
Solutions to midterm 1.

(1) Let Ak = {Sk = m, S1 < m, S2 < m . . . Sk−1 < m} > Then
⋃

k Ak = {maxk≤n Sk ≥ m}.

P (Sn > m) =

n−1
∑

k=1

P ((Sn > m)
⋂⋃

k

Ak) =
∑

k

P (Ak

⋂

(Sn − Sk > 0))

=
∑

k

P (Ak)P (Sn − Sk > 0).

But P (Sn − Sk > 0) = 1/2 by symmetry. Thus

P (Sn > m) =
∑

k

1

2
P (Ak) =

1

2
P (max

k≤n
Sk ≥ m).

(2)
n

∏

j=1

(

1 − Uj

j

)

= exp

[

n
∑

j=1

ln (1 − Uj/j)

]

.

Hence it suffices to show that
∑

j ln(1 − Uj/j) converges. For j ≥ 2

ln(1 − Uj

j
) = −Uj

j
+ Rj where Rj ≤ Const/j2. Thus

∑

j Rj converges

and so it suffices to show that
∑

j Uj/j converges. But E(Uj/j) = 0

V (Uj/j) = 1/(3j2) so the convergence of
∑

j Uj/j follows from the
Three Series Theorem.

(3)(a) |φ(t+h)−φ(t)| = |E(ei(t+h)X−eitX)| = |E(eitX(eihX−1))| ≤ E(|eihX−1|).
(b)E(|eihXn−1|) = E(|eihXn−1|1|Xn|≤M)+E(|eihXn−1|1|Xn|>M) = I+II.

If |h| < δ then

|I| ≤ ConstE(δ|Xn|1|Xn|≤M) ≤ ConstδM.

On the other hand
|II| ≤ 2P (|Xn| > M).

Since Xn is tight given ε > 0 there exists M such that P (|Xn| > M) ≤
ε/4 for all n. Choose δ such that CδM < ε/2 then

E(|eihXn − 1|) ≤ ε.

(4) Let ∆j = Xj − Xj−1. Then ∆j are iid

E(∆j) = 3E(N1) + 2E(N2) = E(N3) = 10.

V (∆j) = 9V (N1) + 4V (N2) + V (N3) = 20.
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By the Law of Iterated Logarithm

lim sup
N∋n→∞

Xn − 10n√
n ln ln n

=
√

2V (∆1) = 2
√

10.

Therefore

lim sup
R∋t→∞

Xt − 10t√
t ln ln t

≥ 2
√

10.

On the other hand if n ≤ t < n + 1 then

Xt − 10t√
t ln ln t

≤ Xn+1 − 10n
√

(n + 1) ln ln(n + 1)

So

lim sup
t→∞

Xt − 10t√
t ln ln t

≤ lim sup
n→∞

Xn+1 − 10n
√

(n + 1) ln ln(n + 1)
= 2

√
10.

5(a) X =
n

∑

j=1

Aj(Naj
−Naj−1

).

The terms here are independent so

φX(t) =

n
∏

j=1

φAj(Naj
−Naj−1

)(t) =

n
∏

j=1

φNaj
−Naj−1

(Ajt) =

n
∏

j=1

exp
[

(aj − aj−1)(e
itAj − 1)

]

= exp
n

∑

j=1

[

(aj − aj−1)(e
itAj − 1)

]

.

(b) Let fk be the functions of part (a) such that fk → f point-
wise. Then X(fk) → X(f) so by continuity Theorem φX(f)(t) =
limk→∞ φX(fk)(t). Observe that

n
∑

j=1

[

(aj − aj−1)(e
itAj − 1)

]

are Riemann sums of eitf − 1 so

φX(t) = exp

[
∫ 1

0

(eitf(x) − 1)dx

]

.

(6) Given x ∈ R let Zj = 1Xj>x/
√

n, Sn =
∑n

j=1 Zj . Then

P (
√

nMn > x) = P (Mn > x/
√

n) = P (Sn > n + 1).

We have

E(Zj) =
1

2

(

1 − x√
n

)

V (Zj) =
1

4

(

1 − x2

n

)

→ 1

4



3

Hence by Central Limit Theorem

P (Sn > n+1) = P





Sn − 2n+1
2

− 2n+1
2

x√
n

√

2n+1
4

≥
n + 1 − 2n+1

2
− 2n+1

2
x√
n

√

2n+1
4



 → Φ(
√

2x)

where Φ is the distribution function of the standard normal random
variable. Hence P (

√
nMn > x/

√
2) → Φ(x) so

√
nMn is asymptotically

normal with zero mean and variance 1/2.


