(1) (a) How many ways are there to divide 5 different cakes and 5 identical
cookies between 2 people so that the first person gets exactly 3 cakes.

(b) How many ways are there to divide 5 different cakes and 5 identical cookies
between 2 people so that the each person gets exactly 5 items.

Solution. (a) To specify the cake distribution we need to describe which cakes

g choices. To specify the cookie distribution
we need to describe how many cookies the first person gets. There are 6 choices
(0,1,...5). So the answer is

( g ) X 6.

(b) To specify the cake distribution we need to describe for each cakes who gets
it. There are 2 choices for each cake, so alltogether there are 2° choices. Given the
distribution of cakes there is unique way to divide the cookies so that each person
gets b items. So the answer is 2°.

the first person gets, so there are

(2) There are three urns. The first contains 2 red balls and 5 blue balls, the
second contains 3 red balls and 4 blue balls and the third contains 4 red balls
and 3 blue balls. An urn is chosen at random and then balls are drawn without
replacement.

(a) Find the conditional probability that the third urn was chosen given that the
first three draws resulted in 2 red and 1 blue ball.

(b) Find the conditional probability that the fourth ball will be blue given that
the first three draws resulted in 2 red and 1 blue ball.

Solution. (a)

P(Us|2R, 1B) = PEUB)P(QR 1B|Us)

Us)P(2R,1B|Us) + P(Us)P(2R, 1B|U3)

/(s )
)5

B B 18 18
T (2 5 3 4 3\ 18+12+5 35
(2)(7)+(2) () () ()
Similarly
P(Us|2R 1]3)—E P(U1|2R,1B) = o
2 9 _357 1 35

(b) Using the Law of Total Probability we find P(B4|2R,1B) =
P(U1|2R,1B)P(B4|(U1)(2R,1B))+P(U2|2R, 1B) P(B4|(U2)(2R, 1B))+P(Us|2R, 1B) P(B4|(U3)(2R, 1B))
54 123 182 92 23

354 ' 354 ' 354 140 35

(3) (a) 3 people get 3 cards each from the standard 52 card deck. Find the
probability that at least one person has only red cards.
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(b) 20 tables have 3 palyers and one standard 52 card deck per table. At each
table each player is given 3 cards from the deck. Let X be the number of tables
where at least one player has only red cards. Compute P(X = 6).

Solution. Let A; is the event that player j has only red cards. Since there are

26 red cards we have
( 9 )
9
( s ),
6

26
3
52\’ 52\
3 9
Therefore by inclusion exclusion formula the answer is
p = P(A1) + P(A2) + P(A3) — P(A1Az) — P(A1A3) — P(A2A3) + P(A1A2A3)

L) (5 ()
(%) (%) (¥)

(b) X has binomial distributions with parameters 20 and p where p is the answer
to the part (a). Therefore

Pix=0)= () Jpta-p,

(7)
P(A;) = P(AAy) = S0 P(A Ay Ay) =

(4) Let X have denisty ze™” if > 0 and 0 otherwise.
(a) Compute P(X > 2).
(b) Find the density of ¥ = X2

Solution. (a)
P(X >2)= / xe ¥dr = —/ xde™ " = 26_2+/ e "dx = 2e e ? = 3/e’.
2 2 2

(b) Using the formula for denisty of a function of random varaibles we get

re * e % e~ VY

fr() = fx(x)/y = 5, = 5 = 5

(5) Let (X,Y) have density equal to cxy if 2 > 0,y > 0 and 2 +y < 1 and equal
to 0 otherwise.

(a) Compute E(XY).

(b) Compute P(X > 2Y).

Solution. We have

1 1 1 2 1
(1-12) 1 s 1/1 2 1 1

x(/ ydy)dm:/x de == | (z—22"42 )de==(-—-+- ) =—.
/0 o o 2 2 /o 2\2 374) 2

Accordingly ¢ = 24.

1 1—x 1 (1 _ .’L')S 1
(a) E(XY)= 24/ xQ(/ yidy)dz = 24/ z? s dw = 8/ (2% —32° 432" —2°)dx
0 0 0 0
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3 4 5 6 15

(b) We have two constrains ¥ < 3 and ¥ < 1— X. Note that min(%,1—X) = 5
if X <2 and min(¥,1—X)=1-X if X > 2. Thus the probability in question
equals to ,

5 5 1 11—z
24/ x(/ ydy)dzx + 24/ 1:(/ ydy)dz.
0 0 2 0

3
The first integral equals to

3 43 4
24/33Ld33=§ 2 :i.
0 8 4\3 27

The second integral equals to

1 2 3 4
1 2 2 2 1 2
12 202423 de =12 [1-(Z) | -2 |1—-(= S =_—
/g(x Tta)d (2[ <3>] 3[ (3) 3 <3>D 27
Therefore the answer is %—i—% = 2—77

(6) Let (X,Y) have density equal to cxy if > 0,y > 0 and 2 +y < 1 and equal
to 0 otherwise.

(a) Compute the marginal distribution of X.

(b) Find the moment generating function of X.

Solution.
1—x
(@ o) =2t [ ydy= 1200 - 20 4 2)
0

(b) We have

1 1 t 1 t t t
1 e 1 e e 1 e
ety = = de®™ = — — = eldr=— —— 4+ = =_Jet—1+¢
/OI t/ox t t/o =T EtETal +1]

1 1 ¢ 1 t 2
1 2 2 t

/ 22e®tdr = f/ 22de™ = ¢ 7/ ze®tdy = =« —e 41 —t+ —
0 t Jo ot 3 2

where the last line uses the previous equation. Finally

1 1 t 1 t 2 3
1 3 6 t t

/ x?’e”d:ﬂ:f/ x?’dewt:e——f‘/ acze””talsvzi et 14+t— —+ =
0 t Jo t oty 4 2 6

where the last line uses the previous equation. Therefore

1
Mx(t) = / e12(z — 227 + 2?) =
0

t t 2 t 2 3
et 2e —t t 6e" | _, t t

t t 2 t 2 3
_ et e ¢ t et | t t
—12><t—2[e —1+t]—48><t3[—e +1—t+2}+72><t4{e lt-S el

(7) Let X and Y be independent, and X have uniform distribution on (0,1) Y’
have uniform distribution on (0, 2).

(a) Find the density of Z = X +Y.

(b) Find P(X > Y).



Solution. (a) We have
— [ rx(@) e - a)d.
fx(@)fy(z—x) #0if

(1) 0<z<landO0<z—z<2.
in which case fx(z)fy(z — ) Solving (1) we get
(0, 2) ifz<1
x€14(0,1) ifl<z<2.
(z—2,1) if2<z<3
The integral of fx(x — x) is equal to the half of the integration interval.
Accordingly we obtam
5 ifz<1
fz(2) =13 ifl<z<2.
3

5= if2<2<3

(b) The possible values of (X,Y") lie in the rectangle [0, 1] x [0, 2] and the density
is constant % In other words the pair (X,Y) has uniform distribution on this
rectangle. The set X > Y cuts a right equilateral triangle with sides 1. Thus
P(X >Y) is equl to the ratio the area of the triangle to the area of the recangle,
ie.
1/2 1
PX>Y)=—=-.

(8) N men and N women are divided randomly into N pairs. Let Xy be the
number of pairs consisting of two men.

(a) Compute E(Xy) and V(Xn).

(b) Prove a Weak Law of Large Numbers, that is, show that for each ¢

(X - 200,

Solution. (a) Let Y; = 1 if man j is paired with a man and Y; = 0 if man j is
paired with a woman. Then
N -1
PlY;=1)=

where the numerator shows the number possible male partners and denominator is
the total number of partners of man j. Note that X = 1 > ;Yj. Hence

1 N(N —1)
- igE(Yj) T 22N 1)

Also V(Y;) = 5\2’5\,1\[__1;2 Next Y;Y} takes value 0 or 1. Y;Yj = 1 if either man j

is paired with man k& or man j and man k have two different male partners. The




probability of the first event is ﬁ the probability of the second event is

2N —2 <N2_2) _ (N-2)(N-3)

2N—1(2N—2> (2N —1)(2N - 3)°
2

Hence
o (N-2)(N-3) (N-—1)2
Covl¥s Vi) = oy 1 TGN )@V =3) (2N 1)

and so

_ (N3N -1) 1 (N —2)(N -3) (N —1)?
VX = <(2N—1)2 NN -1) [2N—1 * (2N —1)(2N —3) (2N—1)2D'

(b) Note that

(N—2)(N-3)  (N—1)
N -D2N-3) “ 2N 12

Accordingly
N2?(N—-1) N(N-1)
V(X
( N)<[(2N1)2 2N — 1

Using the fact that

N -1 < 1 NN -1 < 1

2N -1 2 (2N-12 4
we get

N N 3N

By Chebyshev inequality

Xy —FEX
p<NN‘>€)

N
(9) Let X1, X5 ... X240 be independent identically distributed random variables
such that X; has density 322 if x € [0,1] and 0 otherwise. Let

S =X+ Xo+ -+ Xog.

(a) Compute ES and V' S.
(b) Find approximately P(S > 183).

3
SmﬂoaSN*}OO.

Solution.
! 3 Yoy 3 3
a P = r’adr = —, P = rdr = —, = =
EX; 3z3d EX; 32*d VX,
0 4 0 5 5

Therefore 5 3
ES:24O><1:180, VS =240 x — =09.

(3\'_3
4/ 80’
80

(b) By the Central Limit Theorem S is well approximated by 180 4+ v/9Z =
180 + 3Z where Z is the standard normal. Accordingly

P(S>183)~ P(180+3Z >183)=P(Z>1)=1—-P(Z<1)=1-0.84=0.16

where we have used the normal table in the next to last equality.



