, Thm. 1.2], but
without the added statement that there might be more than one subbundle. Its conclusion reads, that
if the dynamics is not expanding on average, “[...] then there is an invariant v-measurable distribution
or conformal Structurdﬂ . The corresponding statement in [El123, Lem. 3.2] gives a less precise type
of characterization, which says that there are no v-measurable algebraic structures in Gry(TM). Such
structures can have more than one connected component. However, compare the statement of [El123]
Lem. 3.5] with the last line of that lemma’s proof to see that a similar issue appears. As we will shortly
explain, systems that are expanding on average but do not have an invariant measurable subbundle or
Riemannian metric do occur. That said, the main results of the papers just mentioned are certainly
unaffected: these are just minor oversights and do not affect the strategy of the proofs, because the
methods used in [ElI23; Pot22] to rule out invariant bundles also allow to rule out families of such
bundles (cf. Lemma in the present paper).

Here is an example of non-expanding on average dynamics without an a.s. invariant line bundle
or Riemannian metric over a stationary measure. Suppose that (f1, f2) are two volume preserving
diffeomorphisms of a closed surface M, and that p is a common fixed point where their differentials
are the matrices:

A0 0 -1
(3.4) [0 /\_1] and L 0 } .
Then v = §, is an invariant measure for the driving measure 271(df, + d5,) where all Lyapunov
exponents at p vanish. However there is no invariant Riemannian metric at p nor a line bundle. On
the other hand, the union of the x and y axes is certainly invariant. Moreover, applying the techniques
used in [El123] and the proof of Theorem below, one can produce an example of a random measure

where all maps preserve p, the derivative at p is given by (3.4) above, the only stationary measures
are 0, and the volume, and there are no invariant structures over volume either.

Proof of Proposition[3.4 The necessity of (a) is obvious, so we only show the other direction. From
Proposition it follows that there exists an ergodic stationary measure 2 on € such that [ ||F,v|| dv(v) du(w) <
0. We let v denote the pushforward to the base.

Given x € M, consider the subset of P(T,, M) of vectors v such that v is almost surely non-expanding,
i.e. the Lyapunov exponent of the vector v is non-positive. Note that if v,w € T,.M are almost

5Note that for volume preserving linear cocycles, having a measurable invariant Riemannian metric is the same thing
as having a measurable conformal structure.
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surely non-expanding, then so is every vector in their span. Thus we see that there is a well defined
a.s. non-expanding subspace over each point € M, which we call V,,,(x). In fact, note that for
v-a.e. v € &, by the Birkhoff ergodic theorem v is a.s. non-expanding. Thus we see that over v-
this subspace is nontrivial. Further note that any w ¢ Vj,.,(2) is not almost surely non-expanding,
i.e. a.s. liminfn=!In ||F7w]|| > 0. Since v is ergodic, the dimension of V,,,, () is a.s. constant, call this
dimension k. Note that due to its characterization V,,,, is a.s. invariant. This finishes the proof of the
characterization in the non-conservative case.

We now prove the alternative criterion for the conservative case. If the subspaces V., we found
in the above part had dimension k& < d, then we are done. So suppose that k = d, we then need to
produce an invariant subbundle family or Riemannian metric.

We now apply the invariance principle to upgrade 7 from a stationary measure to an invariant
measure. Let X be the space Diff(M)NxGry(€) endowed with the measure pVx. By |[AV10, Thm. B],
the disintegration of © along fibers depends only on the zeroth symbol. But this implies that the
disintegration of # is a.s. invariant under all of the dynamics. We have a map that sends wow; € Diff (M)
to the disintegration 7, .,, and as the disintegration of the image of this vector is invariant we have
that f,,,P,,=0w, for a.e. wi. Thus the disintegration is almost surely equal to some constant #; this is
a measure on P(€) that is a.s. invariant by pu.

As before, we may assume that ¥ is ergodic. By [ANO99, Lem. 3.22], if the cocycle does not preserve
a measurable Riemannian metric, then for almost every w, the conditional measure 7,, = ¥ is supported
on the union of two proper subspaces [V] and [W]. In this case we will produce a finite collection of
subspaces that are permuted.

First, if there exist any atoms of v in Gr;(T'M), then we are done, because the atoms of a fixed
mass are an almost surely invariant set. So, suppose there are no atoms of the disintegration of v in
Gr1(TM). Then there is a minimum k < d such that v assigns positive measure to some k-dimensional
subspace. Note that & < d due to the support of the disintegration of v being contained in the union
of two subspaces [V] U [W] from the previous paragraph. Then due to ergodicity there exists some
0 < n < 1, such that at v-a.e. point there is a plane V' whose measure is 1. Note that there are at
most finitely many such planes in each fiber as their intersection is a set of zero measure. Hence at
each point we have a finite collection Vj(w), ..., Vi(w) for some a.s. constant k. Further, note that
there is some maximum 7 such that the foregoing statement is true as each fiber has mass 1. But this
implies that the set of such mass 7 planes over each point must be a.s. invariant because otherwise
stationarity would be violated: Every preimage of such a plane must be a plane of at least measure 7.
Thus this collection of planes is a v-measurable p-a.s. invariant finite collection of subspaces. We have
obtained the needed dichotomy. O

Remark 3.5. Note that the above proof furnishes additional information in dimension 2: any invariant
family of line bundles is supported on at most two lines at each point. Otherwise the fact that the
disintegration of v is supported on two non-trivial subspaces in the penultimate paragraph would not
hold.

Definition 3.6. We say that a measure p on Diff (M) is clean if:
(i) For each x € M the distribution of fz has an absolutely continuous component;
(ii) volume is ergodic for u;
(iii) there do not exist any measurable p a.s. invariant family of line bundles or a p-a.s. invariant
Riemannian metric on M.

Here we say that a measurable Riemannian metric ¢ is p a.s. invariant if for g almost every f:
vol(z : Vv € TuM g5(v) = gf(Dgfv)) = 1.

A p a.s. invariant family of line bundles is defined similarly.
We say that a measure p on Diff (M) is coclean if (i) and (ii) along with the condition (iii)" below
hold:
(7i7)" For the induced action of u on T* M, there do not exist any measurable u a.s. invariant family of
subbundles of 7*M or a u a.s. invariant Riemannian metric on 7M.
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Corollary 3.7. If p is clean and fi is another measure on Diff (M) such that u is absolutely continuous
with respect to i, then /i is expanding on average and ergodic. In particular if i is an arbitrary measure
then for each e € (0,1] the measure e + (1 — &)z is expanding on average and ergodic. The same
holds for the conclusion that p is coexpanding on average, if u is assumed to be coclean.

Proof. We will check only the first claim about clean measures; the proof for coclean measures is
identical.

First we show that that the volume is the unique /i stationary measure. Indeed let v be an ergodic
stationary measure. By (i) v has an absolutely continuous component and since the class of absolutely
continuous measures is invariant under convolution with p, ¥ must be absolutely continuous as all its
mass must belong to its absolutely continuous component. By (ii) and Proposition every p almost
surely invariant subset of M has null or conull volume. Applying Proposition [2.4] again we see that v
is volume.

However by (iii) there are no p invariant and, hence, fi invariant, geometric structures and so by
Proposition [3.4] fi is expanding on average. 0

Given a measure p on Diff o) (M) we have four different associated bundle maps. Write Df: TM —
TM for the derivative. Write Df*: T*M — T*M for the pullback, which maps fibers T M —
Tior @M

Associated to the measure p there are four basic associated random bundle automorphisms that
one might study. In square brackets, we give them a name corresponding to their relationship with
the original maps f. We list them as a pair (f, F), where f is a diffeomorphism and F' is a bundle

map covering f.

Definition 3.8. For a measure p on Diff™ (M), we have four associated random bundle maps, and
refer to the condition of each of them being expanding on average as follows:

(1) (f,Df) on TM. [expanding on average]

(2) (f,(Df*)™1) on T*M. [coexpanding on average]

(3) (f~1,Df71) on TM. [expanding on average backwards]
(4) (f~Y,Df*) on T*M. [coexpanding on average backwards]

In fact, one can define the same four notions for just any collection of bundle maps. We won’t
bother constructing diffeomorphisms that show each of these classes is distinct, but for bundle maps
it is quite easy. In fact, we can do it with dynamics over a single point.

Proposition 3.9. Let £ = {*x} x R?, where {x} is the singleton topological space. For any 1 <i < 4,
one of the four different type of expanding on average (1)—(4) in the above list, there is a probability
measure p with bounded support on Aut(€) such that p is not expanding on average of type (i),
but is expanding on average of the other three types. For example, there is a measure that satisfies
(2), (3), (4), but not (1).

Proof. This is straightforward using the characterization in Proposition We give an example of a
measure p that is not expanding on average for (1) but is for each of the others. The other examples
we obtain the other cases, one can replace u by the measures p=7, =t and pu?. Here, by p=7 we
mean the pushforward of y by the map A — A~7; the others are defined analogously.

Let up be a measure supported on GL(2,R). We will take pup to be a measure that is expanding on
average and such that pget p is also uniformly expanding. We may also choose B so that the measures
up-1,up-r and pp-r are also expanding on average because all those conditions are generic (see
Example [F|in for a detailed discussion). In fact, by taking a power of these measures, we may
arrange that all four of these measures are expanding on average with N = 1 and that for all unit
vectors v, if p’ is one of these four measures,

(3.5) E,In || F,v| > 100.
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Now consider the automorphisms of the trivial bundle {*} x R? distributed according to the measure
io, where C' is distributed according to:

o {det(é?)_l g] ’

where ¢ € R? is a vector of length L, which is a constant that we will choose later.
Then four associated random walks arise distributed according to the measures pc, po-7, to-1, tor:

[det(OB)_l g] ’ {det}EB) BQT} 7 [detéB) B*l] 7 {detifT})_l BOT} 7

where we have written a * for whatever that entry must be.

We now explain why pc is not expanding on average but the rest are.

(1) For uc, as the first coordinate is contracting, it is clear that uc is not expanding on average as
it has an almost surely contracting subbundle.

(2) For pc-7, both of the blocks on the diagonal elements are expanding on average with N = 1,
hence any vector will expand in one step.

(3) For pic-1, similarly both of the diagonal blocks are expanding on average in one step, hence so
is pe-1.

(4) For pcr, we need to argue slightly more as now the first block does not expand. First note
that any unit vector that lies in the subspace {0} x R? will certainly expand due to . In fact,
by continuity, we see that the same holds for all unit vectors that make an angle of at most ¢y with
{0} x R2. But any vector v that makes angle at least ¢y with R? has first component at least ¢y/2 in
magnitude, hence for any matrix C' in the support of pcr, ||Cv|| > Leg. Thus for L sufficiently large,
we see that this measure is expanding on average as well. O

We can also give constructions in the case of diffeomorphisms.

Proposition 3.10. There exists a measure p with compact support on Diffoo (T#) that is coexpanding
on average but is not expanding on average.

Proof. To begin, let pa be a measure with finite support on SL(2,Z) that is expanding on average at
time N = 1 and satisfies all four of the types of expanding on average in Definition [3.8] with a uniform
lowerbound M > 0 on the expansion in each case. Note that by taking a convolution p’y we can make
M as large as we like.

We now define two measures fi4 and fi;, that are both supported on SL(4,Z). We define fi4 to be

a pushforward of 4 by the map
A 0
A [o Id2] ’

and fiy, will be supported on the constant shear matrix

Idy 0
LIdy Td,.

We then claim that for suitably chosen M, L that i = (fia + fi1,)/2 is coexpanding on average but not
expanding on average. The corresponding cocycle on T*T* takes the form:

AT 0 Id —-LId
0 Ids| ” |O —1Id
We claim that for L = 10 that if M, the expansion on average constant, is sufficiently large, then this
random matrix product is coexpanding on average.
We will check the definition of coexpanding on average directly. Suppose that v = (r,7) € R? @ R?

is a unit vector. Then there are two cases depending on where v lies. Fix ¢ = 1/100.
(1) (|lz|| <€) In this case [ly|| > 1 — €. Thus we can compute, that

(3.6) 2E [l || Bof] = Ep, [In [ Bol] + B, [In || Bull] = (é) + (id).
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Due to the diagonal structure of the matrix, we obtain the trivial bound

(i) =Eu, {ln [A(;T I(()J B]

ey 11| R (e 1 o [y 1)

>In(L(1—€*) —€) >0
Thus we see that the expansion on average condition is satisfied for vectors with ||z|| < ¢, given L and
our choice of e.
(2) (Jlz|| = €) In this case we will take advantage of the expansion on average condition. As in the
previous case, we have decomposition according to equation (3.6)) into two terms (i) and (7).

=5 o[ ][l 22 o1 ]

Id —LId| |z
[0 Id} LJHZlanlrﬂL7

where o4 is the smallest singular value of this matrix. Thus as long as

M —Ine—1n2L > 0,

H > In(1 — €%).
Also

(7i) = In

H > M —Ine.

Also
(#1) = In

the random dynamics are expanding on average for these vectors as well.
Thus given our choice of L = 10 and ¢ = 1/100, as long as

M > 1n(1/100) + In 20,

the measure i is coexpanding on average.
Noting that this system cannot be expanding on average because the last 2 coordinates do not grow
under the dynamics completes the proof. (]

Example A. Note that in the above proof if we had reversed the roles of p4 and pyr, then the
dynamics on T* would be generated by matrices of the form

A 0 Id LId

5 ) lo Sl
The same argument as above shows that the random walk of these matrices will be expanding on
average. However, note the random dynamics generated by these matrices is not ergodic because
all maps factor over the identity map on T2?. Thus z3 and x4 are continuous invariant functions
for our system. This is especially striking in view of Corollary below, which shows that under the

coexpanding on average condition, there would only have been finitely many totally ergodic components
of volume.

Below we will need the following alternative characterization of the coexpanding on average condi-
tion.

Proposition 3.11. Suppose that £ is a d-dimensional vector bundle over a topological space X.
Suppose that p is an measure on Auty.(£). Then u is coexpanding on average if and only if it is
expanding on average on d — 1 planes.

Proof. Fix a Riemannian metric on £ so that the induced volume form of the metric agrees with the
volume form already on €. (As all volume forms are proportional, any metric will have this property
after rescaling.) First we begin with an observation. Suppose that V is a (d — 1)-plane in £ and that
L:& — &, Then we can fix orthonormal frames (ny,vi,...,vq—1) and (npy,vi,...,v5_;) such
that ny and npyy are orthogonal to V and L(V), and the v; are an orthonormal basis of V' and the
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v} are an orthonormal basis of L(V). Then with respect to this ordered basis the L is represented by

a matrix:
a 0
b C|’

where a € R, b € R“"1 and C € GL(d—1,R). This is the action &, — &,. Then L,: £ — &, is given
by the matrix

a—l 4

o o]

Let n}, denote the dual vector to ny. Then as adet(C) = 1 due to volume preservation, we see that

Iy | = 1 lvorcv) Il

i.e. the norm of the action on the conormal to V is the same as the action on the volume element of
\%4

It then follows that coexpansion on average is the same thing as being coexpanding on d — 1-planes
because [ In | EZm [ di = [ 1 [E2 v | d 0
w w

An immediate consequence of the above result is that for volume preserving systems in dimension
2, expanding on average and coexpanding on average are the same thing. Both are equivalent to being
expanding on average on lines (1-planes).

Corollary 3.12. Suppose that £ is a two dimensional vector bundle over a manifold M. If yu is a
measure with compact support on Aut(€, M) such that the induced bundle automorphism on A2€
preserves a non-vanishing volume, then p is expanding on average if and only if it is coexpanding on
average, i.e. the corresponding measure p* on Aut(E*, M) over the same base dynamics is expanding
on average.

4. EXAMPLES

It was proven in Potrie [Pot22] (for surfaces) and Elliot-Smith [ElI23] (in arbitrary dimension) that
the set of conservative measures which are ergodic and expanding on average on k planes is weakly
dense, for every k. By Corollary the set of ergodic measures which are coexpanding on average
is also dense. As the coexpanding on average property is also manifestly C' open, this shows that
ergodic coexpanding on average measures are weak® generic.

In this section we discuss several specific models of random dynamics studied in the literature and
show that many are coexpanding on average.

4.1. Random flows. Here we show how to verify coexpanding on average condition for measures of
large support. Our arguments are close to constructions of [BH12; Ben+15; BCG23; [El123; [Pot22] but
we provide details, since the model considered below is of independent interest. We note that for most
of the examples of it seems possible to verify the stronger assumptions of [BFP24] (in fact for
Example |§| this is done in [BFP24; BCG23|). However, as it was mentioned in the introduction, the
advantage of our assumptions is that they are stable under weak* small perturbations, and so they
remain valid if p is approximated, for example, by atomic measures.

Example B. Take p > 1 and let X = (X1,...,X,) be a tuple of smooth divergence free vector fields
on M, a closed manifold of dimension at least 2. Denote by ®;(t) the time ¢t map generated by the
flow of X;. Let d = dim(AM). Fix T' > 0, and let (¢, j) be uniformly distributed on [T, T| x {1,...,p},
and let ¢ = px be the law of ®;(t).

Theorem 4.1. For any fixed T and p > 2, py is coexpanding on average for an open and dense set
of tuples X.
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We need some preparations. We say that X = (X1,...,X,) has the accessibility property if for
each z and y in M there are r € N, j = (ji,...,jr) and £ = (t1,...,t,) such that ‘P;(f}x =

O, (t.) - ®;,(t1)z = y. Note that for fixed 7, we can view ® as a smooth map Pz R" — M. We
denote the set of tuples with the accessibility property by 2. The following results can be found in
[PS97, Section 3].

Theorem 4.2. Suppose that M is a smooth manifold. Then we have the following properties of
accessible vector fields.:

(a) [PS97, Thm. 3.2] If X € 2 then for each z,y € M there exist j and £ such that # — <I>;.(f)x is a
submersion at £y and @;(tg) =y.

(b) [PS97, Thm. 3.3] (Chow theorem) If for each z € M the vector fields Xq,..., X, together with
their brackets generate T, M then X € 2.

(¢) For each p > 2, 2 is open and dense in the space of C* vector fields.

Part (c) is proven in [Lob72] for dissipative vector fields, however, the argument also works in
the divergence free case. We sketch the argument here since similar reasoning will be used to prove
Theorem It sufficient to consider the case p = 2.

We encode the failure of accessibility by the union of large codimension submanifolds W of a jet
bundle and then use Thom Jet Transversality Theorem [2.5] If the codimension is sufficiently large,
transversality then implies that a residual subset of maps have their jet disjoint from W. W will be
unions of submanifolds of the bundle of jets of sections M — TM & TM.

Roughly the proof will show the following: it is generic that if we have a pair of vector fields, then
at every point z € M, that either X;(z) or X2(z) does not vanish. Moreover, if one, say X; does
not vanish at z, then we prove that linear relations among the Lie derivatives Eg(l X, are a positive
codimension in the space of jets and hence for sufficiently large k the lie derivatives Lx, Xa,. .. ,E’)“(l X5
must span T, M.

First we define a subset W}. This is the subset of j*¢(M,TM @ TM) of jets of vector fields
(X1, X3) such that (z, 779X, j779X5) € Wi if X1(2) # 0 and {L% Xa(z),...,L5 X5(2)} are not
linearly independent. We claim that W} is a finite union of submanifolds of positive codimension.

The claim is easiest to see in coordinates (the codimension is coordinate independent). For a given
choice of X; # 0 at z, we can pick linearizing coordinates so that X; = e;. Then the condition that
{L‘fx1 Xo(2),..., ,Cf;“lng} span T, M is equivalent in coordinates to the condition that the columns of the
matrix of vectors [aéng, ceey 6‘2de2] are not linearly independent. The failure of linear independence
is equivalent to the rank of this matrix being ¢ for some ¢ < d. The condition that the matrix has rank
exactly ¢ is the condition that all ¢ x ¢ minors containing a non-vanishing minor of order g—1xg—1 have
rank 0 [CEM24] p. 2.2.1]. Because each ¢x¢ minor contains a non-vanishing (¢ — 1)x (¢ — 1) subminor,
each of these vanishing locuses gives us a submanifold Q(X;) of j4+i(M, T M) of codimension at least
1 depending, in these coordinates, only on the partial derivatives of X5 of order between ¢ and i + d.
(Note moreover, that this argument applies even though we are restricting to the jets of conservative
vector fields because jets we are considering only involve the derivative in one direction.) Further, note
that Q(X1) varies smoothly with X;(z). Define W}(X1) to equal the union of the submanifolds @
corresponding to the various minors just described.

Having established that W} is the union of submanifolds of j4T*(M,TM @& TM) of codimension at
least 1, consider W = Wi NWj, ;0 ---NW,, ... As these conditions are independent of each other,
the codimensions add. (In the coordinates described above, W is literally a product of Wd1 Log for

k=0,...,d.) Thus, W!is a finite union of submanifolds of codimension d+1 of jg*QdZ (M, TM®TM).
Similarly, we may define a subset W5 with the reversed condition, that for certain ranges of i the £§(2 X,
fail to form a basis of T, M when X5 is non-vanishing.

Then by the Thom jet transversality theorem, it follows that for a generic pair of conservative vector
fields (X1, X2) over M is transverse to WU W?2. As W! U W? is codimension d + 1 subset of the jet
bundle, X; and X, are thus generically disjoint from W' U W?. This means that generically, if z is a
point where one of the vectors fields, say X, does not vanish, then {C&ng}lgd(Hgd) will span T, M.
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From jet transversality, it is also the case that each of X; and X5 has finitely many zeros and they
occur at distinct points (a generic section of TM @ T'M avoids the zero section and is transverse to
{0}&TMUTM @{0}). Thus for a generic pair of vector fields, at every point z one of them does not
vanish, and the brackets of that field with the other generate T, M. Hence the accessibility is generic
for pairs of volume preserving vector fields.

Lemma 4.3. (cf. [BH12|, [Ben+15, Thm. 4.4]) If X € 2 then the volume is the unique stationary
measure for py.

Proof. Given z and y € M, let f,t_b be as in Theorem Assume first that T is large enough so
that for each x and y the absolute value of each component of %, is less than 7. Split ¢t = (t',t") so

that ¢ is d dimensional and det ((%If> (to) # 0. Then for i close to fy this determinant is also non
zero. Integrating over ¢’ as above we see that for all 2 and y the distribution of fJx has density which
is positive in a neighborhood of y. It follows that the Markov chain z +— fJx satisfies the Doeblin
condition [MT09| p. 402] and so its stationary measure is unique. This completes the proof in the case
T is sufficiently large. In the general case consider m such that all components of #, have absolute
value less than T'm and consider the event that for 0 < k < r vector field X}, ,, is applied during the

steps kr 4+ 1,..., (k + 1)r where ji,...,j, are components from Theorem [£.2|a). O

As a shorthand below, we will say geometric structures to refer to measurable families of bundles
or Riemannian metric as in the criterion in Proposition b).

Lemma 4.4. Suppose X € 2 and £ is a bundle over M. If there is a measurable geometric structure
defined on & that is p almost surely invariant, then there is a smooth structure which is p almost
surely invariant.

Proof. Given z and y let j,¢,t" be as in the proof of Lemma Let g, be the invariant measurable
structure given by our assumption. By Fubini Theorem for almost every x there is t' arbitrary close
to t{, such that for almost all ¢”, @;(f’,t")qm = qa(71)z- Note that the left hand side is a smooth
function of § = @;(f’ ,t")x. It follows that gz coincides almost surely with a smooth version in a
small neighborhood of y. By compactness it follows that there exists a continuous structure g, which
coincides with g, almost everywhere. By continuity ¢ is p invariant. O

Lemma 4.5. Suppose that X € 2, £ — M is a vector bundle, and F' is a random map of £ covering

L.

(1) If there exists x € M such that for all non zero v € &, the law of the image of (z,v) has an
absolutely continuous component on &, then there are no invariant smooth geometric structures
for X.

(2) (ct. |ELI23]) Suppose that for some x € M, the law of the pair (fz, F,;) has density on M x SL4(R)
then there are no invariant smooth geometric structures.

(3) Let 4 denote the Lie algebra generated by Xq,...,X,,. Suppose that there exists a chart, a point
x € M, and vector fields Zy, Zs, ..., Z, € t with ¢ = d + d* — 1 such that the vectors

{(Zj(2), D2 Z;)}}_,
generate R? x sly. Then there are no X' invariant geometric structures.

Remark 4.6. This lemma can be applied to check that certain random systems are (co)expanding
on average. As we saw above, if X € 2 then the corresponding Markov process on M satisfies the
Doeblin condition which directly gives a spectral gap in L?. However, the results of show that
the spectral gap also persists for small (in a weak topology) perturbations of  which is a new result,

cf. Remark [[L4]

Proof of Lemma[{.5 (a) Suppose there is an invariant (finite) subbundle family F C £. Then taking
v € F, we see that F,(v) € Fy, has finite support and so its law cannot have a component with a
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density. Likewise if ¢, is an invariant metric then g, (v,v) = ¢f(Fyv, Fyv), again precluding (z, F,v)
from having an absolutely continuous law.

(b) follows from (a) since if A has a density on SL4(R) and v is a non zero vector then the law of
Aw is absolutely continuous as well.

(c) Let ¢ be an invariant geometric structure. Note that the space of vectorfields preserving ¢ forms
a Lie algebra. Now given Z = {Z;,...Z,} as in the assumption of the lemma, and T" > 0, then the
random dynamical systems defined by random motion along the fields Z also preserve q. However,
the distribution of (f(x), Df(x)) has an absolutely continuous component in R? x SLy4(R) and so by
already proven part (b), £ cannot preserve g. O

We are now ready to prove Theorem

Proof. By Theorem c)7 accessibility is generic, hence by Lemma we know that generically
volume is the unique invariant measure, so by Lemma [£.4] it suffices to verify that generically the
criterion of Lemma (c) is satisfied. As before, we can check this using jet transversality which in
fact gives a stronger statement that the condition of the theorem generically holds for all x € M. We
will not give a detailed argument, but explain why the argument of Theorem |4.2{(c) extends to this
case. If we have two vector fields X1, X5, then if X; is non-vanishing, then in coordinates we may write
X1 = e;. What we want to show is then that the vector fields Y; := (821X2, 821DX2) span R? x sl;. A
slight complication now arises because the pairs (Y;, DY;) cannot be chosen arbitrarily as the second
term is the derivative of the first. However, note that we can instead restrict to even numbered indices
Y5, Yy, ... and still be able to choose the entries of these matrices freely. Analogously to before, we
can define a subset of the jet bundle W, according to the condition that {(Yijor, DY;iok) b1 <k<dtdz—1
fail to span R? x sl;. As before, this is a positive codimension condition that is given by a union
of submanifolds of the jet bundle. Letting D = 4d+ (d+d*—1) we see that the subset W' = W] N
Wipn---nW; yp has codimension d + 1 in the jet bundle GHAEAD (N TM @ TM). By jet

d+(d+1
transversality, we can now similarly conclude. O

Remark 4.7. In Theorem the amount of time that each vector field is applied for is uniformly
bounded by T'. There are several models considered in the literature where the times are unbounded.
For example, in piecewise deterministic Markov chains [BH12; [Ben+15; [Dav84] the switching time
has an exponential distribution. In the opposite direction one can make the switching rate go to zero
obtaining stochastic PDEs studied in |[Bax89} Bax86; BS88} |Car85|. In all those models expansion on
average is also generic, however, we cannot immediately apply Theorem since the corresponding
measures are not concentrated on a compact set. It is likely that this C* norms could be controlled
using appropriate growth estimates for the solution of the linearized equation, but we do not pursue
this topic here in order to simplify the presentation.

Theorem allows us to construct coexpanding on average systems in a small neighborhood of the
identity. Similar ideas could be used to construct coexpanding on average systems near an arbitrary
diffeomorphism. Here we give one example.

Example C. Let f be a volume preserving diffeomorphism of a compact manifold M and X be a
divergence free vector field on M. Fix T' > 0 and let 117 x 7 be the law of ® x (t)o f where ¢ is uniformly
distributed on [T, T].

Theorem 4.8. Suppose that f is a diffeomorphism such that for each ¢, f has only finitely many
periodic points of period ¢. Then for an open and dense set of vector fields X, uf x r is coexpanding
on average and, moreover, this measure is coclean in the sense of Definition [3.6

Proof. Step 0. First we introduce some notation. Let P, be the set of points in M of period less or
equal to k for f. By assumption this is a finite set. Let x,, be the distribution of the point xq after n
iterates of the random dynamics driven by pf x 7. The plan of the argument is to check the criteria in
Definition [3.6] of cocleanness, as it then follows that the resulting dynamics is coexpanding on average

by Corollary
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Step 1. Write X*¢ for the time ¢ flow of the vector field X. Note that we can rewrite the dynamics of
Hle X' f by pushing the vector fields through f. Let a vector £ = (t1,...,t;) € RF give the durations
of the random flows. We then define ®* (7)) := Xt’“XZ"'_’ll - X1 R (2) where X! = (Df*7),X)t.

Let us first show that the image of a point f~*(z) has absolutely continuous component containing
z in its support. To do this, it suffices to show that for k sufficiently large it is generic that D<I>k(6)
has rank d = dim M.

For ® to have rank d, it suffices that X, X'k_l, . ,Xl span T, M. Note that if z is a point with
f7%(2),...,z distinct, then having X, Xk_1,..., X1 span T. M is a constraint on the 1-jet of X at the
points f_(k_l)(z), ...,z. Note that if £k = d, then the codimension of failing to span is codimension
1 in the space of jets. Moreover, when & = d + j the condition that X, Xd+j_1, . ,Xl fail to span
T.M is codimension j in the space of jets: this is the codimension of the condition that the all d x d
minors of a (d + j) X d matrix have determinant zero. In particular, for ¥ = 2d + 1, the condition is
codimension d. Let W41 be the space of jets of vector fields X such that X, de, . 7)21 do not span
T.M for all points z € M \ Pag12. Moreover, similar to the proof of Theorem Waqyo is the union
of finitely many manifolds in the space of 1-jets of codimension 2d + 1. Thus by the Jet transversality
theorem (Theorem , a generic vector field X is transverse to Wa4y1, and hence is disjoint from
Waa41 because Wagy1 is codimension d + 1. In particular, it implies that for all g ¢ M \ Pyg1o that
the law of 94,1 has an absolutely continuous component containing f24+2(z).

To see that generically for every x¢ € M, the law of z9442 has an absolutely continuous component
note that generically X does not vanish on Pagi2, hence almost surely x1 ¢ M \ Pagi2, SO we can
apply the result of the previous paragraph. This gives the needed conclusion for the distribution of
T2d+2-

Step 2. Next, we check that there exists kg € N such that for all (z,v) with v € T} M, the unit
tangent bundle of M, the distribution of (z,,vr,) has an absolute continuous component as long as
d' is sufficiently large. We omit a detailed argument, as it is similar to the proof of Lemma [4.5] and is
an elaboration of the argument in the previous step.

Step 3. Next we show that volume is ergodic.

We claim that if  is an invariant set for ux r7-almost every map then it is also invariant by
both f and the flow X?. Indeed, for almost every (t1,t2) € [=T,T]? we have X" f(Q) = X2 f(Q). It
follows that for almost every ¢ € [—2T, 2T we have X' f(2) = f(Q2). Since the set of ¢s such that this
equality holds is closed by Proposition f(£2) is preserved by the flow of X. Hence for almost every
tQ=X'f(Q) = f(Q) so f preserves Q as well.

We now show that the random dynamics generated by ®2¢+1(#) from Step 1 is ergodic. From this
ergodicity of ps x r follows easily: if  is the invariant set as above then vol(2) € {0,1} and the
ergodicity follows from Proposition [2.4

So let i be the measure on Diff>° (M) defined by ®2?+1(#) and consider the Markov process {y,}
on M defined by y,, = gnyn—1 where {g,} are IID diffeomorphisms distributed according to ji. We
will show that this process is exponentially mixing in the sense that for each 3/, y” € M the measures
Q" % 6y and " * 0, are exponentially close with respect to the variational distance. To this end it
suffices to show that there exists ng and a ball B C M such that for each n > ng there is a constant p,
such that for each initial point yy the distribution of ¥, has an absolutely continuous component with
density bounded from below by p,,. We first show this when initial state is bounded away from P54 1.
Note that the proof of Step 1 shows that generically for each yg & Pog41 the distribution of y; has a
continuous component with density positive in a ball centered at yo with radius r(yo). Let G, be the
set of points whose distance from Pa,441 is at least . By compactness there exists 7 such that r(yg) > 7
for yo € G, and moreover the density on the corresponding components is at least p. Decreasing 7 if
necessary we can find a small ball B(y, ) which is completely contained in G,,. Since M is connected
for small 1 there exists n; such that for each yo € G, there exists a sequence yo,y1,...,¥n, = ¥ such
that the distance between the consecutive points is less than 7/3. This proves the claim for yo € G,
and n > ny with the lower bound on the density equal to (pminyens vol(B(y,7/3)))"" . Next, if 1 is
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sufficiently small then there exists ¢ > 0 such that for each yo ¢ G, the probability that y; € G,, is at
least g proving the result for all yg € M with ng = nq + 1.

Step 4. We now conclude that uy x, 7 is coclean. Indeed, we showed in Step 1 that the distribution
of z9444 has an absolutely continuous component. In Step 3 we showed that volume is ergodic, and in
Step 2, because (z,v) has an absolutely continuous component there cannot be a volume measurable
invariant subbundle of 7" M. Hence the measure pf x 7 is coclean and thus coexpanding on average

by Corollary O

Using similar ideas, we can show that the Pierrehumbert model studied in [BCG23] is coexpanding on
average. The model originates in the paper [Pie94]. The Pierrehumbert model is a random composition
of vertical and horizontal sinusoidal shears, where the shears each have have independent, uniformly
random phase shifts. Formally, this model is described as follows.

Example D. Let T? = [0,27)? be the torus and 7 be a positive parameter. Then we define two
measures jy and py on Diffoe (T?). The measure py is given by the pushforward of normalized

Lebesgue measure on [0, 27) by the map
t— (z,y) = (z+7sin(y +1),y),
and py is the pushforward of the normalized Lebesgue measure on [0, 27) by
t— (x,y) = (z,y + 7sin(z + t)).
Then the Pierrehumbert model is the random dynamics of the measure p = py * pg.
Proposition 4.9. The Pierrehumbert model is coexpanding on average.

Proof. Due to Corollary it suffices to check that p is expanding on average. We verify this by
checking the criterion in Proposition for conservative maps: we show that there is no measurable
a.s. invariant Riemannian metric or family of vector bundles. An easy computation shows that for the
Pierrehumbert system the distribution of f(z) is absolutely continuous for each x and, moreover, the
system is accessible. Therefore by the argument of Lemma .4 a measurable structure can be promoted
to a smooth one, so it suffices to show that there are no smooth invariant geometric structures of either
of the two types mentioned above.

Suppose that V' is a smooth family of differentiable line bundles that is almost surely invariant
under p. By Remark it follows that over any point V' may contain at most two lines. Since the
action on Grasmannians is one-to-one the number of lines does not depend on the point.

Note that the image of ¢ := (0,0) under py is equal to ([—7, 7] mod 27Z) x {0} and many images
have multiplicity at least two 2. Moreover the differentials at these images are different. Namely, if
p(z) = (2,0) € [-7,7] x {0}, then there exist two shears f; and fy such that f1q¢ = faq = p(2) and

pr@=|y V| prw=l; ~F.

where d(z) = v/1 — 2z2. Below we introduce the slope coordinate on the unit tangent bundle defined by
1
0 1
Suppose that the family V(-) consists of two lines. Call their slopes L; and Ly. We claim that it
then follows that V' contains more than two line contradicting Remark Indeed consider z where
d(z) is defined and not equal to 0. There are two cases:
(i) if ¢1:=L1(q) # o0 and La(q)=00, then Df;(q)L2 = oo while D f1(q)Ci#D f2(q)Ci;
(ii) If ¢; = L1(q) < {2 = La(q) are both finite then ¢; — d(2) < (1 +d(z) < (2 + d(z).
So, in either case we get at least three lines.

If V' consists of a single line, then similarly to the case (i) above V' (g) should be vertical. But the
same reasoning applied to gy shows that V' (g) must be horizontal giving a contradiction.

. . d .
¢ = z/y. In these coordinates, the matrix ] acts on the projective space by ¢ — ¢ + d.
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The case of an invariant measurable Riemannian metric is similar. If we had such a metric g we can

. . . b .
represent g, by a quadratic form corresponding to a matrix [a c] . Then the pushforwards of this

b
metric by fi and fs to (z,0) correspond to the the matrix

Ldl(z) ﬂ {Z l;] [(1) idfz)] - {iad(i)+b adQ(i:)ai(;l)Jc;(—zb)+c]'

As the images of g4 by D f1(¢) and D f>(q) should coincide we must have a = b = 0. A similar argument
using the horizontal shears gives ¢ = 0. g

We close this subsection with an additional example, showing that a notoriously difficult to study
system, the Chirikov-Taylor standard map, becomes expanding on average after perturbation.

Example E. The following random system on T? is considered in [BXY17]
(4.1) f(x,y) = (Lp(x) —y + w, z)

where 1 : T — R is a function such that all critical points of both ¥ and 1)’ are non-degenerate (and,
hence there are finitely many such points), and w is uniformly distributed on [—¢, €].

Proposition 4.10. [BXY18| Given § > 0, and % as above there exists Ly such that if L > L; and
e > L% then the random system (4.I)) is coexpanding on average.

Proof. By Proposition [3.11]it suffices to show that the above system is expanding on average. To this
end we note that [BXY18, Prop. 9] shows that integral (3.2)) is bounded from below by a quantity of
order In L for every stationary measure on the projective extension of (4.1)). O

We note that the results of [BXY18; BXY 17| are much stronger than Proposition In particular
they get some information about the size of Lyapunov exponents and they can handle the dissipative
systems where the second component in equals bx for b # 1. The results of our paper show
in particular that mixing obtained in [BXY18| persists for small weak* perturbation of . In
particular, it persists for discrete approximations (of a sufficiently large cardinality). In this respect
we would like to mention that [Chu20| constructs explicit discrete perturbations of the standard map
which are (co)expanding on average.

4.2. Homogeneous systems and their perturbations. In this section, we explain that many al-
gebraic systems as well as their perturbations are coexpanding on average. The expanding on average
property has been known for random matrix products for a long time. For example, if u is a com-
pactly supported measure on SL(d, R) that is strongly irreducible and contracting, the random matrix
products arising from p are expanding on average [BL85, Cor. I11.3.4] (Recall that a linear action is
called strongly irreducible if it does not preserve a family of linear subspaces, and it is called contract-
ing if it does not preserve a positive definite quadratic form). It was observed in |[GMS89| that the
invariant structures described above are defined by polynomial equations and so the irreducibility and
contraction properties hold if the support of u generates a Zariski dense subgroup of SL(d, R).

Example F. Consider the following diffeomorphisms of T?: f;(z) = A;z + b; where A; are elements
of SL(d,Z) and b; are vectors in T¢.

Proposition 4.11. If the group generated by (A1, ..., A,,) is Zariski dense then the above tuple is
coexpanding on average and mixing.

Proof. The corresponding action on T*T is given by ((AT)=1 ... (AT)~1) which also generate a
Zariski dense subgroup. So by the foregoing discussion this action (fi,..., fm) is coexpanding on
average. To show that the action is mixing it suffices to show for each ky, ko € Z¢

E </ exp(2m’<k1,fgx))exp(Qwﬂkg,:c))dx) —0
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as n — oo. However, the above expression equals to

E ( / exp(2mi( (S (w)k1 + b (&) + o, x))dm)

where S, (w) = A}, ... A} is the linear part and b, (w) is the corresponding translational part. Since
the action of (A47,...,A},) is expanding on average ||S, k1 + k2| tends to infinity almost surely, and
hence the probability that S,k; + ko = 0 goes to 0 as n — co. O

Example G. Let G be a real algebraic semisimple group without compact factors, and consider the
action of G by left translation on M = G/T" where I' is a cocompact lattice. Let p be a measure
supported on a compact subset of G and consider random translations on M x — gz, where g € G is
distributed according to u.

Proposition 4.12. Let H denote the Zariski closure of the group generated by supp(u). If H is
semisimple with no center and no compact factors, then u is expanding and coexpanding on average
and mixing.

Proof. The proof is similar to the proof of Proposition but we use the adjoint representation of
G instead of the natural action of SL4(R) on RY.

The expansion and coexpansion on average follow from [EL, Remark on p. 3]. To see that the
volume is mixing we need to show that for each pair of zero mean L? functions ¢ and ¥ on M

E < / ¢(x)¢(snx)dx> —0

where S, = g, ... ¢1 and {g, } are IID distributed according to u. From expansion on average it follows
that projection of S,, on each simple factor of G tends to infinity, so by the Howe-Moore Theorem
|[Zim84, Thm. 2.2.20] the expression in parenthesis tends to 0 almost surely proving mixing. O

Remark 4.13. In fact much stronger results are known for Examples |F|and |G| In particular, [BQ11}
Thm 1.1] tells that volume and periodic measures are only invariant measures for p which is much
stronger than mixing.
Also a minor modification of the proofs of Propositions and [£.12] using the large deviations
bounds (see [BQ16, §12.5]) shows that the actions of those examples are, in fact, exponentially mixing.
Theorem [1.1] gives a different proof of exponential mixing, which also work for small non linear
perturbation of Examples [F] and [G]

Example H. Small perturbation of isometries were studied in [DeW24; DKO07|. The following di-
chotomy is obtained.

Theorem 4.14. Suppose that M is an isotropic manifold of dimension at least 2 and let (Ry, ..., R;,)
be a tuple topologically generating the connected component of the identity of the isometry group of
M. Let (f1,..., fm) be a C> small volume preserving perturbation of (Ry, ..., R,,). Then either the
perturbed maps are simultaneously conjugated back to isometries, or the perturbed random system is
is both expanding on average and coexpanding on average.

This fact is not stated explicitly in these papers, so we will sketch the argument here, even though
it has been known to the experts for some time.

By Proposition in order to check the expansion on average condition, we need to verify that
for all stationary measures v on P(T'M), that on the projectivization of the tangent bundle of M the
following integral is strictly positive:

(4.2) / / S Il dv(w) di(f) > a

for some a > 0.
The main argument in [DeW24; [DKO07] is a KAM scheme for producing a conjugacy that simulta-
neously linearizes the diffeomorphisms (f1,..., fin). Each step of the KAM scheme is able to proceed
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as long as there is an ergodic stationary measure v for which the integral is close to zero in a
precise quantitative sense.

This is due to [DeW24}, Prop. 26], which gives an expression for the integral of an arbitrary stationary
measure v on P(T'M) that is independent of v up to negligible terms The key feature of the argument
in [DeW24] is that the KAM scheme can proceed as long as the first line in equation (18) of [DeW24]
is small compared to the second line. If the KAM procedure can be run indefinitely then the f; are
simultaneously conjugated to rotations. If that procedure stops then the main term in Prop. 26 comes
from the first line of equation (18) and hence it is strictly positive.

Thus if the KAM procedure fails, then holds, which shows that u is expanding on average.
The fact that p is also coexpanding on average follows from Proposition and [DeW24, Thm. 40]
which shows that the integrals for k=1 and k = d — 1 are of the same order (note that the term
Ag in [DeW24] eqn. (93)] is zero in the volume preserving case).

Remark 4.15. Note that the same arguments work if we had instead started with the tuple (R7*, ..., R.;})

m

and its perturbation (f;',..., f1). Thus if (Ry,..., Ry) is a tuple of isometries of an isotropic mani-
fold as above, and (f1, ..., fin) is its C°°-small volume preserving perturbation then either (f1,..., fi,)
can be simultaneously conjugated to isometries, or the tuple is expanding on average, coexpanding on

average, as well as expanding and coexpanding backwards, too.

4.3. Products. In this subsection we show how to construct new examples of coexpanding on average
systems from the existing one. As an application we verify that if p is expanding on average, then so
is the associated k-point motion.

We start by recording several properties of expanding and coexpanding on average systems.

Lemma 4.16. For a measure pu on Aut(€), the property of being expanding on average is independent
of the metric on €.

Proof. Suppose that F' distributed according to a measure p is expanding with respect to metric || - ||
and let || - ||” be a different metric. The expansion of £ is equivalent to saying that for each non-zero
vector E[ln ||[ENv||] > Aln|jv||. Tterating we see that for each k € N, E[ln|FEY*v|] > kXIn||v|. By
compactness there is a constant C' such that for each v, C~ || < ||v||' < C|v||. It follows that
E[ln |F¥*v|'] > kX In|jv|| — 2InC. Taking k large we conclude that u is expanding on average with
respect to || - ||. O

Lemma 4.17. Suppose that My, Mo are closed manifolds, M = M; x M;, and that p is probabil-
ity measure with compact support on Diffl(M ) that is supported on diffeomorphisms of the form
f(z1,22) = (fi(z1), f2(x2)). Then p is (co)expanding on average iff its projections p; to Diff (M) are
(co)expanding on average.

Note that the f; need not be independent. For example, consider k-point motion where M k) =
M x M x---x M (k times) and F(z1,...2x) = (f(z1),..., f(zx)). Applying Lemma to this

example we obtain:

Corollary 4.18. The k point dynamics is expanding on average iff the original dynamics is expanding
on average.

Proof of Lemma[{.17 If ju is expanding on average then so are p; as follows by considering vectors of
the form (v, 0) and (0, va) respectively.

Conversely, suppose that y; are expanding on average. Let N; be the time realizing the expansion
for pu; and A; be the expansion constant. Set N = N;Np. Consider a metric

1(v1, v2)|I" = max([joa ], lva])-
Take v = (v1,v2) and suppose that ||vi]] > ||vz|. Then
Elln[|D£] (v1,02)['1 > Elln | D, (00) ] = Aallvlls = Adll (w1, v2)]'-

The case where |[v1]] < ||vz]| is similar. O
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5. COMPARING OPERATORS USING SYMBOLS.

In this section, we will describe tools for comparing operators by comparing their symbols pointwise.

We begin with Lemma that allows us to essentially take a square root of a symbol. Then we
prove a technical lemma that allow us to change the side of an inequality that a compact operator
appears on. Finally, we obtain the main result of this section, which compares the norms of operators
by comparing their symbols.

Lemma 5.1. Suppose that for m € R, that A is an elliptic operator in ™ (M) whose principle symbol
is positive for ||¢|| > 1. Then there exists an elliptic C € ¥™/2(M) such that A = C*C + K, where
K: H® — H*™™ is compact.

Proof. Modifying if necessary A by a compact, smoothing operator, we can assume the principal
symbol is positive. Take C=Op(,/a4) where o4 is the principle symbol of A. Then A—CC* € ¢!
and so it maps H® to HS~™t1, O

Lemma 5.2. Suppose B; and By are Hilbert spaces and that A, B: B; — By are bounded linear
operators such that B is Fredholm and there is a compact operator I such that

(5.1) [A¢)1* < [ BY|* + (Ko, ).
Then for all € > 0 there exists a compact operator IC.: B; — By such that
[(A+ K)ol < (1+€)[| B
Proof. Since K is compact and B is Fredholm there is a finite codimension subspace V of B; such that
for ¢ € V,
|A¢]1*> < |Bo|* + (Ko, ¢) < (14 ¢)*| Bo||.

Let U be an orthogonal complement to V with respect to the scalar product (B¢, B¢). Denoting by
IT the projection to V along U we get

|AII||F < (1+¢)?|BUnglls < (1 +¢)*|| B3
where the first inequality holds since II¢ € V and the second inequality holds by the definition of II
using U. Since A — AII has finite rank, the result follows. d

Lemma 5.3. Suppose s € R, M is a closed Riemannian manifold, and A and B are pseudodifferential
operators in ¥*(M) with associated principal symbols a(z,£) and b(x, ). Suppose that B is elliptic
and that there exist A and r such that for all x € M and |§| > r in T M, |a(z,&)| < Ab(x,€). Then
for all € > 0 there exists a compact/smoothing operator K.: H=°(M) — C*°(M) such that for all
¢ € H*(M),

[AS]13 < (A + )l Bl + (Keo, ).
Proof. By definition, we are interested in,
(A +)*[1Bo[I§ — [146[1§ = A*(Ag, Ag) — (Bo, B).

Now let A* and B* denote the formal adjoints of A and B. While not by definition the actual adjoint,
these operators are closed and the closure is adjoint to A and B with respect to the (regularized) L>
pairing, see [Shu01}, Sec. 1.8.2], hence

A +e)?11Bolls — 14015 = (A +)*B*B — A*A), 6).
Now by our assumption concerning the symbols, (A + €)2B*B — A*A is an elliptic operator in W25,
Thus by Lemma there exist elliptic C € ¥® and compact K such that (\2B*B — A*A) = C*C +K.
This implies that
(5.2) (A +e)?IIBolls — 14015 = [IColF + (Ko, b),

which is the needed conclusion. O
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6. MAIN ESTIMATES

In this section, we prove the essential spectral gap in a series of steps. First, we show how the
expanding on average condition relates to a specific estimate on the action of the symbol of the
operator A~%. Then we use the comparison inequality to compare with the symbol of A™%  proving
the essential spectral gap.

Lemma 6.1. Suppose that p is a coexpanding on average measure on Diff* (M) with compact support.
Then there exists so > 0 and C' such that for all 0 < s < sg, there exists 0 < n(s) < 1 such that for
each n € N, each x € M and each ¢ € T}* M, the unit cotangent bundle

(6.1) / 1(Da ) 1)) dy™ (w) < oy

Proof. We give a proof in the case N = 1 in the definition of the expanding on average property. For
other N the proof follows by adjusting the constant C'.
Define the function h(s,¢): (—1,1) x T*M — R by

(5,6) / 1(Daf*) € duluw).

Note that 2(0,£) = 1, and that

50,8 = o [ 1) el dule) = [~ (D)6l dsw) < -2 <.

Thus there exists sp > 0 such (6.1) follows for s € [0, s¢] for n = 1 with C = 1. For larger n, the
needed conclusion follows by induction. O

Remark 6.2. For a diffeomorphism f there is a natural action on C2°(M) viewed as both functions
and distributions. Unless f is volume preserving, the map induced by pulling back a smooth function
as a smooth function, and the map pulling back a smooth function as a distribution need not coincide.
See e.g. [Tre80, Eq. 1.3.13]. This coincidence is used implicitly below.

The following lemma allows us to combine operators with nonnegative principle symbol. The topol-
ogy on S™(M) is the usual Fréchet topology on symbols. Below, one can just think of having uniform
bounds in equation (2.1]) over the entire family.

Lemma 6.3. Suppose that M is a Riemannian manifold, s € R, and that {A;};cs is a precompact
family of elliptic pseudodifferential operators on M in symbol class S*(M) with non-negative principle
symbol, indexed by a probability space (I, du). Then for all e > 0, there exists an operator B € ¥*(M)
with non-negative principle symbol and a (compact) smoothing operator K € ¥~ such that for any
¢ € H*(M),

[ 1s0l < 1Bl + (16,0

and
(62) ol < (1+0) [loa (O du
Proof. As before, for each A in the support of u, there is its formal adjoint A*. Then we may write
[ 1ot [as. aoran=(( [ aadn)o.6).
Define B by taking
B=(1+¢)O0p (/O'A*JA d,u) .

Then as in the proof of Lemma because op is greater than (1 + €) times the principal symbol of
[ A*Adp, there exists an operator K in W~°°(M), such that

/ | AibI2 du < (B, ) + (Ko, ).
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We can then apply Lemmato B to find B satisfying B = B*B+K whose symbol satisfies (6.2]). OJ

Lemma 6.4. Suppose that p is a coexpanding on average measure on Diffoc, (M) with compact

support. Then for all 0 < A < 1, there exists n € N and r such that if we write A for the usual
Laplacian, and write oa-s(z, ) for the principal symbol of A~%, then for all x € M and [£| > r in
T:M,

(6.3) / o amey (. E)2 dp™ () < Moa-s(z,€)]2.

Proof. Recall from §2.2]the change of variables formula saying that if A is a pseudodifferential operator
with principal symbol a(z,£): T*M — R, and f € Diff®(M), then A/ has principal symbol b(x,¢) =

a(f(z), (Df*)~1€).
Let b,, denote the left hand quantity in equation (6.3). Choose 2s and n such that (6.1) in Lemma
holds for Cn™ < A. Then, for a unit covector £ € T*M,

b (,€) = / loa (F(@), (Daf*) M) du™(f)

- / 1(Daf*) €)% dpin (f)

< O (s)(0a-+(2,8))* < Moa-(z,))*

By homogeneity of b,(x,&) and of estimate (6.1)), the same estimate holds for all ||£|| > 1. Thus we
are done. 0

We can now apply this estimate to study the essential spectral radius of the transfer operator.

Proof of Theorem[I.1] Recall that by definition G(¢) = [ ¢ o f, du(w). As in equation , we also
have the action on operators, which we denote by £. From before, we are interested in ||G"¢||_s. We
will take n to be some potentially large number to be chosen later. Then using a version of Jensen’s
inequality for Hilbert spaces ([Per74, Thm. 1.1]) to pass to the second estimate, we find that:

97612 = 18 [oran(DIE < [1a~ o i (1)

But due to volume preservation,
(6.0 J1a=@e nigdanr) = [ Ao ) (1) 3du" (1)
= [1ay el s)

By Lemma there exists a pseudodifferential operator B € ¥~% and a compact operator K; such
that [|G"¢[12, < [ Bo[§ + (K16, ¢), and

(6.5) (@2 < (1+¢) / 0oy (2. €) 2 dyi™ ().

We now compare the symbols of B and A~*%. For any 0 < A < 1, as long as n is sufficiently large, by
Lemma applied to the right hand side of equation , it follows that |op| < Aloa-s| restricted
to frequencies |£| > r for some r.

We now conclude using the symbol comparison lemmas. As |op| < A|oa-s], it follows from Lemma
.3 applied to B that for all € > 0 there exists a compact, smoothing operator K. such that

1673112, < IBIIg + (K16, 0) < (A + )| ATl + ((Ke + K1), 6)

Recalling that [|[A=%6|2 = ||¢||%,, we then find by Lemma that there exists a compact operator Ko
such that

1G" + K2)pl12, < (A +20)16]12,

which establishes essential spectral gap since A + 2¢ < 1 if A and € are sufficiently small. g
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We note that the proof given above in fact shows the following Lasota- Yorke inequality

(6.6) 16" ¢ll—s <" [|¢ll—s + Cnlldll -5

where 5 = s+ % > s and the constants 77 and C' are uniform in some neighborhood of p. This estimate
will be useful in the next section.

7. APPLICATIONS OF ESSENTIAL SPECTRAL GAP

7.1. Essential spectral gap on L2. The proof of the following theorem uses the interpolation results
recalled in Subsection [2.5]

1 are both coexpanding on average measures on Diffoe (M)

Theorem 7.1. Suppose that p and p~ vol
with compact support. Then there exists sy > 0 such that the induced action on H*(M) has essential

spectral gap for all s € [—sg, So].

Proof of Theorem m To begin, note that if G, denotes the action on functions of ;1 then Q; = gu_l.
Next, due to the essential spectral radius being bounded by 6 < 1, there is a decomposition of H %
into two subspace H_,° and H_;° such that H_,° is finite dimensional and H_;° has essential spectral
radius less than 6. Then we can consider the adjoint action of G,-1+ on H®. The adjoint has the same
essential spectrum, moreover, it preserves a corresponding decomposition of H*° into two corresponding
pieces HZ & HZ)). Recall from above that G*_, = G,. Now we can apply Lemma and interpolate
between H ¢ and H*° to get the Sobolev space H? for any s € (—sg, so) by equation . By the
lemma, the interpolated operator G has essential spectral gap on L? as long as it has it on H* and
H~*. All that one needs to check is that the interpolated operator is indeed the operator given by the
composition with the dynamics, but this is clear because C*° functions are dense in H®°, H~% and
H*®. O
Remark 7.2. Note that due to under the hypotheses of Theorem we also obtain spectral

gap on the Besov spaces B3, for ¢ > 1 and s € [—s0, S0]-

7.2. Pair correlation. Recall that a measure preserving map F is totally ergodic if F'? is ergodic for
all g e N.

Theorem 7.3. Let p be a coexpanding on average measure on Diff o, (M) with compact support.

(a) Suppose that the measure p is weak mixing in the sense explained in Then the random
walk defined by p on M is exponentially mixing. Specifically, there exists s >0, C' > 0,and 0 < A < 1
such that for ¢ € H§ and ¢ € H; ®, the Sobolev spaces of zero mean,

(o, G )| < CX" (|l = NIl -
In particular, this implies that for any fixed « > 0, and zero mean ¢, 1) € C*(M),
(0, G" )| < CN"||9lca ¥

(b) The same conclusion holds if we only assume that the skew product defined by (2.8) is totally
ergodic.

CGL CUL .

Proof. (a) By Theorem there exists s > 0 such G acting on H™* has essential spectral gap. From
the spectral decomposition theorem, e.g. [RS90} Sec. 148], we can decompose H ~* into two G invariant
pieces Hy and Hs so that H; contains the part of the spectrum of modulus at least 1 and the action on
H has has spectral radius smaller than some 1 < 1. There is a corresponding invariant decomposition
in the dual space H?® for the action of the adjoint G*, which we denote H} and Hj. Note that H; and
HY are finite dimensional from the assumption of essential spectral gap. Given ¢ € H§ and ¢ € H °,
decompose ¢ = ¢1 + P2, Y = 1 + 2 where ¢1 € H, ¢2 € H3, 91 € Hy and 2 € Hs.

(7.1) (0, G" )| < [{d1,G"h1)| + [(d2, G 12)]

Any element of Hf is an element of L? that satisfies G"*¢; = re?¢; for some real 7 > 1 and 0. As the
f preserve volume, this adjoint is given by ¢ — [¢o f~1du(f). Arguing as in we get that r =1
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and ¢; o f~1 = €¢; for u almost every f. Now our assumption about weak mixing implies that ¢;
must be constant, and hence 0 by assumption of zero integral.

For the second term in we have exponential decay because the norm of G™ on H, is at most
n" for large n. Thus [(¢, G" )| < 1" ||¢]lae 9]l -, as desired.

(b) Suppose now that F': ¥ x M — ¥ x M is ergodic but G does not have a spectral gap. It is easy to
see that the set eigenvalues corresponding to eigenfunctions depending only on the M coordinate form
an abelian group (cf. [CFS82, Theorem 12.1.1(1)]). Since G has an essential spectral gap on H° the
space of eigenfunctions in H~° and hence in L? is finite dimensional. Therefore, the aforementioned
group is finite, and so there exists ¢ such that all eigenfunctions are ¢-th roots of unity. It follows that
all eigenfunctions are invariant by F'¢ and so F'?¢ is not ergodic. O

7.3. Multiple mixing. We can now check multiple mixing.

Corollary 7.4. Under the assumptions of Theorem there exists a constant 0<6<1 such that for
all d € N, there is a constant C' such that for all zero mean ¢g, ¢1 ...pq—1 € C*(M), all zero mean
¢q € H™*, and for all 0=ng<n; <...<ng we have:

d—1

< Co* H||¢j||01 lpall—s,

Jj=0

E, [ [ g™ (61602001 @601 dw}

where m; = n; —n;_; and L = minm,.
J

Proof. We proceed by induction. For d = 1 the result holds due to Theorem [7.3

For d > 1, let ¥ = ¢q_1G™¢4. Note that in the proof of Theorem 7.3 we established that Hy is triv-
ial, since the only eigenfunction of modulus 1 is 1, which is orthogonal to zero mean functions. Accord-
ingly [|G™¢a||gr—s <C10™4||pal|g—<. Since multiplication by a C' function is a bounded operator on
H~*, with the norm bounded by the C! norm of the function, we have ||| z—s <C20™||pa_1|lc1 | ball g -
¥ need not have zero mean but we can split it as 1 + 1o where ¢ = (¥, 1)1 and 19 has zero mean.
Hence applying the inductive assumption for d — 2 and d — 1 respectively, and noticing that

(1) = / $4-1G™16g dz = O (|ba—r |t | ball -6

we obtain the result. O

7.4. Non-mixing systems. Without assuming ergodicity we have the following consequence of co-
expansion on average.

Corollary 7.5. Suppose that p is a coexpanding on average measure on Diff oo, (M) with compact
support. Then there exists ¢ > 0 and a finite collection of disjoint positive measure subsets M1, ... M,
of M of total measure 1 such that for each j, F'9 preserves ¥ x M; and the restriction of F'¢ to this

set is totally ergodic.

Proof. If F is totally ergodic, there is nothing to prove, so we suppose that F' is not totally ergodic.
Then there exists ¢ such that F'? is not ergodic. As is standard for random systems, we say that a set
is invariant if it is invariant modulo vol-null sets. By Proposition there is a set M C M which is
invariant by almost all f2. Note that the space of functions depending only on = which are invariant
mod zero by almost all f4 is finite dimensional (its dimension does not exceed the dimension of H}
from the proof of Theorem . Hence the o-algebra of invariant sets is finitely generated, so there
are finitely many sets My, M, ... J\;[[ which are invariant and such that the restriction of F7 to X x M f
is ergodic. If F'? is totally ergodic restricted to these sets, we are done. Otherwise there is ¢ > 1 such
that, applying Proposition again, we could split Mj :Mjl Uy Mjkj so that Mji are invariant
under F9 and FY is ergodic on ¥ x Mji, and the splitting is non trivial in the sense that at least one
M; is split into more than one piece.

Continuing this procedure we obtain finer and finer subpartitions of M. Since the number of elements
in every partition is at most dimension of HY, this process stops after finitely many steps. O
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7.5. Stability of mixing. Let K be a compact set of coexpanding on average measures such that for
holds for p € K. Consider the following Wasserstein type function on the space of measures

o) = inf [ fldea(1.) + dea(f1, F-)ldm( 1. ).

where the infimum is over all measures 7 with marginals p and .

Theorem 7.6. Suppose p € K is a coexpanding on average measure on Diff o, (M) with compact

support such that the associated operator G has no eigenvalues on the unit circle in H *, the space of
zero mean distributions. Then the same holds for any measure f which is sufficiently close to p with
respect to 0 metric.

We start with some notation. Let fi be a measure such that ¢ := d(u, &) is small. Denote G := G,,,
G = G;i- We need an auxiliary estimate.

Lemma 7.7. (a) There is a constant K such that for s, 5 from
IGé — Goll-s < Kd¢]s.
(b) For each n there is a constant K,, such that [|G"¢ — G"¢||_s < K,.0]|8|s-

Proof. (a) For Sobolev spaces of positive indices this is proven in [Bal00, Lemma 2.39]. The result for
negative indices follows by duality. Namely, given ¢ € H® we have

(G0~ Go.0)| = |(6.G70 — G0)| < 6 I(G" = Gl

The second factor can be rewritten as

H(G*—é*)MLS: /[woffl_woffl} dr S/Hwoffl_qpoffl‘isd’ﬁ
< [ K\fdea(s=1 F)dnl0]-s < Koo
proving part (a).
n—1
(b) follows from (a) by writing G™ — G™ = Z [Gn_jéj - Gn_j_léﬁl} : -
j=0

Proof of Theorem[7.6, This follows from Proposition Indeed (2.10)) follows from the inequality
IG" =5 < Cm?x |Df||~* which can be obtained by interpolation. (2.11)) follows from (6.6), (2.12)
O

holds due to Theorem and (2-13) holds by Lemma [7.7]

7.6. Genericity of exponential mixing. Using the decomposition from Corollary we can show
that if the coexpanding on average condition is generic among tuples, then so is ergodicity. Recall that
we associate with a tuple the random dynamical system that assigns equal weight to each element of
the tuple.

Proposition 7.8. Suppose that the coexpanding on average condition is dense in DiffSo(M)™, the

space of m-tuples, then stable exponential mixing is dense in the space of (m + 1)-tuples.

Proof. By assumption, the coexpanding on average condition is dense among m-tuples. In fact, for
a tuple (f1,..., fm,9), it is dense that (fi,..., fm) is coexpanding on average both forwards and
backwards. Thus by Theorem the operator G associated to the full tuple has essential spectral gap
on L?, as it is the average of two operators of norm 1, one having this property.

From Corollary applied to (f1, ..., fm) we see that there exists ¢ and a finite partition {Mif7 e le}
such that the restriction of the g-th power of the dynamics of (f1, ..., fim) to this set is totally ergodic.
Similarly to the proof of Theorem [7.3] once we have an essential spectral gap, in order to obtain expo-
nential mixing, it suffices to show that in fact every power of the dynamics generated by (f1, ..., fm,9)
is ergodic. Hence we must show that for each power of the dynamics, the o-algebra of a.s. invariant
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sets is trivial. This o-algebra is a coarsening of the algebra Z generated by the partition {le hi<i<i.
Since Z is finite, we need to show that for each nontrivial A € Z, a generic map does not preserve A,
but this follows from Proposition [2.6 O

The argument presented above can be applied to show the genericity of exponential mixing in other
settings as well.

Proof of Theorem[1.6 Suppose that (Ry,...,Rm,_1) generates Isom(M). By Theorem [4.14] its per-
turbation is either isometric or (generically) coexpanding on average. Suppose we extended the tuple
with an extra map (Ri,...,Ry,—1, Rm), and then perturbed to obtain a tuple (f1,..., fim—1, fm). If
(f1,---, fm—1) is not simultaneously conjugated back to isometries, then this tuple is coexpanding on
average forwards and backwards. Hence Proposition 2:6] shows that possibly after a further C>° small
perturbation f,, of fn, the resulting dynamics of (f1,..., fim, fm+1) is stably exponentially mixing. As
generating tuples (Ry,..., Ry,—1) are dense in Isom(M) by [Fie99, Thm. 1.1], Theorem [1.6| follows. O

7.7. Dissipative perturbations. Due to the spectral gap small dissipative perturbations of coex-
panding on average conservative systems must have an absolutely continuous invariant measure with
a density in H®;s > 0. We note that in [Bro+24, Thm. A] the authors exhibit an open set of
(co)expanding on average random systems on T? such that

(i) There is an absolutely continuous stationary measure;

(ii) Any stationary measure is either absolutely continuous or finite.

They conjecture that the same conclusion holds for arbitrary mildly dissipative expanding on average
systems on surfaces.

Our result below extends (i) to arbitrary dimension (for coexpanding systems). However, our
methods do not give (ii) even in dimension two since the a priori regularity of non-atomic stationary
measures obtained in [BR17| is insufficient to conclude that the measure is in H* for small s.

We also note that for higher dimensional systems where could be stationary measure supported
on proper submanifolds. A simple example is provided by a k point motion discussed in §4.3] which
preserves generalized diagonals. It is an important open question if fractal stationary measures are
also possible in either conservative or mildly dissipative setting (cf. |[Bro+25, Conjecture 1.1.12]).

Theorem 7.9. Let u be a coexpanding on average measure on Diffoo (M). Then there exists § > 0

such that if i is a C' small perturbation of u supported on diffeomorphisms in Diff* (M) satisfying
that for each x € M

(7.2) |det(D, f) — 1| <6,
then:

(a) The generator G of i1 process has an essential spectral spectral radius smaller than 1.
(b) The random system generated by i has an absolutely continuous invariant measure in H* for some
small s > 0.

Proof. To prove (a) we note that the only place where the volume preservation was used in the proof
of Theorem is where we used that the composition with f7 preserves L?-norm. Under the
volume preservation assumption , the norm of the composition on L? is increased by at most a
factor of (1 + §)™ which is sufficient for the argument as long as (1 + d)n < 1.

To prove (b) note that Gl = 1 and by part (a), 1 is an eigenvalue of finite multiplicity. It follows
that it is also eigenvalue of finite multiplicity of the adjoint operator Z, which acts on H®, s > 0. In
particular, there exists an L invariant function ¢ € H?. Multiplying ¢ by ¢ if necessary we may assume
that R(¢) # 0. Since R(¢) is preserved by L we may assume from the beginning that ¢ is real. By the
same argument we may assume that ¢ := max(¢, 0) is not identically zero. We claim that ¢ < Ed)*.
Indeed if ¢(z) > 0 then (Lot)(z) > (Lo)(x) = ¢(z) = ¢ (z). On the other hand if ¢(z) < 0 then
(L¢T)(x) > 0 = ¢ (x) proving the claim. The claim implies that

(67.1) < (LoT,1) = (¢F,G1) = (7, 1).
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But this is only possible if the inequality is in fact equality, that is, Zd)* = ¢T. Thus the measure with
density ¢T is a stationary measure of our Markov chain. O

Remark 7.10. Of course, if our random system is totally ergodic, then by Keller—Liverani stability
result, all £ invariant functions (real or complex) are proportional, so in that case the stationary
measure is unique.

7.8. Central limit theorem. In this subsection, we deduce the central limit theorem from the spec-
tral gap.

Theorem 7.11. Suppose that M is a closed manifold and that p is a compactly supported measure

on Diffyc, (M) that is coexpanding on average and weak mixing. Then

(a) (CLT) The associated random dynamical system satisfies the central limit theorem. Namely let
¢: M — R be a zero mean Holder function. Then for z € R,

lim (" ® vol) ((w,a?) : Z_ o(fhx) < \/NZ) = /OZ go(s)ds

N—o00
n=0

where

(7.3) o’ =a%() = 0l72+2) (6,G" )1z,

n=1

and ¢, is the density of the normal random variable with zero mean and variance o2.

(b) (Berry-Esseen bound) Moreover there is a constant K such that if ¢ is a zero mean C* function
with 02(¢) # 0, then for all 2z € R,

(uN @ vol) <(w,a;) : Nz_21¢(f"x) < \/Nz> — /zgg(s)ds < L
e S 0 VN

(c) If, in addition, u~! is also coexpanding on average, then both CLT and Berry-Essen bound hold
for L*° observables.

Proof. Part (b) follows by |[Goulb, Theorem 3.7] which says that the Berry—Esseen bound holds pro-
vided that G has spectral gap on some Banach space B, 1 is a simple eigenvalue of G, and, denoting
Gi(¥) = G (€"?1), we have that the map ¢ ~— G; is C* in the strong operator norm in Aut(B). Take
B = H~°. Then the essential spectral gap holds by Theorem the second condition holds due
to Theorem since u is weak mixing, and the last condition holds because €*? is the sum of its
Taylor series and multiplication by ¢, and hence ¢*, define bounded operators in H~* with at most
exponentially growing norms.

Next, under the assumption of part (c), the generator has a spectral gap on L? by Theorem Now
part (c) follows from |[Goul5, Theorem 3.7], this time with B = L2, and the fact that multiplication
by an L function is a bounded operator on L2.

Part (a) follows from part (b) and Proposition below. O

Proposition 7.12. Suppose that z, is a Markov process with state space M, and B is a space
of zero mean functions on M where the generator G has summable correlations in the sense that

[(G" ¢, )| < a(n)||é]l||] with Za(n) < oo. If there is a dense set D C B such that for all ¢ € D,

N1
N2 E ¢(zy,) converges in law as N — oo to a normal random variable with zero mean and variance

n=0

0%(¢) given by (7.3) then the same holds for all ¢ € B.
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N-1
Proof. In the course of the proof we will denote Sy (¢) = Z o¢(x,) and let @, (z) be the cumulative
n=0
distribution function of the normal random variable with zero mean and variance o2. In the Big-O
terms below, the implied constants depend only on the a(n) unless otherwise noted.

Take ¢ € B. Recall that ||S,,(¢)||72. = No?(¢) + O(||#]|32). If 0%(¢) = 0, then Sn(9)

VN
0 due to the Chebyshev inequality.
Next, suppose that o%(¢) # 0. Take z € R and € > 0 and choose 1 € D such that ||| < &* where
n=o-—.
Then

converges to

e 2 (S0 (0 =)
SP(S%) gzﬂ)w(%j%)‘zs).

Since a straightforward computation using the summability of the correlations gives o(¢)) = o(¢) +
Oy(e*), we see that for large N,

(52
N

<z +5) < Doy (2 +e) +e < Pyg)(2) + Ce.

Similarly,

S
P (\]\;%D) < Z—e’:‘) > ‘I’U(¢)(Z) — Ce.

Also since 02(n) = O(e*), the Chebyshev inequality tells us that P(|n| > ¢) = O(c?).

S
Combining the above estimates gives that P (\1;%@ < z) = D, (4)(2) + Og(e). Since ¢ is arbitrary
the result follows. O

7.9. Quenched properties. The results described so far pertain to the averaged (annealed) dynam-
ics. However, if ergodic properties of the two point motion are well understood, one can derive quenched
results, which we discuss briefly in this subsection. We say that the random dynamics has quenched
exponential mixing on a Banach space B of functions on M if there exists a constant § < 1 and random
variable C(w) such that for almost all w and all zero mean functions ¢,¢ € B we have

\ [ owiszo] < criolsivls

We say that the random dynamics satisfies the quenched Central Limit Theorem on B if there exists
a quadratic form D on B which is not identically zero such that for almost every w and all zero mean
functions ¢ € B, then if = is uniformly distributed on M, the distribution of S%¢(z)/v/N converges
in law to a normal random variable with zero mean and variance D(¢).

Theorem 7.13. Suppose that 4 is a coexpanding on average measure on Diff o, (M) such that the two
point system is totally ergodic. Then the random dynamics defined by p enjoys quenched exponential

mixing on H* for s > 0 and the quenched Central Limit Theorem on C*.

Proof. By Corollary the two point motion is coexpanding on average as well. Hence by Theo-
rem the two point motion has essential spectral gap on H~! for small positive t. From the total
ergodicity assumption together with Theorem (b) the generator has a spectral gap on H~! for small
positive . Now the result follows from [DD25| which says that a spectral gap on H! implies the
quenched exponential mixing on H*® for s > 0 and quenched Central Limit Theorem on C” for r > |¢|.
O
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8. BACK TO THE INTRODUCTION

Here we explain how the results stated in the introduction follow from the main results of our
paper. Theorem [I.1] was proven in Section [6} while Theorem [I.6] was proven in We now show the
remaining results.

Proof of Corollary[1.2. Suppose that p is a coexpanding on average measure that is totally ergodic.
Then any perturbation g of p has the same properties by Theorem Thus g is multiple exponential
mixing by Corollary and satisfies the central limit theorem by Theorem [7.11] O

Proof of Theorem[I.3 Let & be the set of coexpanding on average totally ergodic measures. These
measures are strongly chaotic as was explained above. Also & is open by Theorem [7.6] To see that
it is dense note that it is proven in [El123] that for each open set U in the space of Diff oo, (M) there
exists a clean measure po supported on U (see also Theorem of the present paper). Thus for each
measure p on U and each € > 0 the measure pu. = epp + (1 — ) belongs to & by Corollary Thus

& is dense. 0

Proof of Corollary[1.5. The fact that the examples described in the corollary are coexpanding on
average and totally ergodic follow from Propositions |4.11} and Theorem [4.14] respectively. The
strong chaoticity follows from Corollary and Theorem “ The same properties hold for ;! since
1! belongs to the same class as u. Now the spectral gap on L? follows from Theorem [7.1 O

REFERENCES

[ABV00] José F. Alves, Christian Bonatti, and Marcelo Viana. “SRB measures for partially hyper-
bolic systems whose central direction is mostly expanding”. Invent. Math. 140.2 (2000),
pp- 351-398. DOTI: 10.1007/s002220000057.

[And10]  Martin Andersson. “Robust ergodic properties in partially hyperbolic dynamics”. Trans.
Amer. Math. Soc. 362.4 (2010), pp. 1831-1867. DOI: [10.1090/S0002-9947-09-05027-2.

[Ant84] Vadim A. Antonov. “Modeling of processes of cyclic evolution type. Synchronization by a
random signal”. Vestnik Leningrad. Univ. Mat. Mekh. Astronom. (1984), pp. 67-76.

[ANO99] Ludwig Arnold, Dinh Cong Nguyen, and Valery Oseledets. “Jordan normal form for linear
cocycles”. Random Oper. Stochastic Equations 7.4 (1999), pp. 303-358. DOI: 10.1515/r0
se.1999.7.4.303

[AGTO06] Artur Avila, Sébastien Gouézel, and Masato Tsujii. “Smoothness of solenoidal attractors”.
Discrete Contin. Dyn. Syst. 15.1 (2006), pp. 21-35. DOI: 10.3934/dcds.2006.15.21.

[AV10] Artur Avila and Marcelo Viana. “Extremal Lyapunov exponents: an invariance principle
and applications”. Invent. Math. 181.1 (2010), pp. 115-189. DOI: 10.1007/s00222-010-0
243-1.

[BH12] Yuri Bakhtin and Tobias Hurth. “Invariant densities for dynamical systems with random
switching”. Nonlinearity 25.10 (2012), pp. 2937-2952. DOI: |10.1088/0951-7715/25/10/2
937.

[Bal00] Viviane Baladi. Positive transfer operators and decay of correlations. Vol. 16. Advanced

Series in Nonlinear Dynamics. World Scientific Publishing Co., Inc., River Edge, NJ, 2000,
pp. x+314. DOI: 110.1142/9789812813633.

[BM20] Pablo G. Barrientos and Dominique Malicet. “Extremal exponents of random products of
conservative diffeomorphisms”. Math. Z. 296.3-4 (2020), pp. 1185-1207. poI: [10.1007/s0
0209-020-02464-1.

[BM24] Pablo G. Barrientos and Dominique Malicet. Mostly contracting random maps. 2024. arXiv:
2412.03729 [math.DS].

[Bax89]  Peter H. Baxendale. “Lyapunov exponents and relative entropy for a stochastic flow of
diffeomorphisms”. Probab. Theory Related Fields 81.4 (1989), pp. 521-554. DOL: [10. 1007
/BF00367301.


https://doi.org/10.1007/s002220000057
https://doi.org/10.1090/S0002-9947-09-05027-2
https://doi.org/10.1515/rose.1999.7.4.303
https://doi.org/10.1515/rose.1999.7.4.303
https://doi.org/10.3934/dcds.2006.15.21
https://doi.org/10.1007/s00222-010-0243-1
https://doi.org/10.1007/s00222-010-0243-1
https://doi.org/10.1088/0951-7715/25/10/2937
https://doi.org/10.1088/0951-7715/25/10/2937
https://doi.org/10.1142/9789812813633
https://doi.org/10.1007/s00209-020-02464-1
https://doi.org/10.1007/s00209-020-02464-1
https://arxiv.org/abs/2412.03729
https://doi.org/10.1007/BF00367301
https://doi.org/10.1007/BF00367301

[Bax86]

[BS88)

[BFP24]

[Ben+15]

[BQ11]

[BQ16]

[Ber16)

[Berl7]

[BL76]

[Bla01]

[BKL02]

[BCG23]

[BXY18]

[BXY17]

[BV00]

[BLS5]

[BGOS]

REFERENCES 35

Peter H. Baxendale. “The Lyapunov spectrum of a stochastic flow of diffeomorphisms”.
Lyapunov exponents (Bremen, 1984). Vol. 1186. Lecture Notes in Math. Springer, Berlin,
1986, pp. 322-337. DOI: |10.1007/BFb0076851.

Peter H. Baxendale and Daniel W. Stroock. “Large deviations and stochastic flows of
diffeomorphisms”. Probab. Theory Related Fields 80.2 (1988), pp. 169-215. pOI: [10. 1007
/BF00356102.

Jacob Bedrossian, Patrick Flynn, and Sam Punshon-Smith. Negative regularity mixing for
random volume preserving diffeomorphisms. 2024. arXiv: 2410.19251 [math.DS].

Michel Benaim et al. “Qualitative properties of certain piecewise deterministic Markov
processes”. Ann. Inst. Henri Poincaré Probab. Stat. 51.3 (2015), pp. 1040-1075. poI: [10. 1
214/14-ATHP619.

Yves Benoist and Jean-Frangois Quint. “Mesures stationnaires et fermés invariants des
espaces homogenes”. Ann. of Math. (2) 174.2 (2011), pp. 1111-1162. DOI: |10.4007/annal
s.2011.174.2.8.

Yves Benoist and Jean-Frangois Quint. Random walks on reductive groups. Vol. 62. Ergeb-
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern
Surveys in Mathematics]. Springer, Cham, 2016, pp. xi+323.

Pierre Berger. “Generic family with robustly infinitely many sinks”. Invent. Math. 205.1
(2016), pp. 121-172. pOI: 10.1007/500222-015-0632-6.

Pierre Berger. “Unpredictability of dynamical systems and non-typicality of the finiteness
of the number of attractors in various topologies”. Tr. Mat. Inst. Steklova 297 (2017).
English version published in Proc. Steklov Inst. Math. 297 (2017), no. 1, 1-27, pp. 7-37.
DOI: 10.1134/S0371968517020017.

Joran Bergh and Jorgen Lofstrom. Interpolation spaces. An introduction. Vol. No. 223.
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin-New York, 1976,
pp. x+207.

Michael Blank. “Perron-Frobenius spectrum for random maps and its approximation”.
Mosc. Math. J. 1.3 (2001), pp. 315-344, 470. DO1: [10.17323/1609-4514-2001-1-3-315-
344,

Michael Blank, Gerhard Keller, and Carlangelo Liverani. “Ruelle-Perron-Frobenius spec-
trum for Anosov maps”. Nonlinearity 15.6 (2002), pp. 1905-1973. DO1: [10.1088/0951-77
15/15/6/309.

Alex Blumenthal, Michele Coti Zelati, and Rishabh S. Gvalani. “Exponential mixing for
random dynamical systems and an example of Pierrehumbert”. Ann. Probab. 51.4 (2023),
pp- 1559-1601. DOI: [10.1214/23-2a0p1627.

Alex Blumenthal, Jinxin Xue, and Lai-Sang Young. “Lyapunov exponents and correlation
decay for random perturbations of some prototypical 2D maps”. Comm. Math. Phys. 359.1
(2018), pp. 347-373. DOI: [10.1007/500220-017-2999-2.

Alex Blumenthal, Jinxin Xue, and Lai-Sang Young. “Lyapunov exponents for random per-
turbations of some area-preserving maps including the standard map”. Ann. of Math. (2)
185.1 (2017), pp. 285-310. DOI: [10.4007/annals.2017.185.1.5.

Christian Bonatti and Marcelo Viana. “SRB measures for partially hyperbolic systems
whose central direction is mostly contracting”. Israel J. Math. 115 (2000), pp. 157-193.
DOI: |10.1007/BF02810585.

Philippe Bougerol and Jean Lacroix. Products of random matrices with applications to
Schraodinger operators. Vol. 8. Progress in Probability and Statistics. Birkh&auser, 1985,
pp. xii+283. DOI: [10.1007/978-1-4684-9172-2.

Jean Bourgain and Alex Gamburd. “On the spectral gap for finitely-generated subgroups
of SU(2)”. Invent. Math. 171.1 (2008), pp. 83-121. DOI: 10.1007/500222-007-0072~z.


https://doi.org/10.1007/BFb0076851
https://doi.org/10.1007/BF00356102
https://doi.org/10.1007/BF00356102
https://arxiv.org/abs/2410.19251
https://doi.org/10.1214/14-AIHP619
https://doi.org/10.1214/14-AIHP619
https://doi.org/10.4007/annals.2011.174.2.8
https://doi.org/10.4007/annals.2011.174.2.8
https://doi.org/10.1007/s00222-015-0632-6
https://doi.org/10.1134/S0371968517020017
https://doi.org/10.17323/1609-4514-2001-1-3-315-344
https://doi.org/10.17323/1609-4514-2001-1-3-315-344
https://doi.org/10.1088/0951-7715/15/6/309
https://doi.org/10.1088/0951-7715/15/6/309
https://doi.org/10.1214/23-aop1627
https://doi.org/10.1007/s00220-017-2999-2
https://doi.org/10.4007/annals.2017.185.1.5
https://doi.org/10.1007/BF02810585
https://doi.org/10.1007/978-1-4684-9172-2
https://doi.org/10.1007/s00222-007-0072-z

36 REFERENCES

[BK8T] Michael Brin and Yuri Kifer. “Dynamics of Markov chains and stable manifolds for random
diffeomorphisms”. Ergodic Theory Dynam. Systems 7.3 (1987), pp. 351-374. DOI: [10.101
7/50143385700004107.

[BR17] Aaron Brown and Federico Rodriguez Hertz. “Measure rigidity for random dynamics on

surfaces and related skew products”. J. Amer. Math. Soc. 30.4 (2017), pp. 1055-1132. DOI:
10.1090/jams/877.

[Bro+24] Aaron Brown et al. Absolute continuity of stationary measures. 2024. arXiv: 2409 . 18252
[math.DS].

[Bro+25] Aaron Brown et al. Measure rigidity for generalized u-Gibbs states and stationary measures
via the factorization method. 2025. arXiv: 2502.14042 [math.DS]|

[BCS25]  Jerome Buzzi, Sylvain Crovisier, and Omri Sarig. Strong positive recurrence and exponential
mizing for diffeomorphisms. 2025. arXiv:|25601.07455 [math.DS].

[Car85) Andrew Carverhill. “A formula for the Lyapunov numbers of a stochastic flow. Application
to a perturbation theorem”. Stochastics 14.3 (1985), pp. 209-226. DOI: [10.1080/1744250
8508833339.

[CL22] Roberto Castorrini and Carlangelo Liverani. “Quantitative statistical properties of two-

dimensional partially hyperbolic systems”. Adv. Math. 409 (2022), Paper No. 108625, 122.
DOI: [10.1016/j.aim.2022.108625,

[CD09a]  Nikolai Chernov and Dmitry Dolgopyat. “Brownian Brownian motion. I”. Mem. Amer.
Math. Soc. 198.927 (2009), pp. viii+193. DOI: [10.1090/memo/0927.

[CDO9b]  Nikolao Chernov and Dmitry Dolgopyat. “The Galton board: limit theorems and recur-
rence”. J. Amer. Math. Soc. 22.3 (2009), pp. 821-858. DOI: [10.1090/S0894-0347-08-006
26-7.

[Chu20]  Ping Ngai Chung. Stationary measures and orbit closures of uniformly exzpanding random
dynamical systems on surfaces. 2020. arXiv: |2006.03166 [math.DS].

[CEM24] Kai Cieliebak, Yakov M. Eliashberg, and Nikolai M. Mishachev. Introduction to the h-
principle. Second. Vol. 239. Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2024, pp. xvii4363.

[CFS82]  Isaac P. Cornfeld, Sergei. V. Fomin, and Yakov G. Sinai. Ergodic theory. Vol. 245. Grundlehren
der mathematischen Wissenschaften. Translated from the Russian by A. B. Sosinskii.
Springer-Verlag, New York, 1982, pp. x+486. DOI: [10.1007/978-1-4615-6927-5

[Cra90] Hans Crauel. “Extremal exponents of random dynamical systems do not vanish”. J. Dynam.
Differential Equations 2.3 (1990), pp. 245-291. DOI: 10.1007/BF01048947.

[Dav84]  Mark H. A. Davis. “Piecewise-deterministic Markov processes: a general class of nondiffu-
sion stochastic models”. J. Roy. Statist. Soc. Ser. B 46.3 (1984). With discussion, pp. 353~
388.

[DeW24]  Jonathan DeWitt. “Simultaneous linearization of diffeomorphisms of isotropic manifolds”.
J. Bur. Math. Soc. (JEMS) 26.8 (2024), pp. 2897-2969. DOI: 10.4171/jems/1327.

[DD24] Jonathan DeWitt and Dmitry Dolgopyat. Expanding on average diffeomorphisms of sur-
faces: exponential mizing. 2024. arXiv: 2410.08445 [math.DS].

[DD25] Jonathan DeWitt and Dmitry Dolgopyat. On equivalence of quenched and annealed statis-
tical properties for random dynamical systems. 2025.

[Dol05] Dmitry Dolgopyat. “Averaging and invariant measures”. Mosc. Math. J. 5.3 (2005), pp. 537—
576, 742. DOI: 10.17323/1609-4514-2005-5-3-537-576.

[Dol04] Dmitry Dolgopyat. “On differentiability of SRB states for partially hyperbolic systems”.
Invent. Math. 155.2 (2004), pp- 389—-449. DOI: 110.1007/s00222-003-0324-5.

[Dol00] Dmitry Dolgopyat. “On dynamics of mostly contracting diffeomorphisms”. Comm. Math.
Phys. 213.1 (2000), pp. 181-201. DOI1: 10.1007/5002200000238.

[DKKO04] Dmitry Dolgopyat, Vadim Kaloshin, and Leonid Koralov. “Sample path properties of the
stochastic flows”. Ann. Probab. 32.1A (2004), pp. 1-27. DOI: |10.1214/a0p/1078415827.


https://doi.org/10.1017/S0143385700004107
https://doi.org/10.1017/S0143385700004107
https://doi.org/10.1090/jams/877
https://arxiv.org/abs/2409.18252
https://arxiv.org/abs/2409.18252
https://arxiv.org/abs/2502.14042
https://arxiv.org/abs/2501.07455
https://doi.org/10.1080/17442508508833339
https://doi.org/10.1080/17442508508833339
https://doi.org/10.1016/j.aim.2022.108625
https://doi.org/10.1090/memo/0927
https://doi.org/10.1090/S0894-0347-08-00626-7
https://doi.org/10.1090/S0894-0347-08-00626-7
https://arxiv.org/abs/2006.03166
https://doi.org/10.1007/978-1-4615-6927-5
https://doi.org/10.1007/BF01048947
https://doi.org/10.4171/jems/1327
https://arxiv.org/abs/2410.08445
https://doi.org/10.17323/1609-4514-2005-5-3-537-576
https://doi.org/10.1007/s00222-003-0324-5
https://doi.org/10.1007/s002200000238
https://doi.org/10.1214/aop/1078415827

REFERENCES 37

[DKOT] Dmitry Dolgopyat and Raphaél Krikorian. “On simultaneous linearization of diffeomor-
phisms of the sphere”. Duke Math. J. 136.3 (2007), pp. 475-505. DOI: |10.1215/S0012-70
94-07-13633-0.

[DVY16] Dmitry Dolgopyat, Marcelo Viana, and Jiagang Yang. “Geometric and measure-theoretical
structures of maps with mostly contracting center”. Comm. Math. Phys. 341.3 (2016),
pp- 991-1014. por: 110.1007/s00220-015-2554~y.

[El123] Rosemary Elliott Smith. “Uniformly expanding random walks on manifolds”. Nonlinearity
36.11 (2023), pp. 5955-5972.
[EL] Alex Eskin and Elon Lindenstrauss. Random walks on locally homogeneous spaces.

[Fie99] Michael Field. “Generating sets for compact semisimple Lie groups”. Proc. Amer. Math.
Soc. 127.11 (1999), pp. 3361-3365. DOI: [10.1090/50002-9939-99-04959-X.

[Fis06) David Fisher. “Out(F},) and the spectral gap conjecture”. Int. Math. Res. Not. (2006), Art.
ID 26028, 9.

[GM89] Ilya Ya. Goldsheid and Gregory A. Margulis. “Lyapunov exponents of a product of random
matrices”. Uspekhi Mat. Nauk 44.5(269) (1989), pp. 13-60. DOI: [10.1070/RM1989v044n05
ABEH002214..

[GGT3] Martin A. Golubitsky and Victor W. Guillemin. Stable mappings and their singularities.
Vol. Vol. 14. Graduate Texts in Mathematics. Springer-Verlag, New York-Heidelberg, 1973,
pp- x+209.

[Goul5]  Sébastien Gouézel. “Limit theorems in dynamical systems using the spectral method”.
Hyperbolic dynamics, fluctuations and large deviations. Vol. 89. Proc. Sympos. Pure Math.
Amer. Math. Soc., Providence, RI, 2015, pp. 161-193. DOT: [10.1090/pspum/089/01487.

[GLO6] Sébastien Gouézel and Carlangelo Liverani. “Banach spaces adapted to Anosov systems”.
Ergodic Theory Dynam. Systems 26.1 (2006), pp. 189-217. DOI: |10.1017/3014338570500
0374.

[GR&5] Yves Guivarc’h and Albert Raugi. “Frontiere de Furstenberg, propriétés de contraction
et théoremes de convergence”. Z. Wahrsch. Verw. Gebiete 69.2 (1985), pp. 187-242. DOI:
10.1007/BF02450281.

[Ham75]  Richard S. Hamilton. Harmonic maps of manifolds with boundary. Vol. Vol. 471. Lecture
Notes in Mathematics. Springer-Verlag, Berlin-New York, 1975, pp. i+168.

[Kai78] Thomas Kaijser. “A limit theorem for Markov chains in compact metric spaces with appli-
cations to products of random matrices”. Duke Math. J. 45.2 (1978), pp. 311-349.
[Kak51]  Shizuo Kakutani. “Random ergodic theorems and Markoff processes with a stable distri-

bution”. Proceedings of the Second Berkeley Symposium on Mathematical Statistics and
Probability, 1950. Univ. California Press, Berkeley-Los Angeles, Calif., 1951, pp. 247-261.

[KL99] Gerhard Keller and Carlangelo Liverani. “Stability of the spectrum for transfer operators”.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 28.1 (1999), pp. 141-152.

[Kif86] Yuri Kifer. Ergodic theory of random transformations. Vol. 10. Progress in Probability and
Statistics. Birkhduser Boston, Inc., Boston, MA, 1986, pp. x+210. DOI: [10.1007/978-1-4
684-9175-3.

[LY73] Andrzej A. Lasota and James A. Yorke. “On the existence of invariant measures for piece-
wise monotonic transformations”. Trans. Amer. Math. Soc. 186 (1973), 481-488 (1974).
DOTI: 10.2307/1996575.

[Le 86] Yves Le Jan. “Equilibre statistique pour les produits de difféomorphismes aléatoires indépendants”.
C. R. Acad. Sci. Paris Sér. I Math. 302.9 (1986), pp. 351-354.
[Le 89] Emile Le Page. “Régularité du plus grand exposant caractéristique des produits de matrices

aléatoires indépendantes et applications”. Ann. Inst. H. Poincaré Probab. Statist. 25.2
(1989), pp. 109-142.

[Le 82] Emile Le Page. “Théoremes limites pour les produits de matrices aléatoires”. Probability
measures on groups (Oberwolfach, 1981). Vol. 928. Lecture Notes in Math. Springer, Berlin-
New York, 1982, pp. 258-303.


https://doi.org/10.1215/S0012-7094-07-13633-0
https://doi.org/10.1215/S0012-7094-07-13633-0
https://doi.org/10.1007/s00220-015-2554-y
https://doi.org/10.1090/S0002-9939-99-04959-X
https://doi.org/10.1070/RM1989v044n05ABEH002214
https://doi.org/10.1070/RM1989v044n05ABEH002214
https://doi.org/10.1090/pspum/089/01487
https://doi.org/10.1017/S0143385705000374
https://doi.org/10.1017/S0143385705000374
https://doi.org/10.1007/BF02450281
https://doi.org/10.1007/978-1-4684-9175-3
https://doi.org/10.1007/978-1-4684-9175-3
https://doi.org/10.2307/1996575

38

[Led86]

[Led84]

[Lef24]
1.Q95

[Liul6]

[Lob72]
[Mal17]
[Mar80]

[MTO9]

[New79]

[Pal00]

[PPI0]

[Per74]

[Pie94]

[Pot22]
[PSO7]

[RS90]

[RueT78]
[Shu01]
[Smna67]

[Stel2]

REFERENCES

Francois Ledrappier. “Positivity of the exponent for stationary sequences of matrices”.
Lyapunov exponents (Bremen, 1984). Vol. 1186. Lecture Notes in Math. Springer, Berlin,
1986, pp. 56—73. DOI: [10.1007/BFb0076833.

Francois Ledrappier. “Quelques propriétés des exposants caractéristiques”. Ecole d’été de
probabilités de Saint-Flour, XII—1982. Vol. 1097. Lecture Notes in Math. Springer, Berlin,
1984, pp. 305-396. DOI: [10.1007/BFb0099434.

Thibault Lefeuvre. Microlocal analysis in hyperbolic dynamics and geometry. 2024.
Pei-Dong Liu and Min Qian. Smooth ergodic theory of random dynamical systems. Vol. 1606.
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1995, pp. xii4+-221. DOI: [10. 1007
/BFb0094308.

Xiao-Chuan Liu. Lyapunov FExponents Approximation, Symplectic Cocycle Deformation
and a Large Deviation Theorem. Thesis (Ph.D.)-IMPA. ProQuest LLC, Ann Arbor, MI,
2016, p. 235.

Claude Lobry. “Une propriété générique des couples de champs de vecteurs”. Czechoslovak
Math. J. 22(97) (1972), pp. 230-237.

Dominique Malicet. “Random walks on Homeo(S')”. Comm. Math. Phys. 356.3 (2017),
pp- 1083-1116. DOI: 110.1007/s00220-017-2996-5.

Gregory A. Margulis. “Some remarks on invariant means”. Monatsh. Math. 90.3 (1980),
pp- 233-235. DOI: |10.1007/BF01295368.

Sean Meyn and Richard L. Tweedie. Markov chains and stochastic stability. Second. Cam-
bridge University Press, Cambridge, 2009, pp. xxviii+-594. DOI: |10.1017/CB09780511626
630.

Sheldon E. Newhouse. “The abundance of wild hyperbolic sets and nonsmooth stable sets
for diffeomorphisms”. Inst. Hautes Etudes Sci. Publ. Math. 50 (1979), pp. 101-151.

Jacob Palis. “A global view of dynamics and a conjecture on the denseness of finitude of
attractors”. 261. Géométrie complexe et systémes dynamiques (Orsay, 1995). 2000, pp. xiii—
xiv, 335-347.

William Parry and Mark Pollicott. “Zeta functions and the periodic orbit structure of
hyperbolic dynamics”. Astérisque 187-188 (1990), p. 268.

Michael D. Perlman. “Jensen’s inequality for a convex vector-valued function on an infinite-
dimensional space”. J. Multivariate Anal. 4 (1974), pp. 52-65. DOI: |10.1016/0047-259X
(74)90005-0.

Raymond T. Pierrehumbert. “Tracer microstructure in the large-eddy dominated regime”.
Chaos, Solitons € Fractals 4.6 (1994). Special Issue: Chaos Applied to Fluid Mixing,
pp- 1091-1110. poOI1: [10.1016/0960-0779(94)90139-2.

Rafael Potrie. “A remark on uniform expansion”. Rev. Un. Mat. Argentina 64.1 (2022),
pp. 11-21.

Charles Pugh and Michael Shub. “Stably ergodic dynamical systems and partial hyperbol-
icity”. J. Complexity 13.1 (1997), pp. 125-179. DOI: [10.1006/jcom.1997 . 0437.

Frigyes Riesz and Béla Sz.-Nagy. Functional analysis. French. Dover Books on Advanced
Mathematics. Reprint of the 1955 original. Dover Publications, Inc., New York, 1990,
pp. xii+504.

David Ruelle. Thermodynamic formalism. Vol. 5. Encyclopedia of Mathematics and its
Applications. Addison-Wesley Publishing Co., Reading, MA, 1978, pp. xix+183.

Michael A. Shubin. Pseudodifferential operators and spectral theory. Second. Springer-
Verlag, Berlin, 2001, pp. xii+288. DOI: [10.1007/978-3-642-56579-3|

Stephen Smale. “Differentiable dynamical systems”. Bull. Amer. Math. Soc. 73 (1967),
pp- 747-817. DOI: [10.1090/S0002-9904-1967-11798-1.

Orjan Stenflo. “A survey of average contractive iterated function systems”. J. Difference
Equ. Appl. 18.8 (2012), pp. 1355-1380. DOL: [10.1080/10236198.2011 610793


https://doi.org/10.1007/BFb0076833
https://doi.org/10.1007/BFb0099434
https://doi.org/10.1007/BFb0094308
https://doi.org/10.1007/BFb0094308
https://doi.org/10.1007/s00220-017-2996-5
https://doi.org/10.1007/BF01295368
https://doi.org/10.1017/CBO9780511626630
https://doi.org/10.1017/CBO9780511626630
https://doi.org/10.1016/0047-259X(74)90005-0
https://doi.org/10.1016/0047-259X(74)90005-0
https://doi.org/10.1016/0960-0779(94)90139-2
https://doi.org/10.1006/jcom.1997.0437
https://doi.org/10.1007/978-3-642-56579-3
https://doi.org/10.1090/S0002-9904-1967-11798-1
https://doi.org/10.1080/10236198.2011.610793

[Sul81]

[Szw15)

[Tre80]

[Tsu01]

[Via99]

[Vial4]

[VY13]

[Vis71]
[You99)

[Zim84]

REFERENCES 39

Dennis Sullivan. “For n > 3 there is only one finitely additive rotationally invariant measure
on the n-sphere defined on all Lebesgue measurable subsets”. Bull. Amer. Math. Soc. (N.S.)
4.1 (1981)7 pp- 121-123. DOI: 110.1090/S0273-0979-1981-14880-1.

Radostaw Szwedek. “On interpolation of the measure of non-compactness by the complex
method”. Q. J. Math. 66.1 (2015), pp. 323-332. DOIL: |10.1093/gmath/hau009.

Francgois Treves. Introduction to pseudodifferential and Fourier integral operators. Vol. 1.
University Series in Mathematics. Pseudodifferential operators. Plenum Press, New York-
London, 1980, pp. xxvii+299+xi.

Masato Tsujii. “Fat solenoidal attractors”. Nonlinearity 14.5 (2001), pp. 1011-1027. DO
10.1088/0951-7715/14/5/306.

Marcelo Viana. Lecture notes on attractors and physical measures. Vol. 8. Monografias del
Instituto de Matemadtica y Ciencias Afines [Monographs of the Institute of Mathematics and
Related Sciences]. A paper from the 12th Escuela Latinoamericana de Matemédticas (XII-
ELAM) held in Lima, June 28—July 3, 1999. Instituto de Matemaética y Ciencias Afines,
IMCA, Lima, 1999, pp. iv+101.

Marcelo Viana. Lectures on Lyapunov exponents. Vol. 145. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 2014, pp. xiv+202. DOI: [10.1017
/CB09781139976602.

Marcelo Viana and Jiagang Yang. “Physical measures and absolute continuity for one-
dimensional center direction”. Ann. Inst. H. Poincaré C Anal. Non Linéaire 30.5 (2013),
pp. 845-877. DOI: [10.1016/3 . anihpc.2012.11.002.

Simeon M. Vishik. “Some transversality theorems”. Mat. Sb. (N.S.) 85(127) (1971), pp. 140
156.

Lai-Sang Young. “Recurrence times and rates of mixing”. Israel J. Math. 110 (1999),
pp. 153-188. DOI: 10.1007/BF02808180.

Robert J. Zimmer. Ergodic theory and semisimple groups. Vol. 81. Monographs in Mathe-
matics. Birkh&user Verlag, Basel, 1984, pp. x+209. DOI: |10.1007/978-1-4684-9488-4.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF MARYLAND, COLLEGE PARK, MD 20742, USA
Email address: dewitt@umd.edu, dolgop@umd.edu


https://doi.org/10.1090/S0273-0979-1981-14880-1
https://doi.org/10.1093/qmath/hau009
https://doi.org/10.1088/0951-7715/14/5/306
https://doi.org/10.1017/CBO9781139976602
https://doi.org/10.1017/CBO9781139976602
https://doi.org/10.1016/j.anihpc.2012.11.002
https://doi.org/10.1007/BF02808180
https://doi.org/10.1007/978-1-4684-9488-4

	1. Introduction
	1.1. Overview of the main results.
	1.2. Related Results
	1.3. Comments on the proof

	2. Background
	2.1. Symbols and the Operators
	2.2. The Pullback
	2.3. Elliptic Operators
	2.4. Sobolev Norms
	2.5. Interpolation inequalities
	2.6. Weak mixing of random systems
	2.7. Perturbation of the essential spectrum.
	2.8. Ergodicity
	2.9. Transversality.
	2.10. Measure Theory

	3. Expanding on average conditions
	3.1. Bundle maps associated to a random system
	3.2. Characterization of Expansion on Average

	4. Examples
	4.1. Random flows
	4.2. Homogeneous systems and their perturbations
	4.3. Products

	5. Comparing operators using symbols.
	6. Main Estimates
	7. Applications of essential spectral gap
	7.1. Essential spectral gap on square integrable functions
	7.2. Pair correlation
	7.3. Multiple mixing.
	7.4. Non-mixing systems.
	7.5. Stability of mixing.
	7.6. Genericity of exponential mixing.
	7.7. Dissipative perturbations.
	7.8. Central limit theorem.
	7.9. Quenched properties.

	8. Back to the introduction
	References

