Solutions to midterm 1.

(1) Let Ay = {Sk = m,S; < m,S < m...S,_1 < m} > Then
Uk Ak = {maXKn Sk > m}

P(S, > m) ZP S, > m) ﬂUAk = P4 )(Sn — S > 0))
k

_ZP (Ar)P(S, — S > 0).
But P(S,, — Sk > 0) = 1/2 by symmetry. Thus
1 1
P(S, >m) = ; 5 P(A) = 5 P(max Sy > m).

n U n '
@ 1] (1 - —.ﬂ) —exp [Z In (1 - Uy/j)

j=1 J j=1
Hence it suffices to show that >, In(1 — U;/j) converges. For j > 2
In(1 — %) = —% + R; where R; < Const/j?. Thus ), R; converges
and so it suffices to show that . U;/j converges. But E(U;/j) = 0
V(U;/j) = 1/(3j%) so the convergence of »-.U;/j follows from the
Three Series Theorem.

(3)(a) p(t+h)—g(t)| = [E(e MY —e)| = [E(e™¥ ("X ~1))| < E(|e" ~1)).
(BYE(|e"5" ~1]) = E(|e™ 1|11, 20) +E(e™ ~1[1 5, 01) = [+11
If |h| < 6 then

1| < ConstE(6]| X, |1 x,1<nm) < ConstdM.

On the other hand

I < 2P(| X, > M).
Since X, is tight given £ > 0 there exists M such that P(|X,,| > M) <
/4 for all n. Choose § such that CdM < /2 then

E(jeXn — 1]) <e.

(4) Let A; = X; — X;_;. Then A; are iid
V(A;) =9V (Ny) + 4V (Ny) + V(N3) = 20.
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By the Law of Iterated Logarithm
X, — 10n
lim sup ————— = /2V(4A;) = 2V 10.
NBnBoo vnlnlnn (&)
Therefore

X, — 10¢
lim sup ——— > 2v10.
Ratfm Vitlnlnt =

On the other hand if n <t < n 41 then
X; — 10t < X1 — 10n
Vitlnlnt = /(n+1)Inln(n + 1)

So

. Xt — Ot Xn+1 — 1071,
lim sup —— < lim su = 2v10.
t—>£> Vitinlnt n—>130\/n+1 )Inln(n + 1)

ZA Nu ).

The terms here are independent so

t) - H¢AJ(Naj_Naj 1) H¢Na —Na; 1 A t HeXp P — Qi 1)( itA; 1)}
j=1

= expz —aj_1) (" —1)].

(b) Let fr be the functlons of part (a) such that f, — f point-
wise. Then X(fi) — X(f) so by continuity Theorem ¢y (t) =
limy oo @x () (t). Observe that

n

> (a5 —a1)(e* — 1)

J=1

are Riemann sums of e/ — 1 so

oxtt)=esp | [ (e 1]

(6) Given v € Rlet Z; = 1x 50/ m, Sn = >_j_; Zj. Then
P(\/nM, > z) = P(M,, > x/y/n) = P(S, >n+1).
We have

w-3(0-) vor-(-2)-!



Hence by Central Limit Theorem

2 2 Vn > 2 RV I (V)
[2nt1 [2nt1
4 1
where ® is the distribution function of the standard normal random
variable. Hence P(y/nM,, > x/v/2) — ®(x) so \/nM, is asymptotically

normal with zero mean and variance 1/2.
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P(S, >n+l) =P



