Solutions to midterm 2.

(1) Let us compute P(X(n:n)| X(n-1:n) = ¥). By symmetry it is the
same as

P(X )| Xn-1:m) = ¥)s X(nim) = X1, X(n—1:m) = X2)
= P(X1|X; =y, X; <y,j=3...n).

Thus

P(Xnm) > 21X (n-1m)=y) = %
In particular

P(Xnn) > 2y X (n-1im)=y) = %

Hence X ;. / X(n—1:n) and X(,_1.,) are independent and

1
P(X(nn)/X(n—ln) > Z) = ;

(2) We have P(X+ > x) = 1/(22°%/*) if z > 1. Tt follows that

(Zyox)) = nB(X)
(n/2)*5

where YT has characteristic function

® it 1 —jta

(Syo ;) = nB(X )
(n/2)47

=Y

Likewise

=Y~

In other words

~ - Ny
;Xj -nB(xf) = (5) Y

]Z:Xj_ —nE(X;) = <g>4/7 Y,

where Y;* — Y*. Subtracting and dividing by n/® we get
Sn —nE(X)

A5
(3)(a) |p1(A) = p2(A)| < [ (A) = ps(A)] + |p2(A) — p3(A)|. Taking

sup we obtain d(u1, o) < d(p1, ps) + d(pa, p3).
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(b) Note that
v(A) = p(A) = p(A°) — v(A%)
d(p,v) = sup u(A)—v(A) = sup UA(l — f)dp — VS(A)] < /Q(l—f)+du.

But the last expression can be achieved for A = {f < 1}. Hence

g v) = supp(A) = v(4) = / (- f)rdp.

(4) Let p,(x) be the density of p,. Then if v(A) = uy(A U[O 1])
then —Z = p4, S0 v < p while u([0,1]¢) = 0. It follows that pf® = v,
so pug*(RY) = uy([0,1]. Next for @ < 1 we have pyi1(z) = [ pals

Hence by induction p,(z) = @ (for x < 1). Hence

n—1)!

14([0,1]) :/0 7%= ﬂ~

Sp—n 1 S, —n
m_ﬁ_ﬁ+ﬁ_\/sn/n+1 NO

Since continuous functions preserve weak convergence the first term
converses weakly to 1/2 while the second term converges weakly to

N(0,0?). Thus the product converges to N/ (0, %) .

(6) Let X\ = X115k, S8 = 300, X1
We have

P(S, > ay/n) > P(SY) > ay/n), S5 > 0).
By symmetry
P(SY) > ay/n), ST > 0) > P(S$) > ay/n), ST < 0)
(because for each A C {1,2...n} we have
P(SY) > ay/n), SY) > 0,|X;| > K for j € A, |X;| < K for j ¢ A)
—P(S(K>a\/_) K) < 0,|X,] > K for j € A,|X;| < K for j ¢ A)).
Since
P(SE) > ay/m), 859 > 0)+ P(SE) > av/im), S < 0) = P(S) > ay/m)
part (a) follows.
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(b) Suppose E(X?) = oo. We claim that S, //n does not converge.
Otherwise S,,/v/n would be tight. Thus there would exist a such that
lim sup P(S, > ay/n) < 0.01
and by part (a) for any K
lim sup P(S,(LK) > ay/n) < 0.02

But
(K)
P(SY) > ay/n) = P S > a
2 2
JE () ()
Hence
& 1

lim P(S\%) > av/n) = / et

a/\/B(Xx))2) V2T

By the Monotone Convergence Theorem FE((X I(K))z) — 00 as K — oo.
In particular we can choose K such that

lim P(S%) > av/n) > 0.4
a contradiction. Therefore E(X?) < oo as claimed.

Remark. The assumption that X; are symmetric is redundant since

if s x
j=1J N
NG

Z?:l (Xj - Xj-m)
Vn

where Y] and Y5 are independent and have the same distribution as Y.
It follows from problem 6 that

BE(X: — X3)?) = 2E((X,)?) < <.

Y

then

=Y - Y,



