STAT 650 Midterm 2.

Show your work!!!

(1) Let X,, be a weakly stationary sequence with spectral density
f(A). Find the spectral density of the sequence Y,, = W

Solution. Let 02 = E(X(0)?), Then

2
EYyY,) = c¢(n+2)+2c¢(n)+c(n—2) = 02/ [ei’\("H) 4 2e™" 4 ei’\("_Q)] FA)dX =
0

o /2” e [2 + 2 cos(2An)] F(N)dA.
0

In particular

E(Y,?) = 02/0 ' [2 4+ 2cos(2A\)] F(A)dA.

Therefore the spectral density of Y, is
g0 = 2ﬂ[2 + 2cos(2N)] f(N)
JoT 12+ 2cos(20)] fF(A)dA
[1+1cos(2N)] f(N)
B fo% [14 1cos(2\)] F(N)dA

(2) Consider a regression
anl + an2 + Yn
3
where Y, is a stationary sequence with covariance p(n) = (%)'nl . Find

a distribution of X, which makes X, stationary and compue its covari-
ance function.

X, =

Solution. Iterating we get
YN+ X+ X Y Yo 44X, X

Xo 3 579 "9 T
LYo Yo 49, TX .y AX
379 9 27 27
= %(Yb + % +... anY_n) + a,H_lX,(nJrl) + %LX_TH_Q
where
(1) g, = Sn1tOn2

3
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Observe that a, — 0 (for example |a,| < (2/3)" and since X, is sta-
tionary F(X,) = Const and so a,X_, — 0 in mean square sense.
Therefore letting n — oo we obtain

Xo = i anY_n.
j=0

The general solution to (1) takes form Aa™ + Bb" where A and B are
the solutions of
A2 = E
5
1+VI3
= T
Using the initial conditions ag = 1, a; = % we find

13+1 13—1
A_\/_3+ B V13

T 2/13 o 2/13

41 +1
1 & Br1) " B-o1\"
Xo= Ly (VB (VBo)y
iz [\ 6 6

A similar argument gives
o +1 41
1 Viz+ 1Y) viz—1Y’
o=y (YRR (VR
135 6 6

To compute the covariance one can use two methods.
Method 1. We compute the spectral desnity of Y

Thus

1+13
a=—Fc— b

Thus

o

- 1 o i 0 i - 1 s
J Jj=0 J=0
where 5 5
h(z) = 2—z+2—1/z L
Next we use the following result
Claim. Let X, satisfy
p
Z CkXn—k =Y,
k=0

when
™

E(X,Xy) = / e fx (N)d\ where

—T



v (A b .
fx(A) = W((l)/z) andA(z) = kZ:OCkZ .

To prove this claim we write
- / fr (A

o ixn—ki+k
E Ck,y Ckg Xn k1X k‘g / fX Ck‘l C,€ TR AN

klkz kle

/ Fx(N)e (Zc e ”\’“) (Zc el’\'”) d\ = / fx(NerA(1/2)A(z).

Observe that in our case

2
A(Z>:1_z+z

3

i
/ f z)\ R _Z)\))d)‘

Making a change of varibles z = e** this 1ntegral is transformed to

N W =0 i = 2 Res.- (i)

where the sum is over the poles inside the unit circle. R(z) has one
pole ¢ = 1/2 with residue

(%)nfMQLiU/QY

A<l):(z—a)(z—b)

It follows

Next

z 22
so it contributes two poles a and b with residues
R n+1 n+1
(a)a and R(b)b ‘
(@ —b)A(a) (b—a)A(b)
Finally A(z) has roots 1/a and 1/b which are outside the unit circle so
it contributes no residues. Hence

1\ 1 R(a)a™! R(b)b™!
B(oXn) = (5> ADA(/2) " (a—b)A@) T (b a)AD)
Method 2. Represent

Xo = ( - X)



where
Xo — Z &]JrlYnij Xz _ Z b]HYn,]
j=0 j=0
Next
= 1\ 2a (1\"
EY, X)) = — = —
(¥ Xs) 2(2) ¢ 2—a<2>
7=0
2b 1\"
Denote

s =E((X5)*) oy = E(X0)*) 0w = E((X5)(X0))-

a

By stationarity

2 2
o2 = E(X?Xil) — GQE(Y'IQ) + 2CLQE(}/1X0) + a20_§ _ ﬂ + 202

a 2 _a a:
Therefore
52 (2 +a)a? .
“ 2=a)(1-a?
Likewise
2+ b)b? ab(4 — ab
% = 2 S b)(l)— ) dow = 5 a)(é - b)(l) —ab)’

Therefore

13

Jj=1

E(Xux0) = - [z (013 1) B (6 — X0) + B (X5~ 178) (0% — X))

The first sum equals

" grtld et ( % % ) B {(2”“@” —Da (2" — 1)5} 4(a —b)
- (

2 2—a 2-b (2a—1)2" (26— 1)2" | (2—a)(2—)

j=1
while the second sum equals

a™(02 — o4) — b" (0w — 0}).
Summing up we obtain

(2ntlg® — 1)a (270" — 1)b] 4(a — )
(

(2a—1)2"  (26—-12" | (2—a)(2— b)+a"(o§—aab)—b”(aab—a§).

13E(X0X,,) = {

] |
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(3) Consider Markov chain with states 1,2,3 and the following gen-
erator

-1 1 0
2 —6 4
0 3 -3
Compute
1 t
tlgilog i p11(s)ds.

Solution. From 2 the chain goes to 1 with probability 2/6 = 1/3
and to 3 with probability 4/6 = 2/3. Let V' be the number of visits to
3 before the chain returns to 1. Then P(V = k) = (2/3)*1/3. If the
chain visits 2 the average time before returning back to 2 is % + % = %
(since the chain stays at 2 is a sum Exp(6) + Fxp(3). Likewise the
expected time to come from 1 to 2 and from 2 to one is 1 + % = I

6
Hence the expected return time to 1 is

7 1<, 2,1 13
=_ 1 (22 = 2
H 6+2;(3)3 6

d 1 s
Sds 1—s) 1—s2

(where we have used the identity

i ks* = si kst = s% (i sk>
k=0 k=0 k=0

Hence the answer is

—_

3 .
?Xl 13

(4) Consider a renewal sequence T,, = X7+ X, +... X,, where X are
iid having nonlattice distribution and finite expectation. Let N(t) =
min(n : T,, < t). Compute

lim P(N(t) is odd).

t—o0

Solution. Let p(t) = P(N(t) is odd). Denote by Fy the distribution
of T5. Then

p(t)=P(Th <t, T, >t)+ /tp(t — s)dFy(s).
Thus

1 t
p(t) =P <t,To > 1) +m — —/ P(T) <t < Ty)dt.
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However
t t
/ P(Ty < t < Ty)dt = / (P(Ty > t)—P(Ty > #)]dt = E(Ty)—E(T}) = 2EX—EX — EX.
0 0

EX _ EX _ 1
Thus p(t) — %7 = 55% = 5

(5) Consider a delayed renewal sequence T,, = X;+Xo+... X, where
X are iid, with X; having distribution F* and X} having distribution
F for k > 2. Let N4(t) = min(n : T,, < t), m?(t) = E(N%(t)). Assume
that X; are nonlattice and that E(X?) < oo. Compute

t

. d _
tlggom (t) "W

Solution.
mt=Fit Flsm=Fltlsm—(1-FYsm=F'4+m—(1-F)*m.

Therefore

lim m?(t) — L fim F4(t) + lim {m(t) — 3] — lim (1 = FYsm(t) =

t—o0 v t—o00 t—o0 ) t—o0

EX? 1 [~ EX? EX, EX? EX
(B 1)k [T -1 (5 1) B S B ER
2 tJo 2 7 2 Iz




